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Preface

The 1999 Annual Conference of the European Association for Computer Science
Logic, CSL’99, was held in Madrid, Spain, on September 20-25, 1999. CSL’99
was the 13th in a series of annual meetings, originally intended as Internatio-
nal Workshops on Computer Science Logic, and the 8th to be held as the An-
nual Conference of the EACSL. The conference was organized by the Computer
Science Departments (DSIP and DACYA) at Universidad Complutense in Mad-
rid (UCM).

The CSL’99 program committee selected 34 of 91 submitted papers for pre-
sentation at the conference and publication in this proceedings volume. Each
submitted paper was refereed by at least two, and in almost all cases, three
different referees. The second refereeing round, previously required before a pa-
per was accepted for publication in the proceedings, was dropped following a
decision taken by the EACSL membership meeting held during CSL’98 (Brno,
Czech Republic, August 25, 1998).

In addition to the contributed papers, the scientific program of CSL’99 included
five invited talks (J.L. Balcdzar, J. Esparza, M. Grohe, V. Vianu and P.D. Mos-
ses) and two tutorials on “Interactive Theorem Proving Using Type Theory” by
D.J. Howe and “Term Rewriting” by A. Middeldorp. Four of the invited speakers
have provided papers that have been included in this volume. For the remaining
invited speaker, as well as the tutorialists, one-page abstracts have been inclu-
ded. The contents of the invited and contributed papers fall mainly under the
following topics: concurrency, descriptive complexity, lambda calculus, linear lo-
gic, logic programming, modal and temporal logic, mu calculus, specification,
type theory and verification.

We are most grateful to the members of the program committee and all the
referees for their work. Finally, we are indebted to all the members of the local
organizing committee for their support, which included maintenance of Web
pages and assistance to the editing work needed to prepare this proceedings
volume according to Springer’s instructions.

July 1999 Jorg Flum and Mario-Rodriguez-Artalejo



Sponsors

Comisién Interministerial de Ciencia y Tecnologia (CICYT) - MEC
Departamento Arquitectura de Computadores y Automética (DACYA) - UCM
Departamento Sistemas Informdticos y Programacién (DSIP) - UCM

Escuela Superior de Informéatica - UCM

Esprit Working Group EP 22457 (CCL II)

European Research Consortium for Informatics and Mathematics (ERCIM)
Facultad de Matematicas - UCM

Vicerrectorado de Investigacion - UCM

Vicerrectorado de Relaciones Internacionales - UCM

Organizing Committee

J.C. Gonzélez-Moreno
T. Hortala-Gonzélez

J. Leach-Albert (Chair)
F.J. Lépez-Fraguas

F. Sdenz-Pérez

E. Ullan-Hernandez

Program Committee

S. Abramsky (UK)

M. Bezem (The Netherlands)

P. Clote (Germany)

H. Comon (France)

J. Flum (Germany) (Co-Chair)
H. Ganzinger (Germany)

N. Immerman (USA)

N. Jones (Denmark)

J. Maluszynski (Sweden)

M. Maher (Australia)

C. Palamidessi (USA)

M. Rodriguez-Artalejo (Spain) (Co-Chair)
W. Thomas (Germany)

J. Tiuryn (Poland)

M. Wirsing (Germany)



J.M. Almendros-Jiménez
R. Alur

G. Antoniou
P. Arenas-Sanchez
A. Arnold

F. Baader

D. Basin

H. Baumeister
M. Benke

S. Berardi

U. Berger

R. Berghammer
1. Bethke

P. Blackburn
A. Blass

A. Bove

J. Bradfield

K. Bruce

W. Buchholz
S. Buss

I. Cervesato
W. Charatonik
H. Cirstea

J. Dix

V. Danos

S. Debray

G. Delzanno
G. Dowek

W. Drabent
D. Driankov
H. Dubois
P.M. Dun
H.-D. Ebbinghaus
J.E. Santo

R. Fagin

L. Fribourg

T. Fruehwirth
F. Gadducci
A. Gavilanes
A. Gil-Luezas
M. Grohe

Organization

Referees

K. Grue

S. Grumbach
J. Harland

J. Hatcliff

N. Heintze

D. Hendriks
T. Henzinger
C. Hermida
W. van der Hoek
M. Hofmann
F. Honsell

T. Hortala-Gonzélez
R. Jagadeesan
D. Jeffery

P. Johannsen
M. Jurdzinski
J. Jurjens
J.-P. Katoen
B. Koenig
P.G. Kolaitis
P. Kosiuczenko
J. Krajicek

F. Kroger

G. Kucherov
W. Kiichlin

A. Kurz

Y. Lafont

J. Laird

P. Lambrix

K. Laufer

C. Lautemann
J. Leach-Albert
M. Lenisa

M. Leuschel

J. Levy

L. Liquori

L.F. Llana-Diaz
A. Middeldorp
D. Miller

E. Moggi

B. Nebel

VII



VIII  Organization

F. Neven

R. Nieuwenhuis
S. Nieva

U. Nilsson

T. Nipkow

H. de Nivelle
D. Niwinski

A. Nonnengart
V. van Oostrom

. Pacholski

. Pimentel

. Pitassi

. Pnueli

. Pollack

. van Raamsdonk
. Reichel

Reus

. Rodenburg

. Sandewallv

. Schnoebelen
M. Schorlemmer
A. Schubert

T. Schwentick

TEHTEIEE S

A. Simpson

S. Skalberg

V. Sofronie-Stokkermans
H. Sondergaard
M.H. Sgrensen
I. Stark

T. Strahm

T. Streicher

J. Stuber

D. Therien

R. Topor

J. Toran

A. Urquhar

P. Urzyczyn
M. Vardi

M. Veanes

Y. Venema

A. Visser

1. Walukiewicz
J. Warners

M. Wehr

F. Wiedijk

G. Winskel
W. Yi



Table of Contents

Invited Papers

Topological Queries in Spatial Databases

Vo Vianu ...
The Consistency Dimension, Compactness, and Query Learning

L. BalcGzar ... ...
Descriptive and Parameterized Complexity

M. Grohe ...
Logical Specification of Operational Semantics

P.D. MOSSES oot
Constraint-Based Analysis of Broadcast Protocols

G. Delzanno, J. Esparza and A. Podelski ......... ... ... ..

Contributed Papers

Descriptive Complexity, 1

Descriptive Complexity Theory for Constraint Databases

E. Gradel and S. Kreutzer ..... ..o,
Applicative Control and Computational Complexity

D. Letvant .. ... ... s

Verification

Applying Rewriting Techniques to the Verification of Erlang Processes

T. Arts and J. Giesl ... ...
Difference Decision Diagrams

J. Myller, J. Lichtenberg, H.R. Andersen and H. Hulgaard ...............

Analysis of Hybrid Systems: An Ounce of Realism Can Save an Infinity

of States

M. Franzle .........o oo e e

Verifying Liveness by Augmented Abstraction

Y. Kesten and A. Prnueli ..... ... o

Temporal Logic

Signed Interval Logic

T M. RASTMUSSCIL « oo v vt ettt et e et et e e e e
Quantitative Temporal Logic

Y. Hirshfeld and A. Rabinovich .......... ..o
An Expressively Complete Temporal Logic without Past Tense Operators

for Mazurkiewicz Traces

V. Diekert and P. Gastin ....... ...t



X Table of Contents

Lambda Calculus, Linear Logic

Using Fields and Explicit Substitutions to Implement Objects and
Functions in a de Bruijn Setting

E.Bonelli . ... e
Closed Reductions in the A-Calculus

M. Fernandez and I. Mackie ......... ... . ..
Kripke Resource Models of a Dependently-Typed, Bunched A\-Calculus

S. Ishtiaq and D.J. Pym ........ i
A Linear Logical View of Linear Type Isomorphisms

V. Balat and R. Di COSMO ...t

Logic Programming, Modal Logic, Description Logic

Choice Logic Programs and Nash Equilibria in Strategic Games

M. De Vos and D. Vermeir ............ouuiuiiimini i
Resolution Method for Modal Logic with Well-Founded Frames

S. Hagihara and N. Yonezaki ...........c.ccoiiiiiiiiiiiiiiiiiniinnin..
A NExpTime-Complete Description Logic Strictly Contained in C?

S TODIES oo
A Road-Map on Complexity for Hybrid Logics

C. Areces, P. Blackburn and M. Marx ..............0 i iiiiiiianinn...

Descriptive Complexity, 11

MonadicNLIN and Quantifier-Free Reductions

C. Lautemann and B. Weinzinger ...........c..ouuuiuiiiiiiiiiniin ..
Directed Reachability: From Ajtai-Fagin to Ehrenfeucht-Fraissé Games

J.o Marcinkowski ...

Fixpoint Alternation and the Game Quantifier
J.C. Bradfield ...

Logic and Complexity

Lower Bounds for Space in Resolution

JoTOTAN oo
Program Schemes, Arrays, Lindstrom Quantifiers and Zero-One Laws

LA, Stewart . ...
Open Least Element Principle and Bounded Query Computation

L.D. BlekemiSheu .. ... ... ..

Lambda Calculus, Type Theory

A Universal Innocent Game Model for the Bohm Tree Lambda Theory
A.D. Ker, H. Nickau and C.-H.L. Ong ..........cccoiiiiiiiiiiiiniin..
Anti-Symmetry of Higher-Order Subtyping

A. Compagnoni and H. GOGUEN ...........oiiiiiiiiiiiiiiiii ..



Table of Contents XI

Safe Proof Checking in Type Theory with Y

H. Geuwvers, E. Poll and J. Zwanenburg .............c.cccuiiiiiiiiiiann.. 439
Monadic Presentations of Lambda Terms Using Generalized Inductive

Types

T. Altenkirch and B. ReUS .......o.ou i 453

Linear Logic, Mu Calculus, Concurrency

A P-Time Completeness Proof for Light Logics

L. ROVETST e 469
On Guarding Nested Fixpoints

H. Seidl and A. Neumanm ....... ..o 484
A Logical Viewpoint on Process-Algebraic Quotients

A. Kucera and J. ESDATZA ... ..o oo 499
A Truly Concurrent Semantics for a Simple Parallel Programming

Language

P. Gastin and M. Mislove ........ ... i 515

Specification, Data Refinement

Specification Refinement with System F

JE HANNQY < oo 530
Pre-logical Relations

F. Honsell and D. Sannella ............ i 546
Data-Refinement for Call-By-Value Programming Languages

Y. Kinoshita and J. Power ........ ... i 562
Tutorials

Term Rewriting

A Middeldorp . ... 577
Interactive Theorem Proving Using Type Theory

D.J. HOWE .. o e 578

Author Index ... 579



Topological Queries in Spatial Databases

Victor Vianu

Univ. of California at San Diego, CSE 0114, La Jolla, CA 92093-0114

Abstract. Handling spatial information is required by many database
applications, and each poses different requirements on query languages.
In many cases the precise size of the regions is important, while in other
applications we may only be interested in the TOPOLOGICAL relations-
hips between regions —intuitively, those that pertain to adjacency and
connectivity properties of the regions, and are therefore invariant under
homeomorphisms. Such differences in scope and emphasis are crucial, as
they affect the data model, the query language, and performance. This
talk focuses on queries targeted towards topological information for two-
dimensional spatial databases, where regions are specified by polynomial
inequalities with integer coefficients. We focus on two main aspects: (i)
languages for expressing topological queries, and (ii) the representation
of topological information. In regard to (i), we study several languages
geared towards topological queries, building upon well-known topologi-
cal relationships between pairs of planar regions proposed by Egenhofer.
In regard to (ii), we show that the topological information in a spatial
database can be precisely summarized by a finite relational database
which can be viewed as a topological annotation to the raw spatial data.
All topological queries can be answered using this annotation, called to-
pological invariant. This yields a potentially more economical evaluation
strategy for such queries, since the topological invariant is generally much
smaller than the raw data. We examine in detail the problem of transla-
ting topological queries against the spatial database into queries against
the topological invariant. The languages considered are first-order on the
spatial database side, and fixpoint and first-order on the topological in-
variant side. In particular, it is shown that fixpoint expresses precisely
the PTIME queries on topological invariants. This suggests that topolo-
gical invariants are particularly well-behaved with respect to descriptive
complexity. (Based on joint work with C.H.Papadimitriou, D. Suciu and
L. Segoufin.)

J. Flum and M. Rodriguez-Artalejo (Eds.): CSL’99, LNCS 1683, p. 1, 1999.
© Springer-Verlag Berlin Heidelberg 1999



The Consistency Dimension, Compactness, and
Query Learning

José L. Balcézar?
! Departament LSI, Universitat Politecnica de Catalunya, Campus Nord, 08034
Barcelona, Spain

Abstract. The consistency dimension, in several variants, is a recently
introduced parameter useful for the study of polynomial query learning
models. It characterizes those representation classes that are learnable
in the corresponding models. By selecting an abstract enough concept
of representation class, we formalize the intuitions that these dimensions
relate to compactness issues, both in Logic and in a specific topological
space. Thus, we are lead to the introduction of Quantitative Compactness
notions, which simultaneously have a clear topological meaning and still
characterize polynomial query learnable representation classes of boolean
functions. They might have relevance elsewhere too. Their study is still
ongoing, so that this paper is in a sense visionary, and might be flawed.

Compactness is to topology as finiteness is to
set theory.

H. Lenstra (cited in [7])

Polynomial versus exponential growth corre-
sponds in some sense to countability versus un-
countability.

M. Sipser [8]

1 Introduction

This somewhat nonstandard paper discusses, mostly at an intuitive level, recent
and ongoing work of the author and colleagues in a rather unclassificable research
area.

The basic connections between Logic and Topology are long well understood,
to the extent that the central Compactness Theorems in Logic are widely known
through their natural topological name. By restricting ourselves to the very easy
propositional case, we want to trascend here these currently known connections
by encompassing other mathematically formalized areas of combinatorial nature.

The reason of being of this text is as follows. Recently, an intuition born from
considerations similar to compactness in logic led to some recent advances in
query learning [1]. However, eventually, these intuitions became more a hindrance
than a help, and were dropped from that paper. They became labeled as “to be
discussed elsewhere”; namely, here.

J. Flum and M. Rodriguez-Artalejo (Eds.): CSL'99, LNCS 1683, pp.12-13, 1999.
O Springer-Verlag Berlin Heidelberg 1999



The Consistency Dimension, Compactness, and Query Learning

1.1 Topology Versus Computation

The long history of implications of logical concepts on computation-theoretic is-
sues suggests that compactness, having a clear logical meaning, might be relevant
too for other applications in computation theory. However, whereas compactness
is a qualitative, yes/no property, many mathematical issues of computational
flavor are inherently quantitative; thus, interesting intuitions might be gleaned
from topological concepts such as compactness, but quantitative compactness
notions of some sort seem likely to be necessary.

The main contribution of this paper is the proposal of a formalization of a
quantitative notion of compactness. Indeed, comparing different compact sub-
spaces of a fixed topological space we might as well find that some of them are
“more compact” than others.

Thus, specifically, we propose first a quantitative notion of compactness, the
compactness rate, and explain that, on a specific, pretty natural topology =, it
has a close relationship with the learnability of representation classes of boolean
functions through equivalence queries. Then we also discuss some slightly un-
convincing aspects of our proposal, we suggest a second one, and explain that,
in the same space =, this second approach has a similarly close relationship with
learnability from membership queries.

In a final section we hint at wide areas of open questions whose answers, we
feel, might provide illustrative intuitions on the combinatorial material handled
by these, and other, popular computational learning models.

1.2 Disclaimer

As ongoing work, the materials included here at the time of going to press have
undergone no peer review process at all, and even some parts of the less detailed
discussion have not been duly formalized yet; thus this text may well be full of
mistakes. The home page of the author on the web (www.1lsi.upc.es/“balqui)
will be in the near future (read a few months) a reasonable source for the less
unfaithful version of the results available at each moment (if any).

2 Preliminaries

We denote the set of the natural numbers as IN, or as w to emphasize its use as an
ordinal. We consider binary words of a length n, when necessary, as indices into
an infinite binary word such as a characteristic function of a formal language;
or, alternatively, as values for n boolean variables, or attributes, and thus inputs
to a boolean n-ary function.



4 J.L. Balcazar
2.1 Topology

We recall briefly some topological concepts. Topological spaces consist of a do-
main and a family of subsets of this domain, closed under arbitrary unions and
finite intersections. The sets in the family are called open sets; the empty subset
and the whole space must always be open sets. Frequently only an open basis is
given, and open sets are those obtained from the given basis through these op-
erations. The complements of open sets are called closed sets. The topology can
be given as well as the family of closed sets, which should be closed under finite
unions and arbitrary intersections, or by a closed basis. Subspaces are defined
by subsets of the domain, restricting all open or closed sets to their traces on
the subspace, i.e. to their intersections with the subset.

Compact (sub)spaces play an important role since they guarantee certain
convergence facts for successions and, more generally, for filters. A topological
space is compact if the following axiom holds in it: every family of open sets
that covers the whole space, in the sense that their union coincides with it, has a
finite subfamily that already covers the whole space. This is known as the Borel-
Lebesgue axiom (see, however, the remarks about the work of Cousin in [7]),
and can be stated equivalently as follows: every family of closed sets with empty
intersection has a finite subfamily that already has empty intersection. Two
other characterizations of compactness are: every filter has an adherence value,
and every ultrafilter converges. (Here we are glossing over some separateness
conditions that turn out to be irrelevant for our purposes.) It is not difficult to
see that we can restrict our attention to families of sets that are finite unions of
basic closed sets.

The discrete topology on any given space is rather trivial: every subset is
accepted as an open set. We will obtain from it more sophisticate topologies
through the product construction.

A product space is a topological space X = [];c,, Xi, endowed with the
standard product topology of the factor topological spaces X;; that is, open sets
of X are products of finitely many proper open sets from the factors, all the other
factors being equal to the whole factor spaces X;; or arbitrary unions thereof.
Of course, arbitrary index sets can be used instead of w to construct product
spaces; but we will limit ourselves to product spaces consisting of w components.

Actually, in such a product topology, we can (and will) consider a closed set
basic if only one projection on a factor space X; is a closed set different from
the whole factor X;, and it is a basic closed set there too. The corresponding
dimension will be called the nontrivial axis of the basic set. Clearly, all closed
sets are intersections of basic sets.

The following three facts will be important. First, a discrete topological space
is compact iff it is finite. Second, a product space is compact iff all its factors
are; this is Tychonoff’s theorem. Third, in a compact space, the compact sub-
spaces are exactly the closed sets. See [7] for an extremely instructive historical
perspective of the original development of the notion of compactness, and for
additional references (beyond your own favorites) on the technicalities of the
topological materials.
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From now on, we will focus on countably compact spaces, where the condition
of empty intersection of some finite subfamily only applies to countable families
of closed sets; so that w suffices as index set. I believe that this restriction is not
really relevant; it is not, certainly, for the specific space = on which we focus
later on.

2.2 Logic

We restrict ourselves to propositional logic in this text.

The language of propositional logic includes propositional variables, which
we will consider as atomic; this means that their meanings, or truth values, can
vary among exactly the two boolean constants True and False. They get tied
together with connectives such as conjunction, disjunction, and negation, making
up propositional formulas. We assume a fixed infinite supply of propositional
variables X = {z; | i € N}.

Models in propositional logic consist simply on a truth value interpretation
for each propositional variable; through the standard rules, this assigns a truth
value to each formula. A model satisfies a set of formulas if all of them get value
True under that model.

Trusting that the reader will not get confused, we will use the symbols {0, 1}
to abbreviate the truth values False and True respectively. Then we consider the
finite topological space {0,1} endowed with the discrete topology; by the facts
enumerated above, it is obviously compact.

Then the space of models is formed by infinite sequences of boolean values,
with component ¢ being the truth value of the propositional variable z;; and, as
such, it can be endowed with the corresponding product topology: J],.,{0,1},
the product space of w copies of the binary discrete space. By Tychonoff’s the-
orem, it is compact.

In the corresponding product topology, the basic open sets correspond to
finitely many restrictions of components to a single bit, leaving all the others
free; that is, each basic open set is the set of models of a term. We have actually
taken the slightly more restricted basis of open sets in which a single component
is restricted to a single bit, i.e. models for literals. Automatically these are as
well the basic closed sets.

It is not difficult to see that now the clopen sets (sets that are simultaneously
open and closed) are exactly finite unions of finite intersections of these, i.e., the
set of models of a DNF-like formula (a boolean polynomial); or, equivalently,
finite intersections of finite unions of basic open sets, i.e., the set of models of a
CNPF-like formula.

Similarly, closed sets are arbitrary intersections of these, thus sets of mod-
els of a possibly infinite set of boolean formulas; and, now, families of clopen
sets having empty intersection correspond to unsatisfiable sets of formulas, and
therefore the statement that the space is compact literally corresponds to the
fact that, if every finite subset of a set of formulas is satisfiable, then the whole
set is satisfiable. Hence the name Compactness Theorem.
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2.3 Computational Learning

Some areas of Computational Learning Theory study models for the learnability
properties of boolean functions. Each model provides a framework to present
in unified manners several learning algorithms, and, more importantly, allows
us to prove negative results by which no algorithm can exist to learn some
representation of knowledge within a given learning model. See [6].

Many models take into account resource limitations, such as time or space.
We will be working with polynomial query models, where computation resources
are not limited but the amount of information provided about the concept to be
learned is.

We focus on learning representations of boolean functions, as an extremely
basic form of knowledge. A boolean function of arity m is a function from
{0,1}" + {0,1}; identifying 2 = {0,1} as usual and identifying 24 with the
power set operator P(A) also as usual, and, for finite A, with the set of binary
characteristic sequences of subsets of A, we see that the set of boolean functions
of arity n is 22" ; each function being defined by a member of the set 2 = {0, 1}",
that is, a sequence of 2™ bits (its truth table).

There is a large choice of means of representing boolean functions: boolean
circuits, boolean formulas, and their CNF-like and DNF-like depth-two sub-
classes are fundamental ones, but decision trees, branching programs, OBDDs,
and even formal language models such as finite automata are popular for diverse
applications. Some of them are able to represent functions f from a variable
number of binary arguments; then we will mostly consider their restrictions to
a fixed number of arguments, n, and we denote such restrictions as f|,.

Generally, representation classes are frequently defined as tuples (R, p,|.|)
where R C {0,1}* is a formal language whose strings are considered as syntac-
tically correct descriptions of some computing device; p : R +— P({0,1}*) is the
semantic function that indicates what is the boolean function or formal language
p(c) described by the device ¢ € R; and |.| : R — IN measures the size |¢| of
each description ¢ € R. Frequently |c| is simply its length as a string. Sometimes
even the syntactic and semantic alphabets are allowed to vary and get therefore
included in the tuples forming the representation classes.

“Honesty” conditions are usually imposed to ensure that it is reasonably
feasible to decide whether a given string belongs to the concept described by a
given description, as well as computing the size of a description.

In essence, in our polyquery learning models, a hidden concept (the boolean
function or formal language p(c)) has to be identified, by finding, through some
sort of interaction, an alternative, not too large, representation ¢’ for the con-
cept: p(c’) = p(c). We will be interested in the interaction, or quantity of infor-
mation available, as a computational resource; thus, we will mostly ignore up
to polynomial space computations. It turns out that this implies that most of
the information provided by the representation class is unimportant. The only
central issue is that a representation class provides a “size” for each boolean
function f of any fixed arity n: the size is |c|, where ¢ is a smallest (with respect
to |.|) description of f: that is, p(c) behaves as f on {0,1}", or p(¢)|n = fln-
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Thus, for us, a representation class will be simply a size function R =
Unew Bn for boolean functions: R,, : 22" s IN. For f € 22", we frequently
abbreviate R, (f) as |f|r, the size of f as measured by the representation class
R. We can allow f to reach some oo ¢ IN value in case we want to deal with rep-
resentations that cannot describe all boolean functions; this issue is not relevant
to our work here, and simply one has to adjust the universe of allowed concepts
accordingly.

In the equivalence queries model, a learner interacts with a teacher as follows:
in each round, the learner queries about a representation from the class (in
our case, this only means that the learner will pay the size of its hypothesis,
measured according to the size function defining the class). The teacher either
answers YES, if the hypothesis represents exactly the target concept, or gives
a counterexample otherwise. We assume that all our learning algorithms are
provided with the number n of attributes of the function to be learned and with
a bound m on the size of the target function under the chosen representation.

Polynomial query means that the number of queries and the size of each
query have to be polynomially bounded in n and m; we ignore how difficult is it,
computationally, to find the representation the learner wants to query; however,
it can be seen that PSPACE suffices [5]. In the membership query model, the
learner simply asks the teacher to evaluate the target concept on a given binary
word, and gets a binary answer. The combined model allows both sorts of queries.

We will impose a final technical restriction, which makes our results weaker
than they seem. We assume that our learning algorithms do not query equiva-
lence queries larger than the bound m provided. We call these algorithms mean.
This is a strong restriction since some learning algorithms do not obey it, mostly
for other models such as equivalence and membership queries; but many of the
most relevant learning algorithms with only equivalence queries do actually obey
this restriction.

Note finally that this restriction is not so for membership queries, where the
only role the representation class plays is to provide the initial bound on the size
of the concept.

3 Compactness: A Quantitative Approach

For most of the paper, we assume that the topological space X under consider-
ation is a product space of w spaces, X =[], X;, and we assume as fixed a
family of basic closed sets on each factor X;. Then we can select, and fix from
now on, our family of basic closed sets as indicated above: just one component is
allowed to differ from its corresponding whole factor, and must be a basic closed
set in it.

We will be interested in the long-run behavior of points in X. To help concen-
trate on it, the following technical notion will be useful. For a set A, its spread
up to dimension n (or to axis n) is the set A formed by all points in X that
coincide with a point in A in all components beyond n, including n itself. Thus
AO = A,
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Proposition. A is compact iff all its spreads are compact.

The purpose of that definition is to make up some sort of parameter to serve
as a scale against which we can quantify the compactness of A.

Specifically: let A C X be compact. We define its compactness rate d(n)
as follows. Let F = {F; | i € w} be an infinite family of basic sets, such that
ANNeo Fi = 0; then, by the compactness of the spreads, for each n € IN,
there is a finite subfamily of F, {F;,,...,F; } C F of size say m, such that
A N ﬂ;nzl Fi, = . Define da(n) to be the smallest such m fulfilling this
condition for all F (if it exists). Then we say that the compactness rate of A
is the function d4 : IN +— IN. Surely it could be undefined, in case no such m
exists.

An alternative definition proposal will be discussed in a later section.

4 Learnability from Equivalence Queries

Now we select a pretty specific product topological space, = = HiEw X;, where
each component is X; = 22 = P(2°) = P({0,1}?). As described above, we can
see each point of X; as a set of strings of ¢ bits each; alternatively, as a boolean
function on ¢ boolean variables; or, by looking at its truth table, as a single string
of length 2°.

Thus, this product space = = [],, Xi can be seen as a space of boolean
functions, where each point defines one boolean function for each arity; or as
a space of formal languages, each point being the characteristic function of a
language L C {0,1}*, where the i-th component provides the values of the
characteristic function of L restricted to {0,1}°.

Each X; is endowed here with the discrete topology, and is finite, so that
= is compact. The basic closed sets we select in each component are those of
the form F),; defined as follows: for w € {0, 1}?, the points of X; in F,; are
those where the bit indexed by w is b. Equivalently, seeing each point as an i-ary
boolean function f, f € Fy, iff f(w) =b.

Proposition. The space = just defined is homeomorphic to the space [ [;.,,10,1},
the product space of w copies of the binary discrete space.

However, currently our results depend on the family of closed sets selected,
and we cannot obtain the same theorems (yet?) for arbitrary homeomorphic
copies of =. In any case, we are working with a quite familiar space; but the way
we present it is tailored to reflect, within the product topology, considerations
corresponding to a length-wise treatment of formal languages over a binary al-
phabet; or to parallel the structure given by a family of boolean functions, one
for each arity. Then, a component of a point of =, on a specific dimension, can
be seen as a concept that we can try to learn.
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4.1 The Consistency Dimension

Many learning models have a combinatorial characterization of what is and what
is not learnable, if we ignore up to polynomial space computations. For instance,
a representation class is learnable from polynomially many labeled examples if
and only if its Vapnik-Chervonenkis dimension is polynomial [2]. We consider
now a similar parameter due to Guijarro [4] (see also [1], where this definition
appears as the variant called “sphere number”).

An example of length n for a concept is just a pair (w,b) where w € {0,1}"
and b € {0,1}. A subset A C {0,1}" is consistent with it if b <= w € A; this is
naturally extended to define consistency with a set of examples. The consistency
dimension dg of a representation class R is the function that gives, for each m,
the cardinality dz(n,m) of the smallest set of examples that is not consistent
with any subset of {0,1}™ assigned size at most m by the representation class;
but such that it is minimally so. That is, removing any single example from
it yields a set of examples that is consistent with some subset of {0,1}™ (or:
concept) representable within size at most m.

The name stems from the fact that it can be rewritten equivalently in the
following form [1]: within {0,1}", and for d = dr(n,m), if all the subsamples
of cardinality at most d of any arbitrary sample (or: set of examples) S are
consistent with some concept of size m under R, then S itself is consistent with
some concept of size m under R. Here the analogy to the Compactness Theorem
is apparent, and motivates the theorem we state below. In the same reference,
the following is proved: a representation class is learnable with polynomially
many equivalence queries of polynomial size if and only if it has polynomially
bounded consistency dimension.

Given a representation class R, each size bound h : IN — IN defines a set
A(R,h) = {f :{0,1}* = {0,1} | R(f]») < h(n)}. By viewing f as consisting of
w components, f = (flo, fl1,---, fln,--.), each being a boolean function of arity
n, being specified by 2" bits, and thus a member f|, € 22" = X,,, we see that
A(R,h) C =E. The connection is now completed as follows.

Theorem. As a subspace of =, the set A(R,h) is always compact, and the
consistency dimension of R corresponds to the compactness rate of A(R,h), in
the following sense:

a/ For all n, 0r(n, h(n)) < da(g,n)(n)
b/ The bound is tight: for infinitely many n, dr(n, h(n)) = da(r,n)(n)
Thus, for the model of learning from equivalence queries, we obtain the fol-

lowing topological characterization (which we state only half-formally for now)
of the representation classes that can be learned:

Corollary. A representation class is polynomial-query learnable from equiva-
lence queries iff all the compact sets obtained from it by bounding the size have
polynomially growing (w.r.t. the size bound) compactness rates.
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5 Compactness in Terms of Convergence

We consider now the following natural alternative. Instead of considering empty
intersections of closed sets, one can consider families of closed sets that have
nonempty intersection, and this is equivalent (via the adherence operator) to
considering filters. Indeed, compact sets are also characterized by convergence
of filters, and it is natural to wonder whether the compactness rate might have
a corresponding characterization in terms of some sort of convergence moduli
bounds.

On the other hand, the appearance of the parameter n on the spreads can
be rightfully critiziced as somewhat unnatural; an “artifact” designed essentially
“to make the proof work”. On the other hand, in the space = we focus on, the
very definition of filter offers, for a natural class of filter bases, a natural choice
for the parameter n that we need, and this suggests an alternative, and maybe
more pleasing, definition of compactness rate.

We explain it in this section, and state that both are useful and comple-
ment each other. Both characterize learnability, but in two related but different
learning models. Thus, they are not equivalent.

5.1 Prefilters

Limits of filters can be defined equivalently as limits of filter bases consisting
only of closed sets. Similarly to the previous case, we want to consider only basic
closed sets; thus we consider prefilters: these are simply families of basic closed
sets of the form F, ; having overall nonempty intersection. They are a particular
form of filter bases; thus each prefilter generates the filter of all sets that contain
some intersection of sets from the prefilter. Note that the previous section can
be reformulated in terms of families of basic closed sets that are not prefilters.
A prefilter converges if the intersection of the whole family is a single point.
Convergence in a subspace is defined in the same manner on the traces of all the
elements of the prefilter on the subspace, provided that the resulting family is
still a prefilter (i.e. has nonempty intersection).

The width of a prefilter F is the function wz(n) that, at each n, gives the
number of different elements of F of the form F,, ; with |w| = n. Note that there
are at most 2" of them since each w cannot appear both with b and —b in F,
due to the nonempty intersection condition.

Let F be a prefilter that converges in the subspace A. The convergence delay
of F in A is the width of the smallest subprefilter of F that converges in A (and,
a fortiori, towards the same limit). The general convergence delay of A is the
largest convergence delay of a prefilter in A. (In principle, this might as well be
undefined.)

Our result regarding this notion (even more subject to potential mistakes
than the previous one, though) is:
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Theorem. A representation class is polynomial-query learnable from member-
ship queries iff all the compact sets obtained from it by bounding the size have
polynomially growing (w.r.t. the size bound) general convergence delays.

Again this characterization lies on a combinatorial characterization of the
polyquery learning protocol. For membership queries, the concept of teaching
dimension (see [3] and the references therein) was proved in [5] to characterize
the model for projection-closed classes, which actually do encompass all classes
of interest. Inspired by the definition of consistency dimension, we found a vari-
ant that catches membership query learnability also for non-projection-closed
classes. While this is uninteresting since no really new reasonable classes get
captured, the cleaner form of the statement allows for a translation from the
combinatorial setting into topology: it is exactly the bound on the convergence
delay of prefilters.

Thus, the way out we found, based on convergence issues, to circumvent the
objections made to the concept of spread does not substitute, but in a sense
complements, the notion; and certainly in a rather intriguing manner!

6 Work in Progress

We see quite a few additional aspects to be worked out, and we are actively (but,
alas, slowly) pursuing some of them.

6.1 Computational Learning Issues

One clear limitation of this work is the restriction to “mean” algorithms. We
are studying how to adjust the technicalities to capture algorithms that actually
query hypothesis that are larger than necessary, since several of these do exist
in the literature. Some of the results of [1] do apply to the general case, but not
all.

Another direction where a generalization of this work is needed is to im-
proper learning; this simply means that the hypothesis are allowed to come from
a different representation class. Several classes are not known to be learnable
in terms of themselves, but become so when the hypothesis space allowed is
enlarged.

Starting from certificates and the consistency dimension, we then found new
characterizations for membership queries (which lead to our result on prefilters);
but moreover the shape of the expressions and their similarities suggest an avenue
to work on similar characterizations for other learning protocols, and actually the
scratch workpapers on our desks already have a solution for the case of learning
from subset queries. It may have also a topological interpretation. Whereas, at
the time of writing, all this material is extremely immature, please check with
the author at the time of reading...
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Globally, our vision would be a topologically suggested notion of “learnable”
which would have as particular cases all (or, more modestly, a handful of) the
learnability notions currently studied, which are incomparable among them.

6.2 Logic Issues

The major shortcoming of this preliminary work from the logic side is the re-
striction to the rather trivial propositional case. We want to explore the alley of
finite models from this perspective. One natural (maybe too trivial) possibility
is as follows: the i-th factor space would not be the i-ary boolean functions but
the set of strings encoding finite models for universe size i, and would have a
length polynomial in ¢ depending on the relational vocabulary.

The dream at this point is: even though the standard Compactness Theorem
of first-order logic is well-known to fail for the finite models world, might it
be simply that we need to sharpen it a little with quantitative considerations
in order to recover it? More generally, would a quantitative approach reunify
Classical Model Theory with its stray offspring, Finite Model Theory, and in
this manner enrich its cousin, a favorite of mine, Complexity Theory, with its
nice arsenal of deep weapons? But this is just the dream.

6.3 Topological Issues

I am far from being a topologist, to the extent that I might be rediscovering the
wheel all around here (although neither Altavista nor Infoseek seemed able to
find too close together the words “quantitative” and “compactness” anywhere
in the planet). Assume anyone would accept my bold claim that the notions of
“topology” and “quantitative” are not mutually excluding. Then, clearly there
are topological questions here, ranging from careful study of the details (might
it be that A is not compact but some, or infinitely many, or almost all of the
spreads are? how often can d4 be defined/undefined? does it make sense to
speak of “closeness to compact” for noncompact subsets on the basis of these
definitions?) to more general questions which I am not in a position to enumerate,
but of which I will mention just one that worries me most.

Not only we worked most of the time in a quite specific topological space,
but we even fixed the family of basic closed sets. I am sure that a justification
for this choice can be found, beyond its to me obvious naturality: something like
“this choice gives values for the compactness rates that are in a sense extreme
in comparison with any other choice of basic sets for the same topology”. This
would be a very first step necessary before transfering any of the intuitions that
one could get from here into products involving larger ordinals, or even arbitrary
abstract topological spaces.
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Abstract. Descriptive Complexity Theory studies the complexity of
problems of the following type:
Given a finite structure A and a sentence ¢ of some logic L,
decide if A satisfies p?
In this survey we discuss the parameterized complexity of such problems.
Basically, this means that we ask under which circumstances we have an
algorithm solving the problem in time f(|¢|)||A||°, where f is a compu-
table function and ¢ > 0 a constant. We argue that the parameterized
perspective is most appropriate for analyzing typical practical problems
of the above form, which appear for example in database theory, auto-
mated verification, and artificial intelligence.

1 Introduction

One of the main themes in descriptive complexity theory is to study the com-
plexity of problems of the following type:

Given a finite structure A and a sentence ¢ of some logic L, decide if A
satisfies p?

This problem, let us call it the model-checking problem for L, has several natural
variants. For example, given a structure A and a formula ¢(Z), we may want
to compute the set of all tuples @ € A such that A satisfies ¢(a), or we may
just want to count the number of such tuples. Often, we fix the sentence ¢ in
advance and consider the problem: Given a structure A, decide if A satisfies ¢7
Model-checking problems and their variants show up very naturally in various
applications in computer science. Let us consider three important examples.

Database Query Evaluation. Relational databases are finite relational struc-
tures, and query languages are logics talking about these structures. Thus the
problem of evaluating a Boolean query ¢ over a database D is just the model-
checking problem for the query language. Evaluating a k-ary query corresponds
to the problem of finding all tuples in a structure satisfying a formula with &
free variables.

A very important class of queries is the class of conjunctive queries. Such a
query can be described by a first-order formula of the form 3y 6(z,y), where
0(Z,y) is a conjunction of atomic formulas in the variables Z, §.

Chandra and Merlin [CMT77] noted that the model checking problem for con-
junctive queries is essentially the same as the homomorphism problem: Given
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© Springer-Verlag Berlin Heidelberg 1999



Descriptive and Parameterized Complexity 15

two finite structures A and B of the same relational vocabulary 7, decide if
there is a homomorphism from A to B? Remember that a homomorphism from
A to Bis a mapping h : A — B with the property that for all k-ary R € 7 and
a € A* such that R4a we have RB(h(a)).

To reduce the model-checking problem for conjunctive queries to the homo-
morphism problem, with each formula ¢ of vocabulary 7 with variables z, ...,
x, we associate a T-structure A, with universe A, = {x1,...,2,}, in which for
k-ary R € 7 and 7 € A’; we have R4« (z) if, and only if, R(Z) is a subformula
of . Then if ¢(Z) is a conjunction of atomic formulas, a structure B satisfies
dz¢(z) if, and only if, there is a homomorphism from A, to B. For the other
direction we proceed similarly; for each finite relational structure A we define a
conjunctive query @4 that is satisfied by a structure B if, and only if, there is a
homomorphism from A to B.

Thus indeed the model-checking problem for conjunctive queries and the
homomorphism problem are essentially the same.

Constraint Satisfaction Problems. Feder and Vardi [FV93] gave the following
elegant general formulation of a constraint satisfaction problem: Given two struc-
tures I, called the instance, and T, called the template, find a homomorphism
from Ito T.

Then more specific problems can be obtained by restricting instances and
templates to be taken from certain classes of structures. For example, for the
graph coloring problem we allow all (undirected, loop-free) graphs as instances
and all complete graphs Kj, for £k > 1, as templates. Another example of a
constraint satisfaction problem is 3-satisfiability, we leave it as an exercise to
the reader to formulate it as a homomorphism problem.

We can conclude that a constraint satisfaction problem is basically the same
as the model-checking problem for conjunctive queries. This is true, but for
reasons we will explain later a different formulation of a constraint satisfaction
problem as model-checking problem is more appropriate. Recall that monadic
second-order logic is the extension of first-order logic by quantifiers ranging over
sets of elements of a structure. It is easy to see that for each structure T there is
a sentence @ of monadic second-order logic of the form 3X; ...3Xy ¥, where
1 is a universal first-oder formula, such that a structure I satisfies 7 if, and
only if, there is a homomorphism from I to T [F'V93].

Hence a constraint satisfaction problem is essentially a special case of the
model-checking problem for monadic second-order logic.

Model-Checking in Computer-Aided Verification. In the model checking ap-
proach to verification of circuits and protocols, the formal design of the system
is translated to a Kripke structure representing its state space. Then correctness
conditions are formulated in a logic, for example CTL or the modal p-calculus,
and the model-checker automatically tests whether the Kripke structure satisfies
the conditions.

For the various logics used in this area, very good complexity bounds for
the model-checking problem are known. However, the techniques to prove these
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bounds are of a quite different flavor than those needed, say, to analyze first-order
model-checking. We will not study such logics in this paper.

Except for the modal and temporal logics used in verification, the complexity
of model-checking problems is usually quite high. For example, model-checking
for first-order logic is PSPACE-complete [SM73[Var82], and even for conjunctive
queries it is NP-complete [CMT77]. However, these complexity theoretic results
are not really meaningful in many practical situations where the model-checking
problems occur. In all the examples we have seen we can assume that usually
the input formula ¢ is quite small, whereas the structure A can be very large.
(This, by the way, is the reason that in constraint satisfaction problems we wrote
a formula representing the template and not the instance.)

For that reason it is argued, for example in database theory, that we can
assume that the length of the queries is bound by some small number [ and then
more or less neglect it. Indeed, evaluating a conjunctive query of length at most
[ in a database of size n requires time at most O(n'). For a fixed [ this is in
polynomial time and thus seems to be fine. Of course it is not. Even for a query
length | = 5 this is far too much. On the other hand, a running time O(2'n),
which is still exponential in [, would be acceptable. Parameterized complexity
theory has been developed to deal with exactly this kind of situation.

Fixed-Parameter Tractability

The idea of parameterized complexity theory is to parameterize a problem by
some function of the input (such as, for example, the valence of the input graph)
and then measure the complexity of the problem not only in terms of the size
of the input, but also in terms of the parameter. This leads to a refined analysis
of the complexity of the problem, which can be very useful if we have some
additional information on the parameter, for example that it is usually “small”.

Formally, a parameterized problem is a set P C X x II | where X and IT
are finite alphabets. We usually represent a parameterized problem P in the
following form:

Input: I € X
Parameter: m € IT
Problem: Decide if (I,7) € P.

In most cases, we let IT = {0,1} and consider the parameters 7 € IT as
natural numbers (in binary). Very often, a parameterized problem P is derived
from a (classical decision) problem L C X by a parameterization p : ¥ — N
in such a way that P = {(I,k) | I € L,k = p(I)}. Slightly abusing notation, we
represent such a P in the form

Input: I € X
Parameter: p(I)
Problem: Decide if I € L.
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As an example, actually the most important example in this paper, consider
the model-checking problem for first-order logic parameterized by the formula-
length:

Input: Structure A, FO-sentence ¢
Parameter: |p|
Problem: Decide if A satisfies .

The following central definition is motivated by our considerations at the end
of the last subsection.

Definition 1. A parameterized problem P C X x II is fized-parameter trac-
table if there is a function f : [I — N, a constant ¢ € N and an algorithm that,
given a pair (I,7) € ¥ x IT , decides if (I, 7) € P in time f(m)|I|° .

We denote the class of all fixed-parameter tractable problems by FPT. By
FPL we denote the class of those problems P € FPT for which the constant ¢
in Definition [[l can be chosen to be 1.

Note that every decidable problem L C X' has a parameterization p : X —
N such that the resulting parameterized problem P is trivially in FPL: Just let
p(I) = |I|. The choice of a good parameterization is hence a crucial part of the
complexity analysis of a problem. This remark is further illustrated by the follo-
wing example. Recall that evaluation of conjunctive queries and the constraint
satisfaction problem are both essentially the same as the homomorphism pro-
blem. Nevertheless, we decided to consider the former as a special case of the
model-checking problem for first-order logic and the latter as a special case of the
model-checking problem for monadic second-order logic. Since the “generic” pa-
rameterization of model-checking problems is by the length of the input formula,
this just corresponds to two different parameterizations of the homomorphism
problem, each of which is appropriate in the respective application.

The theory of fixed-parameter tractability and intractability has mainly been
developed by Downey and Fellows. For a comprehensive treatment of the theory
I refer the reader to their recent monograph [DE99].

In this paper we study the complexity of model-checking and related pro-
blems from the parameterized perspective. As argued above, proving that a
model-checking problem is in FPT or, even better, in FPL often seems to be a
much more meaningful statement than just the fact that for a fixed bound on
the formula length a model-checking problem is in PTIME. In the context of
database theory, the question of fixed-parameter tractability of query evaluation
has first been brought up by Yannakakis [Yan95].

As one might expect, in general most model-checking problems are not fixed-
parameter tractable. Therefore, Section 2]is devoted to intractability results. In
the Sections 3 and 4 we discuss various restrictions leading to problems in FPT
and FPL. We close the paper with a list of open problems.

Although our main motivation is to use parameterized complexity theory for
a refined analysis of typical problems of descriptive complexity theory, we will see
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that parameterized complexity theory also benefits from the logical perspective
of descriptive complexity theory.

Preliminaries

We assume that the reader has some background in logic and, in particular, is
familiar with first-order logic FO and monadic second-order logic MSO.

For convenience, we only consider relational vocabularies[] 7 always denotes
a vocabulary. We denote the universe of a structure A by A. The interpretation
of a relation symbol R € 7 in a 7-structure A is denoted by RA4.

We only consider finite structures. The class of all (finite) structures is deno-
ted by F. If C is a class of structures, then C[7] denotes the class of all 7-structures
in C. We consider graphs as { E}-structures, where E is a binary relation symbol.
Graphs are always undirected and loop-free. G denotes the class of all graphs.

We use RAMs as our underlying model of computations. The size of a 7-
structure A, denoted by ||A||, is defined to be |[A| + > . |R*|. When doing
computations whose inputs are structures, we assume that the structures are
given by an adjacency list representation. This is important when it comes to
linear time complexity. For details on these sensitive issues I refer the reader to
[See9q].

2 Intractability

In this section we give some evidence that for most of the logics we have discus-
sed so far the model-checking problem is not in FPT. As it is often the case in
complexity theory, we can not actually prove this, but only prove that all the
model-checking problems are hard for a complexity class W[1], which is conjec-
tured to contain FPT strictly. To do this we need a suitable concept of reduction
that we introduce in a moment.

However, before we do so we observe that for the MSO-model-checking pro-
blem (parameterized by the formula length) we can show that it is not in FPT
unless P = NP without any further knowledge of parameterized complexity
theory. We just observe that there is an MSO-sentence x defining the class of all
3-colorable graphs:

X = HXHYHZ(Vx(Xx VYV Zz)
N2y (Ezy = ~(Xz A Xy)V (Yz AYy) V (Zz A Zy))))

Recall that if the model-checking problem for MSO was in FPT, there would
be a function f : N — N, a constant ¢ € N, and an algorithm that, given a
graph G and an MSO-sentence ¢, would decide whether G satisfies ¢ in time
f(Je|)nc, where n is the size of the input graph. Applied to the sentence x this

1 All results we present here can be extended to vocabularies with function and con-
stant symbols, see [FG99a] for details.
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would yield an O(n¢)-algorithm for 3-colorability and thus imply that P = NP,
because 3-COLORABILITY is NP-complete [Kar72].

Definition 2. Let P C ¥ X II and P C (¥') x (I ) be parameterized
problems.

P is parameterized m-reducible to P (we write P <P P ), if there is a
computable function f : II — N, a constant ¢ € N, a computable function
g:II — (I') , and an algorithm that, given (I,7) € ¥ X IT , computes an
I € (X)) in time f(m)|I|° such that

(I,m)eP < (I,g9(x))ePf

Observe that ng is transitive and that if P gfg P and P € FPT then P €
FPT. A parameterized complexity class is a class of parameterized problems that
is downward closed under <'P. For a parameterized problem P we let [Plg,
{P | P < P}, and for a family P of problems we let Ply, == p p [Pl
Now we can define hardness and completeness of parameterized problems for a
parameterized complexity class (under parameterized m-reductions) in the usual
way.

For a class C of 7-structures and a class L of formulas we let MC(C,L) be
the following parameterized model-checking problem:

Input: A€C, peL
Parameter: |p|
Problem: Decide if A = .

For an arbitrary class C of structures, MC(C,L) denotes the family of pro-
blems MC(C[r],L), for all .

We call a first-order formula ezistential if it contains no universal quantifiers
and if negation symbols only occur in front of atomic subformulas. EFO denotes
the class of all existential FO-formulas. We let

WI1] := [MC(F, EFO)];,

Recall that F denotes the class of all structures and G denotes the class of
graphs. Standard encoding techniques show that MC(G, EFO) is complete for
WI1], or equivalently, that [MC(G, EFO)]; = W[1] [EG99al.

Let CLIQUE be the parameterized problem

2 This is what Downey and Fellows [DF99] call strongly uniformly parameterized
m-reducible. They also use various other reduction concepts, most notably a para-
meterized form of Turing reductions.

3 This is not Downey and Fellow’s original definition. See below for a discussion of the
W-hierarchy.
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Input: Graph G
Parameter: k € N
Problem: Decide if G has a k-clique.

(A k-clique in a graph is a set of k pairwise connected vertices.)
Theorem 1 ([DF95]). CLIQUE is complete for WI1].

Proof. The problem is obviously contained in W[1], because for every k there is
an EFO-sentence (actually a conjunctive query) of length bounded by a compu-
table function of k£ that defines the class of all graphs with a k-clique.

For the hardness, we shall prove that MC(G, EFO) <’ CLIQUE.

An atomic k-type (in the theory of graphs) is a sentence 6(x1, ... ,zx) of the
form A, ;<) aij(@i, x5), where ij(;,2;) is either x; = x; or E(z;,x;) or
(mE(xs, xj) Nz = ;) (for 1 <i<j<k).

It is easy to see that there is a computable mapping f that associates with
each EFO-sentence ¢ a sentence ¢ of the form

1
\/Elxl...EkaHi(xl,.-. , Th), (1)
=1

where each 6; is an atomic k-type, such that for all graphs G we have G |
¢ <= G E ¢. Furthermore, the mapping ¢ — ¢ can be defined in such a
way that k is precisely the length of ¢ (this can simply be achieved by first
adding “dummy” variables). Let f(z) be an upper bound on the time required
to compute ¢ for a formula ¢ of length x.

For each graph G and each atomic k-type 0(Z) = A;<,_ <y ij(zi, ;) we
define a graph h(G,0) as follows:

— The universe of h(G,0) is {1,... ,k} x G.
— There is an edge between (i,v) and (j,w), for 1 <i < j <k and v,w € G,
if G = a;;(v,w).

Then h(G, 0) contains a k-clique if, and only if, G |= 3z60(Z).

Now we are ready to define the reduction from MC(G, EFO) to CLIQUE.
We let ¢ = 1 and g(k) = k. Given a graph G and a sentences ¢ € EFO, our
reduction-algorithm first computes ¢ = \/i:1 3260;(Z). Then for 1 < ¢ < [ it
computes h(G,0;), and the output is the disjoint union of all these graphs. This

computation requires time O(f(p)pn), where n = |G| and p = |¢|. Thus we can
let f(z) := df(x)x for a sufficiently large constant d. d

Letting CQ be the class of all conjunctive queries, we immediately obtain:
Corollary 1 ([PY97]). MC(G, CQ) is complete for W[1].

There is good reason to conjecture that W[1] # FPT (see [DF99]). If we
believe this, model-checking is not even fixed-parameter tractable for existential
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FO-formulas or conjunctive queries. How much harder will it be for arbitrary
formulas?

Actually, Downey and Fellows defined a whole hierarchy W[1] C W[2] C - .-
of parameterized complexity classes, and they conjecture that this hierarchy is
strict. Their definition of this W-hierarchy is in terms of the circuit value problem
for certain classes of Boolean circuits. It is not hard to prove, though, that their
definition of W[1] is equivalent to ours.

For i > 1, we let X; denote the class of all FO-formulas in prenex normal
form that have ¢ alternating blocks of quantifiers, starting with an existential
quantifier. Coming from our definition of W[1] in terms of model-checking for
existential FO-formulas, it is tempting to conjecture that for ¢ > 2, the class
Wi coincides with the class Ali] := [MC(F, X;)];,. This is an open question,
but I tend to believe that A[i] # W[i] for all i > 2 (see [FG99aDFR9Ig| for a
discussion).

In any case, the intuition that the W-hierarchy is closely related to quantifier-
alternation in FO-model-checking problems is justified. For [ > 1, i > 2 we let
2,1 be the set of all X;-formulas with at most [ quantifiers in all quantifier blocks
except for the first. For example,

31‘1 N kaVszlﬂzQle‘v’wg 0
with a quantifier-free 8 is a X4 o-formula.
Theorem 2 ([DFR98/FG99all). For all i > 1 we have

Wil = || JMC(F, Zi,)| = [MC(F, Zi1)]
>1

fp*
fp

On top of the W-hierarchy, Downey and Fellows have studied lots of other
parameterized complexity classes. Notably, Downey, Fellows and Taylor [DET96]
proved that the problem MC(G, FO), model-checking for FO, is complete for the
class AW[*] (for a definition of this class I refer the reader to [DF99]).

3 Tractable Cases I: Simple Structures

In this section we study tractable cases of the model-checking problems that
are obtained by restricting the class of input structures. We prove a theorem of
Courcelle stating that MSO-model-checking is in FPL if parameterized by the
formula length and the tree-width of the input structure.

Recall that a tree is a connected acyclic graph.

The union , ; A; of T-structures A; is the 7-structure A with universe
A= , ;A;and R4 = | [RA.If Ais a 7-structure and B C A, then (B)4
denotes the substructure induced by A on B.

4 The first equality is due to [DFR98], the second due to [FG99a].



22 M. Grohe

Definition 3. (1) A tree-decomposition of a structure A is a pair (T, (A): 1)
consisting of a tree T and a family A; of subsets of A (for ¢ € T') such that
(A;)A = A and for all a € A, the set {t | a € A;} induces a subtree of T
(that is, is connected). The sets A, are called the parts of the decomposition.
(2) The width of (T, (As): 1) is defined to be max{|A;| |t € T} — 1.
(3) The tree-width of A, denoted by tw(A), is the minimal width of a tree-
decomposition of A.

Trees and forests have tree-width 1 and series-parallel graphs (in particular
cycles) have tree-width < 2. Note that a graph of size n has tree-width at most
n — 1. An n-clique has tree-width (n — 1), an (n x n)-grid has tree-width n
(see [Die97]), and a random graph of order n with edge probability > % has
tree-width n — o(n) almost surely [GL].

Tree-decompositions and tree-width have been introduced by Halin [Hal76],
and later independently by Robertson and Seymour [RS86a]. They are of great
importance in graph theory and the theory of algorithms. Many NP-hard algo-
rithmic problems on graphs belong to FPL when parameterized by the tree-width
of the input graph (see, for example, the survey [Bod97]).

Computing a tree-decomposition of a given graph is NP-complete [ACP8T].
However, if parameterized by the tree-width of the input structure, the problem
is fixed-parameter tractable by the following deep theorem of Bodlaender.

Theorem 3 ([Bod96]). There is an algorithm that, given a graph G, compu-
tes a tree-decomposition of G of minimal width in time O(2PV(E)|G|) (for a
suitable polynomial p(X)).

It is not hard to see that for arbitrary 7 the analogous result for 7-structures
follows.

Theorem 4 ([Cou90]). For every vocabulary T, the following parameterized
problem is in FPL:

Input: T-structure A, MSO-sentence ¢
Parameter: (tw(A),|o|)
Problem: Decide if A = .

Let us recall what exactly this result means (cf. Page for the precise de-
finitions): Suppose that we encode pairs (A, ) by a suitable mapping enc :
Fr] x MSO — {0,1} . Then formally the parameterized problem we consider is

{(enc(A,ap), (k:,l)) | A € Flr],p € MSO,k = tw(A),l = |p|, A = ¢}

Thus the theorem states that there is a computable function f : N> — N and
an algorithm that, given (enc(A4, ), (k,1)), decides if k = tw(A), I = |¢|, and
A E ¢ in time at most f(k,)n.

The proof requires some preparation.
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Once we have declared a node r in a tree T to be the root we can direct the
edges and speak of the children of a node and its parent. A proper binary rooted
tree is a rooted tree (T,r) where every vertex either has two children or none.

It will be convenient for us to work with tree-decompositions of the follo-
wing form: A special tree-decomposition (STD) of width w of a structure A
is a triple (T,r,(a'); 1) where (T,r) is a proper binary rooted tree, a‘ :=
(af,...,al)) is a (w+ 1)-tuple of elements of A, and (T, ({af,... ,al,}): r)isa
tree-decomposition of A. Let us mention explicitly that two distinct tree-nodes
of a tree-decomposition may have identical parts.

It is easy to see that a given tree-decomposition of a graph can be transferred
to an STD of the same width in linear time.

The quantifier-rank of an MSO-formula ¢ is the maximal number of nested
quantifiers in . Let ¢ > 1. An MSO, k-type (of vocabulary 7) is a set of MSO-
formulas of quantifier rank at most ¢ whose free variables are contained in a fixed
set {z1...,xx}. The MSO, type tp,(a, A) of a k-tuple a € A* in a T-structure
A is defined to be the set of all MSO-formulas ¢(Z) of quantifier-rank at most
g such that A = ¢(a).

It is easy to see that, up to logical equivalence, there are only finitely many
MSO-formulas of vocabulary 7 with free variables in {1 ... ,z;} of quantifier
rank at most g. Thus for all k,q € N, up to logical equivalence there are only
finitely many MSO, k-types, and every MSO, k-types has a finite description.

Proof (of Theorem [f)): Let ¢ be an MSO-sentence of quantifier-rank ¢. Fur-
thermore, let A be a 7-structure and (T,r,(a'); r) an STD of A of width
w:=tw(A).

For every t € T, we let Ay := {af,... ,al,} and By := ,_r As, where <T
denotes the natural partial order associated with the tree (in which the root is
minimal). Note that for leaves ¢ we have B; = A; and for parents ¢ with children
u and u we have B; = A; U B, UB,, and B, N B, C A;.

Standard techniques from logic (Ehrenfeucht-Fraissé games) easily show that
for every parent ¢ with children u, u , type(t) := tpy(at, (B;)4) only depends on
the following finite pieces of information:

(1) The isomorphism type of the substructure induced by a’, that is,

part(t) :={(z,y) |0 <z <y <w,a, =al}
U{R(Z) | R € T k-ary,Z € {0,... w}" such that RA(ay,,. .. Lg,) }
(2) The g-type of the subtree below u, and how the parts at « and ¢ intersect:
type(u), is(u,t) == {(z,y) |0 <,y <w,a¥ = al}.

(3) The g-type of the subtree below u , and how the parts at v and ¢ intersect:

type(u ), is(u ,?).
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For a leaf ¢, the ¢g-type type(t) only depends on part(t).
In other words, there are finite functions II,,, and A, such that for all
7-structures A with STD (T, r, (a'); 7) of width w we have

type(t) =g, (part(t), type(u), is(u, t), type(u ), is(u , t))
for all parent nodes t € T with children u, u ,
type(t) =Aq, (part(t)) for all leaves t € T'.

The functions Il ., and Ay, only depend on ¢ and w, but not on the input
structure A. Furthermore, there is an algorithm that, given ¢ and w, computes
I, ., and A, and stores them in look-up tables.

Finally, recall that (B,)4 = A and (A = ¢ <= ¢ € tpy(a", A)) (because
the quantifier rank of ¢ is q).

It is now easy to verify that the algorithm in Figure[l solves the MSO-model-
checking problem in time f(tw(G),|¢|)|G| for a computable f. The statement
of the theorem follows, because the problem of deciding whether the tree-width
of a graph is w, parameterized by w, is in FPL (by Bodlaender’s theorem).

MODELCHECK (Structure 4, MSO-sentence ¢)

Compute STD (T, r, (a¢)ter) of A of width w := tw(A)
q:=qr(p)

Compute Ag,w and I v

t := TYPE(r)

if ¢ € t then accept else reject.

Grd LW ~

TYPE(Tree-Node t)

6 Compute part(t)
7 if ¢ is leaf

8 then return(Agq,.(part(t)))

9 else

10 u := first child of ; u’:= second child of ¢

11 Compute is(u,t) and is(u’, t)

12 return (/g (part(t), TYPE(u), is(u, t), TYPE(u'), is(u', 1))).

Figure 1. MSO-model-checking

O

Courcelle proved his theorem for graphs and hypergraphs. He uses a version
of MSO in which one is allowed to quantify not only over sets of vertices of
a graph, but also over sets of edges. This version is clearly more expressive.
However, there is a natural way of including it into our framework: We encode
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graphs as incidence structures of vocabulary {V,W, I} with unary V,W and
binary I. With a graph G = (G, E¢) we associate an {V, W, I }-structure I(G)
whose universe is the disjoint union of the vertex set V¢ and the edge set W¢
in the obvious way. Then a class C of graphs is definable in Courcelle’s MSO if,
and only if, the class {I(G) | G € C} is definable in our MSO.

It is a nice exercise to prove that for each graph G we have tw( Q) = tw(I( G))
(and not only the trivial tw(I(G)) < tw(G) + (tw(g)+1)). Thus Theorem M is
valid for both versions of MSO.

Arnborg, Lagergren and Seese [ALS9T] proved extensions of Courcelle’s Theo-
rem for MSO-definable counting and optimization problems. Courcelle, Makow-
sky, and Rotics [CMR98] consider another, more liberal parameter of graphs cal-
led clique-width. They prove that if a graph comes with a clique-decomposition
(the analogue of a tree-decomposition for clique-width) of bounded width, then
MSO-model-checking is still possible in polynomial time. The problem with this
approach is that it is not known if such a decomposition can be computed in
polynomial time even for fixed clique-width 4.

However, there is not much room for extensions of Courcelle’s theorem to
other natural classes of structures. 3-COLORABILITY is already NP-complete
on planar graphs of valence 4 |[GJIS76]. This implies that, unless P=NP, for
every class C of graphs that contains all planar graphs of valence 4 the problem
MC(C,MSO) is not in FPT.

Let us turn to FO-model-checking. With each 7-structure A we associate a
graph G(A), called the Gaifman graph of A. The universe of G(A) is A, and
there is an edge between two distinct elements a,b € A if there is a relation
R € 7 and a tuple ¢ € R such that both a and b occur in & The valence of
a structure A, denoted by val(A4), is defined to be the valence of its Gaifman
graph, that is, val(A) := max{|{b | E4)(a,b)}| a€ A}.

Using Hanf’s Sphere Theorem [Han65], Seese proved the following:

Theorem 5 ([See96]). For every vocabulary T, the following parameterized
problem is in FPL:

Input: T-structure A, FO-sentence ¢
Parameter: (val(A),|¢|)
Problem: Decide if A = .

A more general approach is based on Gaifman’s locality theorem [Gai82].
The distance d“(a,b) between two elements a, b of a structure A is the length
of the shortest path between a and b in G(A). The r-neighborhood of a is the
set NA(a) :={be€ A|d4(a,b) <r}.

Definition 4. The local tree-width of a structure A is the function ltw(A4) :
N — N defined by ltw(A)(r) := max {tw((N,(a))4) | a € A}.

A class C of structures has bounded local tree-width if there is a function
A : N — N such that tw(A)(r) < A(r) for all A € C, r € N.
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Surprisingly, there are many natural examples of classes of graphs of bounded
local tree-width, among them all classes of bounded tree-width, bounded valence,
and bounded genusﬁ

Theorem 6 ([FG99b]). Let C be a class of graphs of bounded local tree-width.
Then the problem MC(C,FO) is solvable in time f(|¢|)n? for a suitable f and
thus in FPT.

A refinement of bounded local tree-width is the notion of a locally tree-
decomposable class of graphs; all the examples of classes of bounded local tree-
width that we mentioned above are also locally tree-decomposable. For such
classes the FO-model-checking is in FPL. This yields both Seese’s Theorem Fl
and the following result. Its proof also uses a theorem of Mohar [Moh96]| stating
that for every surface S there is a linear time algorithm deciding whether a given
graph can be embedded into the orientable surface of genus g.

Theorem 7 ([EG99b]). The following parameterized problem is in FPL:

Input: Graph G, FO-sentence ¢
Parameter: (genus(G), |¢])
Problem: Decide if G |= .

The final result of this section is based on deep graph theoretic results due
to Robertson and Seymour [RS95RS]. A minor of a graph G is a graph that is
obtained from a subgraph of G by contracting edges.

Theorem 8 ([EG99al). Let C be a class of graphs such that there exists a graph
that is not a minor of a graph in C. Then MC(C,FO) is in FPT.

Robertson and Seymour proved that a class C of graphs has bounded tree-
width if, and only if, there is a planar graph that is not a minor of a graph in C
[RS&6Dh]. Putting things together, we obtain a nice corollary:

Corollary 2. Let C be a class of graphs that is closed under taking minors.

(1) Assume that P # NP. Then MC(C,MSO) is in FPT if, and only if, C has
bounded tree-width.

(2) Assume that FPT # WI1]. Then MC(C,FO) is in FPT if, and only if, C is
not the class of all graphs.

5 The genus of a graph G is the least genus of an orientable surface in which G is
embeddable. Thus the graphs of genus 0 are just the planar graphs. A class of graphs
has bounded tree-width/valence/genus if there is a constant bounding the respective
number for all graphs in the class.
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Remark 1. The results of this section show that on many classes of graphs the
model-checking problem for MSO and FO can be solved in time f(|o])||A||° for
some function f and a constant ¢ (usually ¢ = 1).

We never specified f. In all results except Theoreml[d], f is a tower of 2s whose
height is roughly the number of quantifier-alternations in the input formula. This
is basically due to the enormous number of MSO, types and FO, types. Even
in Theorem [5, f is at least doubly exponential.

This makes the algorithms that can be derived from these results useless for
practical applications. The benefit of the results is to provide a simple way to
recognize a property as being linear time computable on certain classes of graphs
(by expressing it in MSO or FO). Analyzing the combinatorics of the specific
property then, one may also find a practical algorithm.

4 Tractable Cases II: Simple Formulas

This final section is devoted to tractable cases of the model-checking problems
obtained by restricting the second part of the input, the sentence . The com-
plexity of model-checking is known to be intimately linked to the number of
variables in ¢ [Var95]. We might try to parameterize the FO-model-checking
problem by the number of variables instead of the formula-length, but since the
formula-length is an upper bound for the number of variables this makes the
model-checking problem only harder (and thus even “more intractable”).

However, if we fix the number of variables in advance we obtain not only
fixed-parameter tractability, but actually polynomial-time computability: Vardi
proved that the problem MC(F[r],FO?) is solvable in time O(n®) [Var95|. Here
FO? (for s > 1) denotes the fragment of FO consisting of all formulas with at
most s variables. Similar results hold for the finite-variable fragments of other
logics, for example least fixed-point logic [Var9s|.

The finite-variable fragments of least fixed-point logic can also be used to
give a descriptive characterization of the class FPT in the style of the well-known
Immerman-Vardi Theorem [Imm86lVar82]. To formulate this, it is convenient to
consider a parameterized problem as a class P C O[] x N for some vocabulary
7, where O[7] denotes the class of ordered 7-structures. Then P is in FPT if,
and only if, there is an s > 1 and a computable sequence (¢i)r>1 of least-fixed
point formulas with at most s variables and at most one fixed-point operator
such that for all k > 1, ¢, defines the class {4 | (4, k) € P} [FG99al.

The rest of this section is devoted to various refinements of model-checking for
Y)1-formulas. Remember that X';-formulas are EFO-formulas in prenex normal
form. Recall the definition of the structure A, associated with a formula ¢
(cf. Page [MH). The tree-width of a formula ¢ is defined to be the tree-width of
A, Kolaitis and Vardi [KV98] observed that, for all s > 1, every X';-sentence of
tree-width at most s can be effectively transformed into an equivalent existential
FO**t!_sentence. This implies:

Theorem 9 ([FG99a)). Model-checking for X1 -sentences of tree-width at most
s is 1 FPT.
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Note that this does not extend to arbitrary EFO-sentences, because for every
k > 3 the EFO-sentence Jz1 ... 3zx Ao ), W32(y = 2 Az = 25 A E(y, 2)),
saying that a graph contains a k-clique, has tree-width 3.

The following extension of Theorem [@ is based on a theorem of Plehn and
Voigt [PVI0] stating that for every w > 1 the following restriction of the sub-
graph isomorphism problem can be solved in time f(|H|)|G|**!, for a suitable
function f:

Input: Graphs G, H with tw(H) < w
Parameter: |H|
Problem: Decide if H is isomorphic to a subgraph of G.

Recall that negation symbols in an EFO-formula only occur in front of atomic
subformulas. For a formula ¢, we let ¢_~ be the result of deleting all subformulas
of the form —z = y from ¢. The modified tree-width of ¢ is defined to be tw(p_).

Theorem 10 ([EG99a]). Let w > 1 and P the set of all Xy-sentences of mo-
dified tree-width at most w. Then MC(F,®) is in FPT.

Papadimitriou and Yannakakis [PY97] proved a special case of this theorem
for so-called acyclic queries. They also observed that the problem MC(F, ®) is
NP-complete even for the class @ of all X;-sentences with modified tree-width
1. To see this, note that the existence of a hamiltonian path is subsumed by this
model-checking problem.

Proof (of Theorem [I0): Tt clearly suffices to prove the result for formulas of the
form 3z0(x), where 6 is a conjunction of atomic and negated atomic formulas,
because every Xj-formula ¢ can be effectively transformed to an equivalent
disjunction of formulas of this form that contains precisely the same atomic
formulas as ¢ and thus has the same modified tree-width.

So we have to find an algorithm that, given a 7-structure A and a sentence
@ =73xy...3xx0(x1, ... ,2K) € P of modified tree-width at most w, where 6 is a
conjunction of atoms or negated atoms, decides if A = ¢.

Our algorithm is based on the so-called color coding technique introduced
by Alon, Yuster and Zwick [AYZ95]. We only present a Monte Carlo algorithm
solving the problem in time f(|¢|)|A|“*!. This algorithm can be derandomized
using a k-perfect family of hash-functions ([SSO0JAYZ97]).

A coloring of ¢ is a mapping v : {1,... ,k} — {1,...,k} such that (i) #
~(j) if 7z; = x; occurs in 6. For each coloring v we let ¢ be the formula obtained
by deleting literals —z; = z; in 6 and adding atoms C;z; for 1 < ¢ < k. Note
that tw(py) = tw(p_x) = w.

A coloring of A is a partition of A into sets C{,. .. ,C’,f.

Observe that A = ¢ if, and only if, there is a coloring v of ¢ and a coloring
C#,...,C# of Asuchthat (A,C{,...,CH) E o,

For all colorings v of ¢ we do the following: We randomly and indepen-
dently choose a color for each a € A. Let C,. .. ,C,‘C" be the resulting coloring.
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Then we check if (4,C#,... ,C/) |= ¢, which is possible in time O(|p||A]*+1)
by Theorem [ Note that if there is no coloring C{!,... ,C,f of A such that
(A,C{, ... ,C#) = ¢, this will certainly not be the case. On the other hand,
if there is such a coloring it will be the case with probability > kik

Repeating this procedure f(k) = [log(2)k"*] times, we will get the correct
answer with probability at least % O

Remark 2. The running time of the last algorithm can be considerably impro-
ved by only coloring, with the least possible number of colors, the set of those
variables that actually appear in an inequality.

5 Open Problems

(1) (ct. PageZTl) Do the W-hierarchy and the A-hierarchy coincide, or is at least
WI2] = A[2]?

(2) (cf. Theorem [6)) Let C be a class of graphs of bounded local tree-width. Is
the problem MC(C,FO) in FPL?

(3) (cf. Theorem B) For k > 1, let Ky, be the class of graphs that do not contain
the complete graph K}, as a minor. Note that for every class C of graphs such
that there exists a graph that is not a minor of a graph in C there exists a
k > 1 such that C C K. Is the following problem in FPT or even FPL?

Input: Graph G, FO-sentence ¢
Parameter: (min{k | G € Ki}, |¢|)
Problem: Decide if G satisfies ¢.

(4) Let W be the class of words. Is there a constant ¢ > 1 such that MC(W, FO)
is solvable in time O(QMnc)? If this is the case, how about the class of trees,
planar graphs, et cetera?

(5) Let Gy denote the (k x k)-grid. Is the following problem in FPT?

Input: Graph G
Parameter: k € N
Problem: Decide if there is a homomorphism h : G, — G.

A negative answer to this question would imply the following: Let C be a
class of graphs that is closed under taking minors and let @ be the class of
all Xy -formulas ¢ such that A, € C. Then MC(F,®) is in FPT if, and only
if, C has bounded tree-width (cf. [FG99d]).
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Abstract. Various logic-based frameworks have been proposed for spe-
cifying the operational semantics of programming languages and con-
current systems, including inference systems in the styles advocated by
Plotkin and by Kahn, Horn logic, equational specifications, reduction
systems for evaluation contexts, rewriting logic, and tile logic.

We consider the relationship between these frameworks, and assess their
respective merits and drawbacks—especially with regard to the modula-
rity of specifications, which is a crucial feature for scaling up to practical
applications. We also report on recent work towards the use of the Maude
system (which provides an efficient implementation of rewriting logic) as
a meta-tool for operational semantics.

1 Introduction

The designers, implementors, and users of a programming language all need to
acquire an intrinsically operational understanding of its semantics. Programming
language reference manuals attempt to provide such an understanding using
informal, natural language; but they are prone to ambiguity, inconsistency, and
incompleteness, and totally unsuitable as a basis for sound reasoning about the
effects of executing programs—especially when concurrency is involved.

Various mathematical frameworks have been proposed for giving formal de-
scriptions of programming language semantics. Denotational semantics generally
tries to avoid direct reference to operational notions, and its abstract domain-
theoretic basis remains somewhat inaccessible to most programmers (although
modelling programs as higher-order functions has certainly given useful insight
to language designers and to theoreticians). Operational semantics, which direc-
tly aims to model the program execution process, is generally based on familiar
first-order notions; it has become quite popular, and has been preferred to denot-
ational semantics for defining programming languages [28] and process algebras
[26].

Despite the relative popularity of operational semantics, there have been
some “semantic engineering” problems with scaling up to descriptions of full
practical programming languages. A significant feature that facilitates scaling-up
is good modularity: the formulation of the description of one construct should
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not depend on the presence (or absence) of other constructs in the language.
Recently, the author has proposed a solution to the modularity problem for the
structural approach to operational semantics [31//32].

There are different ways of specifying operational semantics for a program-
ming language: an interpreter for programs—written in some (other) program-
ming language, or defined mathematically as an abstract machine—is an algo-
rithmic specification, determining how to execute programs; a logic for inferring
judgements about program executions is a declarative specification, determining
what program executions are allowed, but leaving how to find them to logical
inference. Following Plotkin’s seminal work [37], much interest has focussed on
logical specification of operational semantics.

In fact various kinds of logic have been found useful for specifying operational
semantics: arbitrary inference systems, natural deduction systems, Horn logic,
equational logic, rewriting logic, and tile logic, among others. Sections [2 and Bl
review and consider the relationship between these applied logics, pointing out
some of their merits and drawbacks—especially with regard to the modularity
of specifications. The brief descriptions of the various logics are supplemented
by illustrative examples of their use. It is hoped that the survey thus provided
will be useful as an introduction to the main techniques available for logical
specification of operational semantics.

The inference of a program execution in some logic is clearly not the same
thing as the inferred execution itself. Nevertheless, a system implementing lo-
gical inference may be used to execute programs according to their operational
semantics. Section @ reports on recent work towards the use of the Maude system
(which provides an efficient implementation of rewriting logic) as a meta-tool for
operational semantics.

2 Varieties of Structural Operational Semantics

The structural style of operational semantics (SOS) is to specify inference rules
for steps (or transitions) that may be made not only by whole programs but
also by their constituent phrases: expressions, statements, declarations, etc. The
steps allowed for a compound phrase are generally determined by the steps allo-
wed for its component phrases, i.e., the steps are defined inductively according
the (abstract) syntax of the described programming language. An atomic as-
sertion of the specified logic (such as v — ~ ) asserts the possibility of a step
from one configuration v to another v . Some configurations are usually distin-
guished as terminal, and have no further steps, whereas initial and intermediate
configurations have phrases that remain to be executed as components.

Small-step SOS: In so-called small-step SOS [37], a single step for an atomic
phrase often gives rise to a single step for its enclosing phrase (and thus ulti-
mately for the whole program). A complete program execution is modelled as a
succession—possibly infinite—of these small steps. During such a program exe-
cution, phrases whose execution has terminated get replaced by the values that
they have computed.
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Suppose that an abstract syntax for expressions e includes also values v:

e:x=v|if ¢y thenej elsees | ...

v == true | false| ...

Here are a couple of typical examples of inference rules for small-step SOS, to
illustrate the above points:

€g — €

(1)

if ep then e; else eo — if ¢, then e1 else eo

if true then e; else es —> €1 if false then e else eg — eg (2)

In the lack of further rules for if ey then e; else es, it is easy to see that the
intended operational semantics has been specified: the sub-expression ey must
be executed first, and if that execution terminates with a truth-value, only one
of eq, eo will then be executed.

Big-step SOS: In big-step SOS [17], a step for a phrase always corresponds to
its entire (terminating) execution, so no iteration of steps is needed. A step
for a compound phrase thus depends on steps for all those component phrases
that have to be executed. (Big-step SOS has been dubbed Natural Semantics
since the inference rules may resemble those of Natural Deduction proof systems
[17).) Here is an example, where the notation e |} v asserts the possibility of the
evaluation (i.e., execution) of e terminating with value v:

eo | true e1 I v1 eo I false e || vg

if ey then e else ey || v if ey then e else ey || vy

3)

The intended operational semantics, where eg is supposed to be executed before
e1 or eg, is not so evident here as it is in the small-step SOS rules. In other
examples, however, explicit data dependencies may indicate the flow of control
more clearly.

Big-step SOS cannot express the possibility of non-terminating executions,
and thus it appears ill-suited to the description of reactive systems. However,
the possibility of non-termination may be specified separately [g].

Note that small- and big-step SOS may be used together in the same de-
scription, e.g. big-step for modelling expression evaluation and small-step for
modelling statement execution. Moreover, the transitive closure of the small-
step relation (restricted to appropriate types of arguments) provides the big-step
relation between phrases and their computed values.

Substitution: Binding constructs of programming languages, such as declarations
and formal parameters, give rise to open phrases with free variables; however,
these phrases do not get executed until the values to be bound to the free varia-
bles have actually been determined. Thus one possibility is to replace the free
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variables by their values, producing a closed phrase, using a substitution opera-
tion (here written [v/z]e). However, the definition of substitution itself can be
somewhat tedious—in practice, it is often left to the reader’s imagination (as
here):

€1 — €

(4)

let x =e1 iney —> let x = ¢ in ey

let x = vy in ey — [v1/x]eq (5)

There is obviously no need to give a rule for evaluating a variable x to its value
when using substitution.

Environments: An alternative approach, inspired by the treatment of binding
constructs in denotational semantics and in Landin’s work [I8], is to use environ-
ments p: a judgement then has the form p -~ — . In effect, the environment
keeps track of the relevant substitutions that could have been made; the com-
bination (often referred to as a closure) of an open phrase and an appropriate
environment is obviously equivalent to a closed phrase. Environments are parti-
cularly simple to use in big-step SOS, but in small-step SOS, auxiliary syntax
for explicit closures may have to be added to the described language (Plotkin
managed to avoid adding auxiliary syntax in [37] only because the example lan-
guage that he described already had a form of local declaration that was general
enough to express closures). Here is the same example as described above, but
now using environments instead of substitution:

pker — e

(6)

pHlet x =e; iney — let x =€, in ey

plx = vl ke — e,

(7)

pFlet x =v; ineg —> let . =v; in e,

phFlet z =wv; in vy — w9 (8)

Here, in contrast to when using substitution, a rule is needed for evaluating the
use of a variable x occurring in an expression e:

plr) = v (9)
pFrz—wv
The equation p(z) = v above is formally regarded as a side-condition on the
inference rule, although for notational convenience it is written as an antecedent
of the rule. It restricts the conclusion of the rule to the case that the environment
p does indeed provide a value v for x. Note that proofs of steps do not explicitly
involve proofs of side-conditions.
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Stores: For describing imperative programming languages, where the values last
assigned to variables have to be kept for future reference, configurations are
usually pairs of phrases and stores. Thus a judgement might have the form
pt e s — e,s. Stores themselves are simply (finite) maps from locations to
stored values. Unfortunately, adding stores to configurations invalidates all our
previous rules, which should now be reformulated before being extended with
rules for imperative phrases. For instance:

pke,s—e,s

10
phFlet x =e; in ey, s —> let x = ey in eg, s (10)

plx = v]Fea, s — ey, s

(1)

phElet x =v; ineg, s — let x =v; in ey, s
pblet x =v; in v9,8 — 1o, S (12)

p(x) =v

_ 13
pFz,s —wv,s (13)

The need for this kind of reformulation reflects the poor inherent modularity of
SOS. Later in this section, however, we shall see how the modularity of SOS can
be significantly improved.

The following rules illustrate the SOS description of variable allocation, as-
signment, and dereferencing (assuming that locations [ are not values v):

I ¢ dom(s)
pbref v, s — 1 s[l— v (14)
[ € dom(s)
pHl:i=v,s— (),s[l — ] (15)
plx) =1 sy =wv (16)

pFx,s — v, s

Conventions: A major example of an operational semantics of a programming
language is the definition of Standard ML (SML) [28]. It is a big-step SOS,
using environments and stores. A couple of “conventions” have been introduced
to abbreviate the rules: one of them allows the store to be elided from configu-
rations, relying on the flow of control to sequence assignments to variables; the
other caters for raised exceptions preempting the normal sequence of evaluation
of expressions. Although these conventions achieve a reasonable degree of con-
ciseness, the need for them perhaps indicates that the big-step style of SOS has
some pragmatic problems with scaling up to languages such as SML. Moreover,
they make it difficult to exploit the definition of SML directly for verification or
prototyping.

Recently, an alternative definition of SML has been proposed [15], without
the need for the kind of conventions used in the original definition. SML is first
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translated into an “internal language”, which is itself defined by a (small-step)
reduction semantics, see Sect.[3l (The translation of SML to the internal language
is itself specified using a big-step SOS, but that aspect of the approach seems to
be inessential.) A similar technique is used in the action semantics framework
[29/30], where programs are mapped to an action notation that has already been
defined using a (small-step) SOS.

Process Calculi: Small-step SOS is a particularly popular framework for the se-
mantic description of calculi for concurrent processes, such as CCS. There, steps
are generally labelled, and judgements have the form v - ~ . For CCS, labels
« range over atomic “actions”, and for each action [ there is a complementary
action [ for synchronization; there is also an unobservable label 7, representing
an internal synchronization. Here are some of the usual rules for CCS [26]:

ap-—"p (17)

P i>p1 b2 i>I72

p1|p2i>p1|p2 p1|p2i>]91\]92

(18)

l 7
P1—DM P2 — Do

_ (19)
p1|p2 — 0y | po

Also programming languages with constructs for concurrency, for instance Con-
current ML [40J39], can be described using small-step SOS. Unfortunately, the
SOS description proposed for ML with concurrency primitives in [2] is not in-
ductive in the syntax of the language, and the need to reformulate inference
rules previously given for the purely functional part of the language is again
a sign of the poor inherent modularity of the SOS framework. Also the more
conventional SOS descriptions given in [I2]16] have undesirably complex rules
for the functional constructs.

Syntactic Congruence: When using SOS to describe process calculi, it is common
practice to exploit a syntactic congruence on phrases, i.e., the syntax becomes a
set of equivalence classes. For instance, the processes p1 | p2 and ps | p; might be
identified, removing the need for one of the symmetric rules given in (I8]) above.

Evaluation to Committed Form: It is possible to describe the operational seman-
tics of CCS and other concurrent calculi without labelling steps [35]. The idea is
to give a big-step SOS for the evaluation of a process to its “committed forms”
where the possible actions are apparent (cf. reduction to “head normal form” in
the lambda-calculus). For example:

p1dLp; p2 I L.p, pylpe Lk
p|p2 Uk

(20)

The technique relies heavily on a syntactic congruence between processes.



38 P.D. Mosses

Enhanced Operational Semantics: By labelling steps with their proofs, informa-
tion about features such as causality and locality can be provided. This idea has
been further developed and applied in the “enhanced” SOS style [938], where
models taking account of different features of concurrent systems can be obtai-
ned by applying relabelling functions (extracting the relevant details from the
proofs).

For a simple CCS-like process calculus, proofs may be constructed using
tags |1, |2 to record the use of the rules that let processes act alone, and pairs
(|1 61, |2 B2) to record synchronization. An auxiliary function [ is used to extract
actions from proofs. The following rules illustrate the form of judgements:

6 6
P1—P P2 — Do (21)
[16 |26
1?71|Z?24>1 Py | P2 p1|1024>2 D1 | Do
91 92
P1— D P2 — Do 1(61) = 1(02) (22)
(|101,]262)
pLlipe = " p Dy

Despite its somewhat intricate notation, enhanced operational semantics provi-
des a welcome uniformity and modularity for models of concurrent systems. By
using substitution, the need for explicit environments can be avoided—Dbut if one
wanted to add stores, it seems that a major reformulation of the inference rules
for steps would still be required. Or could labels be used also to record changes
to stored values? The next variety of SOS considered here suggests that they
can indeed.

Modular SOS: Recently, the author has proposed a solution to the SOS modu-
larity problem [31132]. In Modular SOS (MSOS) the transition rules for each
construct are completely independent of the presence or absence of other con-
structs. When one extends or changes the described language, the description
can be extended or changed accordingly, without reformulation—even though
new kinds of information processing may be required.

The basic idea of MSOS is to incorporate all semantic entities as components
of labels. Thus configurations are restricted to syntax and computed values, and
judgements are always of the form vy —— ~ .

In fact the labels in MSOS are regarded as the arrows of a category, and the
labels on adjacent steps have to be composable in that category. The labels are
no longer the simple atomic actions often used in studies of process algebra, but
usually have semantic entities—e.g. environments and stores—as components;
so do the objects of the label category, which correspond to the states of the
processed information.

Some basic label transformers for defining appropriate categories (starting
from the trivial category) are available; they correspond to some of the simpler
monad transformers used to obtain modularity in denotational semantics. Each
label transformer adds a fresh indexed component to labels, and provides nota-
tion for setting and getting that component—independently of the presence or
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absence of other components. By using variables a ranging over arbitrary la-
bels, and ¢ ranging over arbitrary identity labels that remain in the same state,
rules can be expressed independently of the presence or absence of irrelevant
components of labels. For example:

«
eg —> €
: ey (23)
if ep then e; else eo — if ¢, then e; else eo
if true then e; else es — e if false then e; else es 5 e (24)

The above rules remain both valid and appropriate when the category of labels
gets enriched with (e.g.) environment components, allowing the rules for binding
constructs to be added:

[0
€1 — €

) a : (25)

let z =e1 iney — let r =¢; ineg
p = get(a, env) a = set(a, env, plx +— v]) €2 — ey (26)

let x =v; inezﬁletx:vl in eq
let = vy in vg — vy (27)
p=getls,en)  pla) =v o

.
r—> v

The use of « rather than a above excludes the possibility of any change of state.

Axiomatic Specifications: For proof-theoretic reasoning about SOS descriptions—
especially when establishing bisimulation and other forms of equivalence—it is
convenient that steps can only occur when proved by just the specified inference
rules. For other purposes, however, it may be an advantage to reformulate the
inference rules of SOS as ordinary conditional formulae, i.e., Horn clauses, and
use the familiar inference rules for deduction, such as Modus Ponens. The close
correspondence between inference rules and Horn clauses has been used in the
implementation of big-step SOS by compilation to Prolog [I7].

The axiomatic reformulation of SOS requires side-conditions on rules to be
treated as ordinary conditions, along with judgements about possible steps. It
has been adopted in the SMOLCS framework [I], which combines SOS with
algebraic specifications. It has also been exploited in the modular SOS of action
notation [34], where CASL, the Common Algebraic Specification Language [7],
is used throughout (CASL allows the declaration of total and partial functions,
relations, and subsorts, which is just what is needed in the side-conditions of
SOS descriptions).
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3 Varieties of Reduction Semantics

Many of the inference rules specified in the structural approach to operational
semantics merely express that execution steps of particular components give rise
to execution steps of the enclosing phrases. The notion of reduction in term
rewriting systems enjoys a similar property, except that there is a priori no
restriction on the order in which component phrases are to be reduced. Thus
for any term constructor f, the following inference rule may be specified for the
reduction relation t — ¢ :

ti_>ti
f(tl,...,ti,...,tn) —)f(tl,...,ti,...,tn)

(29)

The above rule is subsumed by the following somewhat more elegant rule, where
C ranges over arbitrary one-hole term contexts, and C[t] is the term obtained
by filling the unique hole in the context C' with the term ¢:

t— 1t
yo T (30)
Clt] — C[t]
It is straightforward to define the arbitrary one-hole contexts for any ranked al-
phabet of (constant and) function symbols; similarly for many-sorted and order-
sorted signatures—introducing a different sort of context for each pair of argu-
ment and result sorts.

Several frameworks for operational semantics are based on variations of the
basic notion of reduction, and are reviewed below.

Reduction Strategies: The problem with using ordinary reduction to specify ope-
rational semantics is the lack of control concerning the order of reduction steps:
the entire sequence of reductions might be applied to a part of the program that
in fact should not be executed at all.

For instance, consider the A-expressions with constants, which may be regar-
ded as a simple functional programming language:

=v|e e
b|flz|Aze

v

where the basic constants b and function constants f are left unspecified. The
execution steps for evaluating A-expressions are J-reductions, concerned with
applications of the form f b, and (-reductions:

(Az.e)(e) — [e /x]e (31)

where the substitution of expressions e for variables x, written [e /x]e, is assu-
med to avoid capture of free variables. An expression such as

(Ay.b)(Az.zx)(Az.zx))
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has both terminating and non-terminating reduction sequences: the one that ta-
kes the leftmost, outermost G-reduction corresponds to “call-by-name” seman-
tics for A-expressions; that which always applies S-reduction to (Az.zz)(Az.zz)
corresponds to “call-by-value” semantics.

Standard reduction sequences are those which always make the leftmost ou-
termost reduction at each step. For A\-expressions, restricting reductions to stan-
dard - and B-reductions ensures call-by-name operational semantics. Remar-
kably, also call-by-value semantics can be ensured by restricting to standard
reductions—provided that the [-reduction rule is itself restricted to the case
where the argument of the application is already a value v [36l11]:

(Ax.e)(v) — [v/z]e (32)

Standard reduction sequences with this restricted notion of S-reduction corre-
spond to an operational semantics for A\-expressions defined by an SECD machine
[34].

By adopting the restriction to standard reductions, it might be possible to
give reduction semantics for other programming languages. However, the follo-
wing technique not only subsumes this approach, but also has the advantage of
admitting an explanation in terms of inference systems.

Evaluation Contexts: An alternative way of controlling the applicability of re-
ductions is to require them to occur in evaluation contexts [10]. It is convenient
to specify evaluation contexts E in the same way as the abstract syntax of pro-
grams, using context-free grammars. The symbol [ ] represents the hole of the
context; the grammar must ensure that exactly one hole occurs in any evaluation
context.

The restriction to evaluation contexts corresponds to simply replacing the
general context rule for reduction (B0) above by:

t—1

E[f] — E[t] (33)

For example, to obtain the call-by-value semantics of A-expressions, let eva-
luation contexts E be defined by the grammar:
E:=[]|vE|Ee

It is easy to see that when an expression is of the form Ele; e3], a standard
reduction step can only reduce e; e; or some sub-expression of it. Similarly,
it appears that call-by-name semantics can be obtained by letting evaluation
contexts be defined as follows:

E:=[]|fE|FEe

(where f ranges over function constants).
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The following specification of evaluation contexts would be appropriate for
the intended operational semantics of the illustrative language constructs consi-
dered in Sect.

E :=][]|if F thene; else ey |let x = E ineg

(where the grammar for expressions e and values v is as before). Notice the
close correspondence between the productions of the above grammar and the
previously-given small-step SOS rules () and (). The above grammar is clearly
more concise than the inference rules for expressing the allowed order of execu-
tion; this economy of specification may account for at least some of the popularity
of the evaluation context approach.

Assuming that reductions are restricted to occur only in evaluation contexts,
the following rules may now be given:

if true then e; else eg — €3 if false then e; else es —> ey (34)

let = v; in es — [v1/x]es (35)

where [v/z]e is substitution, as before. As the reader may have noticed, these
are exactly the same as the small-step SOS rules (@) and ().

An alternative technique with evaluation contexts is to combine (30]) above
with the reduction rules themselves—now insisting that reductions are always
applied to the entire program. With the same definition of evaluation contexts,
the above reduction rules would then be written:

E[if true then e; else es] — Fleq] (36)
E[if false then e; else es] — Fles] (37)
E[let x = v1 in es] — El[v1/x]es] (38)

This seemingly innocent reformulation in fact provides a significant new possi-
bility, which is perhaps the forte of the evaluation context approach: reductions
may depend on and/or change the structure of the context itself. For example,
we may easily add a construct that is intended to stop the execution of the entire
program, and specify the reduction:

E[stop] — stop (39)

To specify the same semantics in small-step semantics would require giving an
explicit basic rule for the propagation of stop out of each evaluation context
construct:

if stop then e else e —> stop (40)

let x = stop in es — stop (41)

In a big-step semantics, one would have to provide extra inference rules, e.g.:

eo I} stop

if ey then e; else ey || stop

(42)
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Moreover, evaluation contexts can be used to specify the operational semantics
of advanced control constructs, such as those manipulating continuations [11].
Although it may be possible to specify continuations in SOS, the appropriateness
of the use of evaluation contexts here cannot be denied.

An evaluation context may contain more than just the syntactic control con-
text: for instance, it may also contain a store, recording the values assigned to
variables. A store s is represented syntactically as a sequence of pairs of lo-
cations [ and values v, with no location occurring more than once. It is quite
straightforward to give reduction rules for variable allocation, assignment, and
dereferencing [4]:

s E[ref v] — s,(l,v) E[l] if | is not used in s (43)
s, (l,v),s Ell :=v]—s,(l,v),s E[()] (44)

The previously given rules for functional constructs using explicit evaluation
contexts (e.g. (30))) remain valid, so the modularity of the approach appears to
be good—also when adding concurrency primitives to a functional language, as
illustrated in [39J40]. However, it appears that it would not be so straightforward
to add explicit environments to evaluation contexts, and the reliance on syntactic
substitution may complicate the description of languages with “dynamic” scope
rules.

One significant potential problem when using evaluation contexts for mo-
delling the operational semantics of concurrent languages is how to define and
prove equivalence of processes. In particular cases “barbed” bisimulation can be
defined [27/41]; also, a rather general technique for extracting labelled transition
systems (and hence bisimulations) from evaluation context semantics has been
proposed [42].

Rewriting Logic: The framework of Rewriting Logic (RL) [21] generalizes con-
ventional term rewriting in two main directions:

— rewriting may be modulo a set of equations between terms (i.e., it applies to
arbitrary equationally-specified data structures); and

— rewriting may be concurrent (i.e., non-overlapping sub-terms may be rewrit-
ten simultaneously).

Moreover, no assumptions about confluence or termination are made: the rules
are understood not as equations, but as transitions.

The inference rules for RL are as follows, where rewriting from between
equivalence classes of terms is written [t{] — [¢]. Rewriting is taken to be
reflexive:

[t] — [t] (46)
which allows one or more of the arguments to remain the same in concurrent
rewriting:

] — ] - [ta] =[]

[f(tl,"'7tn)] - [f(tla“'atn”

(47)
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The following inference rule combines replacement of variables z1,...,z,, by
terms t1,...,%,, in a specified rule r : [t(z1,...,2m)] — [t (x1,...,2m)] with
the possibility of rewriting the terms in the same step:

] — (6] . [tn] — [t
[t(t1/21,. . tn/xn)] — [t (E /21, .. t,/T0)] (48)
Finally, rewriting is taken to be transitive:
[t] — 2] [ta] — [t5]
0] — )

Specified rewriting rules are also allowed to be conditional, which requires a
further inference rule for discharging conditions.

RL has been used as a unifying model for concurrency [23] and as a logical
framework [20]. It has also been proposed as a semantic framework, as an al-
ternative to frameworks such as SOS [20]. RL has been efficiently implemented
in the Maude system [3], which makes its use as a semantic framework parti-
cularly attractive in connection with the possibilities for prototyping semantic
descriptions (see Sect. H).

Two techniques for expressing SOS descriptions in RL have been proposed
[20). The first is a special case of a general technique for representing sequent
systems in unconditional RL, with the rewriting relation corresponding to pro-
vability; the second is more specific to SOS, and uses conditional rewriting rules.
Let us illustrate both techniques with the same example: the SOS rules (I7)—(I9)
for concurrency in CCS (Sect. BJ).

To start with, term constructors for the abstract syntax of processes and
labels are needed; we shall only make use of the binary process constructor p | p ,
which is now specified to be both associative and commutative (corresponding
to a syntactic congruence in SOS).

For the first technique, we also introduce a term constructor S(p,a,p ) re-
presenting the assertion of an SOS step from process p to process p with label
«; and an infix term constructor s;&ss representing the conjunction of such
assertions, specified to be associative, commutative, with unit L.

The SOS rules are then expressed in RL as follows:

[L] — [S(a.p,a,p)] (50)
[S(p1, a,p1)] — [S(p1 | P2, py | p2)] (51)
[S(p1, 1, p1)&S (p2, 1, pg)] — [S(p1 | P2y 7,01 | P2)] (52)

The relationship between the SOS steps and the rewriting relation is that p —
p in the SOS iff [L] — [S(p,a,p)] is provable in RL. Note that the rewrit-
ing relation is highly non-deterministic, and in practice a goal-directed strategy
would be needed in order to use the Maude implementation of RL for proving
[L] — [S(p, @, p )] for some particular process p.
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For the second technique, we introduce only a term constructor «;p that
combines the label a with the process p, representing the “result” of some SOS
step. The result sort of «;p is regarded as a supersort of the sort of processes,
and rewriting is always of the form [p] — [a;p], i.e. it is sort-increasing. The
SOS rules are then expressed in RL as follows:

[a.p] — [a; p] (53)

[p1 | p2] — [aspy [ p2] if [p1] — [aspy] (54)

1] [ p2] — [m3py | po] if [p1] — (1] A [p2] — [ 2] (55)

The relationship between the SOS steps and the rewriting relation is now that

given a process p, there are processes pi,...,pn—1 and labels a1,...,a, such
that p =% p1 =5 . pn1 —% p in SOS iff [p] — [@1;...;an;p] in RL.

Tile Logic: Although Tile Logic (TL) is listed here together with other frame-
works for reduction semantics, due to its close relationship with Rewriting Logic
(translations both ways between the two frameworks have been provided [253]),
it could just as well have been classified as a structural framework. In fact it is
a development of so-called context systems [19] where steps are specified much
as in SOS, except that phrases may be contexts with multiple holes, and the
actions that label the steps (the effects) may depend on actions to be provided
by the holes (the triggers). A context may be thought of as an m-tuple of terms
in n variables; there are operations, familiar from Lawvere’s algebraic theories,
for composing contexts sequentially (plugging the terms of one context into the
holes of another) and in parallel (concatenating tuples of terms over the same
variables), together with units and projections.

In TL, steps may affect the interfaces of contexts, and the steps themselves
have a rich algebraic structure; see [13|[14] for the details. Here we shall merely
introduce the notation of TL, and illustrate its use to express the operational
semantics of a familiar fragment of CCS.

The conventional algebraic notation for a tile is s % t (ignoring the label of
the tile, for simplicity), where s — t is a context rewrite step, a is the trigger of
the step, and b is its effect. The tile requires that the variables of s are rewritten
with a cumulative effect a.

For appropriate arguments, sequential composition of contexts is written s; ¢,
with unit ¢d, and parallel composition is written as s®t. Duplicators are written
V, and dischargers (or sinks) as ! (permuters are also provided). The operations
satisfy all the axioms that one might expect.

Two tiles can be composed in parallel (using ®), vertically (using -), or hori-
zontally (using x), provided that their components have the appropriate types.

Finally, here are the tiles for some CCS constructs (where the variables x,
x9 are actually redundant, and are usually omitted):

id

.1 7 1 (56)
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The above rule may be read operationally as: the context prefixes the hole x;
with the action «, and may become just the hole, emitting « as effect, without

any trigger.
a®id

xr1 | o 7 xr1 | To (57)
1dR@a

1 | T2 7 1 | T2 (58)
a®Qa

X1 |LE2 - T | o (59)

Of course, this simple kind of SOS example does not nearly exploit the full
generality of the Tile Logic framework, which encompasses graph rewriting as
well as rewriting logic and context systems.

4 Prototyping

The Maude implementation of Rewriting Logic (RL) [5] has several features
that make it particularly attractive to use for prototyping operational semantics
of programming languages. For instance, it provides meta-level functions for
parsing, controlled rewriting, and pretty-printing; moreover, the Maude rewriting
engine is highly efficient. Maude also supports Membership Algebra [24], which
is an expressive framework for order-sorted algebraic specification.

Together with Christiano Braga at SRI International, the author has recently
been developing a representation of Modular SOS (MSOS) [31I32] in RL and
implementing it in Maude; this involved first extending Maude with a new kind
of conditional rule, using the Maude meta-level. (Presently, MSOS rules are
translated manually to Maude rules, but later the translation is itself to be
implemented using Maude meta-level facilities.)

The translation process transforms an MSOS specification into an SOS-like
one [32]. MSOS rules are translated into Maude rules over configurations that
have a syntactic and a semantic component. Label formulae are translated into
equations dealing with the associated states. The MSOS of Action Notation
[34] is being prototyped this way—when completely implemented, together with
further meta-level functions for processing descriptions formulated in Action Se-
mantics [29130], it should enable the prototyping of action-semantic descriptions
of programming languages.

5 Conclusion

It is hoped that this survey of frameworks for the logical specification of opera-
tional semantics has provided a useful overview of much of the work in this area
(apologies to those whose favourite frameworks have been omitted). It would be
unwise to try to draw any definite conclusions on the basis of the remarks made
here about the various frameworks: both the SOS and the reduction semantics
approaches have their strengths, and are currently active areas of research—as
is Tile Logic, which is strongly related to the structural approach, as well as to
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Rewriting Logic. However, it is clear that logic has been found to be a particu-
larly useful tool for specifying operational semantics, and appears to be preferred
in practice to approaches based on abstract machines and interpreters.
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Abstract. Broadcast protocols are systems composed of a finite but ar-
bitrarily large number of processes that communicate by rendezvous (two
processes exchange a message) or by broadcast (a process sends a mes-
sage to all other processes). The paper describes an optimized algorithm
for the automatic verification of safety properties in broadcast proto-
cols. The algorithm checks whether a property holds for any number of
processes.

1 Introduction

Broadcast protocols [EN9S] are systems composed of a finite but arbitrarily large
number of processes that communicate by rendezvous (two processes exchange
a message) or by broadcast (a process sends a message to all other processes).
They are a natural model for problems involving readers and writers, such as
cache-coherence problems.

From a mathematical point of view, broadcast protocols can be regarded as
an extension of vector addition systems or Petri nets. Their operational seman-
tics is a transition system whose states are tuples of integers. Moves between
transitions are determined by a finite set of affine transformations with guards.
Vector Addition Systems correspond to the particular case in which the matrix
of the affine transformation is the identity matrix.

In [EEM99], Esparza, Finkel and Mayr show that the problem of deciding
whether a broadcast protocol satisfies a safety property can be reduced to a
special reachability problem, and using results by Abdulla et al., [ACIT96] (see
also [FS98]), they prove that this problem is decidable. They propose an ab-
stract algorithm working on infinite sets of states. The algorithm starts with the
set of states to be reached, and repeatedly adds to it the set of its immediate
predecessors until a fixpoint is reached.

As shown e.g. in [Kin99lDP99], linear arithmetic constraints can be used to
finitely represent infinite sets of states in integer valued systems. Symbolic model
checking algorithms can be defined using the ‘satisfiability’ and the ‘entailment’
test to symbolically compute the transitive closure of the predecessor relation
defined over sets of states. However, in order to obtain an efficient algorithm it
is crucial to choose the right format for the constraints.

J. Flum and M. Rodriguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 50-66] 1999.
© Springer-Verlag Berlin Heidelberg 1999
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In this paper we discuss different classes of constraints, and propose linear
constraints with disjoint variables as a very suitable class for broadcast proto-
cols. We show that the operations of computing the immediate predecessors and
checking if the fixpoint has been reached can both be efficiently implemented.
We also propose a compact data structure for these constraints.

We have implemented a specialized checker based on our ideas, and used
it to define a symbolic model checking procedure for broadcast protocols. As
expected, the solver leads to a significant speed-up with respect to procedures
using general purpose constraint solvers (HyTech [HHW97] and Bultan, Gerber
and Pugh’s model checker based on the Omega library [BGP97]). We present
some experimental results for both broadcast protocols and weighted Petri Nets.

2 Broadcast Protocols: Syntax and Semantics

2.1 Syntax
A broadcast protocol is a triple (S, L, R) where

— S is a finite set of states.

— L is a set of labels, composed of a set X} of local labels, two sets Y. x {7} and
X x {1} of input and output rendez-vous labels, and two sets X, x {?7} and
Xy x {11} of input and output broadcast labels, where X, X, X, are disjoint
finite sets. The elements of X = X; U X, U X}, are called actions.

— RC S x L xS is a set of transitions satisfying the following property: for
every a € X, and every state s € S, there exists a state ' € S such that

27
s 2% ¢ Intuitively, this condition guarantees that a process is always willing
to receive a broadcasted message.

We denote (s,1,s) € R by s ! &, The letters a,b,c, ... denote actions. Ren-
dezvous and broadcast labels like (a, ?) or (b,!!) are shortened to a? and b!l. We
restrict our attention to broadcast protocols satisfying the following additional
conditions: (¢) for each state s and each broadcast label a?? there is exactly one

state s’ such that s “5 s’ (determinism); (i7) each label of the form a, a!, a?
and a!! appears in exactly one transition.
Consider the following example:

unlock??
lock??
‘ idle
unlock?? lock??
unlock!! lock!! -
‘ busy

lock??
unlock??
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The finite-state automata in the figure models the behaviour of a system of
identical processes that race for using a shared resource. Initially, all processes
are in the state think. Before accessing its own critical section, a process bro-
adcasts the request lock!!. In reply to the broadcast (lock??) the remaining
processes are forced to move to the state wait (an abstraction of a queue). After
using the resource, the process in the critical section broadcasts the message
unlock!! in order to restore the initial configuration. The key point here is that
the description of the protocol is independent of the number of processes in the
network.

2.2 Semantics

Let B = (S, L, R) be a broadcast protocol, and let S = {s1,...,8,}. A configu-
ration is a vector ¢ = (c1,...,c,) where ¢; denotes the number of processes in
state s; fori:1,...,n.

Moves between configurations are either local (a process moves in isolation
to a new state), rendezvous (two processes exchange a message and move to
new states), or broadcasts (a process sends a message to all other processes; all
processes move to new states). Formally, the possible moves are the smallest
subset of IN™ x X x IN" satisfying the three conditions below, where u; denotes
the configuration such that u;(s;) = 1 and w;(s;) = 0 for j # 4, and where ¢ % ¢’
denotes (c,a,c’) € R.

—Ifs; S s;, then c % ¢/ for every c, ¢ such that c(s;) > 1 and ¢/ = c—u;+u,.
I.e. one process is removed from s;, and one process is added to s;.

— If 54 Ly sj and sg ot 51, then ¢ % ¢ for every c, ¢’ such that c(s;) > 1,
c(sy) >land ¢’ =c—u; —up +u; +u.
I.e. one process is removed from s; and sj, and one process is added to s;
and s;.

— I s; 4 sj, then ¢ % ¢’ for every ¢, ¢’ such that ¢(s;) > 1 and ¢’ can be
computed from c in the following three steps:

cp=c—u (1)

colsk) = D> cls) 2)

{S”Slﬂsk}
¢ =co+uy (3)

Le. the sending process leaves s; (1), all other processes receive the broadcast
and move to their destinations (2), and the sending process reaches s; (3).

Thanks to the conditions (¢) and (i) of Section [ZT] the configuration ¢’ is
completely determined by ¢ and the action a.

We denote by =< the pointwise order between configurations, i.e. ¢ < ¢’ if
and only if c(s;) < ¢/(s;) for every i : 1,...,n. A parameterized configuration is
a partial function p: S — IN. Loosely speaking, p(s) = L denotes that the num-
ber of processes on state s is arbitrary. Formally, a parameterised configuration
denotes a set of configurations, namely those extending p to a total function.
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2.3 Checking Safety Properties

In this paper we study the reachability problem for broadcast protocols, defined
as follows:

Given a broadcast protocol B, a parameterized initial configuration pg
and a set of configurations C, can a configuration ¢ € C be reached from
one of the configurations of py?

In [EFM99] this problem is shown to be decidable for upwards-closed sets C
A set C is upwards-closed if ¢ € C and ¢’ > ¢ implies ¢’ € C. The mutual exclu-
sion property of the example in the introduction can be checked by showing that
no configuration satisfying Use > 2 (an upwards-closed set) is reachable from an
initial configuration satisfying Wait = 0, Use = 0. It is shown in [EFM99] that
the model-checking problem for safety properties can be reduced to the reacha-
bility problem for upwards-closed sets. (Here we follow the automata-theoretic
approach to model-checking [VW86], in which a safety property is modelled as
a regular set of dangerous sequences of actions the protocol should not engage
in.)

The algorithm of [EFM99] for the reachability problem in the upwards-closed
case is an “instantiation” of a general backwards reachability algorithm presented
in [ACIT96] (see also [FS9]]). Define the predecessor operator as follows:

pre(C)={c|c -, ¢ €C}.

Le., pre takes a set of configurations Cy, and delivers its set of immediate pre-
decessors. The algorithm repeatedly applies the predecessor operator until a
fixpoint is reached, corresponding to the set of all predecessors of Cy. If this set
contains some initial configurations, then C is reachable.

Proc Reach(Cj : upwards-closed set of configurations)
C = Cy;
repeat
old C :=C,
C :=0ld_C U pre(old_C);
until C = old_C;
return C

The algorithm works because of the following properties: (i) if C' is upwards-
closed, then so is pre(C); (i7) the set of minimal elements of an upwards-closed
set with respect to the pointwise order is finite (see also Section H); (4i7) the
repeat loop terminates. To prove property (i), we observe that we can associate
to each label @ € X [EFM99:

— The set of configurations Occ, from which a can occur.
In the case of local moves and broadcasts there is a state s; such that Oce, =
{c | c(s;) > 1}. In the case of rendezvous there are states s;,s; such that
Occq = {c| c(s;) > 1 and c(s;) > 1}.

1 On the other hand, the problem is undecidable for singleton sets!.
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— An affine transformation Ta(x) = M, - x + b, such that if ¢ % ¢/, then
¢’ =Ta(c).
M, is a matrix whose columns are unit vectors, and b is a vector of integers.
(Actually, the components of b belong to {—1,0,1}, but our results can be
extended without changes to the case in which they are arbitrary integer
numbers. An example is discussed in Section [§})

It follows that pre(C) can be computed by the equation

pre(C) = | J (Occa NTLH(C)) (4)

acX

Hence if C' is upwards-closed then so is pre(C). Properties (ii) and (iii) are an
immediate consequence of the well-known

Lemma 1 (Dickson’s Lemma). Let vq,vs,... be an infinite sequence of ele-
ments of IN®. There ezists i < j such that v; 2 v; (pointwise order).

The only known upper-bound for the number of iterations until termination
is non-primitive recursive [McA84]. However, despite this result, the algorithm
can still be applied to small but interesting examples.

3 Symbolic Representation via Constraints

A linear arithmetic constraint (or constraint for short) is a (finite) first-order
formula ¢1 A...A¢,. with free variables (implicitly existentially quantified), and
such that each ¢; is an atomic formula (constraint) built over the predicates
=,>,<,>,< and over arithmetic expressions (without multiplication between
variables) built over +, —, x,0, 1, etc.

The solutions (assignments of values to the free variables that make the
formula true) of a constraint ¢ over the domain D are denoted by [¢]p. In the
sequel we always take D = Z, and abbreviate [¢] 5 to [¢]. We often represent
the disjunction of constraints ¢; V ...V ¢, as the set {¢1,...,¢n}.

Constraints can be used to symbolically represent sets of configurations of a
broadcast protocol. Given a protocol with states {s1,...,sn}, let x = 21,..., 2,
be a vector of variables, where z; is intended to stand for the number of processes
currently in state s;. We assume that variables range over positive values (i.e.,
each variable z; comes with an implicit constraint z; > 0). A configuration ¢ =
(c1,...,¢p) is simply represented as the constraint A]_, x; = ¢;. A parametric
configuration p = (p1,...,py) is represented as the constraint A, ¢; where: if
p; € IN then ¢; is the atomic constraint x; = ¢;, and if p; = L then ¢; is the
atomic constraint x; > 0.

As an example, the flow of processes caused by the lock broadcast in the
protocol of the introduction is described by the inequality below (where, for
clarity, we use Think, Wait, Use instead of x1, x2, r3 and we omit the equalities
of the form z} = ;).

Think > 1 A Think’ = 0 A Wait' = Think + Wait — 1 A Use’ = Use + 1
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Let C be a class of constraints denoting exactly the upwards-closed sets, i.e.,
if a set S is upwards-closed then there is a set of constraints @ C C such that
[®] = S, and viceversa. We can use any such class C to derive a symbolic version
Symb-Reach¢ of the procedure Reach:

Proc Symb-Reach, (D : set of constraints of C)
P .= Pg;
repeat
old_® = &;
@ :=old P U prec(old_P);
until Entaile(®, old_P);
return ¢

where (a) C is closed under application of pre., (b) [pre.(®)] = pre([®]), and
(c) Entail¢ (P, ¥) = true if and only if [@] C [¥].

Condition (b) on pre; can be reformulated in syntactic terms. Let ¢ be a set
of constraints, and for each action a let G, be a constraint such that [G,] = Occ,
(we call G, the guard of the action a). We have T;1([®]) = [®[x/Ta(x)]]. By
equation (@) we obtain

prec(®) = \/  GaAd[x/Ta(x)] ()

acX oD

where = denotes logical equivalence of constraints.

In the next sections we investigate which classes of constraints are suitable
for Symb-Reach,. We consider only classes C denoting exactly the upwards-
closed sets. In this way, the termination of Symb-Reach, follows directly from
the termination of Reach, under the proviso that there exist procedures for
computing pre.(®) and for deciding Entailc (2, ¥).

The suitability of a class C is measured with respect to the following para-
meters:

(1) The computational complexity of deciding Entailc (P, ¥).
(2) The size of the set pre(®) as a function of the size of .

A note about terminology. Given two sets of constraints @, ¥, we refer to the
containment problem as the decision problem Entail(®,¥) = true for two sets
of constraints @, ¥, whereas we refer to the entailment problem as the decision
problem Entail({¢}, {1}) = true for constraints ¢ and .

4 NA-Constraints: No Addition

A NA-constraint is a conjunction of atomic constraints of the form xz; > k, where
x; € {x1,...,2,} and k is a positive integer.

The class of NA-constraints denotes exactly the upwards closed sets. If @ is a
set of NA-constraints then [®] is clearly upwards-closed. For the other direction,
observe first that an upwards-closed set C is completely characterised by its set of
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minimal elements M, where minimality is taken with respect the pointwise order
<. More precisely, we have C' = Umens Up(m), where Up(m) = {c | ¢ = m}.
The set M is finite by Dickson’s lemma, and Up(m) can be represented by the
constraint 21 > m(s1) A ... Az, > m(s,). So the set C can be represented by
a set of NA-constraints.

4.1 Complexity of the Containment Problem in NA

The containment problem can be solved in polynomial time. In fact, the following
properties hold. Let @, ¥ be sets of NA-constraints. Then,

— @ entails ¥ if and only if for every constraint ¢ € @ there is a constraint
1) € ¥ such that ¢ entails 1.
— Nz > k; entails A\_, x; > 1; if and only if k; > [; fori: 1,...,m.

Thus, the worst-case complexity of the test ‘@ entails ¥’ is O(|P|* |¥|*n), where
n is the number of variables in @ and V.

4.2 Size of the Set prena (P)

Let @ be a set of NA-constraints. By equation (@), prexa (®) must be equivalent
totheset \/ o5 scp GaAP[x/Ta(x)]. Unfortunately, we cannot choose prena(®)
equal to this set, because it may contain constraints of the form z;, +...+z;, >
k. However, when evaluating variables on positive integers, a constraint of the
form z;, + ...+ x;, >k is equivalent to the following set (disjunction) of NA-
constraints:
\/ l‘ilel/\.../\wimka,
(k1,eokm)

where each tuple of positive integers (k1, ..., k) represents an ordered partition
of k, ie. k1 + ...+ k,, = k. (Moreover, it is easy to see that this is the smallest
representation of z;, +...+x;, > k with NA-constraints.) We define the operator
prena as the result of decomposing all constraints with additions of (@) into NA-
constraints.

The cardinality of prexa (®) depends on the number of ordered partitions of
the constants appearing in constraints with additions. For z1 +...+x,, > k, this
number, denoted by p(m, k), is equal to the number of subsets of {1,2,...,k +
m — 1} containing m — 1 elements, i.e.,

mi= (5=

If ¢ is the biggest constant occurring in constraints of @, and n, a are the
number of states and actions of the broadcast protocol, we get |prexa(®)| €
O(|®| *a* p(n,c)). This makes NA-constraints inadequate for cases in which the
constants ¢ ~ n, initially or during the iteration of algorithm Symb-Reachy,. In

this case we get p(n,c) ~ %, which leads to an exponential blow-up.
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4.3 Conclusion

NA-constraints have an efficient entailment algorithm, but they are inadequate
as data structure for Symb-Reach. Whenever the constants in the constraints
reach values similar to the number of states, the number of constraints grows
exponentially.

The blow-up is due to the decomposition of constraints with additions into
NA-constraints. In the following section we investigate whether constraints with
additions are a better data structure.

5 AD-Constraints: With Addition

An AD-constraint is a conjunction of atomic constraints z;, + ... + z;, > k
where z;,,...,z;, are distinct variables of {z1,...,2,}, and k is a positive in-
teger. A constraint in AD can be characterized as the system of inequalities
A -x > b where A is a 0-1 matrix.

It is easy to see that AD-constraints denote exactly the upwards-closed
sets. Since AD-constraints are equivalent to disjunctions of NA-constraints, they
only denote upwards-closed sets, and since they are more general than NA-

constraints, they denote them all.

5.1 Complexity of the Containment Problem in AD

The following result shows that even the entailment test between two AD-
constraints is difficult to decide.

Proposition 1 (Entailment in AD is co-NP complete). Given two AD-
constraints ¢ and 1, the problem ‘¢ entails ¥’ is co-NP complete.

Proof. By reduction from HITTING SET [GJ78]. An instance of HITTING SET
consists of a finite set S = {s1,...,,}, a finite family Si,...,S,, of subsets of
S, and a constant k& < n. The problem is to find 7' C S of cardinality at most k
that hits all the S;, i.e., such that S; NT # 0.

Take a collection of variables X = {z1,...,2,}. Let ¢ be a conjunction of
atomic constraints ¢;, one for each set S;, given by: If S; = {s;,,..., Si, }, then
Oi = T4, +... .+, >l Letyp=a1+... 42, > k+1.

If ¢ does not entail 1, then there is a valuation V: X — IN that satisfies ¢
but not . Let T be the set given by: s; € T if and only V(z;) > 0. Since V
satisfies ¢, T' is a hitting set. Since V' does not satisfy 1, it contains at most k
elements.

If T is a hitting set with at most k elements, then the valuation V: X — IV
given by V(z;) =1if s; € T, and 0 otherwise, satisfies ¢ but not .

This implies that entailment of AD-constraints is co-NP-hard. Completeness
follows by noting that the containment problem for sets of linear arithmetics
constraints is co-NP complete [Sri92]. O

The following corollary immediately follows.
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Corollary 1 (Containment in AD is co-NP complete). Given two sets of
AD-constraints @ and ¥, the problem ‘@ entails ¥’ is co-NP complete.

5.2 Size of the Set preap(®)

We can define
preap(®) = \/ G N ¢[x/Ta(x)]

a€X ,peD

since the right hand side is a set of AD-constraints whenever & is. If a is the
number of actions of the broadcast protocol, then |preap(®)| € O(|P| * a).

5.3 Conclusion

AD-constraints are not a good data structure for Symb-Reach either, due to the
high computational cost of checking containment and entailment. This result
suggests to look for a class of constraints between NA and AD.

6 DV-Constraints: With Distinct Variables

DV-constraints are AD-constraints of the form
$1,1+...+l‘1)n12k1 VANPIAN l‘m’l—i-...—f—xm)ankm,

where z; ; and z; j are distinct variables (DV) for all ¢, 5,4', j'. In other words,
a DV-constraint can be represented as A - x > b where A is a 0-1 matrix with
unit vectors as columns.

Since DV-constraints are more general than NA-constraints, but a particular
case of AD-constraints, they denote exactly the upwards-closed sets.

6.1 Complexity of the Containment Problem in DV

Entailment between sets of DV-constraints can still be very expensive, as shown
by the following result.

Proposition 2 (Containment in DV is co-NP complete). Given two sets
of DV -constraints ® and ¥, the problem ‘@ entails ¥’ is co-NP complete.

Proof. By reduction from INDEPENDENT SET [G.J78]. An instance of INDE-
PENDENT SET consists of a finite graph G = (V, E) and a constant k < |V].
The problem is to find I C V of cardinality at most k£ such that for every u,v € T
there is no edge between u and v.

Assume V = {v1,...,v,}. Take a collection of variables X = {z1,...,2,}.
The set @ contains a constraint ; <1 for¢:1...n, and z; +z; < 1 for every
edge (v;,vj) € E. The set ¥ is the singleton {¢}, where ) = z1+.. .42, > k+1.

If @ does not entail v, then there is a valuation V: X — IN that satisfies @
but not . Let I be the set given by: s; € I if and only V(z;) > 0. Since V
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satisfies @, I is an independent set. Since V' does not satisfy 1, it contains at
most k elements.

If I is an independent set with at most k elements, then the valuation V: X —
IN given by V(x;) =1if s; € I, and 0 otherwise, satisfies ¢ but not 1. O

However, and differently from the AD-case, checking entailment between two
AD-constraints can be done in polynomial time. Let Var(¢) denote the set of
free variables occurring in the constraint ¢, and let Cons(vy) denote the constant
occurring in the atomic constraint v. We have the following result:

Proposition 3. Let ¢ and v be an arbitrary and an atomic DV -constraint,
respectively. Let A be the largest set of atomic constraints & in ¢ such that
Var(d) C Var(vy). Then, ¢ entails v if and only if Xsc A Cons(6) > Cons(7).

Proof. (=): Assume YXsca Cons(d) < Cons(v). Then, any valuation that assigns
Cons(0) to one variable in § and 0 to the others, and 0 to the remaining variables
of Var(v), satisfies ¢ but not ~.

(«<): Clearly ¢ entails A. Since ¢ is a DV-constraint, A entails the constraint
2 rievar(s) Ti = ZseaCons(0). Since Var(6) C Var(y) and 3 5. 5 Cons(6) =

Cons(7), it also entails x; > Cons(7), which is the constraint v. O

z;€ Var(y)

For instance, we have that x1 + 9 > a A 3 > b entails x1 + x9 + x3 + x4 > ¢ if
and only if a + b > c.

Since ¢ entails 1 if and only if ¢ entails each atomic constraint of 1, we get
the following

Corollary 2 (Entailment in DV is in P). Given two DV-constraints ¢ and
¥, it can be checked in polynomial time whether ¢ entails .

Since the symbolic procedure for the reachability problem requires to check
containment, and not entailment, Corollary[2 does not seem to be of much use at
first sight. However, it allows to define a new reachability procedure by replacing
the Entaile (P, old_®) test in Symb-Reach by the local containment test:

forall ¢ € ¢ exists 1) € old_®

Clearly, the local containment test implies the containment test, and so the new
procedure is partially correct. The risk of weakening the fixpoint test is that we
may end up with a non-terminating algorithm. Fortunately, this turns out not
to be the case, as shown by the following proposition.

Proposition 4. The procedure Symb-Reachpy, terminates.

Proof. Let X be a set of variables. Given Y C X, let Y > k denote the constraint
Zzi ey Li > k.

Let ¢ be a DV-constraint on X. We define the function f, which assigns to
Y C X a natural number as follows:

k if @ contains the constraint Y > k
0 otherwise

fol) = {
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Observe that f4 is well defined because ¢ is a DV-constraint. Define the pointwise
ordering < on these functions, given by fo = fy if fo(Y) < fy(Y) for every
subset Y of X. We prove that the local containment test corresponds exactly
to the pointwise ordering. l.e., for DV-constraints, ¢ entails 4 if and only if

fo(Y) = fy(Y).

— If fy > fy, then ¢ entails ).
Let Y > k be an atomic constraint of ¢. It follows from f;(Y) > fy(Y") that
¢ contains a constraint Y > k’ such that k' > k. So every solution of ¢ is a
solution of Y > k.

— If ¢ entails ¢, then f4 > fy.
We prove the contraposition. Let ¥ C X such that f,(Y) < fy(Y). Then ¢
contains a constraint Y > k, and ¢ contains a constraint Y > &’ such that
k' < k (if ¢ contains no constraint Y > k' we can assume that it contains
the constraint Y > 0). Since ¢ is a DV-constraint, it has a solution Xy such
that Yy = k’. So Xy does not satisfy Y > k, and so ¢ does not entail 1.

Assume now that Symb-Reachpy, does not terminate. Then, the i-th iteration of
the repeat loop generates at least one constraint ¢; such that ¢; does not entail
¢; for any i > j. By the result above, the sequence of functions f,, satisfies
fo. 2 fo, for any i > j. This contradicts Dickson’s lemma (consider a function

x|
fe as a vector ofﬂ\fzx). O

6.2 Size of the Set prepy (D)

If ¢ is a set of DV-constraints, then the set of constraints (&) may contain
AD-constraints with shared variables. However, each constraint in set (&) is
either a DV-constraint or has one of the two following forms: ¢ A z; > 1 or
pAzx; >1Az; > 1, where ¢ is a DV-constraint with at most one occurrence of
x; and z;. The constraints of the form z; > 1 correspond to the ‘guards’ of the
transition rules of the protocol. Thus, in order to maintain constraints in DV-
form, all we have to do is to merge the ‘guards’ and the remaining DV-constraint
(i.e. ¢). The operator prepy is defined as the result of applying the following
normalization: Given a constraint + > 1 A z+y; + ...+ ym > k A ¢ where, by
hypothesis, z does not occur in ¢, replace it by the equivalent set of constraints

k—1

V@zk—iAy+.. . +ym>ilg).
=0

In the worst case, it is necessary to reduce each new constraint with respect to
two guards, possibly generating O(k?) new constraints. Thus, if a is the number
of actions of the protocol and c is the maximum constant occurring in the set @
of DV-constraints, we have |prepy(®)| € O(|®| x a * ¢?).
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6.3 Conclusion

DV-constraints are a good compromise between AD and NA-constraints. The
application of prepy does not cause an exponential blow up as in the case of
NA-constraints. Furthermore, though the containment test is co-NP complete, it
can be relaxed to an entailment of low polynomial complexity, unlike the case of
AD-constraints. Moreover, as shown in the next section, sets of DV-constraints
can be compactly represented.

7 Efficient Representation of Sets of Constraints

DV-constraints can be manipulated using very efficient data-structures and ope-
rations. We consider constraints over the variables {z1,...,x,}.

Each atomic DV-constraint X, cyx; > k can be represented as a pair (b, k),
where b is a bit-vector, i.e., b = (by,...,b,) and b; = 1 if x; € Y, and 0
otherwise. Thus, a DV-constraint can be represented as a set of pairs. Based
on this encoding, the decision procedure of Corollary 2] can be defined using
bitvector operations not and or. (1 denotes the bitvector containing only 1’s.)

Proc Entails(estr!, estr2: codings of DV-constraints)

var s : integer
for all pairs (bg, k2) in cstr2
s:=0;
for all pairs (by, k1) in estri
if (not(b1) or bg) =1 then s := s+ k; endif
endfor
if s < ko then return false endif
endfor;
return true

8 Examples

In this section we present and discuss some experimental results. We first show
some examples of systems and properties that we were able to verify automa-
tically, and then we compare the execution times obtained by using different
constraint systems.

The protocol shown in Fig. [l models a network of processes accessing two
shared files (called ‘a’ and ‘b’) under the last-in first-served policy. When a
process wants to write on one of the files all processes reading it are redirect
in the initial state I. In the state I a process must send a broadcast before
starting reading a file: in this case all writers are sent back to the state I (last-
in first-served). Note that processes operating on ‘b’ simply skip the broadcast
concerning operations on ‘a’ and vice versa. The protocol must ensure mutual
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read(b)??
read(a)??

write(a)??
write(b)??
write(a)??,
read(b)l!

read(b)??
write(b)??,
read(a)

read(b)??
write(a)??

read(b)

read(b)??
write(b)??

write(b)?? read(a)??

write(a)??

write(a)?? read(b)??

read(a)?

read(b)??
write(b)??

write(a)
read(a)

read(a)??
write(a)??
write(b)
read(b)

Fig. 1. Last-in first-served access to two resources.

exclusion between readers and writers. The initial parameterized configuration
of the protocol is

1>1,5,=0,5%=0,E,=0,E,=0,M, =0,M, =0.

We prove that the unsafe configurations Sa > 1, Ma > 1 are not reachable.

In Fig. Bl we describe a central server model [ABCT95|. Processes in state
think represent thinking clients that submit jobs to the CPU. A number of
processes may accumulate in state waitcpy. The first job requesting the CPU
finds it idle and starts using it. A job that completes its service proceeds to
a selection point where it continues requesting the I/O subsytem or leaves the
central system. No specific policy is specified for the queues of waiting jobs. In the
initial state of the broadcast protocol in Fig.[2 an arbitrary number of processes
are in state think, whereas one process is respectively in state idlecpy, idlegjsk,
Nno;ut- The protocol must ensure that only one job at a time can use the CPU and
the I/O subsytem. The flow of processes is represented by a collection of rules
over 17 variables (one for each state). The initial parameterized configuration of
the protocol is

Think > 1, Idlecpy =1, Idlegisi, = 1, No-int =1,
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CLIENT:
stopped
return?? stop??
\ release-c!
red use-c!
T release-d!
release-c!
use-d!
CPU:
return??
Y stop??
return??
7
stop?? release-c?
DIsK: INTERRUPTS:

stop!!

release-d?

return!!

Fig. 2. Central Server System.

with all other variables equal to zero. We prove that the unsafe configurations
Usecpy > 2 is not reachable.

Petri Nets can be seen as a special case of broadcast protocols where the con-
straints generated during the analysis are in NA-form. Consider the Petri net of
[Ter94] shown in Fig. Bl which describes a system for manufacturing tables (for
instance, transition t, assembles a table by taking a board from the place pg
and four legs from the place p5). The constraint-based representation introduces
a variable for each place and for each transition. The variables corresponding
to transitions count the number of times a transition is fired during the execu-
tion. There is a rule for each transition. For instance, the rule corresponding to
transition t4 is

Ps>1,Ps>4 Pl=Ps—1,PL=Ps—4, P=P;+1, T} =Ty + 1

In [Ter94] it is shown that an initial marking of this is deadlock-free (i.e.,
no sequence of transition occurrences can lead to a deadlock) if and only if it
enables a sequence of transition occurrences containing t; at least three times
and all other transitions at least twice. Based on this preliminary result we can
then compute all deadlock-free initial states. They are exactly the predecessors
states of the states

T1233T2227T3227T4Z23T5227T622
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SO
[
t3

Fig. 3. Manufacturing System modeled as a Choice-free Petri Net.

intersected with the initial states of the system, i.e., those such that T; = 0 for
all i and P; = Py = P; = 0. The result of the fixpoint computation is given by
the following set of constraints

P >10,P,>1,P3>2 Py
P >6,P,>5,P3>2 P
P1267P2213P3213P421

8, >3 P >12,P3>2
8, P3>1,P>1 P >6,P4>2

VIV

8.1 Comparison of Execution Times

We have tested the previous examples on HyTech (polyhedra representation of
sets of configurations, full entailment test), on Bultan, Gerber and Pugh’s model
checker based on the Omega library for Presburger arithmetic [BGP97], and on
the specialized model checker we have introduced in the paper (DV-constraint
representation of sets of states, local entailment test). HyTech works on real
arithmetic, i.e., it employs efficient constraint solving for dealing with linear
constraints. The results are shown in the following table, where ‘Presb’ refers to
the model checker of [BGP97], and ‘BitVector’ to our checker.

Fig|[Rules| Unsafe States [Steps|BitVector![HyTech!|  Presb?
1| 21 Se> 1M, >1 2 <ls <1s|not tested
Usecpy > 2 7 <ls 5.5s 40s

Usecpy > 3 10 <1s 16s 290s

2 9 Usecpy > 4 13 <ls 40s 1558s
Usecpy > 8 25 15s 578s|not tested

Usecpy, > 10 31 76s 1738s|not tested

3|1 6 |Th >3, Ns1T;>2] 24 1090s >6h| 19h50m

! On a Sun Sparc 5.6. 2 On a Sun Ultra Sparc.



Constraint-Based Analysis of Broadcast Protocols 65

9 Related Work

The first algorithm for testing safety properties of broadcast protocols was pro-
posed by Emerson and Namjoshi in [EN98|. Their approach is based on an ex-
tension of the Karp and Miller’s cover graph construction (used for Petri Nets)
[KM69]. In [EFM99], Esparza, Finkel and Mayr show that the algorithm may
not terminate and propose a backwards-reachability procedure. The correctness
of the procedure follows from general results on the decidability of infinite state
systems by Abdulla et al. [ACJT96]. In [Kin99], Kindahl uses constraints as
symbolic representation of upwards-closed sets for Petri Nets and lossy channel
systems, but does not discuss the issue of finding adequate classes of constraints.
Finally, Delzanno and Podelski [DP99], and Bérard and Fribourg [BF99] have
recently applied real-arithmetics to model checking of integer systems.

10 Conclusion

We have proposed linear constraints with disjoint variables as a good symbolic
representation for upwards-closed sets of configurations of broadcast protocols.
Experimental results shown that even a prototype implementation can beat tools
for more general constraints.

Acknowledgements We thank Tevfik Bultan for the experiments using his model
checker based on Presburger Arithmetics [BGP97].
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Abstract. We consider the data complexity of various logics on two
important classes of constraint databases: dense order and linear con-
straint databases. For dense order databases, we present a general result
allowing us to lift results on logics capturing complexity classes from
the class of finite ordered databases to dense order constraint databases.
Considering linear constraints, we show that there is a significant gap
between the data complexity of first-order queries on linear constraint
databases over the real and the natural numbers. This is done by prov-
ing that for arbitrary high levels of the Presburger arithmetic there are
complete first-order queries on databases over (N, <,+). The proof of
the theorem demonstrates a simple argument for translating complexity
results for prefix classes in logical theories to results on the complexity
of query evaluation in constraint databases.

1 Introduction

Descriptive complexity theory studies the relationship between logical definabil-
ity and computational complexity. In particular one looks for results saying that,
on a certain class K of structures, a logic L (like first-order logic or least fixed
point logic) captures a complexity class C. This means that (1) for every fixed
sentence 1 € L, the complexity of evaluating v on structures from K is a prob-
lem in the complexity class C, and (2) every property of structures in K that
can be decided with complexity C is definable in the logic L. Two important ex-
amples of such results are Fagin’s Theorem, saying that existential second-order
logic captures NP on the class of all finite structures, and the Immerman-Vardi
Theorem, saying that least fixed point logic captures PTIME on the class of all
ordered finite structures. Indeed, on ordered finite structures, logical character-
izations of this kind are known for all major complexity classes. On the other
hand it is not known, and one of the major open problems in the area, whether
PTIME can be captured by any logic, if no ordering is present. We refer to [T}, [T0]
for background on descriptive complexity.

Up to now, descriptive complexity has been considered almost exclusively
on finite structures. But the research program of descriptive complexity makes
sense also for classes of infinite structures, provided that they admit a finite
presentation. There have been a few studies of descriptive complexity theory on
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infinite structures concerning, for instance, metafinite structures and complexity
theory over the reals [3] 4], recursive structures [§] and, as we do in the present
paper, constraint databases (see e.g. [12, (6] 5] and the references there).

Constraint databases are a modern database model admitting infinite rela-
tions that are finitely presented by quantifier-free formulae (constraints) over
some fixed background structure. For example, to store geometrical data, it is
useful to have not just a finite set as the domain of the database, but to include
all real numbers ‘in the background’. Also the presence of interpreted functions,
like addition and multiplication, is desirable. The constraint database framework
introduced by Kanellakis, Kuper and Revesz [12] meets both requirements. For-
mally, a constraint database consists of a context structure A, like (R, <,+, ),
and a set {p1,...,pm} of quantifier-free formulae defining the database rela-
tions. We give the precise definition in the next section.

When studying the data complexity of constraint query languages, it soon
became clear that allowing recursion in query languages leads to non-closed or
undecidable query languages even for rather simple context structures. On the
other hand there are promising results for non-recursive languages in many inter-
esting contexts. For the context structure (R, <) a LOGSPACE data complexity
for first-order logic has been established by Kanellakis, Kuper, and Revesz which
was later improved to AC® by Kanellakis and Goldin [11]. In [12] it has also been
shown that first-order logic still has data complexity NC if the context structure
is extended by addition and multiplication. Thus first-order logic is well-suited
as a query language for spatial databases where the context structure is the field
of reals.

In this paper we will consider the complexity of query evaluation in two
important cases: (1) linear constraint databases, where the context structure is
(R,<,+) or (N, <,+), and (2) constraint databases over dense linear orders.

It turns out that the data complexity of first-order query on linear constraint
databases depends heavily on the universe. The data complexity of first-order
queries on databases over (R, <, +) is known to be in NC. It has been conjectured
by Grumbach and Su [6] that this is also true for the context structure (N, <, +).
We refute this conjecture here by showing that we find complete first-order
queries for each level of the polynomial time hierarchy.

As stated above, allowing recursion in query languages tends to result in
undecidable languages. For instance, we will observe that this is the case for
linear constraint queries over (R, <, +). An exception are dense order constraint
databases, where the context structure is (R, <) (or any other dense linear or-
der without endpoints). There we can incorporate recursion and still end up in
decidable and closed languages. For instance, it has been shown in [12, [] that
inflationary DATALOG with negation has PTIME data complexity and, in fact,
that it captures PTIME on dense order constraint databases. We continue this
line of research and present a general technique that allows to lift capturing
results from the class of ordered finite structures to constraint databases over
(R, <). This is done by associating with every constraint database over (R, <) a
finite ordered structure, called the invariant of the database which carries all the
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information stored in the infinite database. The finite database can be defined
by first-order formulae and therefore with very low data complexity. A query on
the constraint database can be evaluated in the invariant in such a way, that
the result of the original query can be regained from the answer on the finite
database with very low data complexity. Indeed the invariant is first-order inter-
pretable in the original database, and this allows to translate any formula that
represents a query on the invariant into an equivalent formula over the original
database. In this way capturing results are lifted from ordered finite structures
to dense order constraint databases.

2 Constraint Databases

The basic idea in the definition of constraint databases is to allow infinite rela-
tions which have a finite representation by a quantifier-free formula. Let 2 be a
T-structure, called the context structure, and p(z1,...,z,) be a quantifier-free
formula of vocabulary 7 that may contain elements from A as parameters. Let
o :={Ry,...,R;} be a relational signature disjoint from 7.

We say that an n-ary relation R C A™ is represented by p(x1, ..., xy) over 2,
if R={(a1,...,an): A= w(a1,...,an)}. A o-constraint database over the con-
text structure 2 is an expansion B = (A, Ry, ..., Ry) of A where all o-relations
R; are finitely represented by formulae ¢, over 2. The set & := {¢r,,..., ¥R, }
is called a finite representation of 8. The set of finitely representable relations
over 2 is denoted by Rely, () and the set of all constraint databases over 2 is
denoted by Expy, (). The signature 7 is called the context signature whereas o
is called the database signature.

By definition, constraint databases are expansions of a context structure by
finitely representable database relations. Note that the same relation can be
represented in different ways, e.g. 1 == ¢ < 10 Az > 0 and ¢ := (0 <
Az <6)V(6<zAx<10)Vz =06 are different formulae but define the same
relation. Two representations @ and @ are 2A-equivalent, if they represent the
same database over 2.

To measure the complexity of algorithms taking constraint databases as in-
puts we have to define the size of a constraint database. Unlike finite databases,
the size of constraint databases cannot be given in terms of the number of ele-
ments stored in them but has to be based on a representation of the database.
Note that equivalent representations of a database need not to be of the same
size. Thus the size of a constraint database cannot be defined independent of a
particular representation. In the following, whenever we speak of a constraint
database B, we have a particular representation @ of 8 in mind. The size |B|
of 9B then is defined as the sum of the length of the formulae in @. This cor-
responds to the standard encoding of constraint databases by the formulae of
their representation.

Constraint queries. Let 2 be a 7-structure and o a relational signature.
A constraint query Q : Ezps.(A) — Rely () is a mapping from o-constraint
databases over 2 to finitely representable relations over 2. In the sequel we are
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interested only in queries defined by formulae of a given logic £. In order to de-
fine queries by £-formulae, we require the context structures to admit quantifier
elimination for £. This means that every £-formula ¢ is equivalent in 2 to a
quantifier-free formula. If 2 admits quantifier elimination for £, then every for-
mula ¥ (z1,...,2,) € £[TUo] defines a query @, taking a o-constraint database
B over A to the set {a € A¥ : B |=(a)}, and the result of the query is itself
finitely representable.

Typical questions that arise when dealing with constraint query languages are
the complexity of query evaluation for a certain constraint query language and
the definability of a query in a given language. For a fixed query formula ¢ € L,
the data complezity of the query Q, is defined as the amount of resources (e.g.
time, space, or number of processors) needed to evaluate the function that takes
a representation @ of a database 9B to a representation of the answer relation

Qy(B).

3 Linear Constraints

In this section we consider linear constraint databases, that is, databases defined
over the context structures (R, <,+), (Q, <,+) or (N, <,+). The data complex-
ity of linear constraint queries in the context of (R, <, +) and (Q, <,+) has been
studied by Grumbach, Su, and Tollu in [Bl[7]. In [5] it is claimed that “first-order
queries on linear constraint databases have a NC; data complexity.”

First, we briefly discuss the possibility whether more powerful query lan-
guages than first-order logic can be effectively evaluated on linear constraint
databases. However, a simple argument shows that adding a recursion mecha-
nism to first-order logic leads to non-closed or undecidable languages. For ex-
ample, the (FO+DTC)-formula nat(x) := [DTC, ,(z + 1 = y)](0, z) defines the
natural numbers, and multiplication of natural numbers can be defined by the
(FO+DTC)-formula mult(z,y, z) := [DTCyp v (u+1 = ' Av+z = v')](00,y2).

It follows that Hilbert’s 10th problem (or the existential theory of arithmetic)
can be reduced to the evaluation of existential FO+DTC-queries on linear con-
straint databases.

Theorem 1. Every query language over the context structure (R, <,4+) which
s at least as expressive as existential FO+DTC is undecidable.

Thus the result by Grumbach and Su cannot be extended to query languages
allowing recursion. We now show that the result does also not generalize to linear
constraint queries over the natural numbers.

Presburger arithmetic (PrA), the theory of the structure (N, <, +), is well
known to be decidable. Strictly speaking, we have to expand (N, <,+) by divis-
ibility relations a | x (for all parameters a € N), because otherwise the theory
would not admit quantifier elimination and hence non-Boolean queries could not
be evaluated in closed form. Note that a | « is of course definable in (N, <, +) but
not by a quantifier-free formula. However, we will show that even the evaluation
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of boolean first-order queries is much more complex in the context of the Pres-
burger arithmetic than on (R, <, +). This result relies on complexity results for
fragments of PrA with bounded quantifier prefixes. Let Q := Q1 - - - Qx be a word
in {3,V}*. Then [Q]NPrA is the set of sentences of the form ¢ := Q121 - - Qrxre
such that (N, <,+) = ¢ and ¢ is quantifier-free. It has been shown [2], [15] that
the complexity of such fragments of Presburger arithmetic may reside on arbi-
trary high levels of the polynomial-time hierarchy. Essentially the evaluation of
formulae with m + 1 quantifier blocks of bounded length is in the m-th level of
the hierarchy.

Theorem 2 (Gridel, Schoning). Let m > 1,71,...,1ym > 1 and 1y > 3.
Then, for odd m, [3"V"2 ... 3™V ™m+1] N PrA is XP -complete, and V132 ...
Vrm3rmi] N PrA is IIP -complete. For even m, [I71V"2 ... VI m+1] N PrA is
XP -complete and V™32 ... Iy "mi ] N\ PrA is IIP, -complete.

The proof of the following theorem exhibits a simple argument for translating
such complexity results for prefix classes in logical theories to results on the
complexity of query evaluation in constraint databases.

Theorem 3. Let ¥ be a first-order boolean query on constraint databases over
(N, <,+). Then the data complexity of v is in the polynomial-time hierarchy.
Conversely, for each class X%, resp. II;, of the polynomial time hierarchy there
is a fized query ¢ whose data complexity is X% -complete, resp. II; -complete.

Proof. We can assume that ¢ = Q121 - - - Qrxip with ¢ quantifier-free and with
database relations Ry,...,R,,. Given a database B = (N,<,+,R1,...,Rpy)
where the database relations are represented by fi,..., 8, over (N, <,+), let
Y’ = unfold(v),B) be the unfolded query, obtained by replacing in ¢ all oc-
currences of Ry,..., R, by the defining formulae (i,..., 5. Since the 3; are
quantifier-free ¢’ has the same prefix as ¢ and length bounded by O(|®B]) (given
that v is considered fixed). Obviously B = ¢ if and only if ¢’ € [Q ... Qx]NPrA.
Hence the data complexity of ¢ is in the polynomial-time hierarchy (and actually,
we can read off the level of the hierarchy directly from the prefix of ).

For the second assertion of the theorem, consider any quantifier prefix @ =
Q1...Qm. Let R be an m-ary relation symbol and let ¥ be the query Q121 - - -
QmTmRT1 ... Tpm. The decision problem for [Q] NPrA reduces to the evaluation
problem of 9o on constraint databases over (N, 4, <). Indeed, for every sentence
¢ = Qz1 QmTm¢ (z1,...,2m) in FO(<L,+), let B, be the {R}-database
over (N, <,+) such that R®# is represented by ¢'. The size of B, is bounded
by the length of ¢. Clearly, ¢ is true in (N, <,+) if and only if B, = ¥g.

Hence, by choosing Q as indicated by Theorem Bl the evaluation problem for
g is X¥-complete, resp. II,-complete. a

We have seen that first-order logic can express quite complex queries. We now
consider sub-classes of first-order logic which can still be efficiently evaluated.
It has been shown by Lenstra and Scarpellini (see references in [2]) that for all
fixed dimensions ¢ € N, [3'] N PrA and [V!] N PrA are in PTIME. Thus, by an
argument similar to the one above, we can show the following theorem.
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Theorem 4. Existential and universal boolean queries on constraint databases
over (N, <,+) have PTIME data complezity.

However, as soon as we admit queries with alternation depth two, the eval-
uation problem is NP- or Co-NP-hard. This follows from a result by Schéning
[15] who proved that [3V] N PrA is NP-complete, strengthening a result in [2].

4 Dense Linear Orders

We now consider the complexity of query evaluation in the context of dense linear
orders. We prove a general result which allows us to give precise complexity
bounds for the data complexity of various logics such as transitive closure or
fixed-point logic and to extend results on logics capturing complexity classes
from the realm of finite ordered structures to constraint databases over dense
linear orders. Given a fixed query, its evaluation in a database can be done by
(1) transforming the database into a finite structure, called its invariant, (2)
evaluating a slightly modified version of the query on the invariant, and (3)
transforming the result of the evaluation to an answer of the original query.

We fix the context structure A := (R, <) and a query ¢ of vocabulary {<}Uc
with database signature o = {Ry,...,Rig}. Let P¥ C R be the (finite) set
parameters that occur in . The query has to be transformed so that it can be
evaluated in the invariant. This transformation is independent of a particular
database and can be seen as a compilation or preprocessing step. To set up the
evaluation method outlined above, we define two mappings. The first, inv, maps
databases to their corresponding invariants; the second, 7w, maps the answer of
the query on the invariant to the answer of the original query.

4.1 The invariant of a constraint database

Definition 5. Let o := {Ri,..., Ry} be a signature, B be a o-database over
(R, <), P C R aset of elements, and b a tuple of real numbers.

— The complete atomic type of b over P with respect to B, written as atph (b),
is the set of all atomic and negated atomic formulae ¢(Z) over the signature
{<,R1,..., Ry} using parameters from P such that B = ¢(b). We omit the
index P if P is empty and denote by otp® (b), resp. otph (b), the complete
atomic type of b (over P) with respect to 9B over the signature {<}.

— A maximally consistent set of atomic and negated atomic o U {<}-formulae
©(Z) is a complete atomic type (over P) in the variables T, if it is a complete
atomic type (over P) of a tuple b with respect to a o-expansion of 2. We
write atp® (), resp. atp’s(z), for a complete atomic type (over P) in the
variables & over the database signature o of B.

A type is an n-type if it has n free variables. We omit B if it is clear from the
context. When speaking about types we always mean complete atomic types
throughout this chapter.



Descriptive Complexity Theory for Constraint Databases 73

We call complete atomic types over o U {<} also complete database types.
Database types are of special interest here because the database type of a tuple
b determines everything we can say about b in terms of the database, especially
in which database relations b stands.

Suppose B is a database and P® the set of parameters used in its defini-
tion. Recall from the introduction that there are different ways to represent the
database B. The set of parameters used in these representations will generally
differ from P®. We define a set of parameters, called the canonical parameters,
which can be extracted from B independent of its representation.

Definition 6. Suppose B = (R, <, RY,..., RP) is a database. The set cp(B) C
R of canonical parameters of 9B is the set of elements p satisfying the following
condition.

For at least one n-ary relation R € {RP, ..., R?} there are a,...,a, € R, an
€ € R e > 0, and an e-neighbourhood § = (p — €, p + €) of p such that one of the
following holds.

— For all ¢ € 4,q < p and for no q € §,q > p we have Ra[p/q]. Here Ra[p/q|
means that all components a; = p are replaced by q.

— For all ¢ € §,¢ > p and for no ¢ € §,q < p we have Ra[p/q|.

Ralp/q] holds for all ¢ € 6\{p} but not for ¢ = p.

Ralp/q] holds for ¢ = p but not for any ¢ € é\{p}.

Lemma 7. All canonical parameters of B occur explicitly in all representations

of B.

In particular this implies that the cardinality of cp(*8) is bounded by the size
of any representation of 8.

We show in the next lemma that an atomic order type over ¢p(B) uniquely
determines a complete database type. It follows that every two tuples realizing
the same atomic order type over ¢p(8) occur in the same database relations.
Thus the parameter set cp(985) is sufficient to define a representation of B.

Lemma 8. Suppose B is a database and a,b € R* are two k-tuples.

(i) If otp?;(%)(d) = otp?;(%)(l_)), then atp® (@) = atp® (b). )
(i) If otp?;(%)(ai)iz otp?;(%)(bi) for all 1 < i < k and otp®(a) = otp®(b),
then otp?%(%)(b) = otp?%(%)(a). )
(iii) If P 2 cp(B) is a superset of cp(B), then otpp (b) = otpp(a) implies

otp () (@) = 0t o5 (B).

Proof. The proof of the second and third part are straightforward. To prove the
first part suppose for the sake of contradiction that atp® (b) and atp® (a) differ.
Then there is an atomic or negated atomic formula ¢ such that B = p(a) but
B £ o(b). If ¢ is of the form x; < x;, then a; < a; but not b; < b;, which
contradicts the assumption that otp?%(%)(g) = otp?%(%)(a).

Now suppose ¢ is of the form Rz - - - @, where r:= ar(R). Let C:= (¢, ¢1,. . .,Ck)
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be a sequence of points in R¥, such that for cij :=bj for all j <4 and ¢;; := a;
for all j > 4. Thus & = @, ¢ = b, & = (b1, a9,...,ax), &2 = (b1,b2,as,...,ax),
and so on. Further, let L := (l1,...,lx) be a sequence of lines such that the
endpoints of I; are ¢;_; and ¢;. As B = p(a) but B = ¢(b), there is an
l; that intersects both R® and RF\R®. Assume w.lo.g. that a; < b;. Let
g := Cj—1. Then there is a p € R with a; < p < b; such that R®G but not

R®q, ..., Gj—1,D, Qj+1, - - - k- We claim that there is at least one canonical pa-
rameter d with a; < d < p. To prove this claim, let A := {a € R : aj <
aand R®q,...,qj-1a'qj11,...,qx for all a; < a’ < a}. Let d be the supremum

of A. Then, by Definition [B] c is a canonical parameter and a; < d < p. This
proves the claim. Thus a and b do not satisfy the same complete order type over
¢p(B) which contradicts the assumption. O

One implication of the lemma is the following. Suppose we want to decide
if Ra holds for a tuple a := aj,...,a; and a k-ary database relation R. The
question can be answered if we know whether Rb holds for a tuple b := b1, ..., b
such that @ and b realize the same order type and each b; realizes the same 1-
order type over cp(8) as a;. This will be the central idea in the definition of the
invariant.

The relevant set of parameters that we need for the evaluation of v on a
database B is P®¥ := {0,1}Ucp(B) U P¥. The constants 0 and 1 are included
because they will be needed in the definition of the invariant.

Since PY is finite and Definition B of the set of canonical parameters can
obviously be formalized in first-order logic, it follows that for any fixed 1, the
set P®¥ is uniformly first-order definable over (R, <,0,1, P?).

Lemma 9. There exists a first-order formula 6(x) of vocabulary {<,0,1, P¥}Uc
such that for every o-database B = (R, <,RP,...,RF), PP¥ ={aeR:B
5(a)}

We are now ready to define the invariant. Given a database 8, define an
equivalence relation ~ on R such that two elements a and b are ~-equivalent if
and only if they realize the same 1-order type over P%:¥. As P%+¥ is first-order
definable the equivalence relation ~ is first-order definable as well. The set of
equivalence classes R. serves as the universe of the invariant. To complete the
definition we have to specify the database relations.

Before we give the detailed definition of the relations in the invariant, we
illustrate the idea by an example. Consider a database 8 with a single binary
relation S represented by ps(z,y) = > 1Az <8Ay >0Ay <6Ay < z. The
relation is shown in the following figure.
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As explained above, the invariant depends not only on the database B but
also on the parameters used in the query . To simplify the example let ¥ be an
arbitrary query with no extra parameters. Thus the set P®¥ consists of the four
elements 0, 1,6, 8 and there are nine different ~-equivalence classes, namely the
intervals (—o0,0),{0},(0,1),{1}, (1,6), {6}, (6,8), {8}, and (8,00). Recall that
these equivalence classes form the universe of the invariant. Thus the relation S
has somehow to be defined in terms of these classes. Obviously it is not enough
to factorize S by ~, because as 5 ~ 5.1, the equivalence classes [5] and [5.1] are
equal, but ([5.1], [5]) € S and ([5],[5]) £ S. Thus S,  would not be well-defined.

Instead of simply factorizing a m-ary relation R by ~ we consider the set C'p
of (m+1)-tuples ([a1], ..., [ax], p), where [a;] € R, ,1 <4 < m and p denotes an
m-order type, such that ([a1],...,[am],p) € Cg if and only if there is a b € R™
realizing p such that Rb holds and a; ~ b; for all 1 < 5 < m. In the example
above, the set C's consists of the set of all triples ([a1], [a2], p) such that [a1] X [az]
is in the rectangle marked by the dashed line in the figure and p is the order
type x < y.

The idea behind the definition of the relation in the invariant is to use the
set C'g as a finite relation carrying all the information necessary to restore the
original database relation R.

Note that the set ord(m) of different m-order types is finite for all m. Thus
we can assign to each order type p € ord(m) a binary word &,,(p) € {0,1}(™)
where £(m) := min{¢ : 2¢ > |ord(m)|}. For m = 2 we define & to be the encoding
taking z < y to 00, x = y to 01, and y < « to 10. Once such an encoding &,,
is fixed, the set Cr can be represented by a set Cj = {([a1],...,[am],t)
([a1],---,[am],p) € Cr and &(p) = t}. This gives the definition of the relations
in the invariant.

Definition 10. Let o := {Ry,...,R;} and B be a o-database over (R, <).
The invariant B’ of B is a finite structure with universe U over the signature
{<,Ry,...,R,}, where

—U:= R/N,

— [z] < [y] if and only if x < y and x % y, and

— If R € o has arity m, then the corresponding relation R’ has arity m + £(m)
and R'la1]...[am]t1.. tys,) holds in B iff there are byi,..., b, € R with
&m (otp(b)) = t1 - -+ ty(m) so that REby...by, and [a;] = [b;] for 1 < i < m.

The mapping inv is defined as the function taking databases to their invariants.

We also need a function taking the finite encoding of relations back to their
representation.

Definition 11. Let S be a (m + £(m))-ary relation of the form indicated by
Definition [[l The function

m

w18 g, am) =\ (om(@ DA N (5 ~ ),

ateS j=1
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maps S to a formula ¢g representing the corresponding relation on the origi-
nal database. Here 0,,(7,4) is a formula stating that 7 satisfies the order type
specified by 7. The corresponding function mapping relations on the invariant to
finitely representable relations over the database is 7 : S +— {a : A | #(9)[a]}.

Lemma 12. The invariant inv(B) is an ordered finite structure whose cardi-
nality is linearly bounded in the size of any representation of B.

Proof. For any set P, the number of l-order types over P is 2|P| + 1. The
cardinality of inv(®B8) is the number of l-order types over P®¥. Recall that
|PZB¥| = |ep(B)| + O(1) (since 1 is considered fixed) and that the size of cp(B)
is bounded by the size of any representation of 8. ad

Corollary 13. The functions inv and T can be computed in LOGSPACE.

Proof. The LOGSPACE-computability of inv is a direct implication of the previ-
ous lemma and a result by Kanellakis, Kuper and, Revesz stating that first-order
queries can be evaluated in LOGSPACE. For 7, let S be a (m + ¢(m))-ary answer
of a query on an invariant. As an implication of the previous lemma, the size of
S is polynomially bounded in the size of any representation of 9B. All the algo-
rithm to calculate 7(S) has to do is to output the disjunction of the formulae
(om(Z,7) A /\?Zl(xj ~ a;)) for every tuple @i € S. Clearly, this can be done in
LOGSPACE. O

4.2 The transformation of the query

Having defined the invariant of a database, we have to explain how the query
has to be transformed for evaluation in the invariant. This translation of the
formulae follows the same ideas described above, namely to increase the arity
of the relations to store the order type. While translating a formula with free
variables {1, ..., %} we introduce new free variables 7 to hold the order type.

It will be necessary to compare order types over a different number of vari-
ables. Suppose that pi, ps are order types in the variables x1, ..., ., and x1,.. .,
Ty, respectively, where m < n. We say that ps extends p1, if p1 C po. This means
that the order type ps behaves on 1, ..., x,, in the same way as p;. In the query
transformation we need a formula extends,,,(i,j) stating that i := iq,... s 8o (m)
codes some m-order type p1, j = j1,---,je(n) codes a n-order type p2, and pa
extends p1. The formula is defined as

extendsn (i, j) = \/ (nlp2) =37 — \/ Em(p1) = 1)

pa€ord(n) p1 €ord(m)
p2 extends pj

Definition 14. Suppose o is a database schema and 7 the signature of the
invariants corresponding to o-databases. Further, let £ be a logic from {FO,
FO+DTC, FO+TC, FO+LFP, FO+PFP}. f : L[o] — L[] is defined induc-
tively as follows.
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— Let ¥(z,y) ==z <y. Then (f¢)(z,y,i1,i2) ;=2 <yAiz =0Ai2 =0.

— Let ¢(z) := x < c. Then (fo)(x,i) ==z < [cJAi=0.

— An equality ¥(z,y) := x = y is translated to (f¢)(z,y,41,12) ;=2 = yAi; =
0N =1.

— An equality ¢(x) := & = ¢ corresponds to (f¢)(z,i) :==x =[] Ai=0.

— Let ¢(x1,...,xj) := Rju1 ... u, where the u; are either constants or vari-
ables from {z1,...,z;} and all z; occur in {u1,...,un}. Then
) . - rs if u, =z,
(f) (@1, ... @y, 01, dgy)) == Rivr ... omi, where v, :=¢ " ° " i

[ ifu.=c

= Let ¥(z1,....2m) = Y1(y1, -+, Ymy) A2(21, ... s 2my, ), Where all y; and 2;
occur in Z. Let 7 := iq,. .. sie(m)s J = J1s -+ Je(my), and J =g, .. ,jé(mz).
Then (fv)(z,1) := 3737 extendsm,m(j,1) Aextends,ym (5’ ,z) (fv1) (G, 5)N
(f42)(2,5')-

— For ¢ := —, set (f1) = ~(fp).

— Let 9(z1,...,2m) == Jy @(Z,y). Then (f)(x1,...,Tm,1) = Iy, ...,
3];<m+1)extendm(m+1)(z J) (f%o)(ff y,])

~ et 9(n,0) = DTCs gz, g, ).
Then (£1)(3,0,1) i= [DTCy 3(F) (@ 5,3))(3, 0.,

~ Tt (1) = [LFPrso(R, 7)](2). o
Then (f)(3.7) := [LEP g o ;(f) (R, 2, ) (@, 7)

— The rules for the TC, IFP- and PFP-operators are defined analogously.

All parts of the evaluation algorithm have now been defined. The next theo-
rem proves its correctness.

Theorem 15. Let ¢ € L, where L is one of the logics in Definition [T}, be a
query, B be a database over (R, <) and B’ := inv(B) be the invariant corre-
sponding to B. Then p® = w((fw)%l),

Proof. The proof is by induction on the structure of the query. The argument for
the boolean operations is straightforward and therefore omitted. Also, we only
give the argument for the LEP-operator and omit the cases of formulae built by
DTC, TC, and PFP-operators which are treated in precisely the same way.

e For ¢(z,y) := x < y, the set 9 contains the pairs (a,b) € R? such that a < b.
By definition, f(¢) is # <y Ai; = 0 Aig = 0. Evaluating (fv) on B’ results in
the set C' := {(a,b,i1,i2) : a < b,iy = 0,42 = 0}. Transforming this set with
the mapping 7 yields the formula oo (x,y) := V(a,b,il,iz)ec(@(x’ Y, i1,12) AT ~
aAy ~b). As iy and iy are 0 for all tuples (a, b,i1,i2) € C, o2(x,y, i1,i2) reduces
to < y and thus 7(C) equals {(a,b) € R? : a < b}.

e Let ¢(z) := & = ¢. Then (f¢)(x,i) := x = [cJ Ai = 0 and (f1)) evaluates
on B’ to the set C := {([¢],0)}. Thus 7(C) results in the formula p(z) :=
o1(x,0) Az ~ c. This formula is satisfied only by ¢ because ¢ € P and therefore
the only member of [c] is ¢ itself. We get 7(C) := {c} = ¢™®.

o Let ¢(z1,...,%5) := Rsu1 ... Up as in Definition [4 We assume w.l.o.g. that
the first arguments of the relation are the variables and the parameters come
thereafter, that is w1 = x1,...,u; = x; and w41 = c1,...,Un = ¢m—j. The



78 E. Gréddel and S. Kreutzer

transformed query is (f)(z1,...,2;,i) := R,x1 ... z;[c1] ... [¢m—;]i. Evaluating
f(®) on B yields the set C := {([a1],...,[a;],[c1], .-, [em_j],7) € R®}. Now
we have to show that 7(C) = ¢®. Suppose that (ai,...,am) € m(C). Then there
is a disjunct ¢ == o (21, .., Tm, 1) A A\, (2 ~ b.) in 7#(C) with (b,7) € C and
B |= p(a). As (b,7) € R'® and therefore, by Definition[dQ, (a1, ..., an) € R® we
get a € . Conversely, suppose that (ay,...,am,) € R®. Then ([a1], ..., [am],7)
is in R'®', where &, (otp(a)) = i, and 6, (Z,7) A\, ar ~ @, occurs as a disjunct
in 7(C). Obviously this formula is satisfied by @ and therefore a € 7(C).
o Let ¢(x1,...,7m) := Jyp(Z,y). The transformed formula is (fv)(z,i) :=
Fy3js - - Jepmar)extendo, myr) (i, ) A(fe)(T,y, j). Suppose that (ay,...,ax) €
MB. This is the case if and only in there is an a,,+1 with (a1, ..., tm, Gmi1) € @‘B.
By induction ¢® = 7((f¢)®'). Thus there is a tuple ([a1],. .., [ams1],7) €
(fo)® and (a1, ...,am41) satisfies the (m + 1)-order type p denoted by j. This
is the case if and only if there is a tuple ([a1], ..., [am],7) € (f1)® such that p
extends the order type denoted by 4. Thus we get that (ai,...,a,) € ¥ if and
only if ([a1],...,[am],7) € (f1)®', where (ai,...,an) satisfies the order type
denoted by 7. This implies that % = 7((f)?").
e Finally, let (@) := [LFPR z¢(R, Z)](@). straightforward. We can assume that
 does not contain an LFP-operator. The proof then is straightforward. O
Now all parts of the evaluation method are defined. We illustrate the method
in the following figure.

3 — o (m.0m)

I

By ———= (B,Q(®))

To evaluate the query @ (considered as being fixed) in the database 9B, the
invariant B’ := inv(B) is constructed, the transformed query Q' := f(Q) is
evaluated in B, and the result is transformed back via the map #. By Corollary
[3]the mappings inv and & are LOGSPACE-computable. Thus we get the following
theorem.

Theorem 16. Suppose L € {FO,FO+DTC, FO+TC, FO+LFP, FO+IFP,
FO+PFP} is a logic and C a complexity class so that the evaluation problem
for L on finite databases is in C. Then the evaluation problem for L on dense
linear order databases is also in C.

4.3 Capturing complexity classes

We now use the invariant to lift the capturing results of descriptive complexity
theory from finite ordered structures to dense linear order databases. The crucial
observation is that inv(8) is interpretable in 9B. In particular, this will give us a
transformation from formulae over the invariant to formulae over the database.
See [9] for background on interpretations.
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Definition 17. Let B := (R, <, RY,..., RP) a database with signature o over
(R, <), let B’ = inv(B) its invariant, and 7 be the signature of the invariant.
The interpretation I' interpreting 9B’ in 9B is given by

(1) a surjective function fr : R — U defined as fr(x) := [z], and

(2) for each atomic 7-formula ¢(z1,...,2m) a formula ¢Yr(zi,...,zn) €
FO[o] such that for all tuples a € R™: B’ = ¢(fr(a)) if and only if B |=
Yr(a).

An equality v = v € FO[r] corresponds to u ~ v, where u,v denote either
variables or parameters from P®*¥ (recall that ~ is first-order definable). The
translations for all other atomic formulae is given according to Definition [Tl
That is, a formula u < v € FO[r] corresponds to u < v A ~u ~ v and R.Zi to
3 Ry A Oar(ry) (5, 0) A N;j(zj ~y;). (Recall the definition of o from Definition

We can now replace in any formula v of vocabulary 7 in first-order logic,
transitive closure logic or fixed point logic the atomic formula by their corre-
sponding formulae and obtain a o-formula ;. The equivalence between 1 and
Y in part (2) of the definition thus extends to arbitrary formula in these logics.

We are now ready to lift the capturing results from finite ordered struc-
tures to dense linear order databases. Clearly, every, say, FO4+LFP-query 1 is
invariant under automorphisms on 2( that preserve the constants in ¢). Thus we
can only hope to capture those PTIME-queries which are invariant under such
automorphisms. This is made precise in the following definition.

Definition 18. A complexity class C is captured by a logic £ on the class of
dense order databases, if for all queries @ in C for which we can choose a finite
set S C R such that @ commutes with every automorphism on (R, <, .5), there is
a formula v in £ satisfying the following property: For all dense order databases
B we have that Q(B) is true iff B = .

Theorem 19. Let L be a logic as in Theorem [I8 and C be a complexity class
such that L captures C on the class of finite ordered structures. Then L captures
C on the class of dense order databases.

Proof. We give the proof explicitly only for FO+LFP. The other cases can be
proven analogously. We have already shown that FO+LFP C PTIME. For the
other direction, suppose that @) a polynomial-time computable query on dense
order constraint databases of signature o. We show that there is an FO+LFP [0]-
formula 1¢g defining Q.

Again let 7 denote the signature of the corresponding invariants. Let Q' be
the query that takes invariants inv(%) of databases B as inputs and returns
as output the set Q' (B') := {fr(@) : a € Q(*B)}. Clearly Q' can be computed
in polynomial time, since a representation of the database B whose invariant is
given as the input can be computed in LOGSPACE and since @ is a PTIME-query.
(Note that in contrast to the algorithm of the previous section this algorithm con-
structs the database from the invariant and evaluates the query in the database,
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whereas the algorithm in the previous section constructs the invariant from the
database and then operates on the invariant.)

Since @’ is a PTIME-query on finite ordered structures, there exists by the
Theorem of Immerman and Vardi (see [1, [10]) an FO+LFP [r]-formula ¢ that
defines @)'. By the remarks above, there exists a formula ¢ € FO+LFP [0] such
that for all a € R™, inv(B) = ¢o(fr(a)) iff B = ¢r(a). Thus B = or(a) if and
only if @ € Q(®B). This proves the theorem. O

The following table summarizes the relations between logics and complexity
classes in the context of dense linear orders.

Logics and complexity classes in the context of dense linear orders.

FO+DTC = LOGSPACE
FO+TC = NLOGSPACE
FO+LFP = PTIME
FO+PFP = PSPACE

5 Summary and Further Results

In the main result of this paper we presented a general method to prove com-
plexity bounds for query languages over dense order databases. The idea was
to code the finitely represented database as a finite database and then use the
evaluation algorithms available for the query language on finite databases. It
turned out that this encoding can be defined by first-order formulae using only
the order predicate and some very limited kind of arithmetic. It can therefore
be done with very low data complexity. This method enabled us to evaluate
queries for various query languages within the same complexity classes as for
finite databases.

This method also works for databases defined by inequality constraints over a
countable infinite set. By a simple argument based on Ehrenfeucht-Fraissé games
we can also prove that the various fixed-point logics considered before are too
weak to express all LOGSPACE-computable queries.

Unfortunately the good results for dense order databases cannot be extended
to linear constraint databases over the reals. As soon as we admit recursion in
the query language the arithmetic over N becomes definable and thus the query
language undecidable.

The situation changes drastically if structures with a discrete order as uni-
verse are considered. It is known that positive DATALOG-queries on discrete order
databases can be evaluated in closed form (see [I4]) but the data complexity is
still unknown. For first-order queries a better result can be shown.

Theorem 20. First-order queries on discrete order databases can be evaluated
in LOGSPACE.

See [I3] for a proof of the theorem. In Section Bl we have shown that the
data complexity of first-order queries over (N, <,+) is in the polynomial time
hierarchy and that there are complete first-order queries for all levels of PH.
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As in the case of the context structure (R, <,+), adding recursion to the query
language leads to undecidable query languages. Of course, even first-order queries
are undecidable if we also add multiplication to the context structure.

The following table summarizes the results. The NC bound for first-order
queries on databases over the field of reals comes from [12]. Note that only in
the case of (R, <) we have precise capturing results. The other cases are just
complexity bounds.

| [ inequality [ (R,<)  [R <, D[R <, +,)] N<o) [N <, D[N <+,

FO ACO ACO NC NC [Loaspace| PH n.d.
FO+DTC|| LOGSPACE | LOGSPACE n.d. n.d. n.d. n.d. n.d.
FO+TC ||INLOGSPACE/NLOGSPACE| n.d. n.d. n.d. n.d. n.d.
FO+LFP PTIME PTIME n.d. n.d. n.d. n.d. n.d.
FO+PFP PSPACE PSPACE n.d. n.d. n.d. n.d. n.d.

n.d. = not decidable

References

[1] H.-D. Ebbinghaus and J. Flum. Finite Model Theory. Springer, 1995.

[2] E. Gradel. Subclasses of Presburger arithmetic and the polynomial-time

hierarchy. Theoretical Computer Science, 56:289-301, 1988. [l [71]

E. Gridel and Y. Gurevich. Metafinite model theory. Information and

Computation, 140:26-81, 1998. [EX

[4] E. Gradel and K. Meer. Descriptive complexity theory over the real numbers. In
Mathematics of Numerical Analysis: Real Number Algorithms, volume 32 of
AMS Lectures in Applied Mathematics, pages 381-403. 1996.

[5] S. Grumbach and J. Su. Finitely representable databases. Journal of Computer
and System Sciences, 55:273-298, 1997. [68] [68 [0, [0l

[6] S. Grumbach and J. Su. Queries with arithmetical constraints. Theoretical
Computer Science, 173:151-181, 1997.

[7] S. Grumbach, J. Su, and C. Tollu. Linear constraint query languages: Expressive
power and complexity. Lecture Notes in Computer Science, 960:426-446, 1995.

[8] D. Harel. Towards a theory of recursive structures. volume 1450 of Lecture Notes
in Computer Science, pages 36-53. Springer, 1998.

[9] W. Hodges. Model Theory. Cambridge University Press, 1993.

[10] N. Immerman. Descriptive complezity. Graduate Texts in Computer Science.
Springer, 1998. [67]

[11] P. Kanellakis and D. Goldin. Constraint programming and database query
languages. volume 789 of Lecture Notes in Computer Science, pages 96—120.
Springer, 1994.

[12] P. Kanellakis, G. Kuper, and P. Revesz. Constraint query languages. Journal of
Computer and Systems Sciences, 51:26—-52, 1995. B

[13] S. Kreutzer. Descriptive complexity theory for constraint databases.
Diplomarbeit, RWTH Aachen, 1999.

[14] P. Revesz. A closed form evaluation for datalog queries with integer (gap)-order
constraints. Theoretical Computer Science, 116:117-149, 1993.

[15] U. Schéning. Complexity of Presburger arithmetic with fixed quantifier
dimension. Theory of Computing Systems, 30:423-428, 1997. [1],

3



Applicative Control
and Computational Complexity

Daniel Leivant

Abstract

We establish a tight correspondence between three major complexity
classes and simple syntactic restrictions on applicative programs in the
simply typed lambda calculus with a recurrence operator. The syntactic
restrictions considered are: recurrence arguments cannot be passed as com-
puted values (“input-driven terms”), abstracted higher-order variables can
appear at most once (“solitary terms”), and abstracted variables cannot
be eventually nested (“separated terms”).

We show that the functions over word algebras represented by input-
driven terms are precisely the poly-time functions (a result akin to [8]
(Chapter 24.2)). When input-driven recurrence is permitted over all finite
types, the elementary functions are obtained (a result akin to [1]). When
terms are further restricted to solitary ones, even recurrence in all finite
type yields only the poly-time functions. Finally, separated terms generate
exactly the poly-space functions.

The interest in the approach discussed here lies in its simplicity: the
complexity characterizations are based on restricted use of standard ap-
plicative constructs, rather than a syntactic overlay as in ramified recur-
rence [3, 12, 15, 7, 21]. However, approaches based on ramified recurrence
are more powerful than simple syntactic control, as well as more con-
ceptually and methodologically coherent. Thus, the two approaches are
complementary and of independent interest.

1 Introduction: Background and results

Intrinsic computational complexity.

Traditional computational complexity, based on resources such as computa-
tion time and space, has been matched in recent years with “/mplicit”, i.e. machine-
independent and conceptually anchored, measures of complexity, such as the de-
scriptive complexity of problems (finite model theory), the complexity of declar-
ative programs (types, limited recurrence operators, bounding conditions), and

*Indiana University, Bloomington, IN 47405. leivant@cs.indiana.edu. Research partially
supported by NSF grants CCR-9309824 and DMS-9870320. The author is grateful to Martin
Hofmann, Neil Jones, Karl-Heinz Niggl and Helmut Schwichtenberg for illuminating exchanges
related to this work.

J. Flum and M. Rodriguez-Artalejo (Eds.): CSL'99, LNCS 1683, pp§2-95, 1999.
0 Springer-Verlag Berlin Heidelberg 1999
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principles needed to prove program convergence (e.g. restricted induction or
set-existence).! Implicit characterizations of major computational complexity
classes are appealing both for the theoretical insight they provide and for their
potential applications. Conceptually, these characterizations link computational
complexity to levels of definitional and inferential abstraction of significant inde-
pendent interest. They also lend credence to the importance of the complexity
classes characterized, yield insight into their nature, suggest new tools for sep-
arating them, and provide a framework for complexity theory for higher type.
Practically, implicit computational complexity permits the streamlined incorpo-
ration of computational complexity into areas such as formal methods in software
development, programming language theory, and database theory.

Applicative control

This paper is a contribution to an approach to implicit computational com-
plexity which we dub applicative control. The idea is to syntactically restrict
applicative programs so as to guarantee their computational complexity. Indeed,
the restrictions sought characterize major complexity classes, such as poly-time,
poly-space, and Kalmar-elementary. This approach was recently studied by Neil
Jones, in his monograph [8](Chapter 24.2), and Beckmann and Weiermann, in
their forthcoming [1]. Jones characterizes poly-time by recurrence with “read-
only” variables, and [1] characterizes the (Kalmar-) elementary functions by a
combinatory variant of Godel’s system 7. Here we offer a uniform discourse
for the method, giving simple proofs for the results of [8] and [1], as well as a
control-based sub-calculus of [21]. Our main technical contribution is the char-
acterization of poly-space by syntactic restrictions on applicative programs.

Relations with ramification.

The applicative control approach is closely related to the restriction of recur-
rence in applicative programs by an overlay of “ramification”, or “ data tiering”.
The motivation there is foundational: Recurrence schemas reflect different uses
of data in computing, as was pointed out independently for recurrence [3], func-
tional recurrence [23], lambda representability [9], and second order provability
[11]. Notably, Bellantoni and Cook [3] formalized this distinction and obtained
a functional characterization of poly-time that does away with the bounding
condition of [5]. In [10] we outlined a predicative-finitistic critique of recurrence
that leads to a generalization of [3], using a general form of ramified data and
ramified recurrence. Variants of this method have been used to characterize,
among others, alternating log time[4, 19]), alternating poly-log time [4], linear
space [10, 6, 12], NP, the poly-time hierarchy [2], poly-space [17], (Kalmar-) ele-
mentary time [15], and NC [14]2. Recently, Martin Hofmann [7] and Bellantoni,

IRecent workshops dedicated specifically to implicit computational complexity include I'm-
plicit computational complexity in programming languages (Baltimore, September 1998) and
Implicit computational complezity (Trento, June/July 99).

2Data ramification underlies also the characterizations of poly-time by set-existence prin-
ciples [11], by typed A-calculi [16], and by a proof theoretic ramification [13].
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Niggl and Schwichtenberg [21] have developed calculi that allow recurrence in
higher type, and yet define only poly-time functions. To achieve this the use of
tiers in types is refined by the use of modal operators, which make it possible
to regulate the control flow of the computation, notably in forbidding repeated
use of arguments.

These two approaches, ramification and syntactic-control, represent a trade-
off. Ramification is a more powerful method, allowing more A-terms to be typed.
It is also more methodologically coherent, as it is closed under basic syntactic op-
erations such as reductions and (type-correct) substitution. Also, ramification is
natural also for proof systems, and those often map via Shonfinkel-Curry-Howard
morphism to ramification of applicative programs, establishing an elegant and
illuminating link between the proof theoretic and the algebraic approaches to
implicit computational complexity. On the other hand, the syntactic control
approach captures the combinatorial issues in hand in their simplest and purest
forms. This simplicity, aside from its pedagogical interest, is of potential prac-
tical value, as it can be automatically recognized.

Apparent shortcomings of the syntactic control approach may be less conse-
quential than may first seem. For example, the restrictions considered do not
necessarily block the use of central notions of functional programming, such as
modularization or internalization of patterns as higher-order functions. While
the restricted terms are not necessarily closed under substitution, it is often
possible to factor the construction of A-terms that do not satisfy the restriction
considered into composition of terms that do, implying that the given terms
also fall into the complexity classes characterized, albeit not satisfying the given
syntactic properties. To capture these more general cases one may require the
programmer to use let constructs whose components satisfy the syntactic re-
strictions. Alternatively, the factoring of a given term may be done automat-
ically in some cases, a task which albeit not in linear time is still of low time
complexity.

In summary, ramification and syntactic-control are complementary tech-
niques for incorporating computational complexity concerns in programming lan-
guage methodology. Conceptually ramification is more coherent, and of greater
theoretical interest. However, algorithmically syntactic-control is an attractive
option for compile-time inference of computational complexity of functional pro-
gram, and deserves independent study.

Plan and results.

The plan of the paper is as follows. We start by formulating variants of
the results of [8] and [1], with as underlying formalism the simply typed -
calculus with a recurrence operator. We offer simple proofs of these complexity
characterizations, and unravel their similarity. We then consider in section 3
a characterization of poly-time that permits recurrence in higher type, namely
by prohibiting multiple uses of abstracted higher-order variables. This restric-
tion has been considered in the context of ramified formalisms in [21] and [7],
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where it is expressed in a typed A-calculus with modalities. Finally, we present
in section 4 our most novel technical contribution, a control-based characteri-
zation of poly-space. Here the restriction on abstracted higher-order variables
is looser: these are permitted to have multiple uses, but not in a way that can
lead to their being nested after reduction. This is analogous to our work with
Marion on characterization of poly-space by predicative ramified recurrence in
higher type [17, 18]. Our result here seems to be of some interest also for the
pure simply-typed lambda calculus (recurrence aside), as it exhibits a simple
syntactic condition, viz. separated terms, for which normalization can be per-
formed in polynomial space (for all terms of a given type complexity), compared
to elementary time for arbitrary typed A-terms.

2 Input-driven function representation

2.1 Terminology and notations

e 1\ = The simply typed lambda calculus, with (-conversion.

o 1IA(W) = 1A with basic functions and reductions for the algebra W of
words over {0,1}. Ie. 1\ augmented with a constant € : o, constants
0,1,p : 0— o0 (successors, predecessor) and d : o — o (discriminator), and
with the added reductions

p(0E) = E
p(1E) = E
p(e) = €
deEFG = FE
d(0A)EFG = F
d(lA)EFG = G

e 1AR(W) = 1A(W) augmented with a recurrence constant®* R : 0,0 —
0,0—0,0 — o, and the added reduction rules

ReEyEL\E. = FE.
].:{,(014)l;0E‘1LE|6 = Eo(RAEQElEe)
R(].A)E()ElEe = FE (RAEoElEE)

Note that focusing on word algebras is the natural thing to do, because
computational complexity measures are defined for symbolic computing
(on Turing machines), i.e. computing over word algebras.

3The recurrence operator is here “monotonic”, i.e. iteration with parameters.
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e 1ARY (W) is 1IAR(W), but with recurrence constants R, : 0,7 = 7,7 —
7,7 — 7 for each type 7, and reduction rules as above for them. We dub
the first argument of R.; the recurrence argument.

Abbreviating R, by R, 1AR(W) is a sub-calculus of 1AR*(W).

For each calculus we denote by = the reflexive, symmetric, and transitive
closure of the reduction relation =, performed on terms as well as subterms.
A function f : W™ — W is represented in IAR(W) (or 1AR“(W)) by a term
Eifforalluy...u, €e W, Fuy---u, = f(uy,...,u,) in IAR(W) (IAR“(W),
respectively). If PROP is a syntactic property of terms, we say that f is PROP-
representable if f is represented by some term E = Axp...z,..F where F is
PROP. (NB: we refer here to F, not to E.)

2.2 Poly-time and input driven representation in 1AR(W)

A term E of 1ARY(W) is input driven if no recurrence argument W in E
has a free variable bound in E. For instance, R(Az.Rz1z)(Az.Rz12)(1€) (which
represents a function of exponential growth) is not input-driven.

LEMMA 2.1 Every poly-time function is input-driven-representable in 1IAR(W ).

Proof. A direct proof can be obtained from the proof in [12] that two-tier re-
currence captures poly-time, with insignificant modifications. Alternatively, one
can prove that if F us a normal term of IAR(W), with a two-tier ramification,
must be input-driven. The proof is by structural induction on E. o

To prove the converse implication, we use the following auxiliary notion. Say
that a term FE is strictly-input-driven if every recurrence argument in F is a free
variable of F.

LEMMA 2.2 If f is a function input-driven-representable in 1AR(W) (or IAR“ (W))
then f can be explicitly defined (i.e. using multi-valued composition) from func-
tions that are strictly-input-driven-representable in 1IAR(W) (in 1AR* (W), re-
spectively).

Proof. Suppose that f : W™ — W is represented by AZ. F, where F is input-
driven. We prove the claim by induction on the size of F'. Let Ay,...,A,, be
the recurrence arguments in F', which are not within the scope of more than one
recurrence (as is, for instance, A in R(RABCD)xyz). Since F is input-driven,
all free variables in these A;’s are in #. By induction assumption, each term
AZ.A; represents a function a; that is definable by composition from functions
that are strictly-input-driven-representable.

Let z1,... , z, be fresh variables, and let ' be F' with A; replaced by z; (i =
1...m). Then \ZZ.F strictly-input-driven represents a function f : W™ —
W, and f(Z) = f (Z,a1(Z),... ,am(Z). Since each «; is explicitly definable from
functions that are strictly-input-driven-representable, this completes the proof.

_{
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LEMMA 2.3 Every function strictly-input-driven-representable in 1AR(W) is
poly-time.

Proof. We shall prove in 3.12 a stronger result, but it is worth outlining a simple
proof of the present statement. First, observe that if E is a strictly-input-driven
normal term of 1AR(W), of type o” — o, then all subterms of E are of rank
< 1, except for terms of the form R, Ru or REy.* This is straightforward by
structural induction on F.

Now prove that every normal strictly-input-driven term E whose A-closure —
with respect to variables other than the input variables — has type of rank < 2
maps functions that are computable in time polynomial in the input variables
and constant in the (m) formal arguments to the same sort of functions. This
is proved by structural induction on F, using the observation above. o

Combining Lemmas 2.1, 2.2, and 2.3 we obtain

THEOREM 2.4 A function is input-driven-representable in LAR(W ) iff it is poly-
time.

Theorem 2.4 is close to a characterization of poly-time proved by Jones [8].

2.3 Linear space and representation over N

While we focus on recurrence over word algebras, it is of interest to consider
recurrence over the algebra of unary numerals, i.e. the set N of the natural num-
bers. Here the base constant is written as 0 (rather than €), and the unique
successor function is denoted by s. The discriminator function is similarly mod-
ified, to a ternary function, and the recurrence and discriminator reductions are
restated accordingly. See e.g. [12] for details. Write IAR(N) for the resulting
calculus.

The result analogous to Theorem 2.4 is then:

THEOREM 2.5 A function over N is input-driven-representable in 1AR(N) iff it
is computable in linear space, i.e. iff it is in level £ of the Grzegorczyk Hierarchy.

We omit the proof, which parallels that of Theorem 2.4.
2.4 Elementary functions and input-driven representation
in 1IAR* (W)

We extend the notions of input-driven and strictly-input-driven terms to
1ARY(W).

4The rank of a type is the count of negative nestings of — rnk (0) = 0, and rnk (6 —7) =
max(1 + rnk (o), rnk (7)).
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A function f over W is Kalmar-elementary iff there is a k > 1 such that f is
computable in time O(2;(n)).?

LEMMA 2.6 Every Kalmar-elementary function over W is input-driven-representable
in 1IARY(W).
Proof. . Let 71 =qf 0—0, Tg41 =af Tk — K. Define

Dy =at Mf™. fo f= A f(f(v)),

a term of type Txy1. For a term A of type 7 write A™ for the n-fold iterate
of A, i.e. A"B is an abbreviation for A(A(---A(B)--+)), with n occurrences of
A. Thus the term R, uD;DyA converts to (Dy)"A (where n = |ul|), which in
turns converts to A2". Define now the input-driven term

Ey =qt RguDyDy_q--- Dqle

of type 0 — 0. Then Au.E}, represents 2 in unary: using 72 as an abbreviation
for 1"¢€, we have Fju = 2,(n) whenever |u| = n.

Now that we have a “clock” for 2, the simulation of computation in time
O(2(n)) can be driven as in the representation proof for Kalmar-elementary
functions by higher order ramified recurrence, in [15]. 4

LEMMA 2.7 Every function f strictly-input-driven-representable in 1AR* (W)
is computable in elementary time.

Proof. Let E = AZF represent f : W' — W in 1AR“(W). Let F arise from
F' by renaming variable occurrences, so that every recurrence argument is a
different variable. Thus F' represent a function f of arity > r, and from which
f is obtained by identifying arguments (i.e. diagonalizing).

Replacing in F' every subterm of the form R,z by a variable z of type
(r—7)%, 7 — 7, we obtain a representation of f in 1A(W), with input repre-
sented by Bohm-Berarducci terms at various types, and output at type o. As
observed in [15], such functions are computable in elementary time. Thus f ,
and whence also f, are computable in elementary time. o

Combining Lemmas 2.6, 2.2, and 2.7 we obtain

THEOREM 2.8 A function is input-driven-representable in 1AR® (W) iff it is
computable in elementary time.

5As usual, 2j(n) is a k-deep exponential stack of 2’s with n on top: 20(n) = n; 2511 (n) =
221 (n) |
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A variant of Theorem 2.8, for a combinatory calculus, was proved in [1], using
a specialization of Schiitte’s ordinal assignment to Godel’s system T [22].

3 Poly-time and solitary representation, allowing
recurrence in all finite types

We call a term E of 1ARY (W) solitary if it is input-driven, and for every
subterm Ax.F of E, where x is a variable of higher type (i.e. other than o), x
occurs in F' at most once.

LEMMA 3.9 Every poly-time function f over W is definable by composition from
functions that are solitary-representable in 1IAR® (W).

Proof. By Lemma 2.1 f is representable by the composition of input-driven
terms in IAR(W). Without loss of generality, these terms are normal. By
structural induction, it is easy to see that normal terms of IAR(W) can use no
abstraction over higher-order variables. it follows that those terms are solitary.

_{

The key property of solitary terms is the following straightforward observa-
tion.

LEMMA 3.10 A (-reduction for a higher-order variable in a solitary term is
size-reducing.

Towards showing that every solitary-representable functions is poly-time we
will use the following technical result.

LEMMA 3.11 Let E[u; 9] be a solitary 1AR* (W) term of type o" —o (r > 0),
where . = wq,...,u, are the recurrence variables occurring in F, each used
only once, and ¥ = vy,... ,v,, are the remaining variables, all of type o. Fur-
ther, assume that E has no occurrence of R, for 7 other than o, and whose
redexes are either R,-redexes, or of type whose rank is < 1. Then, for every
Uy, ..., U, Vi,eo , Vi, X1, ..., X, € W, the term E =g4¢ E[d;V]X reduces to
normal form within |uy| - |ug|- - - |ug| - size (E) + r steps.

Proof. By induction on E. The cases where E is one of €, 0, 1, p, or d
are straightforward. The case where E = Ax.F is trivial from the induction
assumption applied to F'.

If E is of the form Rou; Fo Fy (of type o—0), then E = Rou,; Fy[U; V] F1[d; V]x.
Say u; is u;. The convergence property is proved by induction on |ui|. Note
that by our assumptions on F, u; is not a recurrence argument in either Fy or
Fy. If u; = €, the statement is trivial. If uy = Ow, then £ reduces in one step
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to Fp[u; V]G, where G = Row Fy[u; V] Fi [U; V]x, and by induction assumption G
converges to some w € W within (Juy|—1)-|uz| - - - |uk|-size (G) steps. By induc-
tion assumption for Fy, Fyy w reduces to normal form within |us| - - - |uy|-size (Fp)
steps. Adding these two values we get the desired bound for F . The case where
u; = 1w is similar.

If £ is any other term of the form F'G, then the conditions on E imply that
Fis of type o™t — 0 and G is of type o (r > 0). We have E = F[i; V] G[d; V|X.

By induction assumption G reduces to some w € W within |uy|- - - |ug|-size (G)
steps, and then F'[d; V]wX reduces within |uy|- - - |ug| - size (F') steps. The result
follows.

Finally, if E = Az.F, then the statement of the lemma is trivial by induction
assumption for F'. -

LEMMA 3.12 If a function is solitary-representable in 1AR® (W) then it is poly-
time.

Proof. Suppose that f is an r-ary function over W representable by A\z1,... ,z..F,
where F' is solitary. By Lemma 2.2 we may assume that F' is strictly-input-
driven. By separating variable-occurrences into distinct variables, we may also
assume, w.l.o.g., that no z; occurs in F' as recurrence argument more than once.
Let y1,...,y, be the x;’s used for higher order recurrence, and zi,... , 2 the
x;’s used for recurrence in type o. Given yi,...,yq,%1,...,2; € W, consider
the term F' = {y,Z/y,Z}F. Unfolding the higher order recurrences in F' can
be done in time polynomial in |¥|, yielding a term F' of size polynomial in y.
By Lemma 3.10 higher order 8-redexes can be eliminated in time bounded by
the size of F', yielding a smaller term F' that satisfies the conditions of Lemma
3.11. The Lemma follows. =

Combining Lemmas 3.9 and 3.12 we obtain

THEOREM 3.13 The functions solitary-representable in 1AR“ (W) are precisely
the poly-time functions.

4 Separated representation and poly-space

4.1 Representability of poly-space

If FG;---G, is a subterm-occurrence in a term E we say that the term-
occurrences GG; are in the scope of term-occurrence F and of its subterms. We
call a term E of 1ARY (W) separated if every two occurrences of a variable have
the same bounded variables in their scope. For example, Az®7°\z°.z(z(z)) is
not separated, because the external occurrence of x has the bounded variable x
in its scope, whereas the internal one does not. Similarly, (Ay.Az.z(y(2)))z is
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not separated, because the first occurrence of x has y and z in its scope, whereas
the second does not.5

LEMMA 4.14 Every poly-space function is separated-representable in IAR® (W).

Proof. It is proved in [17] that the functions computable in alternating polyno-
mial time, i.e. the poly-space functions, are representable using a weak form of
second-order ramified recurrence (which suffices to capture ramified recurrence
with parameter substitution). Inspection of that construction shows that the
terms constructed are in fact separated. o

4.2 Reductions on separated terms

LEMMA 4.15 If E is separated, and F reduces in one step to E in 1AR“ (W),
then E is separated. =

Consider terms of 1ARY (W) represented by their syntax tree, i.e. 1-2 trees
where leaves are labeled by variables or constants, nodes with out-degree 1
represent A-abstraction and labeled with the abstracted variable, and nodes
with out-degree 2 labeled with APP and represent application. A [-reduction
(Az.E)F = {F/x}FE is represented by substituting in the tree of E, for each
leaf labeled with z, the tree of F' with its root node identified with that leaf.
It is advantageous to refrain from doing the latter, and keeping the root of the
tree for F' as a descendent of the leaf for x: for one, this will preserve the tree
addresses of internal nodes of E in {F/z}E. We do this by allowing representing
tree to have nodes marked with NOOP.” Note that in course of a normalization
sequence of a term, a given address can undergo two sorts of change: (a) from
being empty (outside the tree) to becoming labeled with a variable, constant, or
APP; (b) from being labeled, to being marked NOOP.

In a B-reduction as above, we call a node in a copy of F in {F/x}E an
offspring of the corresponding node in the main argument F in (A\z.E)F. In
the course of a reduction sequence, nodes can have an ever increasing number
of descendents, i.e. offsprings, the offsprings of those, etc. Just as we defined
separated variables, let us say that two nodes in a syntax tree are separated if
they have the same bound variables in their scope. We clearly have

LEMMA 4.16 Let E be a separated term that reduces to E ; then the offsprings
of each node, created by the reduction, are separated, and if o and (3 are sepa-

rated nodes in F, then each offspring of a in F is separated from every offspring
of 3inE .

6The notion of separated terms is related to Karl-Heinz Niggl’s notion of “scope equiva-
lence”, see. e.g. [21].

"NB: NOOP is an algorithmic device used in the representation of A-terms, and are not part
of the syntax of the calculus itself.
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From this we conclude

LEMMA 4.17 If E reduces to E in 1IAR* (W), and a and 8 are nodes in E that
are descendents of the same node in E, then they are not on the same branch.

Proof. By induction on the length of the reduction. Suppose that E satisfies
the conclusion, and E reduces in one step to E . Suppose that two descendents
« and 3 of the same node in E are offsprings of g and 3 respectively, in £ , and
o is above 8 in E . By Lemma 4.16 o and (3, are separated, and by induction
assumption they are not on the same branch in £ . Thus, the reduction from
E to E must place the offspring a of arg over 8. This can happen only if the
eigen-variable of the reduction is in the scope of a in E , but not in the scope
of B. This contradicts the separation of @ and 3 in E . -

We conclude

LEMMA 4.18 If a separated term E reduces to E by [(-reductions, then the
height of the syntax tree of E is bound by the size of E.

Because addresses in syntax-trees can change their label at most twice in the
course of a reduction sequence (as noted above), Lemma 4.18 implies

LEMMA 4.19 If E is a separated, then all §-redexes in E are eliminable in time
exponential in the size of E.

Using Lemmas 4.18 and 4.19 we obtain

PROPOSITION 4.20 There is a linear-space algorithm for eliminating from sep-
arated terms all O-redexes.

Proof. For aseparated term E of size n, the algorithm uses a counter A of length
n for addresses in the syntax-trees of terms (of height < n, i.e. size < 2"), and
a counter T for reduction-time (of < 2™ steps). The value returned is the label
at address A after T reductions. The details are tedious but straightforward. -

4.3 Poly-space computability of separated-representable
functions

LEMMA 4.21 Every function separated-representable in 1LARY (W) is poly-space.

Proof. Suppose f is represented by Az; ...z,. F', where F' is separated, whence
also input-driven. W.l.o.g., F' is strictly-input-driven. Given uy,...,u, € W,
consider the term F = {d/Z}F. Unfolding all recurrences in F' yields a term
F of height polynomial in |G|, whose local description can be given in poly-
space. By Proposition 4.20 all redexes in F' can be eliminated from F' in space
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linear in the size of F', i.e. polynomial in |t]. The result is a normal term of
type o, which albeit potentially of length exponential in the input, is bitwise in
poly-space. o

Combining Lemmas 4.14 and 4.21 yields

THEOREM 4.22 The functions separated-representable in 1AR“ (W) are pre-
cisely the poly-space functions.

5 Directions for further research

One obvious project is to further expand the development presented here to
syntax-restricted characterizations of additional classes, emulating such charac-
terizations using data ramification. In particular, it seems that the character-
izations of alternating log-time and of NC by ramified tree recurrence [19, 14]
can be paralleled to yield analogous results for syntax-restricted recurrence on
trees.

One of the benefits of resource-independent characterizations of complexity
classes is that they generalize to higher type much more easily than machine-
based definitions of such classes. For instance, we believe that the functionals
solitary-representable in IAR“ (W) form precisely the class BFF. A result anal-
ogous to the characterization of probabilistic polynomial time in [20] seems also
to be at hand.

Most importantly, one would wish to see that the simplicity of the syntactic-
control approach is put to use in actual implementations of functional program-
ming languages. All syntactic properties considered here can be trivially checked
in linear time. As mentioned in the introduction, one might wish to extend
the applicability of the method by crafting algorithms that automatically factor
given untyped terms that do not satisfy the syntactic restrictions considered into
compositions and closures under substitution of terms that do satisfy those re-
strictions. While such algorithms would not be in linear time, they are still likely
to be algorithmically more efficient, in both worst-case and average-case, than
type inference algorithms for ramified systems, in particular ones with modal
operators.
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Abstract. Erlang is a functional programming language developed by
Ericsson Telecom which is particularly well suited for implementing con-
current processes. In this paper we show how methods from the area
of term rewriting are presently used at Ericsson. To verify properties of
processes, such a property is transformed into a termination problem of
a conditional term rewriting system (CTRS). Subsequently, this termi-
nation proof can be performed automatically using dependency pairs.
The paper illustrates how the dependency pair technique can be applied
for termination proofs of conditional TRSs. Secondly, we present two
refinements of this technique, viz. narrowing and rewriting dependency
pairs. These refinements are not only of use in the industrial application
sketched in this paper, but they are generally applicable to arbitrary
(C)TRSs. Thus, in this way dependency pairs can be used to prove ter-
mination of even more (C)TRSs automatically.

Keywords: program verification, rewriting, termination, automated de-
duction

1 Introduction

In a patent application [HN99], Ericsson developed a new protocol for distri-
buted telecommunication processes. This paper originates from an attempt to
verify this protocol’s implementation written in Erlang. To save resources and
to increase reliability, the aim was to perform as much as possible of this verifi-
cation automatically. Model checking techniques were not applicable, since the
property to be proved requires the consideration of the infinite state space of the
process. A user guided approach based on theorem proving was successful, but
very labour intensive [AD99]. We describe one of the properties which had to be ve-
rified in Sect. 2land show that it can be represented as a non-trivial termination
problem of a CTRS. But standard techniques (see e.g. [Der87/Ste95DHIS]) and
even recent advances like the dependency pair technique [AGI7al[AGITHI/AGIS]
AG99] could not perform the required termination proof automatically.

In Sect. B we show that termination problems of CTRSs can be reduced to
termination problems of unconditional TRSs. After recapitulating the basic no-
tions of dependency pairs in Sect. @l we present two important extensions, viz.
narrowing (Sect.[l) and rewriting dependency pairs (Sect. Bl which are particu-
larly useful in the context of CTRSs. With these refinements, the dependency
pair approach could solve the process verification problem automatically.

J. Flum and M. Rodriguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 96-[[10] 1999.
© Springer-Verlag Berlin Heidelberg 1999
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2 A Process Verification Problem

We have to prove properties of a process in a network. The process receives
messages which consist of a list of data items and an integer M. For every item
in the list, the process computes a new list of data items. For example, the data
items could be telephone numbers and the process could generate a list of calls to
that number on a certain date. The resulting list may have arbitrary length, in-
cluding zero. The integer M in the message indicates how many items of the newly
computed list should be sent to the next process. The restriction on the number
of items that may be sent out is imposed for practical optimization reasons.

Of course, the process may have computed more than M new items and in that
case, it stores the remaining answers in an accumulator (implemented by an extra
argument Store of the process). However, whenever it has sent the first M items to
the next process, our process may receive a new message. To respond to the new
message, the process first checks whether its store already contains at least M
items. In this case, it sends the first M items from its store and depending on the
incoming message, probably some new items are computed afterwards. Other-
wise, if the store contains fewer than M items, then the next process has to wait
until the new items are computed. After this computation, the first M items from
the newly obtained item list and the store are sent on to the next process. Again,
those items that our process could not send out are stored in its accumulator.

Finally, in order to empty the store, the empty list is sent to our process
repeatedly. In the end, so is the claim, this process will send the empty list as
well. This article describes how we are able to formally and automatically verify
this claim. The Erlang code is given below (because of space limitations the code
for obvious library functions like append and leq is not presented).

process (NextPid,Store) ->
receive {Items,M} ->
case leq(M,length(Store)) of
true -> {ToSend,ToStore} = split(M,Store),
NextPid!{ToSend,M},
process (NextPid, append (map_f (self () ,Items) ,ToStore));
false ->{ToSend,ToStore} = split(M,append(map_f(self(),Items),Store)),
NextPid!{ToSend,M},
process (NextPid,ToStore)
end
end.

map_f (Pid,nil) -> nil;
map_f (Pid,cons(H,T)) -> append(f(Pid,H) ,map_f(Pid,T)).

For a list L, split (M,L) returns a pair of lists {L; ,Lo} where L; contains the
first M elements (or L if its length is shorter than M) and Ly contains the rest of L.
The command ‘!’ denotes the sending of data and NextPid!{ToSend,M} stands
for sending the items ToSend and the integer M to the process with the identifier
NextPid. A process can obtain its own identifier by calling the function self ().
For every item in the list Items, the function map_f (Pid,Items) computes new
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data items by means of the function f(Pid,Item). So the actual computation
that £ performs depends on the process identifier Pid. Hence, to compute new
data items for the incoming Items, our process has to pass its own identifier to
the function map_f, i.e., it calls map_f (self () ,Items).

Note that this process itself is not a terminating function: in fact, it has been
designed to be non-terminating. Our aim is not to prove its termination, but to
verify a certain property, which can be expressed in terms of termination. As
part of the correctness proof of the software, we have to prove that if the process
continuously receives the message {nil,M} for any integer M, then eventually
the process will send the message {nil,M} as well. This property must hold
independent of the value of the store and of the way in which new data items
are generated from given ones. Therefore, £ has been left unspecified, i.e., £ may
be any terminating function which returns a list of arbitrary length.

The framework of term rewriting [D.JI0JBNIS] is very useful for this verifica-
tion. We prove the desired property by constructing a CTRS containing a binary
function process whose arguments represent the stored data items Store and the
integer M sent in the messages. In this example, we may abstract from the process
communication. Thus, the Erlang function self () becomes a constant and we
drop the send command (!) and the argument NextPid in the CTRS. Since we
assume that the process constantly receives the message {nil,M}, we hard-code
it into the CTRS. Thus, the variable Items is replaced by nil. As we still want
to reason about the variable M, we added it to the arguments of the process. To
model the function split (which returns a pair of lists) in the CTRS, we use
separate functions fstsplit and sndsplit for the two components of split’s result.
Now the idea is to force the function process to terminate if ToSend is the empty
list nil. So we only continue the computation if application of the function empty
to the result of fstsplit yields false. Thus, if all evaluations w.r.t. this CTRS
terminate, then the original process eventually outputs the demanded value.

leq(m, length(store)) — true, empty(fstsplit(m, store)) — false |
process(store, m) — process(app(map_f(self, nil), sndsplit(m, store)),m) (1)

leq(m, length(store)) —* false, empty(fstsplit(m, app(map_f(self, nil), store))) —* false |
process(store, m) — process(sndsplit(m, app(map_f(self, nil), store)),m) (2)

The auxiliary Erlang functions as well as the functions for empty, fstsplit, and
sndsplit are straightforwardly expressed by unconditional rewrite rules.

length(nil) — 0 sndsplit(0, z) — =
length(cons(h,t)) — s(length(t)) sndsplit(s(n), nil) — nil
fstsplit(0, ) — nil sndsplit(s(n), cons(h, t)) — sndsplit(n, t)
fstsplit(s(n), nil) — nil empty(nil) — true
fstsplit(s(n), cons(h,t)) — cons(h fstsplit(n, t)) empty(cons(h,t)) — false
app(nil, z) — leq(0, m) — true
app(cons(h, t),x) — cons(h, app(t, z)) leq(s(n),0) — false
map_f(pid, nil) — nil leq(s(n),s(m)) — leq(n,m)
map_f(pid, cons(h,t)) — app(f(pid, h), map_f(pid,t))
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The rules for the Erlang function f are not specified, since we have to verify
the desired property for any terminating function f£. However, as Erlang has
an eager (call-by-value) evaluation strategy, if a terminating Erlang function
f is straightforwardly transformed into a (C)TRS (such as the above library
functions), then any evaluation w.r.t. these rules is finite. Now to prove the
desired property of the Erlang process, we have to show that the whole CTRS
with all its extra rules for the auxiliary functions only permits finite evaluations.

The construction of the above CTRS is rather straightforward, but it pre-
supposes an understanding of the program and the verification problem and
therefore it can hardly be mechanized. But after obtaining the CTRS, the proof
that any evaluation w.r.t. this CTRS is finite should be done automatically.

In this paper we describe an extension of the dependency pair technique
which can perform such automatic proofs. Moreover, this extension is of general
use for termination proofs of TRSs and CTRSs. Hence, our results significantly
increase the class of systems where termination can be shown mechanically.

3 Termination of Conditional Term Rewriting Systems

A CTRS is a TRS where conditions s; = t1, ..., S, = t, may be added to rewrite
rules [ — r. In this paper, we restrict ourselves to CTRSs where all variables
in the conditions s;,¢; also occur in [. Depending on the interpretation of the
equality sign in the conditions, different rewrite relations can be associated with
a CTRS, cf. e.g. [Kap84,BK86,D0S88,BG89,D090,Mid93,Gra94,SMI195,Grad6a,
Gra96b]. In our verification example, we transformed the problem into an ori-
ented CTRS [SMI95], where the equality signs in conditions of rewrite rules are
interpreted as reachability (— ). Thus, we denote rewrite rules by

S1 = t1y...,8, = tn | Lo (3)

In fact, we even have a normal CTRS, because all ¢; are ground normal forms
w.r.t. the TRS which results from dropping all conditions.

A reduction of Cllo] to C[ro] with rule (3] is only possible if s;0 reduces to
tio for all 1 < ¢ < n. Formally, the rewrite relation —x of a CTRS R can be
defined as - = j>0 —'R;, where Ro = 0 and Rj41 = {lo = ro|sio —g, tio
for all 1 <4 < n and some rule @) in R}, cf. e.g. [Mid93|Grad6h].

A CTRS R is terminating iff =5 is well founded. But termination is not
enough to ensure that every evaluation with a CTRS is finite. For example,
assume that evaluation of the condition leq(m, length(store)) in our CTRS would
require the reduction of process(store, m). Then evaluation of process(store, m)
would yield an infinite computation. Nevertheless, process(store,m) could not
be rewritten further and thus, the CTRS would be terminating. But in this case,
the desired property would not hold for the original Erlang process, because this
would correspond to a deadlock situation where no messages are sent out at all.

For that reason, instead of termination one is often much more interested in
decreasing CTRSs [DOSS8S]|. In this paper, we use a slightly modified notion of
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decreasingness, because in our evaluation strategy conditions are checked from
left to right, cf. [WG94]. Thus, the i-th condition s; — ¢; is only checked if all
previous conditions s; — t; for 1 < j < ¢ hold.

Definition 1 (Left-Right Decreasing). A CTRS R is left-right decreasing
if there exists a well-founded relation > containing the rewrite relation —x and
the subterm relation > such that lo > s;o holds for all rules like (3), all i €
{1,...,n}, and all substitutions o where s;o —5 tjo for all j € {1,...,i—1}.

This definition of left-right decreasingness exactly captures the finiteness
of recursive evaluation of terms. (Obviously, decreasingness implies left-right
decreasingness, but not vice versa.) Hence, now our aim is to prove that the
CTRS corresponding to the Erlang process is left-right decreasing.

A standard approach for proving termination of a CTRS R is to verify ter-
mination of the TRS R which results from dropping all conditions (and for
decreasingness one has to impose some additional demands). But this approach
fails for CTRSs where the conditions are necessary to ensure termination. This
also happens in our example, because without the conditions empty(...) — false
the CTRS is no longer terminating (and thus, not left-right decreasing either).

A solution for this problem is to transform CTRSs into unconditional TRSs,
cf. [DP87TIGMSMar96]. For unconditional rules, let tr(l — r) = {l —» r}. If ¢
is a conditional rule, i.e., ¢ = ‘s1 — t1,...,8, = t, |l — ', we define tr(¢) =

{l — if17¢(w, 81)} U {ifi,cb(w,ti) — ifi+1,¢(m,si+1) | 1<i< V’L} U {ifn,¢(m,tn) — T},

where « is the tuple of all variables in [ and the if’s are new function symbols.
To ease readability we often just write if,, for some n € IN where if,, is a function
symbol which has not been used before.

Let R" = xtr(¢). For CTRSs without extra variables, R"" is indeed an
(unconditional) TRS. (An extension to deterministic CTRSs [BG89] with extra
variables is also possible.) The transformation of Rule () results in

process(store, m) — ify (store, m, leq(m, length(store))) (4)
if; (store, m, true) — ify(store, m, empty(fstsplit(m, store))) (5)
ify(store, m, false) — process(app(map_f(self, nil), sndsplit(m, store)), m). (6)

Now we aim to prove termination of R*" instead of R’s left-right decreasingness.
In [GMS8T7], this transformation is restricted to a limited class of convergent
CTRSs. However, in the following we show that for our purpose this restriction
is not necessary. In other words, termination of R* indeed implies left-right
decreasingness (and thus also termination) of R. Thus, this transformation is a
generally applicable technique to reduce the termination problem of CTRSs to a
termination problem of unconditional TRSs. (A similar approach was presented
in [Mar96] for decreasingness proofs (instead of left-right decreasingness) by
using a transformation where all conditions of a rule have to be checked in
parallel.) We first prove that any reduction with R can be simulated by R'r.

Lemma 1. Let q,q be terms without if’s. If q —)7'2 q, then g —>7';tr q .
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Proof. There must be a j € IN such that ¢ —>7'§J g (j is the depth of the
reduction). We prove the theorem by induction on the depth and the length of
the reduction ¢ —>£ q (i.e., we use a lexicographic induction relation).

The reduction has the form ¢ -+r p =% ¢ and by the induction hypothesis
we know p — .. ¢ . Thus, it suffices to prove ¢ —>7Jgtr p.

If the reduction ¢ —% p is done with an unconditional rule of R, then the
conjecture is trivial. Otherwise, we must have ¢ = C[lo], p = Clro] for some
context C' and some rule like (3). As the depth of the reductions s;o —rg Lio is
less than the depth of the reduction ¢ —>£ q , by the induction hypothesis we
have s;0 — .. t;0. This implies ¢ —>£“ p. |

Now the desired result is a direct consequence of Lemma [l

Corollary 1 (Left-Right Decreasing of R by Termination of R'). If RY
is terminating, then R is left-right decreasing (and thus, it is also terminating).

Proof. If — g« is well founded, then — e« U and hence, the transitive closure
(—ge U)T are well founded, too. By LemmalT], this relation satisfies all condi-
tions imposed on the relation > in Def. [[] Hence, R is left-right decreasing. 0O

In our example, the conditional rule (2)) is transformed into three additional
unconditional rules. But apart from the if-root symbol of the right-hand side, the
first of these rules is identical to (@). Thus, we obtain two overlapping rules in
the transformed TRS which correspond to the overlapping conditional rules ()
and (Z). However, in the CTRS this critical pair is infeasible [DOS88|, i.e., the
conditions of both rules exclude each other. Thus, our transformation of CTRSs
into TRSs sometimes introduces unnecessary rules and overlap.

Therefore, whenever we construct a rule of the form ¢ — ifg(¢) and there
already exists a rule ¢ — if,,(¢), then we identify if; and if,,. This does not affect
the soundness of our approach, because termination of a TRS where all occur-
rences of a symbol g are substituted by a symbol f with the same arity always
implies termination of the original TRS[ Thus, we obtain the additional rules:

if; (store, m, false) — ifs(store, m, empty(fstsplit(m, app(map_f(self, nil), store)))) (7)
if3(store, m, false) — process(sndsplit(m, app(map_f(self, nil), store)), m) (8)

If termination of a CTRS depends on its conditions, then in general termi-
nation of the transformed TRS can only be shown if one examines which terms
may follow each other in a reduction. However, in the classical approaches based
on simplification orderings (cf. e.g. [Der87ISte95]), such considerations do not
take place. Hence, they fail in proving the termination of ({@)-(B). For this rea-
son, such transformations into unconditional TRSs have rarely been applied for

! This possibility to eliminate unnecessary overlap is an advantage of our transfor-
mation compared to the one of [Mar96], where the transformed unconditional TRSs
remain overlapping. In practice, proving termination of non-overlapping TRSs is
significantly easier, since one may use techniques specifically tailored to innermost
termination proofs, see below.
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termination (or decreasingness) proofs of CTRSs. However, we will demonstrate
that with the dependency pair approach this transformation is very useful.

To verify our original goal, we now have to prove termination of the transfor-
med TRS which consists of (@)-(8), the rules for all auxiliary (library) functions
from Sect. 2] and the (unknown) rules for the unspecified function f. Note that if
an Erlang function is straightforwardly transformed into a TRS, then this TRS is
non-overlapping. Thus, we assume that all possible rules for the unspecified fun-
ction f are non-overlapping as well. Then it is sufficient just to prove innermost
termination of the resulting TRS, cf. e.g. [Gra95]. In order to apply verification
on a large scale, the aim is to perform such proofs automatically. Extending the
dependency pair technique makes this possible.

4 Dependency Pairs

Dependency pairs allow the use of existing techniques like simplification orde-
rings for automated termination and innermost termination proofs where they
were not applicable before. In this section we briefly recapitulate the basic con-
cepts of this approach and we present the theorems that we need for the rest of
the paper. For further details and explanations see [AGI7DJAGIS[/AGI9].

In contrast to the standard approaches for termination proofs, which compare
left and right-hand sides of rules, we only examine those subterms that are
responsible for starting new reductions. For that purpose we concentrate on
the subterms in the right-hand sides of rules that have a defined? root symbol,
because these are the only terms a rewrite rule can ever be applied to.

More precisely, for every rule f(s1,...,8,) = Clg(t1,...,tm)] (where f and g
are defined symbols), we compare the argument tuples s1,...,8, and t1,...,tp.
To avoid the handling of tuples, for every defined symbol f we introduce a
fresh tuple symbol F'. To ease readability, we assume that the original signature
consists of lower case function symbols only, whereas the tuple symbols are
denoted by the corresponding upper case symbols. Now instead of the tuples
S1y..+,8n and t1,. .., ¢y, we compare the terms F(s1,...,8,) and G(t1,...,tm).

Definition 2 (Dependency Pair). If f(s1,...,8,) — Clg(t1,...,tm)] € R
and g 1is defined, then (F(s1,...,8n),G(t1,...,tm)) is a dependency pair of R.
For the rules (@)-(8), (besides others) we obtain the following dependency pairs.

(PROCESS(store, m), IFy (store, m, leq(m, length(store)))) (9)
(IFy (store, m, true), IF2(store, m, empty(fstsplit(m, store)))) (10)
(IFy(store, m, false), PROCESS (app(map_f(self, nil), sndsplit(m, store)),m)) (11)
(IF1 (store, m, false), IF5(store, m, empty(fstsplit(m, app(map_f(self, nil), store))))) (12)
(IF3(store, m, false), PROCESS(sndsplit(m, app(map_f(self, nil), store)),m)) (13)

To trace newly introduced redexes in an innermost reduction, we consider
special sequences of dependency pairs, so-called innermost chains.

2 Root symbols of left-hand sides are defined and all other functions are constructors.
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Definition 3 (Innermost R-chains). Let R be a TRS. A sequence of depen-
dency pairs (si,t1) (s2,ta) ... is called an innermost R-chain if there exists a

substitution o, such that all sjo are in normal form and t;o SR sj410 holds
for every two consecutive pairs (sj,t;) and (sji1,tj41) in the sequence.

We always assume that different (occurrences of) dependency pairs have
disjoint variables and we always regard substitutions whose domains may be
infinite. In [AG97hb] we showed that the absence of infinite innermost chains is
a (sufficient and necessary) criterion for innermost termination. To improve this
criterion we introduced the following graph which contains arcs between all those
dependency pairs which may follow each other in innermost chains.

Definition 4 (Estimated Innermost Dependency Graph). Let CAP(t) re-
sult from t by replacing all subterms with defined root symbols by different fresh
variables. The estimated innermost dependency graph is the directed graph whose
nodes are the dependency pairs and there is an arc from (s,t) to (v, w) iff CAP(t)
and v are unifiable by a mgu p where sy and vy are normal forms. A non-empty
set P of dependency pairs is called a cycle iff for all (s,t), (v,w) € P, there is a
path from (s,t) to (v,w) in this graph, which only traverses pairs from P.

In our example, (besides others) there are arcs from (@) to (IQ) and (I2),

from (@) to (@), from ([@I2) to ([@3), and from both (1) and ([@I3) to (@).
Thus, the dependency pairs ([@)-(I3) form the cycles P, = {(@), @A), @1},
PQ = {@)7(@7(@}7 and P3 = {@,m,(@),@),(@)}. However, (ED—(E)

are not on a cycle with any other dependency pair (e.g., dependency pairs from
the rules of the auxiliary library functions or the unspecified function f, since we
assume that f does not call process). This leads to the following refined criterion.

Theorem 1 (Innermost Termination Criterion). A finite TRS R is in-
nermost terminating iff for each cycle P in the estimated innermost dependency
graph there exists no infinite innermost R-chain of dependency pairs from P.

Note that in our definition, a cycle is a set of dependency pairs. Thus, for
a finite TRS there only exist finitely many cycles P. The automation of the
technique is based on the generation of inequalities. For every cycle P we search
for a well-founded quasi-ordering >p satisfying s >p ¢ for all dependency pairs
(s,t) in P. Moreover, for at least one (s,t) in P we demand s >p ¢. In addition,
to ensure to >p vo whenever to reduces to vo (for consecutive pairs (s,t) and
(v,w)), we have to demand | >p r for all those rules I — r of the TRS that
may be used in this reduction. As we restrict ourselves to normal substitutions
o, not all rules are usable in a reduction of to. In general, if ¢ contains a defined
symbol f, then all f-rules are usable and moreover, all rules that are usable for
right-hand sides of f-rules are also usable for t. Now we obtain the following
theorem for automated? innermost termination proofs.

Theorem 2 (Innermost Termination Proofs). A finite TRS is innermost
terminating if for each cycle P there is a well-founded weakly monotonic quasi-
ordering >p where both >p and >p are closed under substitution, such that

3 Additional refinements for the automation can be found in [AGI7HAGY9)].
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o [ >p 1 for all rules I — 1 that are usable for some t with (s,t) € P,
o s >p t for all dependency pairs (s,t) from P, and
e s>pt for at least one dependency pair (s,t) from P.

Note that for Thm. [l and 2 it is crucial to consider all cycles P, not just the
minimal ones (which contain no other cycles as proper subsets).

In Sect. Bl we presented the rules for the auxiliary functions in our example.
Proving absence of infinite innermost chains for the cycles of their dependency
pairs is very straightforward using Thm. 2 (So all library functions of our TRS
are innermost terminating.) Moreover, as we assumed f to be a terminating
function, its cycles do not lead to infinite innermost chains either.

Recall that ([@)-(I3) are not on cycles together with the remaining depen-
dency pairs. Thus, what is left for verifying the desired property is proving
absence of infinite innermost chains for the cycles Py, Po, P3, where all rules of
the whole TRS are possible candidates for being usable rules (also the rules for
the unspecified function f).

Thm.Rldemands s >p ¢ resp. s >p t for dependency pairs (s, t) on cycles. Ho-
wever for (@)-(T3)), these inequalities are not satisfied by any quasi-simplification
orderingﬁ Thus, the automated proof fails here. Moreover, it is unclear which
inequalities we have to add for the usable rules, since the rules for f are not
given. Therefore, we have to extend the dependency pair technique.

5 Narrowing Dependency Pairs

To prove the absence of infinite innermost chains, for a dependency pair (v, w) it
would be sufficient to demand vo >p wo resp. vo >p wo just for those instantia-
tions o where an instantiated right component to of a previous dependency pair
(s,t) reduces to vo. For example, (1)) only has to be regarded for instantiations o
where the instantiated right component IF5(store, m, empty(fstsplit(m, store)))o
of (I0) reduces to the instantiated left component IFy(store, m, false)o of (II)).
In fact, this can only happen if store is not empty, i.e., if store reduces to the
form cons(h,t). However, this observation has not been used in the inequalities
of Thm. 2 and hence, we could not find an ordering for them. Thus, the idea is
to perform the computation of empty on the level of the dependency pair. For
that purpose the well-known concept of narrowing is extended to pairs of terms.

Definition 5 (Narrowing Pairs). If a term t narrows to a term t wvia the
substitution p, then the pair of terms (s,t) narrows to the pair (sp,t ).

For example, the narrowings of the dependency pair (10) are

(IF1(z,0,true), IF2(x, 0, empty(nil))) [ITk)
(IF1 (nil,s(n), true), IF2(nil, s(n), empty(nil))) (@b)
(IF1(cons(h, t),s(n),true), IF2(cons(h, t),s(n), empty(cons(h, fstsplit(n, t))))). (k)

* Essentially, the reason is that the left-hand side of dependency pair (@) is embedded
in the right-hand sides of the pairs (1) and (I3).



Applying Rewriting Techniques to the Verification of Erlang Processes 105

Thus, if a dependency pair (s, t) is followed by some dependency pairs (v, w)
in an innermost chain and if ¢ is not already unifiable with v (i.e., at least one
rule is needed to reduce to to vo), then in order to ‘approximate’ the possible
reductions of to we may replace (s, t) by all its narrowings. Hence, we can replace
the dependency pair (IQ) by the new pairs (I0a)-(I0c).

This enables us to extract necessary information from the last arguments of
if’s, i.e., from the former conditions of the CTRS. Thus, the narrowing refinement
is the main reason why the transformation of CTRSs into TRSs is useful when
analyzing the termination behaviour with dependency pairs. The number of
narrowings for a pair is finite (up to variable renaming) and it can easily be
computed automatically. The soundness of this technique is proved in [AG99].

Theorem 3 (Narrowing Refinement). Let P be a set of pairs of terms and
let (s,t) € P such that Var(t) C Var(s) and such that for all (renamings of)
(v,w)y € P, the termst and v are not unifiable. Let P result from P by replacing
(s,t) by all its narrowings. If there exists no infinite innermost chain of pairs
from P, then there exists no infinite innermost chain of pairs from P either.

So we may always replace a dependency pair by all its narrowings. Howe-
ver, while this refinement is sound, in general it destroys the necessity of our
innermost termination criterion in Thm. I For example, the TRS with the ru-
les f(s(x)) — f(g(h(z))), g(h(z)) — g(z), g(0) — s(0), h(0) — 1 is innermost
terminating. But if the dependency pair (F(s(x)), F(g(h(z)))) is replaced by its
narrowings (F(s(0)), F(g(1))) and (F(s(x)), F(g(x))), then (F(s(2)), F(g())) forms
an infinite innermost chain (using the instantiation {x/0}).

Nevertheless, in the application domain of process verification, we can re-
strict ourselves to non-overlapping TRSs. The following theorem shows that for
these TRSs, narrowing dependency pairs indeed is a completeness preserving
technique. More precisely, whenever innermost termination can be proved with
the pairs P, then it can also be proved with the pairs P .

Theorem 4 (Narrowing Dependency Pairs Preserves Completeness).
Let R be an innermost terminating non-overlapping TRS and let P, P be as
in Thm. B If there exists no infinite innermost R-chain of pairs from P, then
there exists no infinite innermost R-chain of pairs from P either.

Proof. We show that every innermost R-chain ... (v1,w1) (s ,t) (ve,ws) ... from
P can be transformed into an innermost chain from P of same length. There
must be a substitution ¢ such that for all pairs the instantiated left-hand side is
a normal form and the instantiated right-hand side reduces to the instantiated
left-hand side of the next pair in the innermost chain. So in particular we have

i i
wio =g so and t o —g v20.

We know that (s, t) narrows to (s ,¢ ) via a substitution u. As the variables in
(s, t) are disjoint from all other variables, we may extend o to ‘behave’ like po on

the variables of s and ¢t. Then we have so = suoc = s ¢ and hence, wio —')R so.
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Moreover, by the definition of narrowing, tu —% ¢ . This implies tuoc —g t o

and as to = tuo, we have to »rto #R v9o where vyo is a normal form. As
R is innermost terminating and non-overlapping, it is convergent. Thus, every
term has a unique normal form and hence, repeated application of innermost

reduction steps to to also yields the normal form vs0, i.e., to —')R V90
Thus, ... (vi,w1) (s,t) {(vo,ws) ... is also an innermost R-chain. O

Hence, independent of the technique used to check the absence of infinite
innermost chains, narrowing dependency pairs can never destroy the success of
the innermost termination proof. Moreover, narrowing can of course be repeated
an arbitrary number of times. Thus, after replacing (I0) by ([{0h)-(I0k), we may
subsequently replace (I0a) and ([{0b) by their respective narrowings.

(IF1(x,0,true), IF3(xz, 0, true)) ([Tha)
(IF1 (nil,s(n), true), IF3(nil, s(n), true)) ([ba)

This excludes them from being on a cycle in the estimated innermost depen-
dency graph. Thus, now instead of the dependency pairs (@)-(I3) we consider
@, @0c), @), @), and [@3). A further narrowing of ([I0k) is not necessary
for our purposes (but according to Thm.[4 it would not harm either). The right
component of the dependency pair ([I) unifies with the left component of ()
and therefore, ({I) must not be narrowed. Instead we narrow ().

(PROCESS(nil, m), IF1 (nil, m, leq(m, 0))) @h)
(PROCESS(cons(h,t), m), IF1(cons(h,t), m, leq(m,s(length(t))))) @b)
(PROCESS(store, 0), IF1 (store, 0, true)) @)

By narrowing (I0) to ([{0k), we determined that we only have to regard instan-
tiations where store has the form cons(h,t) and m has the form s(n). Thus, ([@h)
and (@) do not occur on a cycle and therefore, (@) can be replaced by ([@b) only.

As ([I)’s right component does not unify with left components any longer,
we may now narrow ([[I)) as well. By repeated narrowing steps and by dropping
those pairs which do not occur on cycles, (IIl) can be replaced by

(IF5(cons(h, t),s(n), false), PROCESS(sndsplit(n, t),s(n))) ac)
(IF5(cons(h, t),s(n), false), PROCESS(app(nil, sndsplit(n, t)),s(n))) (Idkd)
(IF2(cons(h, t),s(n), false), PROCESS(app(map-f(self, nil), sndsplit(n, t)),s(n))) (11d)

Now for the cycle Py, it is (for example) sufficient to demand that ([Thac),
([Thd), and (IId) are strictly decreasing and that [@b), (I0k), and all usable
rules are weakly decreasing. Similar narrowings can also be applied for the pairs
(I2) and ([@3) which results in analogous inequalities for the cycles Py and Ps.
Most standard orderings amenable to automation are strongly monotonic
path orderings (cf. e.g. [Der87Ste95|), whereas here we only need weak monoto-
nicity. Hence, before synthesizing a suitable ordering, some of the arguments of
function symbols may be eliminated, cf. [AG99]. For example, in our inequalities
one may eliminate the third argument of IF5. Then every term IFa(ty,ta,t3) in
the inequalities is replaced by IF,(t1,%2) (where IF, is a new binary function
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symbol). By comparing the terms resulting from this replacement instead of the
original terms, we can take advantage of the fact that IF; does not have to be
strongly monotonic in its third argument. Similarly, in our example we will also
eliminate the third arguments of IF; and IFs and the first argument of sndsplit.
Note that there are only finitely many (and only few) possibilities to eliminate
arguments of function symbols. Therefore all these possibilities can be checked
automatically. In this way, the recursive path ordering (rpo) satisfies the inequa-
lities for ([Ihac), @), (@dc), for the dependency pairs resulting from () and
([@3), and for all (known) usable rules. However, the inequalities resulting from

([[Thd) and (IIH)

IF,(cons(h,t),s(n)) > PROCESS(app(nil, sndsplit (t)),s(n))
IF,(cons(h,t),s(n)) > PROCESS (app(map_f(self, nil), sndsplit (¢)),s(n))

are not satisfied because of the app-terms on the right-hand sides (as the app-rule
forces app to be greater than cons in the precedence of the rpo). Moreover, the
map_f-term in the inequalities requires us to consider the usable rules correspon-
ding to the (unspecified) Erlang function £ as well.

To get rid of these terms, one would like to perform narrowing on map_f and
app. However, in general narrowing only some subterms of right components is
unsound [l Instead, we always have to replace a pair by all its narrowings. But
then narrowing (IIhd) and (IId) provides no solution here, since narrowing the
sndsplit-subterm results in pairs containing problematic app- and map_f-terms
again. In the next section we describe a technique which solves the above pro-
blem.

6 Rewriting Dependency Pairs

While performing only some narrowing steps is unsound, for non-overlapping
TRSs it is at least sound to perform only one of the possible rewrite stepsl So if
t — r, then we may replace a dependency pair (s, t) by (s, r). Note that this tech-
nique is only applicable to dependency pairs, but not to rules of the TRS. Indeed,
by reducing the right-hand side of a rule, a non (innermost) terminating TRS
can be transformed into a terminating one, even if the TRS is non-overlapping.
As an example regard the TRS with the rules 0 — f(0), f(x) — 1 which is clearly
not innermost terminating. However, if the right-hand side of the first rule is
rewritten to 1, then the resulting TRS is terminating. The following theorem
proves that our refinement of the dependency pair approach is sound.

5 As an example regard the TRS f(0,1) — s(1), f(z,0) — 1, a — 0, and g(s(y)) —
g(f(a,y)). If we would replace the dependency pair (G(s(y)), G(f(a, y))) by only one
of its narrowings, viz. (G(s(0)), G(1)), then one could falsely prove innermost termi-
nation, although the term g(s(1)) starts an infinite innermost reduction.

% Combining narrowing and rewriting is common in normal narrowing strategies to
solve E-unification problems [Fay79[Han94]. However, in contrast to our approach,
normal narrowing is only used for convergent TRSs and instead of performing one
(or arbitrary) many rewrite steps, there one rewrites terms to normal forms.
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Theorem 5 (Rewriting Dependency Pairs). Let R be non-overlapping and
let P be a set of pairs of terms. Let (s,t) € P, lett - r and let P result from
P by replacing (s, t) by (s,r). If there exists no infinite innermost chain of pairs
from P, then there exists no infinite innermost chain from P either.

Proof. By replacing all (renamed) occurrences of (s,t) with the corresponding
renamed occurrences of (s,r), every innermost chain ... (s,t) (v,w)... from P
can be translated into an innermost chain from P of same length. The reason

is that there must be a substitution o with to #R vo where vo is a normal
form. So to is weakly innermost normalizing and thus, by [Gra96a, Thm. 3.2.11
(1a) and (4a)], to is confluent and strongly normalizing. With ¢t —% r, we obtain
to — ro. Hence, ro is strongly normalizing as well and thus, it also reduces in-
nermost to some normal form ¢. Now confluence of to implies ¢ = vo. Therefore,
... {s,ry{v,w) ... is an innermost chain, too. O

The converse of Thm. [f holds as well if P is obtained from the dependency
pairs by repeated narrowing and rewriting steps. So similar to narrowing, rewrit-
ing dependency pairs does not destroy the necessity of our criterion either.

Theorem 6 (Rewriting Dependency Pairs Preserves Completeness).
Let R be an innermost terminating non-overlapping TRS and let P, P be as
in Thm. [A If there exists no infinite innermost R-chain of pairs from P, then
there exists no infinite innermost R-chain of pairs from P either.

Proof. In an innermost chain ... (s,r) (v,w) ... from P | replacing all (renamed)
occurrences of (s,r) by corresponding renamings of (s,t) yields an innermost

chain from P of same length. The reason is that there must be a ¢ with ro %R

vo. Thus, to —g 10 > vo implies to 5 vo by the convergence of R. O

In our example we may now eliminate app and map_f by rewriting the pairs
(IIhd) and (IIH). Even better, before narrowing, we could first rewrite (ITI),
([I2), and [@3). Moreover, we could simplify ([I0kc) by rewriting it as well. Thus,
the resulting pairs on the cycles we are interested in are:

(PROCESS(cons(h,t), m), IFy(cons(h,t), m, leq(m,s(length(t)))))
(IF1(cons(h,t),s(n), true), IFz(cons(h, t),s(n), false))

(IF2(store, m, false), PROCESS(sndsplit(m, store), m))
(IF1(store, m,false), IF3(store, m, empty(fstsplit(m, store))))
(IFs(store, m,false), PROCESS(sndsplit(m, store), m))

gEEEe

Analogous to Sect. Bl now we narrow (), (@2 ), (@3 ), perform a rewrite step
for one of (I2)’s narrowings, and delete those resulting pairs which are not on

any cycle. In this way, ({1), (@2 ), @A) are replaced by

(IF2(cons(h, t),s(n), false), PROCESS(sndsplit(n, t),s(n))) @1 )
(IF1(cons(h, t),s(n), false), IF3(cons(h, t),s(n), false)) @)
(IF3(cons(h,t),s(n), false), PROCESS(sndsplit(n, t),s(n))) @3 )
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By eliminating the first argument of sndsplit and the third arguments of IF;, IFs,
and IF3 (cf. Sect. [H]), we obtain the following inequalities. Note that according
to Thm. 2] these inequalities prove the absence of infinite innermost chains for
all three cycles built from (@b), ([[Qk ), and (@ )-(@3] ), since for each of these
cycles (at least) one of its dependency pairs is strictly decreasing.

PROCESS(cons(h,t), m) > IF,(cons(h,t), m) sndsplit (z) > x

IF 1(cons(h,t),s(n)) > IFy(cons(h,t),s(n)) sndsplit (nil) > nil
F,(cons(h,t),s(n)) > IF5(cons(h,t),s(n)) sndsplit’(cons(h, t)) > sndsplit’(¢)
Fy(cons(h,t),s(n)) > PROCESS(sndsplit’(t),s(n)) [ > r for all rules [ — r
Fs(cons(h,t),s(n)) > PROCESS(sndsplit'(t),s(n))  with root(l) € {leq, length}

Now these inequalities are satisfied by the rpo. The right column contains all
inequalities corresponding to the usable rules, since the rules for map_f and f are
no longer usable. Hence, the TRS of Sect.[3is innermost terminating. In this way,
left-right decreasingness of the CTRS from Sect.[2 could be proved automatically.
Therefore, the desired property holds for the original Erlang process.

7 Conclusion

We have shown that rewriting techniques (and in particular, the dependency
pair approach) can be successfully applied for process verification tasks in indu-
stry. While our work was motivated by a specific process verification problem,
in this paper we developed several new techniques which are of general use in
term rewriting. First of all, we showed how dependency pairs can be utilized
to prove that conditional term rewriting systems are decreasing and termina-
ting. Moreover, we presented two refinements which considerably increase the
class of systems where dependency pairs are successful. The first refinement of
narrowing dependency pairs was already introduced in [AG99], but completen-
ess of the technique for non-overlapping TRSs is a new result. It ensures that
application of the narrowing technique can never destroy the success of such
an innermost termination proof. In fact, our narrowing refinement is the main
reason why the approach of handling CTRSs by transforming them into TRSs
is successful in combination with the dependency pair approach (whereas this
transformation is usually not of much use for the standard termination proving
techniques). Finally, to strengthen the power of dependency pairs we introduced
the novel technique of rewriting dependency pairs and proved its soundness and
completeness for innermost termination of non-overlapping TRSs.

Acknowledgements. We thank the anonymous referees for their helpful comments.
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Abstract. This paper describes a new data structure, difference decision diagrams
(DDDs), for representing a Boolean logic over inequalities of the fermy < ¢

where the variables are integer or real-valued. We give algorithms for manipulating
DDDs and for determining validity, satisfiability, and equivalence. DDDs enable
an efficient verification of timed systems modeled as, for example, timed automata
or timed Petri nets, since both the states and their associated timing information
are representesymbolically similar to how BDDs represent Boolean predicates.
We demonstrate the efficiency of DDDs by analyzing a timed system and compare
the results with the toolKronos andUPPAAL.

1 Introduction

Today model checkind [13] is used extensively for formal verification of finite state
systems such as digital circuits and embedded software. The success of the technique is
primarily due to the use of BDDE][9] for representing sets of and relations over Boolean
variablessymbolically making it possible to verify systems with a very large number
of states. However, if the model contains non-Boolean (e.g., real-valued) variables,
BDDs and other symbolic representations of Boolean predicates are inefficient. As a
consequence, state-of-the-art techniques for analyzing systems with time, modeled for
example as timed automata, are only capable of analyzing systems with a handful of
timers and a few thousand states.

In this paper we consider a Boolean logic extended with difference constraints, i.e.,
inequalities of the formx — y < ¢, wherex andy are integer or real-valued variables and
c is a constant. Difference constraints arise naturally when analyzing systems with time,
expressing relations between the timers in the model, e.g., that the difference between
two timers is within some bound. We call the Boolean logic over difference constraints
for difference constraint expressions given by the following grammar:

pu=r—y<c|-¢|¢ Ay | Tz, @)

wherez,y € Var denote variables and € D denotes a constant. We will allow the
usual derived operators suchas y > ¢, ¢1 V ¢2, andvz.¢. In this paper, the domain
D of the logic is either the real numbeRsor the integerd.

* This work was carried out while the authors were at the Department of Information Technology,
Technical University of Denmark, and was financially supported by a grant from the Danish
Technical Research Council.

J. Flum and M. Rodguez-Artalejo (Eds.): CSL'99, LNCS 1683, pp. 1[13125, 1999.
(© Springer-Verlag Berlin Heidelberg 1999
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123

(a) (b)

Fig. 1. The expression in (2) as (a) anz, y)-plot for = = 0, and (b) a difference decision
diagram.

The main contribution of this paper is a data structure, callfdrence decision dia-
grams (DDDs), for representing difference constraint expressiynsbolically making
it possible to represent the state space of timed systems (and other systems with non-
Boolean variables) efficiently. DDDs represent difference constraint expressions using
a decision tree in a manner similar to the BDD representation of a Boolean expression.
Consider the following expressianoverz, y, z € R:

p=1<z—-2<3AN(y—2>22Vy—z2>0). (2)

Figure[d shows) as an(z, y)-plot for 2 = 0 and the corresponding DDD. Each non-
terminal vertex in a DDD contains a test expressiofa difference constraint) and has
two outgoing edges called the high- and low-branch which are drawn with solid and
dashed lines, respectively. The high-branch is followed wheavaluates to true; the
low-branch wher evaluates to false.

1.1 Related Work

One approach to analyze systems with time or other continuous variables is to make the
dense domains discrete. For example, in a timed model it is assumed that the clocks only
can take integer or rational values. Such a discretization makes it possible to use BDDs
for representing both the state graph and the associated timing informatibn|[2,8,10,11].
However, this way of representing dense domains is often inefficient; the BDD represen-
tation is very sensitive to the granularity of the discretization and to the size of the delay
ranges. Another approach based on BDDs is to have a Boolean variable representing each
constraint, and use an external decision procedure to determine implications among these
variables([[12]. These implications are used to prune the representation of the state space.
The advantage is that any kind of decidable constraints can be used. Our approach can
be seen as a simplified version of this where we take advantage of restricting the types
of constraints to difference constraints and perform reductions on-the-fly.

Several algorithms for analyzing timed automata have been developed. The unit-
cube approach]1l] models time as dense but represents the timing information using a
finite number of equivalence classes. Again, the number of timed states is dependent on
the size of the delay ranges and easily becomes unmanageable. Several recent timing
analysis methods use difference bound matrices (DBMS) [15] for representing the timing
information [7,18,28,28]. In these approaches, a set of DBMs representing the possible
timer configurations is associated with each discrete state of the system. Although DBMs
provide a compact representation of a clock configuration, there are several serious pro-
blems with the approaches based on DBMs: first, the number of DBMs for representing
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the timing information associated with a given state can become very large, secondly,
there is no sharing or reuse of DBMs among the different discrete states, and finally,
each discrete state is represented explicitly, thus these approaches are limited by the
number of reachable states of the system. Several researchers have attempted to remedy
these shortcomings, for example by using partial order methidds|[[6,24,26] or by using
approximate methods|[3,5/27]. Although these approaches do address the first problem,
they are still susceptible to the last two problems since each state is represented expli-
citly. Using DDDs it is possible to combat all three problems since first, unlike DBMs,
DDDs are not limited to representing the timing information as a union of convex sets,
secondly, DDDs represent all states and the associated timing information in a single
shared data structure, and finally, states and the timing information are represented sym-
bolically using difference constraint expressions. Another apprdach [25] suggests using
a partition refinement algorithm for efficient model checking. However, the reported
running times are still exponential.

Based on the initial ideas of this paper, Behrmann et’al. [4] have implemented a
minor variation of DDDs allowing a fanout of more than two (which they call CDDs).
They have shown a significant improvement in memory consumptiairiaar, even
though the experiments in contrast to ours do not use a fully symbolic approach (the
discrete states are enumerated explicitly). Thus, this approach will not be able to handle
the larger instances of the timed system in $éct. 6.

2 Difference Decision Diagrams

The data structuréitference decision diagrams (DDDs) is developed to efficiently re-
present and manipulate difference constraint expressions. Difference decision diagrams
share many properties with binary decision diagrams (BDDs): they can be ordered, they
can be reduced making it possible to check for validity and satisfiability in constant time,
and many of the algorithms and techniques for BDDs can be modified to apply to DDDs.

Definition 1 (Difference Decision Diagram)A difference decision diagra(®DD) is

a directed acyclic grapliV, E'). The vertex se¥’ contains two terminal® and 1 with
out-degree zero, and a set of non-terminal vertices with out-degree two and the following
attributes:

Attribute Type Description

pos(v), neg(v) Var Positive variablez;, and negative variable ;.
op(v) {LE, LEQ} Operator< or <.

const(v) D Constantc.

high(v), low(v) V High-branchh, and low-branch.

The seft contains the edgés, low(v)) and(v, high(v)), wherev € V' isanon-terminal
vertex.

Similar to BDDs, the non-terminal vertices of a DDD corresponds to the if-then-else
operator — ¢1, ¢g defined by

a— 1,00 = (A P1) V (ma A o),
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whereq is a test expression ang, ¢, are difference constraint expressions. However,
unlike BDDs, the test expressianis not a Boolean variable, but a difference constraint
of the formz — y < ¢, where the symbaof represents eithet or <. Each vertew in a
DDD denotes a difference constraint expressiénlf v is a terminal vertex, i.e., either
Oor 1, ¢" is false or true, respectively. Otherwigerepresents the expressioh given

by:

(bv =z; — g c— ¢high(v)7 ¢low(v) 7

wherez; = pos(v), x; = neg(v), S = op(v), ande = const(v). We use the following
notational shorthands:

var(v) = (pos(v), neg(v))
bound(v) = (const(v), op(v)
estr(v) = (var(v), bound(v)).

Adding two boundgcy, 01) and(cz, 02) gives(cy + ¢a, 01 + 02), whereo; + 05 ISLEQ if
botho; ando, areLeqQ andiLE otherwise. Negating a bourid, o) gives(—c¢, —o), where
—LE iS LEQ and—LEQ iS LE. We usev ~» u to denote that the vertexis reachable from
v (i.e., there is a path from to u). The size of a DDy, denotedv|, is the number of
vertices reachable froat that is,|v| = [{u € V : v~ u}|.

2.1 Ordering

To define ordered DDDs, we assume given a total ordexinfthe variables:, . . ., z,
which furthermore must totally order pairs of variab(es,xj)ﬂ We extend this or-
dering to attributes:str(v) of verticesv in a DDD. Constantsconst(v), are orde-
red as usually i, and the two operatorsp(v), are ordered ase <LEQ. Bounds,
(const(v), op(v)) and constraints,var(v), bound(v)), are ordered lexicographically.
For example((xz2, 1), (0,LE))<((x2, 1), (0,LEQ))<((x2,z1), (1,LE)) . We assume
that the two terminal vertices have attributes that are greater than all non-terminals.

Definition 2 (Ordered DDD). An ordered DDD (ODDD) is a DDD where each non-
terminal vertexy satisfies:

1. neg(v) < pos(v),
2. var(v) < var(high(v)),
3. var(v) < var(low(v)) or
var(v) = var(low(v)) and bound(v) < bound(low(v)).

Requirement 1 expresses thatthe pair of variataletv) = (pos(v), neg(v)) = (z;, x;)

of a vertexv is normalized; thatis,z; < x;. This does not restrict what we can represent
with DDDs, because the two variables in a vertex can always be swapped by negating the
bound and swapping the low- and high-branches. We further require in an ordered DDD,

! Pairs of variables can for example be ordered reversed lexicographically, that i5) <

(@i, ) iff x; < o) or (x; = o Awi < x7).
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that either the children of a vertex have variables later in the ordering (requirement 2
and first part of 3) or the variables along the low-branch are identical (second part of 3).
The second part of requirement 3 makes it possible to have multiple tests on the same
pair of variables, which is needed because of the disjunctive abilities of DDDs. The last
two requirements implystr(v) < estr(high(v)) and estr(v) < cstr(low(v)). The

DDD in Fig.[1is an example of an ordered DDD with the ordering = < y extended
reversed lexicographically to pairs of variables.

2.2 Locally Reduced DDDs

Similar to ROBDDs, we define a set of local reduction rules that reduce the size of the
DDD representation.

Definition 3 (Locally Reduced DDD).A locally reduced DDD (R_.DDD) is an ODDD
satisfying, for all non-terminala andwv:

1. D = Z impliesop(v) = LEQ,

2. (estr(u), high(u), low(u)) = (cstr(v), high(v), low(v)) impliesu = v,
3. low(v) # high(v),

4. var(v) = var(low(v)) implieshigh(v) # high(low(v)).

Requirement 2 and 3 are identical to the reduction requirements for ROBDDs. Thus, if we
encode aBoolean variatlleasz; —z; < 0, any Boolean expressionovgr, bs, . . . , by, is
represented in a canonical form using locally reduced DDDs. Requirement 4 ensures that
any two consecutive vertices with the same pair of variables have different high-branches.
This requirement is fulfilled using the following equivalence for ordered DDDs:

r—ySi1a—=h(@—ySsca—hl) =x—ySsca—hl.

3 Construction of DDDs

In this section we present efficient algorithms for manipulating locally reduced DDDs.
For a more detailed description séel[21]. Orderedness ensures that the basic algorithm
for computing the Boolean connectives is polynomial. However, for existential quanti-
fication the situation is different. Although the algorithm in polynomial time computes
the modified and additional constraints, its worst-case running time is exponential since
it needs to regain orderedness.

The algorithms are all based on a functidbfx for creating DDD vertices. The
functionMxk normalizes the two variables and ensures that the created vertex is locally
reduced: Ifz is different fromy, MK((z, y), (¢,0), h, l) returns the identity of a vertex,
equivalent to a vertex with var(v) = (x,y), bound(v) = (c,0), high(v) = h, and
low(v) = L. If z is equal toy, MK returnsO0 if the bound is less tha(0, LeQ), and
1 otherwise. UsingMk as the only function for constructing a DDD ensures that it is
locally reduced. As for BDDMk can be implemented with an expected running time
of O(1).
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Fig. 2. Existential quantification of in (@). (a) An(z, y)-plot of ¢ for z = 0. (b) An (z, y)-plot
of 3x.¢ for z = 0. (c) The DDD for3z.¢.

3.1 Boolean Combination of DDDs

The functionAppLY (0p, u,v) is used to combine two DDDs rooted @iandv with a
Boolean operatasp. AppLyY is a generalization of the version used for ROBDDs, which
is based on the fact that any binary Boolean operagtatistributes over the if-then-else
operator:

(a = h)op(a = h,l) = a%(hop(a —>h,l)),(lop(a —>h,l)). 3)

This equivalence provides a method to combine two DDDs with a Boolean operator.
Reading the equivalence from left to right, we see that we can move the Boolean operator
down one level in the DDD. If we continuously do so until both argumenigpcdre0
or 1, we can evaluate the expression and return the appropriate result.

If the two pairs of variables are equal, we can simpliy (3):

a = (hoph),(lop(a—h,l)) ifa<a,
(o= hl)op(a—=h,l)=¢a —(hoph),(lopl) ifa=a, (4)
a = (hoph),(a—=hl)opl) fara.

Together,[(B) and{4) yield the algorithApprLy: We use[(B) wherjz,y) < (z ,y ) or
(z,y) = (x,y ) and [4) when(z,y) = (x,y ). UsingMK to construct new vertices
and applying dynamic programming, the runtimeofeLy is the same as the ROBDD
version, that isO(|ul|v|).

3.2 Quantifications

Since the domain of the variables is infinite, quantification is more complicated than the
binary Boolean connectives. Based on the Fourier-Motzkin method [16], we perform an
existential quantification of a variablein a DDD rooted at: by removing all vertices
reachable from: containingz, but keeping alimplicit constraints induced hy among
the other variables. For example, quantifying in the expression given in (2) yields
Jx.¢ =y — z > 1, see Fig[R. Here, the constraint- z > 1 does not occur explicitly
in ¢, but implicitly because of — x > 0 andx — z > 1.

To computedz.(z; — z; S ¢ — h, 1), we consider two cases: ifis different from
bothz; andz;, we can push down the quantifier one level in the DDD:

dz.(x; —z; Sc—hl) = zj—z; Sc— Jzr.h, 3zl if o & {z;,z,}.
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If = is equal tax; or z;, werelaxall paths ink and! with 2; — z; < candz; —x; > ¢,
respectively, and combine the results with disjunction:

Jz.(z; —x; < c— h,l) = JzReLax(h, z,z; —xz; < ¢)
V 3z RELAX(l, 2, z; — x; < —c) if € {z;,z,}.

If z is equal toz;, relaxation of a patlp with a constraint:; — z; < ¢ consists of
adding a new constraint; — z; < ¢+ ¢ top for each constraint, — z; < ¢ in pA
The case where is equal tax; is symmetric. In worst case, each relaxation generates
a quadratic number of new constraints. Thus, a conservative bound on the number of
added constraints in an existential quantificationu is O(|u|?) because each vertex
in u is relaxed once. However, to maintain orderedness these new constraints cannot be
added where they are discovered through calMkobut need to be added through calls
to AppLy. The repeated calls tappLy imply that the running time ofiz.u is worst-case

exponential.

3.3 Assignment and Replacement

The operations ohissignment and replacement are often used in verification. After
performing anassignment ¢[x + y + c| the variablez is given the value of another
variabley plus a constantin the expressio. Whenz # y, performing an assignment
corresponds to removing all explicit boundsagrand then updating with a new value.
The assignment operatiahz < y + ] is therefore performed as:

plr—y+c=Cxd)AN(x—y=rc) if v #y.

If x is equal toy, an assignment corresponds to incrementiry the valuec. In these
cases, the assignment is performed in linear time by adjusting the constants of all vertices
containing the variable.

The replacement operatorg[y + ¢/x] syntactically substitutes all occurrencesrof
in ¢ with another variableg plus a constant. When the two variables are different, a
replacement is performed as:

dly+c/z] =Tz (A (x —y =) ifx#y.

If z is equal toy, the replacement|x + d/x] is defined a®[t/z][x + d/t], wheret is
a variable different fromx and not occurring ip.

We can avoid the quantification by performing the replacemént- ¢/x] directly
on each vertex i by replacing all occurrences efwith y + ¢. This is advantageous
whenz andy are neighbors in the variable ordering (this is often the case in model
checking), since replacement then can be performed in linear time.

2 n terms of the constraint graph [14, p. 541] definedhyrelaxation withz; — z; < ¢
corresponding to an edge fram to x; creates a new edge fram to z; with weightc + ¢’ for
each edge from; to z; with weightc’ (i.e., the edge fronz; to = is now explicit, not implicit
via x;).
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4 Path Reduced DDDs

The previous section describes algorithms for constructing locally reduced DDDs. Ho-
wever, locally reduced DDDs are not a canonical representation of difference constraint
expressions. In this section we show how to remove some of the redundant constraints
in a path, making the representation semi-canonical. In a semi-canonical representa-
tion, there is exactly one DDD for a tautology (the termitipand exactly one DDD

for an unsatisfiable expression (the termi@alThus, with semi-canonical DDDs it is
straightforward to test for validity, satisfiability, and equivalence (after usirrgy with

a biimplication).

4.1 Paths and Semi-canonical DDDs

A pathin a DDD corresponds to a conjunction of difference constraints or negated
difference constraints (whenever the path follows a low-branch). Since the negations
always can be removed by swapping the variables, changing the comparison operator,
and negating the constant, a path corresponds to a conjunction of difference constraints,
also called aystem of difference constraints [14, Sect. 25.5]. We denote the system of
difference constraints induced by a pathy [p]. A pathp is defined to befeasible if the
corresponding system of difference constraints has a feasible solution. If the constraint
system has no solution, the pathigeasible.

Definition 4 (Path-reduced DDD) A path-reduced DDD (ReDDD) is alocally reduced
DDD where all paths are feasible.

Paths ending at the terminalsand 1 are calledO-paths andl-paths, respectively. If

a DDD has no infeasibl®-paths andl-paths, then it has no infeasible paths because
a feasible constraint system will still be feasible if we remove some of the difference
constraints from it. So if ald-paths and.-paths in a DDDu are feasible, then is path
reduced. For BDDDs it is straightforward to decide satisfiability and validity:

Theorem 1 (R-DDDs are semi-canonical)ln an R-DDD, the terminal verteA is the
only representation of a tautology and the terminal vefes the only representation
of an unsatisfiable expression.

Proof. We show that ifv is a non-terminal in a path reduced DDD, thenepresents
neither a tautology nor an unsatisfiable expression. Becauseath reduced, it is
also locally reduced, so all verticesreachable fromv satisfy low(u) # high(u).
Furthermore, becauseis a non-terminal vertex in an (acyclic) ordered DDD, there
exists some vertex reachable fromv that haslow (v ) = 0 and high(u ) = 1 or
low(u) = 1 andhigh(u) = 0. Consequently, bot® and 1 are reachable from.
Let p be someO-path fromwv. Per definition of path reducedness, we know fhét
feasible. This implies that there exists a variable assignment satighfimgeaning that
there exists a falsifying variable assignmentd#of hus,v cannot represent a tautology.
Similarly, because there is a feasifilpath fromo, v is satisfiable. O
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4.2 Reduce
An algorithm for making a DDD rooted at path reduced is:

1 PATHREDUCE(u) = REDUCE(u, (u))

2 where REDUCE(v, p) =

if [p] is infeasiblethen return L

4 elsifv € {0,1} thenreturn v

5 elseh + REDUCE(high(v),p (high(v)))
6 l < REDUCE(low(v), p~(low(v)))
7
8
9

w

if [ # 1L andh # L then return Mx(var(v), bound(v), h,1)
elsif h # 1 then return h
else return!

The operatof denotes path concatenation. The funciemuck(v, p) returnsL if and

only if the pathp is infeasible. Clearly, ifp is infeasible,REpucE(v, p) returns_L in

line 3. On the other hand, jf is feasible, it is simple to see that eitheT (high(v))

or p~(low(v)) is feasible, and thuREDUCE(v, p) cannot returnL in line 9. Hence,
REDUCE(v, p) = L if and only if p is infeasible.

The correctness oPATHREDUCE then follows from the following observation: if
eitherh = 1L orl = 1 inlines 5 and 6, the vertex can be removed. To see this,
let [p] denote the system of difference constraints corresponding to they @atti let
a = cstr(v) denote the difference constraint of vertexAssume = L, i.e., the path
p(low(v)) is infeasible, and thug] A —« = false Then,

[l A= ([p] A ) v ([p] A —e) = [p] A (v =) = [p].

It follows from a symmetric argument that the vertegan be removed it = L.
Let us consider a small example. Figlire 3 shows gD for the expression

p=x—2>0Vy—2<0Vy—xz=>0. (5)

The 0-path corresponds to the system of difference constrairts < 0, z — y < 0,
andy — x < 0, which has no feasible solution. Thus, if we cBATHREDUCE on the
root vertex, thRepuce-call on the vertex containing — = < 0 returnsl, and because
of the third local reduction requirement the result is the terminal
There are several algorithms for determining whether a system of difference con-
straints is feasible. Two well-known ones are Floyd-Warshall’'s algorithm and Bellman-
Ford’s algorithm[[14], which both have worst-case running tirtgs?), wheren is
the number of variable®aTHREDUCE(::) enumerates all paths im and because the

(b)

Fig. 3. The expressiog from (5) as (a) a locally reduced DDD, and (b) a path reduced DDD.
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number of paths can be exponential in the size,dhe complexity oPATHREDUCE (u)

is O(2/“In3). PATHREDUCE can be improved by using a faster algorithm to determine
feasibility of a path, and by reusing the result of the feasibility check in the two recursive
calls. These optimizations can be realized byimmemental version of the Bellman-
Ford algorithm, but although these optimizations in practice improve the performance
of PATHREDUCE, they do not improve on the worst-case runtime.

As shown in Theorerl1, it is straightforward to determine whether a path reduced
DDD represents a tautology and whether it is satisfiable. However, in practice it is often
more efficient to search for a counterexample when checking for validity or satisfiability.
For instance, when checking for validifaTHREDUCE can be modified to stop (and
reportfalse) if a feasibleO-path is found. Similarly, when checking for satisfiability, the
algorithm can stop (and repdrte) if a feasiblel-path is found. This approach also leads
to a practical algorithm for finding a satisfying variable assignment, cAlletBaT. The
algorithm searches for a feasitdlepath and if one is found, the corresponding system
of difference constraints is solved, yielding a satisfying assignment.

5 Fully Reduced DDDs

The reductions ensuring local and path reducedness are quite powerful. As an example
consider the two sets built from nine triangles as shown in[Fig] 4(a). They each contain
nine convex regions representable by 15 non-terminal DDD vertices using the ordering
(z,2) < (y,2) < (y,x). Computing the disjunction of the two sets usiepLy results
in the 3 x 3-square represented with only four non-terminal vertices in pgDD.
As another example consider the nine sets shown in[Fig] 4(b). Combined they yield
a simple convex square although no two sets together form a convex region. Using
difference bound matrices similar powerful reductions are very expensive to obtain.
However, path-reducedness is not enough to ensure a canonical representation. As an
example, consider the three path-reduced DDDs ofiFrig. 5 which all represent the same
triangular area shown in Fig. 5{d). Local and path reductions are too weak to identify
them. One problem (shown in Fig. 5(a)) is that the constraints may contain a certain
amount of slack. For instance, the constraint = > 0 could be tightened to — z > 2
without changing the semantics. To avoid this kind of slack we introduce a notion of a
path beingight which strengthens the notion of path reducedness.
To introduce tightness we need to distinguish the dominating constraints in a path.
Formally, a constraint; — xz; < c is dominatingin a pathp if all other constraints
z;—x; S c onthe same pair of variablespnare less restrictive, i.€¢, <) < (¢, S ).

r~

(@) (b)

Fig. 4. Disjunctions of complex sets can reduce to simpi®BDs.
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Fig. 5. Three RDDDs representing the same set (all plots arexfer 0).

Non-dominating constraints occur only in paths that through low-edges pass through
several vertices with constraints on the same pair of variables.

Definition 5 (Tightness).A dominating constraint = x; —x; < cistightin afeasible
path [p] = [p1] A a A [pe] if for all tighter constraints(c , <) < (¢, <), the systems
p1] A (zs —z; S ¢) A [p2] and [p] have different solutions. A pathis tight if it is

feasible and all dominating constraints on it are tight. ArD®D w is tight if all paths
fromu are tight.

From the definition it is clear that tightness generalizes path reducedness since any
tight DDD is also an RDDD. Hence, Theorein 1 implies that it is trivial to determine
satisfiability and validity of tight DDDs.

Adding tightness as a condition prevents the existence of the DDD ifi Fig. 5(a). A
DDD can be made tight by enumerating all paths, for each path solve the associated
system of difference constraints, replacing the bounds of the constraints by the bounds
from the solution, and finally combine all the tight paths by disjunction usirery.

Hence, the DDD (a) will get reduced to the DDD (b).

Tight DDDs are still not canonical due to implicit constraints that arise as conse-
guences of the constraints in the vertices. The solution set will not depend on how many
of these implicit constraints are made explicit but the resulting DDDs will be different.
To remove this arbitrariness, we add these implicit constraints to the DDD:

Definition 6 (Saturation). A tight pathp from an RDDD is saturatedf for all con-
straintsa not onp, if « is added tg either (1)« is not dominating and tight, or (2) the
constraint systenp:] A -« is infeasible, wherfp] is written [p] = [p1] A [p2] with all
constraints orp; smaller thanx with respect to< and all constraints oms larger than
«. An RDDD u is saturatedf all paths fromu are saturated.

Saturation can be obtained by making as many implicit constraints as possible explicit
withoutintroducing any infeasible pathsinthe DDD. As an example, the DDD ififig. 5(c)
will be saturated into the DDD in Fifl 5(b). However, tight and saturated DDDs are still
not canonical. Figurél6 shows an example of two tight, saturatdDRs that are
equivalent. Intuitively, the problem is that the vertex with the constraintz < 0

is redundant, since the solution set is the areaz > 1,y — z > 1. To detect such
situations, a further check is necessary:
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Fig. 6. An example where the mergeability test is necessary to merge two paths into one, making
the top constraint redundant (all plots are for 0).

Definition 7 (Disjunctive vertex). Let p be a path leading to the vertexin a DDD,
and assumer = cstr(u), h = high(u), andl = low(u). Thenu is disjunctive inp if
[p] A (a — h,l) and[p] A (h Vv 1) have the same set of solutions.

This leads us to the following definition and accompanying conjecture:

Definition 8 (Fully reduced DDD). An R-DDD u is a fully-reduced DDD(R-DDD)
if it is tight, saturated, and has no disjunctive vertices.

Conjecture 1 (Canonicity)f « andv are R=DDDs with the same set of solutions then
U = 7.

Asitisillustrated by the above discussion, canonicity is rather difficult to obtain in DDDs.
This is quite unlike the situation for BDDs, where local reductions and a total ordering
of the variables is enough to obtain it. The reason is that in DDDs there are non-local
dependencies among the various constraints giving rise to not only untight constraints
but also implied constraints that may or may not be explicitly present. Pragmatically, the
lack of canonicity of path-reduced DDDs might not be a problem. The main benefit of
the canonicity of ROBDDs is that the questions of equivalence, satisfiability, and validity
are trivial to answer. However, as pointed out in Theokém 1, satisfiability and validity
is trivial for path-reduced DDDs and even for local-reduced DDDs the questions can
be solved by a simple on-the-fly search for feasible paths. The crucial issue is whether
the representation during computations stay compact which can occur with just a semi-
canonical representation.

6 Experimental Results

DDDs can be used to analyze timed system efficiently by representing sets of discrete
states and their associated timing information implicitly. The DDD algorithmsimplement
all operations necessary for analyzing general systems with time such as timed guarded
commands([17], timed automata [1] or timed Petri nets [7].
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Table 1. Experimental results for Milner's scheduler with (a) one clock using the bounds
[H', H*] = [25,200], and (b) one clock per task using the bouh#s, H"] = [25,200] and

[T', T"] = [80,100]. The first column shows the number of cyclers, and the following three co-
lumns show the CPU time (in seconds) to build the reachable state spac&rsings (ver. 2.2b),
UppaAL (ver. 2.17), and DDDs, respectively. The results were obtained on a Pentium Il PC with
64 MB of memory. A —' denotes that the analysis did not complete within an hour.

Kronos|UppaaL| DDD Kronos|UppaaL| DDD

8 —|2460.2| 0.6
—| 35.0 16 - N
1 —| 138.4] 0.2 32 - -
11 —| 529.8] 0.2 64 - —| 317
12 —|2560.7] 0.3 128 — —| 217.3
16 - — 05
32 - - 22 (b)
64 - - 159
128 - —| 123.3
256 — —|1104.8

~~

a)

In [22] we show how to analyze two different timed versions of Milner’s scheduler.
Milner’s scheduler([20] consists a¥ cyclers, connected in a ring, that cooperate on
controlling N tasks. The two versions of Milner’s scheduler are simple, regular and
highly concurrent systems, and they illustrate the advantages of a symbolic approach
based on difference decision diagrams. With an implementation based on DDDs, the
runtimes for computing the reachable state space are several orders of magnitudes better
than those obtained with two state-of-the-art to&lgpnos [28] andUppaaL [19].

In the first version we use a clod to ensure that a cycler passes the token on to
the following cycler within a bounded amount of tim&*, H*]. Table[1(a) shows the
runtimes to build the reachable state space for increaSinghe number of discrete
states in this version of Milner’s scheduler is exponentid/isince a task can terminate
independently of the other tasks. Thus, state space exploration based on enumerating all
discrete states as ldppaaL andKronos only succeeds for small systems. The DDD-
based approach represents discrete states implicitly yielding polynomial runtimes.

In the second version of Milner’s scheduler we use a clBdbr each task to ensure
that it terminates within a certain bourf@, 7“] after it is started. Tablg] 1(b) shows
the runtimes to build the reachable state space for incredgirgain, the runtimes of
Kronos andUppPAAL are exponential iV, while using the DDD data structure results
in polynomial runtimes. The problem fadroNos andUppaAL is the large number of
clock variables which is handled in the DDD-based approach by eliminating unused
clocks from the representation (i.e., we quantify dutvhenever task; terminates).

7 Conclusion

The problem addressed in this paper is how to efficiently represent and manipulate a
Boolean logic over integer- or real-valued inequalities of the fermy < c¢. We have
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proposed a data structure inspired by BDDs for representing the expressions from the
logic as a decision diagram in which the test conditions are difference constraints.

Introducing an ordering of the constraints makes it possible to extendther
algorithm for ordered BDDs to ordered DDDs without changing its runtime complexity.
However, since the domain of the variables in the logic is infinitary, other operations
such as existential quantification, are more difficult than for BDDs. For ordered DDDs,
these algorithms are basically polynomial, but they become exponential due to the orde-
ring requirement. Another complication is that there are implicit constraints among the
variables causing the DDD data structure to be non-canonical even when local reduc-
tions are used. A first step towards canonicity is to eliminate all infeasible paths. Such a
path-reduced DDD can be tested for validity and satisfiability in constant time. However,
semantically equivalent DDDs may still have different representations. We have defined
several additional restricting conditions which we conjecture will result in canonical
DDDs. It is clearly difficult to obtain an efficient canonical representation. Although
canonicity would be intriguing to obtain and allow one to check for equivalence in con-
stant time, it is not necessarily desirable in practice. A canonical representation will not
necessarily be more compact than a non-canonical representation and the equivalence
check can be performed as a validity check.

Boolean variables can be modeled as difference constraints, making it possible to
combine Boolean, continuous, and integer variables within a single data structure. All
operations on the Boolean variables in the DDD are performed as efficiently as with
BDDs. One use of combining Boolean and real-valued variables is in constructing the
set of reachable states for a concurrent timed system. The effectiveness of the data
structure and associated algorithms is demonstrated by analyzing two timed versions
of Milner’s scheduler for which the set of reachable states are computed in polynomial
time using DDDs, while the toolKronos andUppaaL both take exponential time.

One path that could be taken when extending the results of the paper would be to
generalize the difference constraints to linear inequallfi¥’s, a;z; < c ordered by a
total ordering. The basic data structure andAlrery algorithm would be unchanged. In
the existential quantification the only change iRimLAx, wherez is isolated and new
inequalites are obtained by substituting the inequalityzfoln eliminating infeasible
paths, a general linear programming solver must be used, e.g, the simplex algorithm.

References

1. R.Alur and D. Dill. The theory of timed automata. Real-Time: Theory in Practic& NCS
600, pages 28-73. Springer-Verlag, 1991.

2. E. Asarin, M. Bozga, A. Kerbrat, O. Maler, A. Pnueli, and A. Rasse. Data-structures for the
verification of timed automata. limt. Workshop on Hybrid and Real-Time Systé®97.

3. F. Balarin. Approximate reachability analysis of timed automataReéal-Time Systems
Symposiunpages 52-61. IEEE, 1996.

4. G.Behrmann, K. G. Larsen, J. Pearson, C. Weise, and Wang Yi. Efficient timed reachability
analysis using clock difference diagrams. Technical Report 99/105, Uppsala Univ., 1999.

5. W. Belluomini and C. J. Myers. Efficient timing analysis algorithms for timed state space
exploration. Innt. Symposium on Advanced Research in Asynchronous Circuits and Systems
April 1997.



10.

11.

12.

13.

14.

15.

16.
17.

18.
19.
20.
21.

22.

23.

24.

25.

26.

27.

28.

Difference Decision Diagrams 125

W. Belluomini and C. J. Myers. Verification of timed systems using POSETE€omputer
Aided Verfication (CAV)June 1998.

. B.Berthomieu and M. Diaz. Modeling and verification of time dependent systems using time

Petri nets|EEE Transactions on Software Engineeriig(3):259-273, 1991.

. M. Bozga, O. Maler, A. Pnueli, and S. Yovine. Some progress in the symbolic verification of

timed automata. I€omputer Aided VerificatiQgikNCS 1254, pages 179-190, 1997.

. R. E. Bryant. Graph-based algorithms for Boolean function manipuldi&®E Transactions

on ComputersC-35(8):677—691, 1986.

J. R. BurchTrace Algebra for Automatic Verification of Real-Time Concurrent Systehi3
thesis, Carnegie Mellon, August 1992.

S. V. Campos, E. Clarke, W. Marrero, M. Minea, and H. Hiraishi. Computing quantitative
characteristics of finite-state real-time systems.Rkarl-Time Systems Symposipages
266-70. IEEE, December 1994.

W. Chan, R. Anderson, P. Beame, and D. Notkin. Combining constraint solving and sym-
bolic model checking for a class of systems with non-linear constrainiSoinputer Aided
Verification pages 316-27, 1997.

E.M. Clarke and E.A. Emerson. Design and synthesis of synchronization skeletons using
branching time temporal logic. Mlorkshop on Logics of ProgramsNCS 131, pages 52—

71. Springer-Verlag, 1981.

T. Cormen, C. Leiserson, and R. Rivdstroduction to AlgorithmsMIT Press, 1994.

D. L. Dill. Timing assumptions and verification of finite-state concurrent systermsuttn

matic Verification Methods for Finite State Systeb$CS 407. Springer, 1989.

J.B.J. Fourier. Second extrait. Qeuvrespages 325-328, Paris, 1890. Gauthiers-Villars.
T.A. Henzinger, Z. Nicollin, J. Sifakis, and S. Yovine. Symbolic model checking for real-time
systemsInformation and Computatiqril11(2):193-244, 1994.

K. G. Larsen, P. Pettersson, and W. Yi. Model-checking for real-time systei@snference

on Fundamentals of Computation ThedNCS 965, pages 62—88, August 1995.

Kim G. Larsen, Paul Pettersson, and WanglfiraaL in a nutshell.Springer International
Journal of Software Tools for Technology TransfHi1+2), 1997.

Robin Milner.Communication and Concurrencirentice Hall, 1989.

J. Mgller, J. Lichtenberg, H. R. Andersen, and H. Hulgaard. Difference decision diagrams.
Technical Report IT-TR-1999-023, Department of Information Technology, Technical Uni-
versity of Denmark, Building 344, DK-2800 Lyngby, Denmark, February 1999.

J. Mgller, J. Lichtenberg, H. R. Andersen, and H. Hulgaard. Fully symbolic model checking
of timed systems using difference decision diagramsFLpnC’99 Workshop on Symbolic
Model CheckingJuly 1999. Available from the Electronic Notes in Theoretical Computer
Science repositorfittp: //www.elsevier.nl/locate/entcs.

T. G. Rokicki.Representing and Modeling Digital CircuitBhD thesis, Stanford University,
1993.

T. G. Rokicki and C. J. Myers. Automatic verification of timed circuits. In D. L. Dill, editor,
Computer Aided Verification (CAMINCS 818, pages 468—480, 1994.

R. L. Spelberg, H. Toetenel, and M. Ammerlaan. Partition refinement in real-time model
checking. InProceedings of FTRTFT'9®ages 143-57, 1998.

E. Verlind, G. de Jong, and B. Lin. Efficient partial enumeration for timing analysis of
asynchronous systems. ACM/IEEE Design Automation Conferend®96.

H. Wong-Toi and D.L. Dill. Approximations for verifying timing properties.Tiheories and
Experiences for Real-Time Systems Developriéotid Scientific Publishing, 1994.

S.Yovine. Kronos: A verification tool for real-time syster@pringer Int. Journal of Software
Tools for Technology Transfet(1/2), October 1997.



Analysis of Hybrid Systems: An Ounce of
Realism Can Save an Infinity of States*

Martin Franzle**

Department of Computer Science
Carl-von-Ossietzky Universitdt Oldenburg
P.O. Box 2503, D-26111 Oldenburg, Germany

Abstract. Hybrid automata have been introduced in both control en-
gineering and computer science as a formal model for the dynamics of
hybrid discrete-continuous systems. In the case of so-called linear hy-
brid automata this formalization supports semi-decision procedures for
state reachability, yet no decision procedures due to inherent undecid-
ability [4]. Thus, unlike finite or timed automata, already linear hybrid
automata are out-of-scope of fully automatic verification.

In this article, we devise a new semi-decision method for safety of lin-
ear and polynomial hybrid systems which may only fail on pathological,
practically uninteresting cases. These remaining cases are such that their
safety depends on the complete absence of noise, a situation unlikely to
occur in real hybrid systems. Furthermore, we show that if low proba-
bility effects of noise are ignored akin to the way they are suppressed in
digital modelling then safety becomes fully decidable.

Keywords: Hybrid Systems, Verification, Decision Procedures

1 Introduction

Hybrid systems consist of interacting discrete and continuous components. Most
embedded systems belong to this class of systems, as they operate within tightly
coupled networks of both types of components. Consequently, integration of
discrete and continuous reasoning within a single formal model has recently
attracted much interest. The hope is that such combined formalisms may ulti-
mately help in developing real embedded systems.

Among such formalisms, the automata-based ones provide the most immedi-
ate prospect for mechanization. Roughly, hybrid automata can be characterized
as a combination of finite automata whose transitions are triggered by predicates
on the continuous plant state with a description of the evolution of the continuous
plant. The latter consists of a set of real-valued variables that are governed by
sets of syntactically restricted differential (in-)equations from which a currently
active set is selected depending on the current automaton state. Mechanization
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of hybrid-automaton verification has partly become true, as e.g. the HYTECH
tool [3] supports among others a semi-decision procedure for state reachability in
linear hybrid automata, which can — at least in principle, if complexity does not
become prohibitive — be used for effectively falsifying safety properties. How-
ever, as state reachability has been shown to be undecidable for linear hybrid
automata [4], the complementary problem, i.e. verifying a safety property by
showing that no undesirable state may ever be reached, cannot always be done
effectively.

However, it is illustrating to take a closer look at the proof technique used
in [4] for showing undecidability of state reachability in linear hybrid automata.
The core machinery is an instantiation of the following proof pattern:

Effectively encode two-counter machines by hybrid automata, represent-
ing the counter values by two continuous variables of bounded range. E.g.,
by variables of range [0, 1] through the embedding € defined as (k) = 27*.

Although the results thus obtained are formally correct and absolutely well-done,
their relevance to the practical design problems hybrid automata are intended
to cover is questionable. The encodings used (e.g. €) encode infinite information,
namely the set of natural numbers, within a compact interval of continuous
states, whereas the ubiquity of noise limits the information content encodable
by any bounded continuous variable encountered in real hybrid systems to a finite
value. Hence, on simple information-theoretic grounds, the undecidability results
thus obtained can be said to be artefacts of an overly idealized formalization.

However, while this implies that the particular proof pattern sketched above
lacks physical interpretation, it does not yield any insight as to whether the
state reachability problem for hybrid systems featuring noise is decidable or
not. We conjecture that there is a variety of realistic noise models for which
the problem is indeed decidable. Within this article, we demonstrate this on a
very simple model of noise, which we combine with a pragmatic attitude towards
thresholds for noise being considered relevant. In Sect. 3] we devise a new decision
method that is able to decide safety for those hybrid automata where safety
does not depend on the complete absence of noise, i.e. which, if not unsafe, can
tolerate some amount of noise without becoming unsafe. Furthermore, Sect.
shows that the aforementioned decision method can cope with arbitrary hybrid
systems whenever low-probability effects of noise are neglected. A technical side-
condition for both results is that the safety region or the continuous state space
of the hybrid automaton be bounded or — which is slightly more general — has
strongly finite diameter (cf. Def. [[l) wrt. an arbitrary metrics.

Related work. To the best of our knowledge, dynamics of hybrid automata under
noise has so far only been analyzed for the subclass of timed automata, where
two fundamentally different models of the “robust”, noise-resistant behaviour
of timed automata have been proposed by Gupta, Henzinger, and Jagadeesan
[2] and by Puri [6] (both reports do, however, sketch generalizations to hybrid
automata). While in the former line of work, the idealized behavioural model
of timed automata is essentially kept and only filtered a posteriori by removing
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accepted and adding rejected trajectories that are isolated wrt. some topology
on trajectories, the latter is more akin to our approach in that it models the
impact of noise (i.e. clock drift, if only timed automata are dealt with) as a
widening of the transition relation and defines the reachable states as those that
are reachable under arbitrarily small positive noise.

2 Hybrid automata

We start our investigation by providing a formalization of hybrid automata. The
class of hybrid automata we will deal with goes beyond linear hybrid automata
in that we will allow polynomial (instead of only linear) activities and polyno-
mial (instead of linear) predicates for state invariants, transition guards, and
transition effects. The reasons for adopting a more general class than usual are
twofold. First, all our results can be shown for this more general class without
any extra effort. Second, all definitions, statements, and proofs concerning this
class of hybrid automata are more compact as no need to keep state invariants
separate from activity predicates and transition guards separate from transition
effects arises. Instead, every state and transition can be described by just one
polynomial predicate, formalised through the first-order logic over the real-closed
field, denoted FOL(IR, +, X) in the remainder.

Therefore, within this article, a (polynomial) hybrid automaton of dimension-
ality d (d € IN) is a six-tuple

(27 X, (aCta)aeE, (tra'nsoﬂa’)o,a'/EZa (initia’lo)aeza (SGfeg)aeE) )

where X' is a finite set, representing the discrete states, and x = (x1,...,2q) is
a vector of length d of variable names, the continuous variables of the hybrid
system (acty)oey is a X-indexed family of formulae from FOL(IR, +, x) with
free variables §, X, representing the continuous activities and corresponding state
constraints, and (transy— ¢ )e,o7cx a doubly X-indexed family of formulae from
FOL(RR, +, x) with free variables §, X, representing the discrete transitions and
their guarding conditions. Finally, (initial,),es and (safe,),ecx are X-indexed
families of formulae from FOL(IR, +, x) with free variables x representing the
initial and the safe states of the hybrid automaton.

The interpretation is as follows:

— An activity predicate act, defines the possible evolution of the continuous
state while the system is in discrete state o. Hooked variable names in the
predicate refer to the values of the corresponding system variables beforethe
activity, while undecorated variable names refer to the values thereafter. A
satisfying valuation I of its free variables §,X is interpreted as: if the
system is in state o and its continuous variables have values I then the
continuous variables may evolve to I while staying in state o.

! Here and in the following, we use the convention to print vectors of variables or
constants in boldface. All these vectors have length d.
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Note that this single predicate thus generalizes both the state invariants and
the activity functions of classical hybrid automata. E.g. the activity predicate

HAt.15+3><At§x/\x<;+5><At/\4<x/\x§10

encodes both the linear activity & € [3,5) and the state invariant x € (4, 10].

— A transition predicate trans,_ .+ defines when the system may evolve from
state o to state ¢’ by a discrete transition (i.e., it specifies the transition
guard) and what the effect of that transition on the continuous variables is.
A satisfying valuation I . of its free variables ;, X is interpreted as: if the
system is in state o and its continuous variables have values I then the
system may evolve to state ¢’ with its continuous variables taking the new

values I.
Assignments as present in hybrid automata are simple to represent in this
framework: e.g. for a hybrid system with continuous variables (z1, ..., xg) the

assignment z7 := 5 (where all other continuous variables are left unchanged)
is encoded by the predicate z7 = 5 A /\ie{l,...,6,8} Z; :.’lb_i. Accordingly, guards
are simply encoded through predicates over the hooked variables: e.g. the
guard x3 > 11 is represented by x3> 11. A transition with guard zz > 11
and assignment x7 := 5 is thus encoded by the predicate

3> 11N w7 =5 N Nicqa,. 6.8y Ti =i

Multiple different transitions between the same state pair can be represented
by disjunction of their encodings.

It should be noted that there is no strict need to distinguish between activities
and transitions in FOL(IR, +, x). This is just a matter of convenience for the
further development.

Dynamic behaviour. During execution, hybrid automata engage in an al-
ternating sequence of discrete transitions and evolution phases, where the con-
tinuous variables evolve according to an activity. Hence a (partial) execution
containing n € IN transitions comprises n transitions interspersed between n + 1
evolution phases, where the final states (wrt. both discrete and continuous state
components) of the evolution phases meet the initial states of the following tran-
sition and vice versa the final states of the transitions meet the initial states of
the following evolution phase. Thus reachability of a final discrete state ¢’ and
a final continuous state Iy from an initial discrete state ¢ and a initial contin-
uous state I— through an execution containing n transitions can be formalised
through the inductively defined predicate ¢” where

o—o’)

0 {false,if oc#d

c—o! — : !
act, ,if oc=0o ,

n o s[xu/x] A

o—0
¢>Zi10/ = \/ Ax1,X2. | transs_or[X1,%X2/ X, X] A

Gex act,r[xa/ §]
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A hybrid automaton is called safe iff it may never reach an unsafe state. As
usual, an unsafe state is considered reachable iff there is a partial execution (of
arbitrary length) from some initial state to a state not belonging to the set of
safe states. An unsafe state is reachable in at most n steps iff there is such a
partial execution containing at most n discrete transitions.

The latter property can be easily formalised using the formalization of partial
run: an unsafe state is reachable within n steps iff ¢° _ _, Ainitiala[§ /x| A=safe,.
is satisfiable for some discrete states ¢ and ¢’ and some ¢ < n. This is equivalent
to satisfiability of the formula

def <
Unsafe, = \/ ReachZ" N —safe,,

o'eX

where

ReachZ) o \/ \/ N initiala[; /X] (1)
i€N<, o€

characterizes the continuous states reachable in at most n steps within discrete
state o’. Consequently, an unsafe state is reachable iff there is some n € IN for
which Unsafe,, is satisfiable.

Note that Unsafe,, is a formula of FOL(IR, 4, x) such that reachability of
an unsafe state within at most n steps is decidable due to the decidability of
FOL(R, +, x) [7]. By successively testing increasing n, this does immediately
yield a (well-known) semi-decision procedure for reachability of unsafe states:

Lemma 1 (Semi-decidability of safety). It is semi-decidable whether a given
polynomial hybrid automaton is unsafe. O

However, this semi-decision procedure does not generalize to a decision pro-
cedure: state reachability and thus safety is known to be undecidable even for
hybrid automata featuring just two clocks and a single stop-watch [4], where
a clock is a continuous variable having constant slope 1 within any activity,
and a stop-watch is a continuous variable alternating between slopes 0 and 1
only. Thus, undecidability applies already to hybrid automata with just three
continuous variables 1,2, x3, and activity predicates of only the two forms
(@1 =21) N Nipo 3y (@ =2 +AL) and \,_(; 5 5y (2; =i +AL).

Of course, there are lucky cases where the set of reachable hybrid states
stabilizes finitely, i.e. where n € IN exists s.t. for each ¢/ € X, the formula
Reachg/" characterizing the continuous state set reachable in at most n steps
within discrete state ¢’ is logically equivalent to its successor Reach?,"“. In such
cases, these finite approximations of the reachable hybrid state set cannot only be
used for falsifying safety properties (as in the semi-decision procedure of Lemma
M), but also for verifying safety. However, as the undecidability result shows, such
stabilization need not occur. Therefore, this analysis, which is supported e.g. by
the HYTECH tool [3], is only a partial remedy.
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3 Noise in hybrid automata

Let us step back for a moment and take a philosophical perspective on the
problem just encountered. Unlike finite automata, where the full reach set can
always be constructed in a finite number of steps, namely at most the size of
the state space, the reach set of hybrid automata need not converge finitely.
This suggests that hybrid automata are indeed infinite state systems, where the
infinite memory is provided by the continuous state components. However, real
hybrid systems are always subject to noise, and thus one might suspect that
their continuous components can provide only finite memory. If so, they would
in fact be finite state system, with the size of the state space being the product
of the size of the discrete state space and the effective size of the continuous
state space modulo noise.

But then, the reach set computation of hybrid automata modeling real sys-
tems should also converge finitely, just as with finite automata, yielding decid-
ability of state reachability and safety. And, vice versa, any hybrid automaton
for which safety cannot be determined finitely would then be an unrealistic one
which crucially relies on complete absence of noise for realizing an infinite state
set. We conjecture that the reach set of such a hybrid automaton is practically
uninteresting in that it changes drastically under even the slightest disturbance.

It is the theme of the remainder of this article to make these ideas operational.
In particular, we devise a new procedure for determining state reachability in
polynomial hybrid automata which may fail only on extremely noise-sensitive
borderline cases. Non-termination of this procedure may only occur with hybrid
automata that cannot reach the questioned states, yet may reach them under
even the slightest disturbance. Thus, safety (in the sense of not reaching an
undesirable state) of these automata is practically uninteresting as it crucially
depends on complete absence of noise, and therefore is just a fiction.

3.1 A simple model of noise

We begin by formalizing a simple model of noise in hybrid automata. Within
this model we assume that noise will leave the discrete state set and transitions
unaffected, but will make the evolution phases more nondeterministic. L.e., given
a hybrid automaton

A= (X,x,(acty)oes, (transe—o )o.orc 5, (initial ;) oe 5, (Safe, )oex)
a disturbed variant of A is any hybrid automaton
A= (X, x, (awmf,,)aef, (tmnsg_),,f)a’g,ef, (initialy ), 55, (safe,) e )
with act, = &:/t(, for each o € X.

Now assume that the continuous state space comes equipped with a first-
order definable metrics dist, with dist(x,y) being its definition in FOL(IR, 4, x).
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Furthermore, let € be a first-order definable constant in lR~o. We say that a
disturbance A of A is a disturbance of noise level € or more wrt. dist iff

Jy. (actely/x] A dist(x,y) <¢) = acty (2)

for each o € Y. Thus, evolution phases can drift away within at least an open
ball of radius € under such disturbances. It seems reasonable to assume that
within any realistic noise field such disturbances exist for some sufficiently small
el

Obviously, a disturbance will yield additional possible behaviours, possibly
leading to otherwise unreachable states. In particular, the disturbed system
yields an overapproximation of the undisturbed system. It comes as a surprise
that, under fairly mild extra conditions, such an overapproximation can be con-
structed within a finite number of steps, as the following lemma shows.

Before we can turn to this central lemma, we have to define the crucial notion
of sets of strongly finite diameter.

Definition 1 (Strongly finite diameter). Let S C R®. We say that S has
finite diameter wrt. the metrics dist iff sup{dist(z,y) | x,y € S} < co. We say
that S has strongly finite diameter wrt. the metrics dist iff for any € > 0, each
subset P C S containing only points that have a mutual distance of at least € is
finite, i.e.¥e >0,PCS. (Va,y € P. (z #y = dist(z,y) > ) = |P| < 00).

Note that the notions of finite diameter and strongly finite diameter coincide
for most of the “natural” metrics on IRd, like Euclidean distance, maximum-
norm, and taxi-cab metrics, yet differ for some others, like discrete metrics or
the so-called radar-screen metrics.

In the following, let A be a hybrid automaton, € > 0, and A be a disturbance
— <
of A of noise level € or more. By Reach;,n we denote the predicate obtained

from the defining equation () when applied to A instead of A. Thus, Rzavchf,n
is a formula in FOL(IR, +, x) formalizing the continuous states reachable by
the disturbed automaton A within discrete state o’. Finally, we denote in the
remainder for any FOL(IR, +, x)-formula ¢ by [¢#]x the subset

{(cl,...,cd) eRYT® [z~ ci,...,2q — cq) = ¢ for some valuation I}

of RY.

2 Concerning the range of applicability of the model, it is worth noting that for the
theory exposed in the remainder, the fact that every activity is subject to drift of at
least ¢ for some € > 0 is not essential. While we have chosen such a model in order
to simplify exposition, the theory itself can be easily extended to the more general
situation that only every cycle in the discrete state space of the hybrid automaton
(i.e. every alternating sequence of activities and transitions going from some discrete
state o via other discrete states back to o) contains at least one activity with drift
of at least €.
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Lemma 2 (Finite overapproximation). Assume that the reach set RS, =

—_— < ~
UHGN[[Reach;n}]x of A has strongly finite diameter wrt. the metrics dist. Then
there is i € IN s.t. the dynamics of the undisturbed hybrid automaton A is con-

— <
tracting on [[Reachgl}]x, i.e.

— <i
Reach_, [x1/x] A B <

\/ 3X17X2 . t"'(lnso-/%o—[X1,X2/ X,X] A = Reacho. (3)

o'ey acty[x2/ X]

holds for each o € X. Le., there is some ¢ € IN s.t. the state space reachable in

the disturbed automaton A within i steps is closed under any possible evolution
of A.

Proof. We use contraposition and show that RS, does not have strongly finite di-
ameter if (3) is invalid for all i+ € IN. Therefore, we start from the assumption that
out; & —(3) is satisfiable for each i € IN. We will show that this implies existence of
an infinite set P C RS, of e-separated points, which implies that RS, does not have
strongly finite diameter. An appropriate P is defined as | J,.n{pi} with p; being an
arbitrary element of [out;]x. Note that for each ¢ € IN such a p; exists due to satisfia-
bility of out;. It remains to be shown that
(a) P C RS,, (b) P is infinite, and (c) P contains only e-separated points.

For both (b) and (c) it suffices to show that dist(pi,p;) > € for i < j. The key argu-
ment towards this is illustrated in Fig. [l For a formal proof, we show that p € [out;]x

— <itl
implies that p’ € [Reach, ]x for each p’ with dist(p,p’) < e. Therefore observe that
by definition

— <it1

[Reach, ]x
— <i
Reachy [x1/x] A i
= [ \/ 3Ix1, X2 | trans, o [x1,%x2/ X, x| A |Ix [Def. of Reach, |
olex acty[x2/ X|
— <
Reach, [x1/%x] A
) [[\/ Ix1, X2,y . | FASer—o[X1, %2/ X, X] A Ix [Property @) of act]
oes acto[xa,y/ X, %] A
dist(x,y) < e
outily/x] A v
2 [By. (dist(x, vy <e Ix [Def. out;]

{p' € ]Rd’ dist(p,p") < € for some p € [[outi]]x}

— <itl
Hence, p € [out;]x and dist(p,p’) < € implies p’ € [Reach, ]x. In particular,

dist(p;,p’) < e implies p’ € [[R;(\z/chfiﬂ]]x . (4)
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Point 0 Point 1 Points 2 and 3

Fig. 1. Constructing an mﬁmte set of e-separated points in phase space. Points p;

are selected s.t. p; & [[Reach ]]x, yet is reachable from [[Reach ]]x under a transi-
tion followed by an activity of the undisturbed automaton A. Consequently, the dis-
turbed automaton A may under the same transition and the corresponding activity
reach any point within the e-ball around p; s.t. this neighborhood is fully covered by

S <itl L. . .. .
[[Reachal ]x- Hence, for j > i, point p; has a minimum distance of ¢ from p;.

As dist(pi,pi) = 0, this shows that p; E [[Reach ]] C RS, and thus proves (a).

Furthermore, if ¢ < j then p; ¢ [[Reach }]x can be inferred from the fact that by
— <it1l
definition p; € Jout;]x and out; entails —|Reachc, , which in turn entails = Reach,

as ¢ + 1 < j. Therefore, (H) ylelds dist(pi,p;) > € for ¢ < j, which proves (b) and
(c). O

Furthermore, it is easy to see that such an ¢ € IN with the property that
the state space reachable in the disturbed automaton A within ¢ steps is closed
under any possible dynamic evolution of A can be determined effectively.

Corollary 1. If the reach set RS, of A has strongly finite diameter for each
o € X, then an i € IN can be effectively determined s.t. property {3) holds for
each o € 3.

Proof. For each i € IN, property (@) is a formula of FOL(IR, +, x) and thus decidable.
Hence, by e.g. p-recursion, an ¢ € IN s.t. property (3) holds for each o € X can be
determined effectively iff there is such an i. However, existence of an ¢ € IN s.t. property
@) holds is guaranteed by Lemma 2] O

Now assume that we have determined an ¢ € IN such that the state space
reachable in the disturbed automaton A within i steps is closed under any pos-
sible evolution of A. As the state space reachable by A within i steps trivially
covers the initial state set of A and thus of A, closure of this state space un-
der the possible dynamic evolutions of A implies that this state space covers all
states reachable by A. This yields the following corollary:

Corollary 2. If the reach set RS, of A has strongly finite diameter for each
o € X, then an i € IN can be effectively determined s.t. for each o € X

U [ReachS"Lc € [Reach; T

neN
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Proof. By Cor.[Mlan i € IN satisfying property (B]) can be effectively determined if the

reach set RS, of A has strongly finite diameter for each o € . Now, property @)

e S <i . .
for each o € ¥ implies that R % U,ex{o} x [Reach, ]x is closed under the possible

evolutions of A. As R contains any initial state of A and thus of A, this implies that

— <3
R covers all reachable states of A. Therefore, | J,,.n[Reachs"]x C [Reach, ]x for each
ocecX. ad

This implies that if A is safe and its reach set has strongly finite diameter then
we obtain within a finite number of iterations — and thus effectively — a witness
for safety of A.

Now assume that the safety condition is such that it implies strongly finite
diameter of the reachable state set, i.e. that [safe,]x has strongly finite diameter
for each o € X. This gives rise to the peculiar situation that falsification of A
and verification of A become tightly coupled:

Corollary 3. If safety implies strongly finite diameter, i.e. if [safe,]x has
strongly finite diameter for each o € X B then either the disturbed automaton
A is unsafe (which can be determined effectively) or safety of the undisturbed
automaton A can be determined effectively.

Proof. We distinguish the two cases that either the reach set RS, of A has strongly
finite diameter for each o € X, or not. In the first case there is an ¢ € IN satisfying
property (@) for each o € X due to Cor. [[l In the second case, the premiss that safety

implies strongly finite diameter implies that 3 §, X. Uﬁ:s’?zfei holds for some 7 € IN. As
both [B) and 3 x,x. Unsafe; are decidable formulae, the minimum i € IN such that

Aoes@ V 3 x,x. Unsafe, (5)

can be determined effectively in either case.
Once such an ¢ has been determined, it remains to check the (decidable) property

3 X, x. Unsafe, . If it holds then A is unsafe. Otherwise () implies that (3) holds for
— <
each ¢ € X. But then, according to Cor. B |, .n[ReachS"]x C [Reach, ]x , which

neN
implies
UneN[[Reach;”ﬂx C [safe,]x
as 3 ;,x. Uﬁ;zfei does not hold. I.e., A has then been shown to be safe. a

An illustration of the verification procedure outlined in above corollary can be
found in Fig.

Now, let us take a look at what is a pragmatically reasonable correctness
criterion for hybrid systems. It is pragmatically clear that a system should not
be called safe if no more than the slightest disturbance is necessary to render it
unsafe. This motivates the following definition of robustness.

Definition 2 (Robustness). A hybrid system is called fragile if it is safe, yet
any disturbance of arbitrarily small positive noise level is unsafe. All other hybrid
systems are called robust. ILe., a hybrid automaton A is robust iff it is unsafe or
there is an € > 0 and a safe disturbance A of noise level € or more.

3 Note that for Euclidean distance or equivalent metrics, this condition is equivalent to
the safety region being finitely bounded, a case frequently encountered in practice.
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Fig. 2. Verification using the technique of Cor.[3l Top left: A hybrid automaton A. Top
right: Some steps of its reach set computation. Bottom: Reach set computation for a

— <
disturbed variant of noise-level 1 under the max. norm. Shaded parts denote [Reach, Z]]x
while solid colour denotes the states reachable by the undisturbed automaton from
[ReachS""']x. Note that reach set computation neither terminates for A nor for its

— <2
disturbed variant, yet A is contracting on [Reach, ]x.

As practical interest clearly is in robust systems only, the following theorem,
which states that robust systems can (at least in principle) be automatically
verified, is a strong result.

Theorem 1 (Decidability of reachability for robust systems). If A is a
robust hybrid automaton, and if safety implies strongly finite diameter, then it
1s decidable whether A is safe.

Proof. A semi-decision procedure for A being unsafe has already been devised in
Sect. [ Hence, it remains to establish a semi-decision procedure for safety of robust
automata. This can be done as follows:

1. Select some n € IN. y
2. Build the hybrid automaton A def 4 1, where for arbitrary é > 0,

A < (2,1,%, (acto)oes, (trans,—q) s orex)

with act, < Jy . actey/x] A dist(x,y) < 0
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3. Using Cor. B, determine whether A is unsafe or A is safe. In the former case select
a strictly greater n € IN than before and redo from step Bl Otherwise a witness for
safety of A has been found. Terminate successfully. a

Now, given the fact that robust systems can be automatically verified, it remains
the question whether robustness can be automatically detected.

Corollary 4 (Undecidability of robustness). It is undecidable whether a
hybrid automaton is robust or fragile, even when we restrict interest to safety
predicates that imply strongly finite diameter. It is, however, semi-decidable in
the latter case.

Proof. Let us restrict attention to safety predicates that imply strongly finite diam-
eter. All fragile systems are by definition safe (cf. Def. B). Hence, safety of a hybrid
automaton is trivially decidable once it is known to be fragile. Likewise, by the extra
condition on safety predicates, safety of a hybrid automaton is decidable due to theo-
rem [I] once it is known to be robust. Consequently, decidability of being robust would
imply decidability of safety for arbitrary hybrid automata. However, state reachability
and thus safety is undecidable even for linear hybrid automata with finitely bounded
state space (where safety trivially implies strongly finite diameter wrt. e.g. Euclidean
distance) [4], and therefore robustness is undecidable.

It is, however, semi-decidable by a minor variation of the decision procedure of
theorem[Ik a hybrid automaton A is robust iff it is either unsafe or there is some noise
level & > 0 and some disturbed variant A of noise level e or more that is safe. However,
in the latter case A also has a disturbed variant of positive noise level that is not only
safe, but also robust itself, e.g. the automaton As. Therefore, a hybrid automaton
A is robust iff it is either unsafe or there is some noise level £ > 0 such that A% is
robust and safe. The first case is semi-decidable by the semi-decision procedure for
being unsafe devised in Sect. [Tl while the latter case is semi-decidable by applying the
semi-decision procedure for safety of robust automata of Theorem [l to the automata

A1 for successively smaller n. a
2n

The undecidability result, while disappointing, should nevertheless be no serious
obstacle in practice. It is good engineering practice to make systems tolerant
against noise. Thus, any well-engineered system should be robust s.t. the decision
procedure of theorem [ comes to an answer. A simple sufficient criterion for
robustness is nevertheless currently unknown. This comes as no surprise, as the
same applies even for the related notion of robustness of timed automata [6].
However, robustness of timed automata is decidable.

Even without decidability of robustness, it is in principle possible to compute
the exact noise margin that a hybrid automaton can cope with. Here, the noise
margin that a hybrid automaton A can cope with is defined as

. . def
N A) = .
oisemargin(A) = sup {5 >0 of noise level € or more

A has a safe disturbance A }

with sup ) Lef 0, for the sake of completeness.

Theorem 2 (Computability of robustness margins). For any hybrid au-
tomaton A where safety implies strongly finite diameter, the mazimum noise
margin Noisemargin(A) that A can cope with can be computed effectively (in the
sense of computable real numbers).
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Proof. We use the following definition of computable real numbers: a real number x
is computable iff there is an algorithm that given as input a positive rational number
denoting the desired precision yields an approximation of x of at least that precision.
Le., given any rational number é > 0 it yields a rational number Z with x—0 < Z < z44.
To achieve this, it suffices to have an effective procedure that determines for every pair
a < b of rational numbers whether x < b or z > a in the following sense: if a <z < b
then it may give an arbitrary answer; if however z < a (x > b, resp.) then it gives the
definitive answer < b (z > a, resp.).

Such a procedure exists for the noise margin: It suffices to apply Cor. Bl to the two
automata A, and A, instead of A and A. The decision procedure outlined there will
either prove A, to be safe, in which case Noisemargin(A) > a follows, or proves Ay to
be unsafe, in which case Noisemargin(A) < b follows. O

4 Practical modelling issues

Let us finally take a pragmatic attitude towards hybrid system modelling. To
this end, we would like to abstract from the impact of noise on the continuous
components in a similar way as is generally done for the discrete components in
finite-state modelling. The digital model used for modelling digital components
as finite state systems is inherently approximative, as low probability deviations
— e.g., due to noise — from the ideal digital behaviour are simply neglected.
Thereby, no identifiable threshold probability is used for distinguishing effects
that are to be modelled from those which may be neglected. Instead, a wide
variety of thresholds is accepted in favor of a uniform model, ranging from the
extremely low probability of noise-induced error within synchronously clocked
subsystems to the far higher probability of error at the interface to an asyn-
chronous environment occurring due to metastable states — known as synchro-
nization failure [1]. This leads to the effect that some unmodelled behavioural
aspects may well have higher overall probability than some of the modelled ef-
fects.

There is no reason to be more demanding wrt. modelling of the continuous
behaviour than wrt. discrete behaviour. I.e., just as with discrete transitions
the model-builder may freely include or exclude some of the low-probability
effects. However, instead of letting the model-builder do the selection we may as
well let the verification algorithm do so itself. Le., the model builder is asked to
devise both a hybrid automaton A excluding all (or most) low-probability effects
of noise on the continuous components and a hybrid automaton A including
all (or most) low-probability effects. This would apparently lead to A being a
disturbance of A of noise level € or more for some € > 0. As we do not really
care for the low-probability effects, the verification algorithm is then deliberately
free to construct an arbitrary intermediate model and to decide its safety. lLe.,
we insist that our verification procedure gives a positive answer whenever both
Aand A (and hence all intermediate models) are safe and a negative answer
whenever both A and A (and hence all intermediate models) are unsafe. But we
will accept any answer if A is safe and A is unsafe.

This might look like a complication, but in fact ideally fits the verification
procedures outlined in Sect. Bt if safety implies strongly finite diameter then
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above proof obligation can be discharged automatically according to Cor. Bl ILe.,
given such a pragmatic modelling discipline, the safety verification problem for
linear or polynomial hybrid automata can be solved fully automatically in the
important case of a bounded safety region.

Practitioners may object that practical problems with tools like HYTECH [3]
are not primarily caused by nontermination of the verification procedure due
to the inherent undecidability of state reachability. Often, problems arise due
to the extremely large number of iterations needed until the reachable state set
stabilizes and due to the numerical precision needed for representing those inter-
mediate state sets. However, the pragmatic modelling discipline sketched here,
together with the verification technology of Cor. Bl helps overcome these other
problems also. First of all, less applications of the transition relation and the
evolution predicates are generally needed for constructing an overapproximation
with Cor. [B] than for reaching the fixed point in an incremental calculation of
the reachable state space. Second, we may reduce the precision needed in the
calculations as we may freely replace A by a slightly less disturbed variant B of
A that upon each activity applies some rounding discipline to the corner points
of the reachable state sets in order to reduce the necessary numerical precision.

5 Discussion

We have been able to show that safety of linear and polynomial hybrid automata
can be decided algorithmically in most practically interesting cases featuring
a bounded (or at least strongly finite wrt. some metrics) safety region. The
remaining cases are such that their safety depends on the complete absence of
noise and, furthermore, apply dissimilar approximation schemes for modelling
the discrete and continuous parts of the system, as explained in Sect. [l

Instrumental to that success has been the insight that a common proof pat-
tern of undecidability results for hybrid-systems formalisms does rely on arte-
facts of the formalization rather than on an encoding of inherent complexity of
the design problem. In a nutshell, those proofs rely on storing infinite informa-
tion, namely an encoding of the state set of a counter automaton, by continuous
variables of bounded range, whereas only a finite part thereof can become effec-
tive in any embedded control application due to the ubiquity of noise. We have
shown that already with a simplistic model of noise, combined with a pragmatic
attitude towards thresholds for noise being considered relevant, the problem of
undecidability can be overcome. In this sense, an ounce of realism can save an
infinity of states in the analysis of hybrid systems.

However, it may be argued that the model of noise employed in Sect.Blis too
simplistic. Indeed, a realistic model of noise should better be quantitative, repre-
senting noise as a probabilistic process. Within this article we have deliberately
refrained from this, as such a model would hardly yield any practical verifica-
tion procedure due to the large computational overhead caused by calculating
the density function when iterating the probabilistic transition and evolution
steps. L.e., in contrast to the positive effects on the practical complexity of the
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The vAA method can be considered as a viable alternative to verification
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shown to be complete for the verification of infinite-state systems.

The paper presents a general recipe for the abstraction of Biichi automata
which is shown to be sound, where soundness means that emptiness
of the abstract automaton implies emptiness of the concrete (infinite-
state) automaton. To make the method applicable for the verification of
liveness properties, pure abstraction is sometimes no longer adequate. We
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We then proceed to show that the VAA method is sound and complete for
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abstract an infinite-state system into a finite-state one. This suggests an alter-
native approach to the temporal verification of infinite-state systems: abstract
first and model check later.

In this work, we present a general framework for abstracting an arbitrary
(infinite-state) reactive system D and its specification expressed as a linear tem-
poral logic (LTL) formula v, to a finite state problem that can be model-checked.
The unique features of this abstraction method is that it takes full account of all
the fairness assumptions (including strong fairness) associated with the system
D and can, therefore, establish liveness properties, in contrast to most other
abstraction approaches that can only support verification of safety properties.

Applying the method of finitary abstraction for the proofs of liveness proper-
ties, we find that, sometimes, pure abstraction is no longer adequate. For these
cases, it is possible to construct an additional module M, to which we refer as
a progress monitor, such that the augmented system D ||| M has essentially the
same set of computations as the original D and can be abstracted in a way which
preserves the desired liveness property. We refer to this extended proof method
as the method of verification by augmented abstraction (VAA). We proceed in
showing that the vAA method is both sound and complete, thus promoting it to
the status of becoming an alternative to the verification of infinite-state systems
by temporal deduction.

Our presentation takes the automata-theoretic approach to program verifica-
tion. This approach reduces the verification problem to the emptiness problem
of Biichi automata. The approach was first developed for finite state programs
[VWS86], then augmented to deal with infinite-state programs in [Var91].

We represent the verified system by a fair discrete system (FDs) which is
an infinite-state Streett automaton. The negated LTL property is represented
by a tester which is an infinite-state multi-Biichi automaton. We form the syn-
chronous composition of the two automata and transform the resulting FDS into
a Biichi discrete system (BDS), which is an infinite-state Biichi automaton .A.
Following the automata theoretic approach, we have to prove the emptiness of
A. Using abstraction, we transform the problem of checking the emptiness of an
infinite-state automaton (.A) into the emptiness problem of a finite automaton.
Our completeness result means that every infinite state Biichi automata can be
abstracted into a finite state automaton, with a weak preservation of the emp-
tyness property. Equivalently, every LTL property on an infinite-state program,
can be transformed by augmented abstraction into the problem of emptiness of
a finite automaton.

The idea of using abstraction for simplifying the task of verification is cer-
tainly not new with us. Even the observation that, in many interesting cases,
infinite-state systems can be abstracted into finite-state systems which can be
model checked has been made before. The main contributions of the paper can
be summarized as

e Observing that for some verification tasks involving liveness, pure abstrac-
tion is inadequate, and devising the method of wverification by augmented
abstraction (VAA).
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e Establishing a (remarkably simple) deductive rule for proving emptiness of
a simple (Biichi) FDs, which is an infinite-state automata with Biichi accep-
tance conditions.

e Establishing completeness of the vAA method.

1.1 Related Work

There has been an extensive study of the use of data abstraction techniques,
mostly based on the notions of abstract interpretation (a partial list [CCT7],
[CHT78], [CGLY4], [CGLI6] [DGGIT]). Most of the previous work was done in a
branching context which complicates the problem if one wishes to preserve both
existential and universal properties. None of these articles considers explicitly
the question of fairness requirements and how they are affected by the abstrac-
tion process. Approaches based on simulation and studies of the properties they
preserve are considered in [BBLS92] and [GL93]. A linear-time application of ab-
stract interpretation is proposed in [BBM95], applying the abstractions directly
to the computational model of fair transition systems which is very close to the
FDS model considered here. However, the method is only applied for the verifi-
cation of safety properties. Liveness, and therefore fairness, are not considered.

In [MP91a], a deductive methodology for proving temporal properties over
infinite state system is presented. This methodology, based on a set of proof
rules, is proved to be complete, relative to the underlying assertion language.
This proof rules and the completeness proof are based on the FTS computation
model [MP91b]. The translation of the rules and completeness proof to the fair
discrete system (FDS) model is presented in [KP9S].

Verification diagrams, presented in [MP94], provide a graphical representa-
tion of the deductive proof rules, summarizing the necessary verification con-
ditions. A verification diagram is a finite graph, which can be viewed as a fi-
nite abstraction of the verified system, with respect to the verified property. In
[BMS95], [MBSU98], the notion of a verification diagram is generalized, allowing
a uniform verification of arbitrary temporal formulas. The GVD can be viewed as
an abstraction of the verified system which is justified deductively and verified
by model checking. The ¢vD method is also shown to be sound and complete.
The abstraction constructed by this method is based on the ¥TS computation
model, and can be viewed as an w-automaton with either Street ([BMS95]) or
Muller ([MBSU98]) acceptance condition. A dual method to vD and GvD is the
deductive model checking (DMC) presented in [SUM96]. Similar to VD and GVD,
this method tries to verify a temporal property over an infinite state system,
using a finite graph representation. The method is demonstrated to terminate
on many infinite state systems, but is not shown to be complete. An (LTL-based)
general approach to abstraction has been independently developed in [Uri99].

An important development in the theory and implementation of verification
by finitary (and other types of) abstraction is reported in [BLO98]. The paper
describes the support system INVEST, which employs various heuristics for the
automatic generation of finitary abstractions for a given system. INVEST has
managed to compute automatically the abstraction presented in our example
Fig. 9.
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2 A Computational Model: Fair Discrete Systems

As a computational model for reactive systems, we take the model of a fair
discrete system (FDS). An FDS D:(V,0,p, J,C) cousists of the following com-
ponents.

o V ={uy,...,un} : A finite set of typed system variables, containing data and
control variables. The set of states (interpretation) over V' is denoted by X.

e O : The initial condition — an assertion characterizing the initial states.

e p: A transition relation — an assertion p(V, V'), relating the values V of the
variables in state s € X to the values V’/ in a D-successor state s’ € X.

o 7 ={J1,...,Jk} : A set of justice requirements (weak fairness). The jus-
tice requirement J € J is an assertion, intended to guarantee that evjery
computation contains infinitely many J-states (states satisfying .J).

e C={{p1,q1)s-- - (Pnsqn)} : A set of compassion requirements (strong fair-
ness). The compassion requirement (p, g) € C is a pair of assertions, intended
to guarantee that every computation containing infinitely many p-states also
contains infinitely many g¢-states.

We require that every state s € X has at least one D-successor. A computation

of an FDS D is an infinite sequence of states o : sg,s1, S2, ..., satisfying the
requirements:

o Initiality: o is initial, i.e., so = ©.

o Consecution: For each j = 0,1, ..., the state s;;1 is a D-successor of s;.

o Justice: For each J € J, o contains infinitely many J-positions

o Compassion: For each (p, q) € C, if o contains infinitely many p-positions,

it must also contain infinitely many g¢-positions.

We denote by Comp(D) the set of all computations of D. An FDs D is called
feasible if Comp(D) # 0. The feasibility of a finite-state FDS can be checked
algorithmically, using symbolic model checking, as presented in [KPR9S8]. A state
is called D-reachable if it appears in some computation of D.

Let U C V be a set of variables. Let o be an infinite sequence of states.
We denote by o |y the projection of o onto the subset U. We denote by
Comp(D) |y the set of computations of D, projected onto the set of vari-
ables U. Let Dy: (V1,01, p1,J1,C1) and Dy: (Va, Oa, pa, Jo,Ca) be two FDS’s and
U C ViNVa. We say that Dy is U-equivalent to Dy (D1 ~, Da) if Comp(D1)u=
Comp(Dz)dv.

All our concrete examples are given in SPL (Simple Programming Language),
which is used to represent concurrent programs (e.g., [MP95], [MAB'94]). Every
SPL program can be compiled into an FDS in a straightforward manner (see
[KPRI8]). The predicates at_¢y and at_¢} stand, respectively, for the assertions
m; = 0 and 7} = 1, where 7; is the control variable denoting the current location
within the process to which the statement belongs.
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2.1 Synchronous Parallel Composition

Let Dy:(V1,01,p1,J1,C1) and Dy : (Va,O9, pa, J2,Ca) be two fair discrete sys-
tems. We define the synchronous parallel composition of Dy and D5, denoted by
D1 ||| D2, to be the system D:(V,0,p,J,C), where,

V=V, 6 =61AN0y p=p1 ANps T=T7UTe C=CiUC

As implied by the definition, each of the basic actions of system D consists
of the joint execution of an action of D; and an action of Dy. We can view
the execution of D as the joint execution of D; and D,. The main use of the
synchronous parallel composition is for coupling a system with a tester which
tests for the satisfaction of a temporal formula, and then checking the feasibility
of the combined system. In this work, synchronous composition is also used for
coupling the system with a monitor, used to ensure completeness of the data
abstraction methodology.

2.2 From FDS to JDS

An FDs with no compassion requirements is called a just discrete system (JDS).
Let D:(V,0,p,J,C) be an FDs such that C = {(;m,q1),..., Pm,qm)} and
m > 0. We define a Jjps D' : (V' @' o, J',C" : 0) which is V-equivalent to D
as follows. First we construct m similar JDS’s, Dy, ..., D,,, one for each compas-
sion requirement (p;, ¢;) € C. The JDs D; representing a compassion requirement
(pi, qi), is presented in Fig. 1.

.j
:

Fig.1. A Jps D; for a single compassion requirement (p;, q;) € C

Each D; consists of the components V; = {m; : [0..2]}, initial condition ©; : (m; =
0), a single justice requirement J;: (m; > 0) and no compassion requirements.
The JDs D’ is given by D' : D||D1]|| - - - ||| Drm-

2.3 From JDS to BDS

A Jps with a single justice requirement is called a Biichi discrete system (BDS).
Let D:(V,0,p,T,C : 0) be a ps such that J = {/1,..., i} and k > 1. We
define a BDS B: (Vi, O, pp, Iz : {J},Cs : ) which is V-equivalent to D :

o Vg =V U{u}, where u is a new variable not in V, interpreted over [0..k].
e Op: u=0A 6.
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case
k u=0 01
. pg:p(%V’)/\\/(u:i)/\u': u=i>0 A J,: (u+1)mod (k+1)
i=0 true tu
esac

e Js = {J}, where J is the single justice requirement J: (u = 0).

3 Requirement Specification Language: Temporal Logic

As a requirement specification language for reactive systems we take linear tem-
poral logic (LTL) [MP91b]. For simplicity, we consider only the future fragment
of the logic. Extending the approach to the full logic is straightforward.

We assume an underlying assertion language £ which contains the predicate
calculus and interpreted symbols for expressing the standard operations and
relations over some concrete domains. A temporal formula is constructed out
of state formulas (assertions) to which we apply the boolean operators — and
V, and the basic temporal operators O (next) and U (until). A model for a
temporal formula p is an infinite sequence of states o : sg,s1, ..., where each
state s; provides an interpretation for the variables in p. We refer the reader to
[MP91b, MP95] for the semantics of temporal formulas.

Given a model o we denote by (c,j) | p the notion of a temporal formula
p holding at a position j > 0 in o. If (¢,0) &= p, we say that p holds on o, and
denote it by o = p. A formula p is called satisfiable if it holds on some model. A
formula p is called valid (|= p), if it holds on all models. Two formulas p and ¢ are
equivalent (p ~ ¢q,) if p < ¢ is valid. Given an FDs D and a temporal formula p,
we say that p is D-valid (D |= p,) if p holds on all models which are computations
of D. We say that a temporal formula p is finitary if the vocabulary V of p is
finite and, for each variable v € V| v ranges over a finite domain.

Testers for Temporal Formulas

Given an LTL formula ¢, we construct a tester T, which is a JDS characterizing
the set of all sequences satisfying (. The variables of T;, consist of the vocabulary
of ¢ plus a set of auxiliary boolean variables

X,: {zp|p € ¢ a principally temporal sub-formula of ¢}

We refer the reader to [KPR98] for the construction of testers. This construction
was inspired by [CGH94], which is based on the non-symbolic constructions
[LP85], [VW86].

4 Reducing Verification to Infeasibility

)
Let D be an FDS and v be a temporal property. The verification problem D =
can be reduced to an infeasibility problem, as follows:

e Construct a tester 1., for the negated property —i.

e Construct the synchronous parallel composition D|||T-.

e Transform the FDS D|[|T-, into an equivalent BDS B(p, ).

Claim 1. D = ifft Comp(Bip,—y)) =0, i.e., B(p,~y) is infeasible [Var91].
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5 Infeasibility of a BDS: A Deductive Verification

The standard approach for proving infeasibility of a BDS B:(V,0,p,J : {J},C:
(), is to define a ranking function § which maps the reachable states of B into a
well founded domain. The ranking function is required to satisfy the conditions
that every transition of B does not increase the rank and every transition into
a state satisfying J, the single justice requirement of B, decreases the rank.
The (possibly infinite) set of reachable states of B can be characterized (over-
approximated) by an inductive assertion ¢. In Fig. 2 we present rule WELL, a
deductive rule that can be used to establish infeasibility of a BDS B.

For an assertion ¢,

a single justice requirement J,

a well founded domain (W, <),

and a ranking function 6 : Xy — W

W1. e —
W2.p Ay — @' NE =6
W3.pApAJ — o' NE <6

Comp(B) =0

Fig. 2. Rule WELL.

Rule WELL is both sound and (relatively) complete. Soundness of the rule means
that, given a BDS B, if we can find a ranking function 6 and an assertion ¢, such
that ¢ and 6 satisfy the three premises W1-W3, then B is indeed infeasible.
To see this, assume, to the contrary, that B is feasible. Then B has an infinite
computation o: sg, 1, . .., such that for infinitely many states s; in o, s; E J.
Then, from premises W2 and W3, there exists an infinite sequence of states over
which the ranking function § decreases and never increases in any other step.
Since 6 is defined over a well-founded domain, this is clearly impossible. The
completeness of rule WELL is stated in the following claim:

Claim 2. Let B:{(V,0,p,J : {J},C : 0) be a BDS. If B is infeasible, then there
exist an assertion ¢, a well founded domain (W, <) and a ranking function
6: Xy +— W satisfying the premises of rule WELL.

Proof (sketch): To prove the claim, we have to find both an assertion ¢ and a
ranking function 6 which satisfy the premises W1-W3 of rule WELL. The proof of
existence of an assertion ¢ characterizing the set of all reachable states of a BDS
is presented in [MP91b] (Section 2.5). The existence of a well founded domain
(W, <) and ranking function ¢ satisfying the premises W1-W3, is shown in
[Var9l], based on [LPS81] and [GFMdRS5). O

Let D be an FDS and ¥ be a temporal property such that D |= 1. Based
on claims 1 and 2, we can identify an assertion and a ranking function, which
satisfy the three premises of rule WELL for the BDS Bp ). We denote these
assertion and ranking function by & and A, respectively.
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6 Finitary Abstraction of a BDS

In this section, we present a general methodology for data abstraction of a BDS,
derived from the notion of abstract interpretation [CC77]. For more details see
[KP98b]. Let B=(V,0,p, J:{J},C:0) be a BDS, and X denote the set of states
of B, the concrete states. Let o : X +— X, be a mapping of concrete states into
abstract states. We say that « is a finitary abstraction mapping, if X, is a finite
set. To provide a syntactic representation of the abstraction mapping, we assume
a set of abstract variables V, and a set of expressions £%, such that the equality
V, = £%(V) syntactically represents the semantic mapping «. Let p(V') be an
assertion. We define the operator a™, as follows

V) AV (V=€) A (V).

The assertion at(p) holds for an abstract state S € X, iff the assertion p holds
for some concrete state s € X such that s € a~*(.9). This can also be expressed
by the inclusion ||p|| € a=!(|la™(p)|]). Let B = (V,0,p, T = {J},C = 0) be a
BDS. We define B* = (V,, 0%, p*, J*,C?), the a-abstracted BDS, as follows:

0% =a*(0) p* =att(p) J*={a"(J)} C*=0
where att(p): 3IV,V(V, =EYV) A V. =E(V') A p(V,V")).
Claim 3 (Weak Preservation). Comp(B*) =0 implies Comp(B) = 0.

As an example, we consider program BAKERY-2, presented in Fig. 3.

local y1,y2 : natural where y1 =y2 =0

lo : loop forever do mo : loop forever do
/1 : NonCritical m1 : NonCritical
by iy1:=y2+1 I me Y2 =y +1
U3 :await yo =0 V y1 < y2 ms3:await y1 =0 V y2 <y
{4 : Critical my : Critical
s :y1:=0 ms :y2:=0
_p - _ Py —

Fig. 3. Program BAKERY-2: the Bakery algorithm for two processes.

Program BAKERY-2 is obviously an infinite-state system, since y; and y» can
assume arbitrarily large values. The temporal properties we wish to establish are
Yewe : L1 (at_ly N at_my) and Vaee : (I(at_la — > at_Ly). The safety
property ¥e;. requires mutual exclusion, guaranteeing that the two processes
never co-reside in their respective critical section at the same time. The liveness
property ¥, requires accessibility for process P;, guaranteeing that, whenever
P reaches location /5 it will eventually reach location £4.

Following [BBM95], we define abstract boolean variables By, , By,, - - ., Bp,,
one for each atomic data formula, where the atomic data formulas for BAKERY-2
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are y; = 0, yo = 0, and y; < y2. The abstract system variables consist of
the concrete control variables, which are left unchanged, and a set of abstract
boolean variables B, , By, , ..., By, . The abstraction mapping o is defined by

a: {Bp, =p1,Bp, =p2,...,Bp, =D}

That is, the boolean variable B), has the value true in the abstract state iff the
assertion p; holds at the corresponding concrete state. It is straightforward to
compute the a-induced abstractions of the initial condition @* and the transition
relation p®. In Fig. 4, we present program BAKERY-2 (with a capital B), the a-
induced abstraction of program BAKERY-2.

local By, —o, By,=0, By, <y, : boolean initially By,—g = By,—0 =1, By, <y, =0

lo : loop forever do mo : loop forever do
/1 : NonCritical m1 : NonCritical
£y (Byl:o’ By1<y2) = (0’ 0) H ma: (Byzzo’ By1<y2) = (07 1)
L3 : await By,—0 V By, <y, mg : await By,=0 V By, <y,
{4 : Critical my : Critical
L5 (Byl:o’ By1<y2) = (1’ _'By2:0) ms : (Byzzo’ By1<y2) = (170)
_ P - _ Py —

Fig. 4. Program BAKERY-2: the Bakery algorithm for two processes.

Since the properties we wish to verify refer only to the control variables
(through the at_¢ and at_m expressions), they are not affected by the abstrac-
tion. Program BAKERY-2 is a finite-state program, and we can apply model
checking to verify that it satisfies the two properties of mutual exclusion and
accessibility. By Claim 3, we can infer that the original program BAKERY-2 also
satisfies these two temporal properties.

6.1 Augmentation by Progress Monitors

Program BAKERY-2 is an example of successful data abstraction. However, there
are cases where abstraction alone is inadequate for transforming an infinite-state
system satisfying a property into a finite-state abstraction which maintains the
property. In the following we illustrate the problem and the proposed solution.
In Fig. 5, we present a simple looping program. The assignment at statement
{5 assigns to y non-deterministically the values y+ 1 or y. The property we wish
to verify is that program SUB-ADD always terminates.
A natural abstraction for the variable y is defined by

Y =if y =0 then zero else if y =1 then one else large,
where y is abstracted into the three-valued domain {zero, one, large}. However,

applying this abstraction yields the abstract program SUB-ADD-ABS-1, presented
in Fig. 6, where the abstract functions sub2 and addl are defined by

sub2(Y) = if Y = {zero, one} then zero else {zero, one, large},
add1(Y) = if Y = zero then one else large.
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y: natural
lo : while y > 1 do
bhh:y:=y—2

lfz ry={y+ l,y}‘|

ls : skip
€4 N

Fig. 5. Program SUB-ADD .

Y : {zero, one, large}
lo : while Y = large do
L1 Y = sub2(Y)
lfz : Y :={addl (Y),Y}]
{3 : skip

Ly :

Fig. 6. Program SUB-ADD-ABs-1 abstracting program SUB-ADD.

Unfortunately, program SUB-ADD-ABS-1 need not terminate, because the func-
tion sub2 can always choose to yield large as a result. Termination of programs
like program SUB-ADD can always be established by identification of a progress
measure that never increases and sometimes is guaranteed to decrease. In this
case, for example, we can use the progress measure 6 : y + at_{5 which never in-
creases and always decreases on the execution of statement ¢;. To obtain a work-
ing abstraction, we first compose program SUB-ADD with an additional module,
called the progress monitor for the measure 6, as shown in Fig. 7.

y: natural

fo : while y > 1 do define 6 =y + at_{2

bi:y:=y—2 ;
mc : {_17 07 1}
[Eg Ty : {y+1,y} l my : always do
43 : skip inc := diff (6,8")
44 :
— SUB-ADD — — MONITOR Ms —

Fig. 7. Program SUB-ADD composed with a monitor.

The construct always do appearing in MONITOR M;s means that the assignment
which is the body of this construct is executed at every step. The comparison
function diff (6,8") is defined by

diff (6,6") = if § < &' then 1 else if § = ¢’ then 0 else —1.

The presentation of the monitor module Mg in Fig. 7 is only for illustration
purposes. The precise definition of this module is given by the following FDS:
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V :{Vp,inc:{-1,0,1}} O:T
p:inc = diff (6,6") J:0 C : {(inc < 0,inc > 0)}

Thus, at every step of the computation, module Ms compares the new value
of & with the current value, and sets variable inc to -1, 0, or 1, according to
whether the value of § has decreased, stayed the same, or increased, respectively.
This FDS has no justice requirements but has the single compassion requirement
(inc < 0,4nc > 0) stating that § cannot decrease infinitely many times without
also increasing infinitely many times. This requirement is a direct consequence
of the fact that ¢ ranges over the well-founded domain of the natural numbers,
which does not allow an infinitely descreasing sequence.

It is possible to represent this composition as (almost) equivalent to the
sequential program presented in Fig. 8, where we have conjoined the repeated
assignment of module Ms with every assignment of process SUB-ADD.

y : natural
inc: {—1,0,1}
lo : while y > 0 do
4y (y,inc) = (y — 2, diff (6,6"))
O (y,inc) = {y + 1, y}, diff (6,8"))
l3: nc = diff (6,6")
44 :

Fig. 8. A sequential equivalent of the monitored program.

The abstraction of the program of Fig. 8 will abstract y into a variable Y rang-
ing over {zero, one,large}. The variable inc is not abstracted. The resulting
abstraction is presented in Fig. 9.

Y : {zero, one, large }
inc : {-1,0,1}
compassion (inc < 0,inc > 0)
lo : while Y = large do
L1 (Y, ince) := (sub2(Y), —1)
Ly 1 (Y inc) := ({addl(Y),Y}, {0,—-1})
{3 : nc = 0
€4 :

Fig. 9. Abstracted version of the monitored- Program SUB-ADD-ABS-2.

The program SUB-ADD-ABS-2 (Fig. 9) differs from program SUB-ADD-ABS-1
(Fig 6) by the additional compassion requirement (inc < 0,inc > 0). It is this
additional requirement which forces program SUB-ADD-ABS-2 to terminate. This
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is because a run in which subl always yields large as a result is a run in which
inc is negative infinitely many times (on every visit to ¢;) and is never positive
beyond the first state. The fact that SUB-ADD-ABS-2 always terminates can now
be successfully model-checked.

The extension to the case that the progress measure ranges not over the
naturals but over lexicographic tuples of naturals is straightforward.

6.2 The General Structure of a Progress Monitor

We proceed to define the general structure of a progress monitor and show that
its augmentation to a verified system is safe. A well-founded domain (W, <)
consists of a set W and a total ordering relation < over W such that there does
not exist an infinitely descending sequence, i.e., a sequence of the form

apg > a1 = ag = -,
A ranking function for an FDS D is a function é mapping the states of D into a
well-founded domain. A progress monitor for a ranking function ¢ is an FDS M;
of the following form:

M — V:Vp,inc:{-1,0,1}}, O : true,
87\ p:oind = diff (6(Vp),8(VH)), T =0, C:{(inc <0,inc>0)}

The following claim states that augmentation to a verified system is safe:
Claim 4. Comp(D|||Ms)vp,= Comp(D)

7 Verification by Augmented Finitary Abstraction

Let B be an infeasible BDS. Let a be an abstraction mapping and § be a ranking
function for B. We say that («, 6) is an adequate augmented abstraction for B if
a is finitary and Comp ((B|||Ms)®) = 0.

Let D be an FDS, ¢ be a temporal property such that D |= 4, and a be
a finitary abstraction mapping. Let A be a ranking function for B(p ). From
the definition of adequate augmented abstraction and Claim 1, we can say that
(a, A) is an adequate augmented abstraction for (D, ) iff it is an adequate
augmented abstraction for Bip ), i.e., Comp((Bp ) [[Ma)*) = 0.

We can now formulate the method of verification by augmented finitary ab-
straction (VAA) as follows. To verify that v is D-valid,

e Construct a tester 1., for the negated temporal property 1.

e Construct the synchronous parallel composition D|||T-y of the FDS D rep-
resenting the verified system and the tester 7.y, and transform it into an
equivalent BDS B(D,ﬂw)-

o Identify an appropriate ranking function A for Bip ), and construct the

progress monitor M A.

Construct an FDS of the augmented system A :  Bp, -y [l|Ma.

Abstract the augmented system A into a finitary abstract FDS A%.

Model-check Comp(A%) = 0.

Infer D = 9.

Claim & (Soundness). Comp(Bp,~y)[IIM%) =0 implies DEY
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8 Completeness of the vAA Method

In the following we prove the completeness of the VAA method. First we intro-
duce the operator o, dual to o, and establish some useful properties of the
abstraction mappings at and o™ T.

8.1 The a~ Operator

The operator a™, is dual to a™. Let p(V) be an assertion. The operator o~ is

defined by
o« (pvV): W (Vi =E%V) = p(V)).

The assertion o~ (p) holds for an abstract state S € X, iff the assertion p holds
for all concrete states s € X such that s € a~1(S). This can also be expressed
by the inclusion a~([la=(p)|]) C |p|l, where ||p|| and |a~(p)|| represent the
sets of states which satisfy the assertions, respectively. If o~ (p) is valid, then
la=(p)|| = ¥, implying a~!(||a~(p)||) = X which, by the above inclusion, leads
to ||p|| = X establishing the validity of p.

An abstraction « is said to be precise with respect to an assertion p if ot (p) ~
a~ (p). A sufficient condition for o to be precise w.r.t. p is that the abstract
variables include a boolean variable B, with the definition B, = p.

8.2 Properties of o™ and att
Lemma 1. If « is precise with respect to the assertions py,...,pn, then « is
precise with respect to any boolean combination of these assertions.

Lemma 2. Let p = p(V,V’) and ¢ = ¢q(V) be two assertions, such that « is
precise with respect to q. Then, the following equivalences hold

a™Fp A g)~atT(p) A at(q) (1)

a™(p A q)~aT(p) A at(g) (2)
It also follows from the definitions that if p = p(V'), then both o™ (p) ~ a™(p)
and o™ (p') ~ a™(p)’ hold without any precision assumptions about p. Finally,
we observe that if an implication is valid, we can apply the abstractions o™ and
a1 to both sides of the implication. That is,

Ep — ¢ implies [ "z aiig; : gl(rq()q) and] )

8.3 The Completeness Statement

Claim 6 (Completeness of VAA). Let Bip -y be an infeasible BDS. Then, there
exists an adequate augmented abstraction for Bp -

As the ranking function for our augmented abstraction we take A (see Section 5).
Let H denote all the homogeneous atomic state sub-formulas of the invariant
assertion ¢ and any of the components of A, where A :  Bip —y)|[|[Ma. That
is, H contains all the atomic state sub-formulas f(V'), such that f(V') or f(V’)
appears in @ or any of the components of A. The set H does not include atomic
formulas with mixed (primed and unprimed) variables such as ¢/ =y + 1.
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Let a be a finitary abstraction which is precise with respect to all the asser-
tions appearing in H, and does not abstract the auxiliary variables in X, and
the variable inc, where inc : diff (A, A'). In the following, we show that for this
choice of ranking function and abstraction mapping, Comp(A*) = 0, that is, the
abstracted augmented system is indeed infeasible.

Abstracting the Premises of Rule WELL.

The proof is based on the abstraction of premises W1-W3 of rule WELL (Sec-
tion 5), applied to the BDS Bip —y): (V,0,p,J = {J},C = 0). These three
premises are known to be valid for our choice of @ and A. Since A = Bip ) [| M A,
then from the definition of Ma, the components of A are given by

O4:06 pa i pANind = diff (A, ) Ta: T Ca : {(inc <0,inc > 0)}
—_—
SYIN

From the implication
inc’ = diff (A, 4")  — (A’jA—»inc’SO A A’<A—>inc’<0]

and the three premises of rule WELL applied to Bp -y), we can obtain the
following three valid implications:

Ul.O4 ]
U2.p, N O — @ A inc’ <0
U3.p, N® AN J =& A ind <O.

Based on Equation (3), we can apply at to both sides of Ul and apply at+
to both sides of U2 and U3. We then simplify the right-hand sides, using the
fact that o™t (p’) ~ a*(p)’, and that o does not abstract inc. Next, we use
the fact that « is precise w.r.t. all the atomic formulas appearing in ¢ and J, in
order to distribute the abstraction over the conjunctions on the left-hand sides of
the implications. These transformations and simplifications lead to the following
three valid abstract implications:

V1. a(O4) — a(P)
V2.am(p,) N (D) — a(®) A ind <0
V3.a™(p,) N a(®) A a(J) — a(P) A ind <O0.

The augmented System A* has no computations

We proceed to show that A has no computations (Comp(A*) = 0)). Assume to
the contrary. Let o: s, s1, . .. be a computation of A.

First we use the implications V1-V3 to show that the assertion «(®) is an
invariant of . Since ¢ is a computation of A%, the first state of o satisfies a(G4)
and we conclude by V1 that the first state of o satisfies a(®). Proceeding from
each state s; of o to its successor s;41, which must be an a™*(p, )-successor of
sj, we see from V2and V3 that o(®) keeps propagating. It follows that a(®) is
an invariant of o, i.e, every state s; of o satisfies a(®).
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Next, since ¢ is a computation of A%, it must contain infinitely many states
which satisfy a(J). According to implications V2 and V3, the variable inc is
never positive, and is negative infinitely many times. Such a behavior contra-
dicts the compassion requirement (inc < 0, inc > 0) associated with A%. Thus,
o cannot be a computation of A%, contradicting our initial assumption. This
concludes our proof of completeness.

9 Conclusions

We have presented a method for verification by augmented finitary abstraction
by which, in order to verify that a (potentially infinite-state) system satisfies
a temporal property, one first augments the system with a non-constraining
progress monitor and then abstracts the augmented system and the temporal
specification into a finite-state verification problem, which can be resolved by
model checking. The method has been shown to be sound and complete.

In principle, the established completeness promotes the VAA method to the
status of a viable alternative to the verification of infinite-state reactive systems
by temporal deduction. Some potential users of formal verification may find the
activity of devising good abstraction mappings more tractable (and similar to
programming) than the design of auxiliary invariants. However, on a deeper level
it is possible to argue that this is only a formal shift and that the same amount
of ingenuity and deep understanding of the analyzed system is still required for
effective verification as in the practice of temporal deduction methods.

The development of the VAA theory calls for additional research in the im-
plementation of these methods. In particular, there is a strong need for devising
heuristics for the automatic generation of effective abstraction mappings and
corresponding augmenting monitors.

Acknowledgment: We gratefully acknowledge the many useful discussions and
insightful observations by Moshe Vardi which helped us clarify the main issues
considered in this paper. We also thank Saddek Bensalem for his helpful com-
ments and for running many of our examples on his automatic abstraction system
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Abstract. Signed Interval Logic (SIL) is an extension of Interval Tem-
poral Logic (ITL) with the introduction of the notion of a direction of
an interval.

We develop syntax, semantics, and proof system of SIL, and show that
this proof system is sound and complete. The proof system of SIL is not
more complicated than that of ITL but SIL is (contrary to ITL) capable
of specifying liveness properties. Other interval logics capable of this
(such as Neighbourhood Logic) have more complicated proof systems.
We discuss how to define future intervals in SIL for the specification of
liveness properties.

To characterize the expressive power of SIL we relate SIL to arrow logic
and relational algebra.

Keywords: interval logic, temporal intervals, arrow logic, real-time systems, liveness.

1 Introduction

Interval logics [ATTIT7TIRBI2220T22[T3T4J6]21] are logics of temporal inter-
vals: One can express properties such as “if ¢ holds on this interval then 1 must
hold on all subintervals” or “¢ must hold on some interval eventually”. Interval
logics have proven useful in the specification and verification of real-time and
safety-critical systems.

In this paper we introduce a new kind of interval logic, called Signed Interval
Logic (SIL), with the introduction of the notion of a direction of an interval. The
proof system of SIL turns out to be not more complicated than that of Interval
Temporal Logic (ITL) [2] but SIL is (contrary to ITL) capable of specifying
liveness properties. Other interval logics capable of this (such as Neighbourhood
Logic (NL) [21]) have more complicated proof systems.

ITL is one of the most simple interval logics; it has only one interval modality,
the binary chop: ~. The semantics of ~ is given in Fig.[ll In ITL (and NL)
intervals are represented by pairs [b,e] (where b < e) of elements from some
totally ordered temporal domain of time points.

* Tel: +45 4525 3764, Fax: +45 4593 0074.

J. Flum and M. Rodriguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 157-[[71] 1999.
(© Springer-Verlag Berlin Heidelberg 1999
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We will refer to m of Fig.[llas the chopping point of ~. The chopping point will
always lie inside the current interval on which we interpret a given formula. In
general, modalities with this property are called contracting. With contracting
modalities it is only possible to specify safety properties of a system. This is
because once we have chosen the interval we want to observe we are restricted
to specifying properties of this interval and its subintervals.

) 67

Fig.1. ¢ % holds on [b, e] iff there exists m € [b, e] such that ¢ holds on [b, m] and
holds on [m, €]

To specify liveness properties, we need to reach intervals outside the current
interval. In general, modalities which can do this are called ezpanding. Neigh-
bourhood Logic (NL) [21] is an example of an interval logic with expanding
modalities. NL has two modalities ¢, and <; for reaching a right neighbourhood
and a left neighbourhood, respectively, of the current interval. This intuition is
made more precise in Fig.[2 in the case of ¢,.. The case of <©; is similar.

b ©ro

Fig.2. <©,¢ holds on [b, €] iff there exists n > e such that ¢ holds on [e, n]

Both ITL and NL include a special symbol ¢ which intuitively represents the
length of an interval. This property is not common for all interval logics.

We now turn the attention to the contribution of this paper: SIL is an ex-
tension of ITL with the introduction of the notion of a direction (which can
be either forward or backward) of an interval. The idea for SIL originates in
[B] where an interval logic with such a notion of a direction of an interval was
informally developed.

An interval with a direction is in SIL represented by a signed interval (b,e).
Both the pair (b, e) and the pair (e, b) represent the same interval but (e, b) has
the opposite direction of (b, ). SIL inherits the special symbol £ from ITL. £ now
gives the signed length of an interval. Intuitively, the absolute value of ¢ gives
the length of the interval and the sign of ¢ determines the direction.

Like ITL, SIL only has the binary modality —. But because of the directions
of intervals, the semantics is now altered: See Fig.[3. On the figure the direction
of an interval is marked with a small arrowhead in either end of the interval. The
chopping point can now lie anywhere and not just inside the current interval.
This means that = of SIL has become an expanding modality, hence SIL can
specify liveness properties.
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e
b ¢ m
e ¥ m
-—

Fig. 3. ¢ 1 holds on (b, e) iff there exists m such that ¢ holds on (b, m) and v holds
on (m,e)

We will in the following shortly consider related work on interval logic.

In [5] an interval logic with six unary interval modalities is developed, and it is
shown that they can express all thirteen possible relations between intervals [1].
In [T9] a complete proof system for the interval logic of [5] is given. [20] considers
an even more expressive interval logic with three binary modalities instead of
six unary. A complete proof system for this logic is also given. Unfortunately,
both the proof systems of [19J20] are somewhat complicated due to the fact that
they are kept in a propositional setting. In particular, both systems include some
complicated inference rules.

NL has also a complete proof system [2I]. This proof system is somewhat
complicated because of “two-level” axiom schemes: Besides being axiom schemes
in terms of formulas, the axioms are also schemes in terms of interval modalities.

It is possible in NL to define the six unary modalities of [5] and the three
binary modalities of [20] as abbreviated modalities [21]. This adequacy result
relies on NL being a first order interval logic with the special length symbol /.
In [15] it is shown that SIL is an adequate first order interval logic by defining
the modalities of NL as abbreviated modalities in SIL.

The rest of this paper is organized as follows. Sect., Sect.[] and Sect.
give the syntax, semantics and proof system of SIL, respectively. In Sect.[5 we
sketch a proof showing that the proof system of SIL is sound and complete with
respect to a certain class of models. In Sect.[d we relate SIL to arrow logic [9]
and relational algebra [I8] to characterize the expressive power of SIL. Sect. [7]
considers how to define future intervals for expressing liveness properties in SIL
as this was a motivation for the development of SIL. Finally, Sect.[8 considers
further work on SIL.

2 Syntax

The formulas of SIL are constructed from the following sets of symbols:

Var: An infinite set of variables x,y,z, .. ..

FSymb: An infinite set of function symbols f™, g™, ... equipped with arities
n,m > 0. If f™ has arity n = 0 then f is called a constant. Constants will
be denoted by a,b,c, .. ..

PSymb: An infinite set of predicate symbols G™, H™, ... equipped with arities
n,m > 0. If G" has arity n = 0 then G is called a propositional letter.
Propositional letters will be denoted by p,q,r,.... The predicate symbols
also include the special binary predicate =.
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A function/predicate symbol is either rigid or flexible. In particular, = is rigid.
The set of terms 0,0; € Terms is defined by the following abstract syntax:

0 == z|al f"0,...,0,) .
The set of formulas ¢, € Formulas is defined by the following abstract syntax:
¢ = p|G(01,...,0,) |01 =02 | oAV | PdTY | (3Bx)d .

We also use ¢, ¢;, 1;, p; to denote formulas. A language consisting of variables,
function and predicate symbols, and the symbols (, ), =, =, A, 7, and 3 will be
called a chop-language.

We use “sentence” as a synonym for “closed formula”. If z1,...,z, are the
free variables of ¢ then we denote (V1) ... (Va,)¢ the universal closure of ¢. A
formula is said to be chop-free if it does not contain the symbol —. A formula
is said to be flexible if it contains a flexible symbol. Otherwise it is said to be
rigid. For convenience, we use infix notation for binary functional or predicate
symbols such as + and <. We will use the standard abbreviations from first
order predicate logic for the symbols V, =, < and V. To avoid excessive use of
parentheses we introduce the following precedences: 1. =, 2. 7, 3. V, A, 4. =,
&V, 3.

3 Semantics

We start by giving a general Kripke-style possible worlds semantics.
Definition 1. A model M for a chop-language is a quadruple (W, R, D, I) where

— W is a non-empty set of possible worlds and R is a ternary accessibility
relation on W, thus RCW x W x W.

— D is a non-empty set.

— I is a function assigning an interpretation to each function/predicate symbol
in each world:

FSymb D
Ie U - W - (U D”) — U
PSymb neN {tt.[f}
such that (where w € W):

I(a)(w) € D, I(f")(w) € D" — D,
I(p)(w) € {it.ff}, I(G")(w) € D" — {tt.ff},

and such that the interpretation of a rigid symbol is the same in all worlds.

The pair (W, R) is called the frame and D the domain of the model. Com-
pared to models of classical modal logic [7] the only difference is that the acces-
sibility relation is ternary and not binary.
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Given a model M = (W, R, D, I), an M-valuation is a function V associating
an element of the domain with each variable, thus V € Var — D.

We denote by M, V,w | ¢ that ¢ is satisfied in a world w € W of a
model M = (W, R, D, T) under an M-valuation V. Satisfaction of formulas is
inductively defined in a standard way [7]. The only interesting case is that of ™
(see [I5] for the full definition):

M,V,w ': ¢A¢ iff M,V,’U)l ': ¢ and M,V,’U)Q ': w and R(wlawZaw)

for some wy,ws € W .

Given a set of formulas I, we say that M satisfies I" if there is a world w
of M and an M-valuation V such that for every formula ¢ € I'y M,V w [ ¢.
A formula ¢ is wvalid in M if for any world w of M and any M-valuation V,
MV, w = ¢. ¢ is valid in a class of models C if it is valid in all models of C.

We now proceed by presenting results necessary for defining the class of
signed interval models which gives the more concrete semantics of SIL.

Definition 2. A signed temporal domain is a non-empty set T .

Contrary to work on (non-signed) interval logic with a general temporal domain
[BIT920212T] we do not require T' to be totally ordered. In the case of SIL we
can have a completeness result without this requirement and therefore choose to
define T as general as possible. (But see the remark at the end of Sect.[5.)

Definition 3. A signed interval frame (W, R) on a signed temporal domain T
1s defined by:

— W =T x T is the set of signed intervals on T'.
— RCW x W x W is the ternary accessibility relation on W defined by:

R((tlvtll)v (t2at/2)v (tvt/)) Zﬁ t= tlvt/l = t27t/2 =t .

This definition corresponds to the intuition of signed intervals given in the in-
troduction. In particular, R expresses that three signed intervals are related as
indicated in Fig.[3], thus R((b,m), (m,e), (b, e)).

We want to be able to refer to the signed length of a signed interval (c.f. the
discussion in the introduction). For this we define the following:

Definition 4. Given a signed interval frame (W, R) on a signed temporal do-
main T, a signed measure is a function m € W — D where D is a set equipped
with a binary operator + and a distinguished element 0 € D. Furthermore, m
has to satisfy the following conditions for any t,t',u,v' € T and x,y € D:

if m(t,u) = m(t,u') then u =

if m(u,t) = m(u',t) then u = u'

M2: m(t,t) =0

M3: m(t,u) +m(u,t') = m(t,t)

My: m@t,t)=x+y iff m,u") =2z and m@",¢') =y for some v’ €T

MI1:
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We now define which properties a domain of values to represent signed lengths
should have in general (some of these will be implicitly given by the above
definition).

Definition 5. A signed duration domain is a group (D, +, —,O).

A chop-language which includes the symbols ¢, +,— and 0 (where ¢ is flexible
and +, —, 0 are rigid) will be called a signed interval language.

Definition 6. Given a signed temporal domain T, a signed duration domain D
and a signed measure m € T x T — D, a signed interval model is a model
M= (W,R,D,I) for a signed interval language where:

— The frame is the signed interval frame (W, R) defined by T .
— The domain is the signed duration domain D.
— The interpretation of £,+,—,0 is such that

IOt 1) =m(t,t'), 10)(t,t") =0, I(+)(t,t) =+, I(=)(tt)=—
for any signed interval (t,t') € W.

The class of all signed interval models will be denoted by Z. We say that a
formula ¢ is SIL-valid (written |=si1, @) if it is valid in Z.

The semantics of the chop modality can be reformulated if we assume a
signed interval model:

MYV, (be) E¢™p i MV, (b,m) E ¢ and M, V, (m,e) £ ¥

for some m € T. This corresponds to the informal semantics given in Fig.[3

4 Proof System

The axioms of SIL are:

AL (70 A=(679)) = (6~ (¥ A=)
((670) A=(e™ 1) = (6 A =0) " ¥)

(07 Y) ") & (07 ()
R: ((bﬂw) ¢ if ¢ is a rigid formula

(o) =1 if ¢ is a rigid formula
B: ((Fz)p) ") = ((Fx)(¢™4)) if z is not free in

(o™ (Fx)y)) = ((Fx) (™)) if x is not free in ¢

1 (E=2)6) = (£ = )" 0)

(0" (U =x)) = ~(=¢" ({ = 2))
L2 (C=aty) & ((=a) (=)

1 The main binary operator of the group is 4+ and its unary inverse operator is —.
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o= (6 (L =0))
B 6 (0=0)"¢)

The inference rules of SIL are:

Modus Ponens (MP): W Generalization (G): (Vi) 5
¢ o=
=(=07Y) (079) = W ™p)
Necessitation (N): Monotonicity (M):
¢ o=
(¥ =9) (¢7¢) = (¢™¢)

Furthermore, SIL contains axioms expressing the properties of a signed duration
domain (c.f. Definition B):

D1: (Vz)(Vy)(V2)((z+y)+z=z+ (y+ 2))
(Va)(& +0 = 2)

P (wa)(0+ o = a)

bs. (1)@ + (=) = 0)

(Va)((—z) + 2 = 0)

Finally, SIL contains axioms of first order predicate logic with equality. Any
axiomatic basis can be chosen but one has to be careful when instantiating
universally quantified formulas. We can e.g. choose the following two axioms
concerning universal quantification:

Ql: (Va)g(x) = ¢(6) it 6 is free for z in ¢(z) and { 600) i cho o

Q2: (Vz)(¢p = ¢) = (¢ = (Va)y) if z is not free in ¢

Note the strengthened side condition in Q1 compared to the side condition of
first order predicate logic which just reads: “if 8 is free for x in ¢(x)” [10].

A proof of ¢ (in the proof system of SIL) is defined the standard way [10].
We write Fgy1, ¢ to denote that a proof of ¢ in SIL exists and we say that ¢ is
a theorem of SIL. Similarly, given a set of formulas I', we define deduction of ¢
in SIL from I" (written I" Fgy, ¢) the standard way. We write I', 9 Fgp, ¢ for
(I'U{¥}) Fsiw ¢.

We end this section by observing that the proof system of SIL is very similar
to that of ITL [2]. Only the axioms relating to the duration domain distinguish
the two systems: In ITL the axioms D1-D3 are not present; instead five other
related axioms are added. This concretize the assertion of the introduction that
the proof system of SIL is not more complicated than that of ITL.

5 Soundness and Completeness

In this section we sketch the proof of the completeness result for SIL: The proof
system of SIL is sound and complete with respect to the class of all signed
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interval models. The completeness proof for SIL is inspired by the completeness
proof for ITL [2].

The proof of completeness follows the general structure of a Henkin-style
completeness proof [10J7]. The central idea in a Henkin-style proof is the fol-
lowing: Given an arbitrary formula ¢ which is not a theorem, construct a model
which satisfies —¢. This implies the non-validity of ¢ and the completeness fol-
lows.

We start by presenting some standard results used in Henkin-style complete-
ness proofs, namely results concerning maximal consistent sets and witnesses.

Definition 7. Let I' be a set of sentences of a signed interval language L.

— I' is consistent (with respect to SIL) if there is no finite subset {¢1, ..., dn}
of I' such that Fsir, (1 A ... A dy).

— I' is maximal consistent if it is consistent and there is no consistent set of
sentences I'" such that I' C I".

Let B = {bo,b1,ba,...} be an infinite, countable set of symbols not occurring
in the signed interval language £. Let £T denote the signed interval language
obtained by adding all symbols of B to £ as rigid constants.

Definition 8. A set I' of sentences of L is said to have witnesses in B if for
every sentence of I' of the form (3x)¢(x) (where x is the only free variable of
@(x)) there exists a constant b; € B such that ¢(b;) € T'.

Theorem 1. If I' is a consistent set of sentences of L, there is a set I'* of
sentences of Lt which satisfies the following:

rcr, I'* is maximal consistent, I'* has witnesses in B.

If I} is a consistent set of sentences of £, let I'; be a set of sentences of £
which existence is guaranteed by the above theorem.

Given a consistent set Iy of sentences we can now construct a model Mg =
(Wo, Ro, Do, Iy) where the worlds of Wy are certain maximal consistent sets of
sentences (including I'}), Ro is defined by Ro(Ai, Az, A) iff for any ¢1, ¢o, if
¢1 € Ay and ¢1 € Ag then (917 ¢2) € A, and Dy is the set of equivalence
classes w.r.t. = on B. Finally, I is defined for all symbols in all worlds. For
example, in the case of a propositional letter we define Iy(p)(A) = (p € A), i.e.
Mo, V, A )Zp iff pe A

The following theorem generalizes the case of a propositional letter to arbi-
trary formulas [2].

Theorem 2. My, V. AE¢ iff o€ A .

The model My will play a central part in the construction of a satisfying
signed interval model. Another important part in this construction will be played
by the following proposition.
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Proposition 1. Let ((A1, Aq), (A}, AL)) € (Wy x W) x (Wy x Wp).
If Ro(Ay, Ao, IY) and Ro(A], Ay, IT) then there is a unique world A € Wy such
that RQ(Al, A, A/l) and RO (A, A/z, Az)

The intuition of this proposition can be given in terms of signed intervals: Given
a pair of pairs ((A1, As), (A}, A})) of consecutive signed intervals of the cur-
rent signed interval I7j there is a unique signed interval A lying between the
two chopping points of the two pairs of signed intervals. We have sketched this
intuition in Fig.@l

Iy

Az

| A

Fig. 4. Possible configuration of the worlds of Proposition [T]

We will now start constructing a signed interval model from M. For this we
need to define a signed temporal domain T (c.f. Definition [B]):

T:{ (Al,Az) e Wy x Wy ‘ Ro(Al,AQ,IBk)} .

The intuition behind this particular definition of T is the following: If we think
of the worlds of Wy as signed intervals, T is the set of all pairs of consecutive
signed intervals of the current signed interval. These pairs define, by means of
their chopping points, all the necessary temporal points. See Fig.[5l

Iy

Ay

Az

t1

Az

Fig.5. Intuitively, the points of T are the “chopping points” (marked by ¢; and ¢2 on
the figure) of the pairs (A1, A2) related by Ro(A1, A2, ). The figure shows two of
the possible pairs (A, Az).

We have now come to the crucial step in the construction. Intuitively, we
want to identify a signed interval given by two points of T with a signed interval
of Wy. But this connection is exactly what Proposition [ gives us. Formally,
let : T xT — Wy such that pu((A1, A2), (4%, 4%)) is the world A given by
Proposition [l Revisit Fig.[ for the intuition.

We are now ready to construct a model M = (W, R, D, I) on the basis of
My as follows:
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— The frame (W, R) is the signed interval frame defined by T'.

— The domain D is the same as Dy.

— The interpretation function I is given by I(s)(¢,t") = Io(s)(u(t,t')) for any
symbol s and any signed interval (¢,t').

The following proposition shows that M is indeed a signed interval model.

Proposition 2. The constructed model M is a signed interval model.

Proof. We have to make sure that D of M is a signed duration domain and that
the interpretation is as specified in Definition

The rigid symbols — and + of £ defines a unary and a binary operation we
also denote by — and + in D. The interpretation of the rigid constant 0 will
be an element of D we also denote by 0. As D1-D3 are valid in My they will
by Theorem [ (see below) also be valid in M, hence (D, +,—,0) is a signed
duration domain. We now only need an appropriate signed measure. But it can
be shown [I5] that the interpretation of £ is already defined such that M1-M4
of Definition [] are satisfied. Thus, we define the signed measure by m(t,t') =
I(¢)(t,t") for any signed interval (¢,t') € W. O

We want to establish a connection between satisfaction of formulas in M and
My: We want to show that a formula is satisfied in a world (¢,t') of M iff it
is satisfied in the corresponding world pu(t,t") of Mgy. The only difficulty is in
the case of chop. For this we need the following two propositions (see [15] for
proofs).

Proposition 3. Ift,t',u € T then Ro(u(t,u), p(u,t’), p(t,t")) .

Proposition 4. Let t,t’ € T and I't, Iy € Wy. If Ro(I1, I, u(t,t')) then
I = p(t,u) and I'y = p(u,t') for some uw e T.

We can now formulate the connection between M and M. We note that since
the domains of M and Mg are the same, an M-valuation is also an Mg-
valuation.

Theorem 3. M, V,(t,t') E ¢ iff Mo, V,u(t,t')Eo .

Proof. The proof is by a straightforward structural induction on ¢: In the case
of ¢ being ¢ "¢ we use Propositions Bland [4. See [15]. O

We can now establish the main result of this section.

Theorem 4. If Iy is a consistent set of sentences (with respect to SIL) then we
can construct a signed interval model which satisfies I.

Proof. We know by Proposition [ that the constructed model M is a signed
interval model. We are therefore done if we can show that M satisfies I.

It is possible to find worlds Ay, As € Wy such that Ro(Aq, I, Ig) and
Ro(Ig, A2, IY) (see [18]). Thus, both t = (Aq, Iy) and ¢ = (If, Az) belong to
T, hence (t,t') € W. It is now immediate (by definition of u) that u(t,t') = I .
Then, utilizing Theorems[3 and 2l we are done. O
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From the above theorem the completeness of SIL now follows easily.

Theorem 5. A formula ¢ of a signed interval language is valid in Z (the class
of all signed interval models) iff it is a theorem of SIL, thus

s ¢ iff Fsiw o .

Proof. For the if-part (soundness) we simply have to check that all axioms of
SIL are valid in Z and that all inference rules of SIL preserve validity. This is
straightforward.

For the only if-part (completeness) assume ¢ is not a theorem of SIL. We
now have to show that ¢ is not valid in some signed interval model. Let ¢’ be the
universal closure of ¢; ¢’ is not a theorem either. The set {—¢'} will therefore be
consistent and we can construct a signed interval model M which satisfies —¢/’
(Theorem M]). Since —¢’ is satisfied by M, ¢’ is not valid in M and neither is
o. O

Remark. The above completeness result is for a general class of signed interval
models with no ordering on the underlying temporal domains. To justify the
name “interval logic” one could argue that it would be more natural to require
a total ordering on these domains. In [16] it is shown how a completeness result
can be established in this case.

6 Arrow Logic and Relational Algebra

In this section we establish results relating SIL to arrow logic [9] and relational
algebra [18]. These results rely on the capability to define an abbreviated unary
modality ~! in SIL which “reverses” the direction of an interval. We define:

ot = @) ((U=2)A(([E=0)A({=2)"¢) true) ,

where true = 0 = 0 and z is some variable not free in ¢. The following proposition
can now be proved [15].

Proposition 5. For any signed interval model M, valuation V and signed in-
terval (b, e):
M,V (be) = ¢t iff M,V (eb) = o .

Arrow logic [9] is a modal logic where the possible worlds are pairs of elements
from some set. We see that this corresponds to signed intervals of SIL which
makes a comparison interesting.

Arrow logic is equipped with a constant ¢d, a unary modality ® and a binary
modality o. The semantics of 10, ® and o can informally be given in terms of
SIL: t6 corresponds to (£ =0), ® to ~!, and o to ~. In arrow logic 6, ® and o
are basic modalities and not abbreviations of some kind. In SIL we can define
—! using ™ and ¢. Thus, we conclude that SIL can express the same as arrow
logic with just the basic modality — (corresponding to o) and then the special
symbol /.
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But this expressive power of SIL has a price: Firstly, the introduction of ¢
restricts the set of possible models considerably. Secondly, to define ~! it was
necessary to use a first order construct to quantify over the value of £. In con-
clusion we can therefore (rather informally) state that: SIL is a first order arrow
logic with the special symbol £.

We now consider another consequence of ~!: It seems natural to think of
signed intervals as binary relations, hence (t,t') € T x T asserts that ¢ is related
to ¢'. In some signed interval model, a formula ¢ will either be true or false on
some signed interval. If we now consider the set of all signed intervals on which
¢ is true we will have a binary relation on 7. We will in the following pursue
this idea by relating SIL to relational algebra [18].

Definition 9. A relational algebra R2A = (S, ®,®,0,0,8,0,1,10) is a non-
empty set S equipped with three binary operators ®,®, o, two unary operators
©,®, and three constants 0,1, 10 such that (S,®,®,0,0,1) is a Boolean algebra
and the following axioms are satisfied for all x,y,z € S':

RA1 (x®y)oz = (xoz)P(yoz) RAS xo0ud = x
RA2 R(xdy) = Qrdey RA6 QQx = x
RA3 (xoy)oz = zo(yoz) RA7 ®(zoy) = ®yoQux

RAL ©(®@roS(zoy))doy = 1
We now formally define how to build the above mentioned binary relations.

Definition 10. Let M = (W, R, D,I) be a signed interval model and V be a
M-valuation. As M is a signed interval model we will have W = T x T for
some set T. We now define a SIL-relation of ¢ (written Raq,v(¢)) by:

Ruv(9) ={(t,¥) e TxT | MV, (t,) |= ¢} .

Furthermore, we define the set R,y of all SIL-relations in a given model and
valuation:
Rmy ={Rmy(9) | ¢ € Formulas} .

To establish the connection to relational algebra, we associate three binary
operators +,-,;, two unary operators —, ~ and three constants 0,1,1" with
Rm,v. The meaning of these operators and constants is given by the follow-
ing equivalences:

1 = Rumy(true) “Rmy(@) = Rmy(—¢)

0 = Ru,v(false) Rmy(¢) +Rumy (@) = Rumy(oVey)

1" = Rmy(l=0) Rmy(0) - Rmy(¥) = R v(¢>/\¢)
Riyv(@) = Rumy(o™h) Rmy(9);Rmy (@) = Rumy(o™)

Any SlL-relation build using any of the three constants and five operators
can thus by simple equational reasoning be transformed to a single SIL-relation
R, v(¢) for some formula ¢.

To show equivalence of SIL-relations we have the following lemma.
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Lemma 1. =g, ¢ < ¢ implies Rap(¢) = Rymv(¥) .

We can now formulate the following theorem saying that R4,y together with
the above defined operators and constants is a relational algebra.

Theorem 6. Rsi, = (Rmyv,+,;,—, —,0,1,1") is a relational algebra.

Proof. By Definition[d we must first show that (Ra v, +, -, —,0,1) is a Boolean
algebra. But this follows easily due to the standard correspondence between
propositional logic and Boolean algebra.

We must then show that PRgyy, satisfies the axioms RA1-RAT for arbitrary
members of R,p. For this we use Lemma [Il. For example, we can show that
Rgr, satisfies RA6 by showing s, (¢ 9)~! < =1 7¢~ 1. But this is not
difficult using Proposition B See [I5] for the full proof of the theorem. O

Theorem [0] gives a nice theoretical characterization of the expressive power
of SIL. It is only establishable because ~! is definable in SIL.

7 Future Intervals

As discussed in the introduction, SIL has the ability to express liveness prop-
erties. An abstract liveness property could e.g. be that some property will hold
eventually.

To be able to express such properties concisely in SIL it would be convenient
to have modalities saying that a formula will hold on some future interval or on
all future intervals with respect to the current interval. But what exactly should
we consider to be a future interval? And how should we define abbreviated
modalities in SIL expressing this? We will briefly consider these questions in
this section. There is a more comprehensive discussion in [T5].

Firstly, we have to assume a total ordering < on both the signed temporal
domain and on the signed duration domain. A completeness result for SIL in
this case is established in [I6]. A definition of a future interval could then be the
following: If the current interval is (b,e) then a future interval is any interval
(m,n) with n > e and m > b. This can be illustrated by the following two
figures:

m n

b e e b

|
-—
T

n | m
)

We can also consider definitions of future intervals which are independent of
the direction of the current interval. We can e.g. define a future interval as any
interval (m,n) where both m and n are greater than min(b, e) where (b, €) is the
current interval. This can be illustrated by the following two figures:
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Both the above proposals are reflexive and transitive which seems to be very
desirable properties for practical use. In [I5] other proposals are discussed but
they are discarded as they are either not reflexive or not transitive.

According to the above two proposals for future intervals, the goal is now to
define two abbreviated modalities @ and < such that ¢ holds on an interval iff
¢ holds on all future intervals and ©¢ holds on an interval iff ¢ holds on some
future interval. The first proposal gives rise to the following two abbreviations:

= (£=0)" (¢ (£ <0)) and B = —(-¢) .

The second proposal gives rise to the following abbreviations:

©p = (L=0)" (¢~ (¢ <0))A(L=0)) trueV
true”™ (£ > 0)"(¢p™ (£ <0))A(£=0)) and
B¢ = =¢(9) .

Which definition of future intervals to choose of course depends on the particular
pro