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Preface

The 1999 Annual Conference of the European Association for Computer Science
Logic, CSL’99, was held in Madrid, Spain, on September 20-25, 1999. CSL’99
was the 13th in a series of annual meetings, originally intended as Internatio-
nal Workshops on Computer Science Logic, and the 8th to be held as the An-
nual Conference of the EACSL. The conference was organized by the Computer
Science Departments (DSIP and DACYA) at Universidad Complutense in Mad-
rid (UCM).
The CSL’99 program committee selected 34 of 91 submitted papers for pre-
sentation at the conference and publication in this proceedings volume. Each
submitted paper was refereed by at least two, and in almost all cases, three
different referees. The second refereeing round, previously required before a pa-
per was accepted for publication in the proceedings, was dropped following a
decision taken by the EACSL membership meeting held during CSL’98 (Brno,
Czech Republic, August 25, 1998).
In addition to the contributed papers, the scientific program of CSL’99 included
five invited talks (J.L. Balcázar, J. Esparza, M. Grohe, V. Vianu and P.D. Mos-
ses) and two tutorials on “Interactive Theorem Proving Using Type Theory” by
D.J. Howe and “Term Rewriting” by A. Middeldorp. Four of the invited speakers
have provided papers that have been included in this volume. For the remaining
invited speaker, as well as the tutorialists, one-page abstracts have been inclu-
ded. The contents of the invited and contributed papers fall mainly under the
following topics: concurrency, descriptive complexity, lambda calculus, linear lo-
gic, logic programming, modal and temporal logic, mu calculus, specification,
type theory and verification.
We are most grateful to the members of the program committee and all the
referees for their work. Finally, we are indebted to all the members of the local
organizing committee for their support, which included maintenance of Web
pages and assistance to the editing work needed to prepare this proceedings
volume according to Springer’s instructions.

July 1999 Jörg Flum and Mario-Rodŕıguez-Artalejo
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Topological Queries in Spatial Databases

Victor Vianu

Univ. of California at San Diego, CSE 0114, La Jolla, CA 92093-0114

Abstract. Handling spatial information is required by many database
applications, and each poses different requirements on query languages.
In many cases the precise size of the regions is important, while in other
applications we may only be interested in the TOPOLOGICAL relations-
hips between regions —intuitively, those that pertain to adjacency and
connectivity properties of the regions, and are therefore invariant under
homeomorphisms. Such differences in scope and emphasis are crucial, as
they affect the data model, the query language, and performance. This
talk focuses on queries targeted towards topological information for two-
dimensional spatial databases, where regions are specified by polynomial
inequalities with integer coefficients. We focus on two main aspects: (i)
languages for expressing topological queries, and (ii) the representation
of topological information. In regard to (i), we study several languages
geared towards topological queries, building upon well-known topologi-
cal relationships between pairs of planar regions proposed by Egenhofer.
In regard to (ii), we show that the topological information in a spatial
database can be precisely summarized by a finite relational database
which can be viewed as a topological annotation to the raw spatial data.
All topological queries can be answered using this annotation, called to-
pological invariant. This yields a potentially more economical evaluation
strategy for such queries, since the topological invariant is generally much
smaller than the raw data. We examine in detail the problem of transla-
ting topological queries against the spatial database into queries against
the topological invariant. The languages considered are first-order on the
spatial database side, and fixpoint and first-order on the topological in-
variant side. In particular, it is shown that fixpoint expresses precisely
the PTIME queries on topological invariants. This suggests that topolo-
gical invariants are particularly well-behaved with respect to descriptive
complexity. (Based on joint work with C.H.Papadimitriou, D. Suciu and
L. Segoufin.)

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, p. 1, 1999.
c© Springer-Verlag Berlin Heidelberg 1999



The Consistency Dimension, Compactness, and
Query Learning

José L. Balcázar1

1 Departament LSI, Universitat Politècnica de Catalunya, Campus Nord, 08034
Barcelona, Spain

Abstract. The consistency dimension, in several variants, is a recently
introduced parameter useful for the study of polynomial query learning
models. It characterizes those representation classes that are learnable
in the corresponding models. By selecting an abstract enough concept
of representation class, we formalize the intuitions that these dimensions
relate to compactness issues, both in Logic and in a specific topological
space. Thus, we are lead to the introduction of Quantitative Compactness
notions, which simultaneously have a clear topological meaning and still
characterize polynomial query learnable representation classes of boolean
functions. They might have relevance elsewhere too. Their study is still
ongoing, so that this paper is in a sense visionary, and might be flawed.

Compactness is to topology as finiteness is to
set theory.

H. Lenstra (cited in [7])

Polynomial versus exponential growth corre-
sponds in some sense to countability versus un-
countability.

M. Sipser [8]

1 Introduction

This somewhat nonstandard paper discusses, mostly at an intuitive level, recent
and ongoing work of the author and colleagues in a rather unclassificable research
area.

The basic connections between Logic and Topology are long well understood,
to the extent that the central Compactness Theorems in Logic are widely known
through their natural topological name. By restricting ourselves to the very easy
propositional case, we want to trascend here these currently known connections
by encompassing other mathematically formalized areas of combinatorial nature.

The reason of being of this text is as follows. Recently, an intuition born from
considerations similar to compactness in logic led to some recent advances in
query learning [1]. However, eventually, these intuitions became more a hindrance
than a help, and were dropped from that paper. They became labeled as “to be
discussed elsewhere”; namely, here.

J. Flum and M. Rodríguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 2−13, 1999.
 Springer-Verlag Berlin Heidelberg 1999



1.1 Topology Versus Computation

The long history of implications of logical concepts on computation-theoretic is-
sues suggests that compactness, having a clear logical meaning, might be relevant
too for other applications in computation theory. However, whereas compactness
is a qualitative, yes/no property, many mathematical issues of computational
flavor are inherently quantitative; thus, interesting intuitions might be gleaned
from topological concepts such as compactness, but quantitative compactness
notions of some sort seem likely to be necessary.

The main contribution of this paper is the proposal of a formalization of a
quantitative notion of compactness. Indeed, comparing different compact sub-
spaces of a fixed topological space we might as well find that some of them are
“more compact” than others.

Thus, specifically, we propose first a quantitative notion of compactness, the
compactness rate, and explain that, on a specific, pretty natural topology Ξ, it
has a close relationship with the learnability of representation classes of boolean
functions through equivalence queries. Then we also discuss some slightly un-
convincing aspects of our proposal, we suggest a second one, and explain that,
in the same space Ξ, this second approach has a similarly close relationship with
learnability from membership queries.

In a final section we hint at wide areas of open questions whose answers, we
feel, might provide illustrative intuitions on the combinatorial material handled
by these, and other, popular computational learning models.

1.2 Disclaimer

As ongoing work, the materials included here at the time of going to press have
undergone no peer review process at all, and even some parts of the less detailed
discussion have not been duly formalized yet; thus this text may well be full of
mistakes. The home page of the author on the web (www.lsi.upc.es/˜balqui)
will be in the near future (read a few months) a reasonable source for the less
unfaithful version of the results available at each moment (if any).

2 Preliminaries

We denote the set of the natural numbers as IN, or as ω to emphasize its use as an
ordinal. We consider binary words of a length n, when necessary, as indices into
an infinite binary word such as a characteristic function of a formal language;
or, alternatively, as values for n boolean variables, or attributes, and thus inputs
to a boolean n-ary function.

3The Consistency Dimension, Compactness, and Query Learning



2.1 Topology

We recall briefly some topological concepts. Topological spaces consist of a do-
main and a family of subsets of this domain, closed under arbitrary unions and
finite intersections. The sets in the family are called open sets; the empty subset
and the whole space must always be open sets. Frequently only an open basis is
given, and open sets are those obtained from the given basis through these op-
erations. The complements of open sets are called closed sets. The topology can
be given as well as the family of closed sets, which should be closed under finite
unions and arbitrary intersections, or by a closed basis. Subspaces are defined
by subsets of the domain, restricting all open or closed sets to their traces on
the subspace, i.e. to their intersections with the subset.

Compact (sub)spaces play an important role since they guarantee certain
convergence facts for successions and, more generally, for filters. A topological
space is compact if the following axiom holds in it: every family of open sets
that covers the whole space, in the sense that their union coincides with it, has a
finite subfamily that already covers the whole space. This is known as the Borel-
Lebesgue axiom (see, however, the remarks about the work of Cousin in [7]),
and can be stated equivalently as follows: every family of closed sets with empty
intersection has a finite subfamily that already has empty intersection. Two
other characterizations of compactness are: every filter has an adherence value,
and every ultrafilter converges. (Here we are glossing over some separateness
conditions that turn out to be irrelevant for our purposes.) It is not difficult to
see that we can restrict our attention to families of sets that are finite unions of
basic closed sets.

The discrete topology on any given space is rather trivial: every subset is
accepted as an open set. We will obtain from it more sophisticate topologies
through the product construction.

A product space is a topological space X =
∏

i∈ω Xi, endowed with the
standard product topology of the factor topological spaces Xi; that is, open sets
of X are products of finitely many proper open sets from the factors, all the other
factors being equal to the whole factor spaces Xi; or arbitrary unions thereof.
Of course, arbitrary index sets can be used instead of ω to construct product
spaces; but we will limit ourselves to product spaces consisting of ω components.

Actually, in such a product topology, we can (and will) consider a closed set
basic if only one projection on a factor space Xi is a closed set different from
the whole factor Xi, and it is a basic closed set there too. The corresponding
dimension will be called the nontrivial axis of the basic set. Clearly, all closed
sets are intersections of basic sets.

The following three facts will be important. First, a discrete topological space
is compact iff it is finite. Second, a product space is compact iff all its factors
are; this is Tychonoff’s theorem. Third, in a compact space, the compact sub-
spaces are exactly the closed sets. See [7] for an extremely instructive historical
perspective of the original development of the notion of compactness, and for
additional references (beyond your own favorites) on the technicalities of the
topological materials.

4 J.L. Balcázar



From now on, we will focus on countably compact spaces, where the condition
of empty intersection of some finite subfamily only applies to countable families
of closed sets; so that ω suffices as index set. I believe that this restriction is not
really relevant; it is not, certainly, for the specific space Ξ on which we focus
later on.

2.2 Logic

We restrict ourselves to propositional logic in this text.
The language of propositional logic includes propositional variables, which

we will consider as atomic; this means that their meanings, or truth values, can
vary among exactly the two boolean constants True and False. They get tied
together with connectives such as conjunction, disjunction, and negation, making
up propositional formulas. We assume a fixed infinite supply of propositional
variables X = {xi

∣
∣ i ∈ IN}.

Models in propositional logic consist simply on a truth value interpretation
for each propositional variable; through the standard rules, this assigns a truth
value to each formula. A model satisfies a set of formulas if all of them get value
True under that model.

Trusting that the reader will not get confused, we will use the symbols {0, 1}
to abbreviate the truth values False and True respectively. Then we consider the
finite topological space {0, 1} endowed with the discrete topology; by the facts
enumerated above, it is obviously compact.

Then the space of models is formed by infinite sequences of boolean values,
with component i being the truth value of the propositional variable xi; and, as
such, it can be endowed with the corresponding product topology:

∏
i∈ω{0, 1},

the product space of ω copies of the binary discrete space. By Tychonoff’s the-
orem, it is compact.

In the corresponding product topology, the basic open sets correspond to
finitely many restrictions of components to a single bit, leaving all the others
free; that is, each basic open set is the set of models of a term. We have actually
taken the slightly more restricted basis of open sets in which a single component
is restricted to a single bit, i.e. models for literals. Automatically these are as
well the basic closed sets.

It is not difficult to see that now the clopen sets (sets that are simultaneously
open and closed) are exactly finite unions of finite intersections of these, i.e., the
set of models of a DNF-like formula (a boolean polynomial); or, equivalently,
finite intersections of finite unions of basic open sets, i.e., the set of models of a
CNF-like formula.

Similarly, closed sets are arbitrary intersections of these, thus sets of mod-
els of a possibly infinite set of boolean formulas; and, now, families of clopen
sets having empty intersection correspond to unsatisfiable sets of formulas, and
therefore the statement that the space is compact literally corresponds to the
fact that, if every finite subset of a set of formulas is satisfiable, then the whole
set is satisfiable. Hence the name Compactness Theorem.
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2.3 Computational Learning

Some areas of Computational Learning Theory study models for the learnability
properties of boolean functions. Each model provides a framework to present
in unified manners several learning algorithms, and, more importantly, allows
us to prove negative results by which no algorithm can exist to learn some
representation of knowledge within a given learning model. See [6].

Many models take into account resource limitations, such as time or space.
We will be working with polynomial query models, where computation resources
are not limited but the amount of information provided about the concept to be
learned is.

We focus on learning representations of boolean functions, as an extremely
basic form of knowledge. A boolean function of arity n is a function from
{0, 1}n �→ {0, 1}; identifying 2 = {0, 1} as usual and identifying 2A with the
power set operator P(A) also as usual, and, for finite A, with the set of binary
characteristic sequences of subsets of A, we see that the set of boolean functions
of arity n is 22n

; each function being defined by a member of the set 2n = {0, 1}n,
that is, a sequence of 2n bits (its truth table).

There is a large choice of means of representing boolean functions: boolean
circuits, boolean formulas, and their CNF-like and DNF-like depth-two sub-
classes are fundamental ones, but decision trees, branching programs, OBDDs,
and even formal language models such as finite automata are popular for diverse
applications. Some of them are able to represent functions f from a variable
number of binary arguments; then we will mostly consider their restrictions to
a fixed number of arguments, n, and we denote such restrictions as f |n.

Generally, representation classes are frequently defined as tuples 〈R, ρ, |.|〉
where R ⊆ {0, 1}∗ is a formal language whose strings are considered as syntac-
tically correct descriptions of some computing device; ρ : R �→ P({0, 1}∗) is the
semantic function that indicates what is the boolean function or formal language
ρ(c) described by the device c ∈ R; and |.| : R �→ IN measures the size |c| of
each description c ∈ R. Frequently |c| is simply its length as a string. Sometimes
even the syntactic and semantic alphabets are allowed to vary and get therefore
included in the tuples forming the representation classes.

“Honesty” conditions are usually imposed to ensure that it is reasonably
feasible to decide whether a given string belongs to the concept described by a
given description, as well as computing the size of a description.

In essence, in our polyquery learning models, a hidden concept (the boolean
function or formal language ρ(c)) has to be identified, by finding, through some
sort of interaction, an alternative, not too large, representation c′ for the con-
cept: ρ(c′) = ρ(c). We will be interested in the interaction, or quantity of infor-
mation available, as a computational resource; thus, we will mostly ignore up
to polynomial space computations. It turns out that this implies that most of
the information provided by the representation class is unimportant. The only
central issue is that a representation class provides a “size” for each boolean
function f of any fixed arity n: the size is |c|, where c is a smallest (with respect
to |.|) description of f : that is, ρ(c) behaves as f on {0, 1}n, or ρ(c)|n = f |n.
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Thus, for us, a representation class will be simply a size function R =⋃
n∈ω Rn for boolean functions: Rn : 22n �→ IN. For f ∈ 22n

, we frequently
abbreviate Rn(f) as |f |R, the size of f as measured by the representation class
R. We can allow f to reach some ∞ /∈ IN value in case we want to deal with rep-
resentations that cannot describe all boolean functions; this issue is not relevant
to our work here, and simply one has to adjust the universe of allowed concepts
accordingly.

In the equivalence queries model, a learner interacts with a teacher as follows:
in each round, the learner queries about a representation from the class (in
our case, this only means that the learner will pay the size of its hypothesis,
measured according to the size function defining the class). The teacher either
answers YES, if the hypothesis represents exactly the target concept, or gives
a counterexample otherwise. We assume that all our learning algorithms are
provided with the number n of attributes of the function to be learned and with
a bound m on the size of the target function under the chosen representation.

Polynomial query means that the number of queries and the size of each
query have to be polynomially bounded in n and m; we ignore how difficult is it,
computationally, to find the representation the learner wants to query; however,
it can be seen that PSPACE suffices [5]. In the membership query model, the
learner simply asks the teacher to evaluate the target concept on a given binary
word, and gets a binary answer. The combined model allows both sorts of queries.

We will impose a final technical restriction, which makes our results weaker
than they seem. We assume that our learning algorithms do not query equiva-
lence queries larger than the bound m provided. We call these algorithms mean.
This is a strong restriction since some learning algorithms do not obey it, mostly
for other models such as equivalence and membership queries; but many of the
most relevant learning algorithms with only equivalence queries do actually obey
this restriction.

Note finally that this restriction is not so for membership queries, where the
only role the representation class plays is to provide the initial bound on the size
of the concept.

3 Compactness: A Quantitative Approach

For most of the paper, we assume that the topological space X under consider-
ation is a product space of ω spaces, X =

∏
i∈ω Xi, and we assume as fixed a

family of basic closed sets on each factor Xi. Then we can select, and fix from
now on, our family of basic closed sets as indicated above: just one component is
allowed to differ from its corresponding whole factor, and must be a basic closed
set in it.

We will be interested in the long-run behavior of points in X. To help concen-
trate on it, the following technical notion will be useful. For a set A, its spread
up to dimension n (or to axis n) is the set A(n) formed by all points in X that
coincide with a point in A in all components beyond n, including n itself. Thus
A(0) = A.
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Proposition. A is compact iff all its spreads are compact.

The purpose of that definition is to make up some sort of parameter to serve
as a scale against which we can quantify the compactness of A.

Specifically: let A ⊆ X be compact. We define its compactness rate dA(n)
as follows. Let F = {Fi

∣
∣ i ∈ ω} be an infinite family of basic sets, such that

A ∩ ⋂i∈ω Fi = ∅; then, by the compactness of the spreads, for each n ∈ IN,
there is a finite subfamily of F , {Fi1 , . . . , Fim

} ⊆ F of size say m, such that
A(n) ∩ ⋂m

j=1 Fij
= ∅. Define dA(n) to be the smallest such m fulfilling this

condition for all F (if it exists). Then we say that the compactness rate of A
is the function dA : IN �→ IN. Surely it could be undefined, in case no such m
exists.

An alternative definition proposal will be discussed in a later section.

4 Learnability from Equivalence Queries

Now we select a pretty specific product topological space, Ξ =
∏

i∈ω Xi, where
each component is Xi = 22i

= P(2i) = P({0, 1}i). As described above, we can
see each point of Xi as a set of strings of i bits each; alternatively, as a boolean
function on i boolean variables; or, by looking at its truth table, as a single string
of length 2i.

Thus, this product space Ξ =
∏

i∈ω Xi can be seen as a space of boolean
functions, where each point defines one boolean function for each arity; or as
a space of formal languages, each point being the characteristic function of a
language L ⊆ {0, 1}∗, where the i-th component provides the values of the
characteristic function of L restricted to {0, 1}i.

Each Xi is endowed here with the discrete topology, and is finite, so that
Ξ is compact. The basic closed sets we select in each component are those of
the form Fw,b defined as follows: for w ∈ {0, 1}i, the points of Xi in Fw,b are
those where the bit indexed by w is b. Equivalently, seeing each point as an i-ary
boolean function f , f ∈ Fw,b iff f(w) = b.

Proposition. The space Ξ just defined is homeomorphic to the space
∏

i∈ω{0, 1},
the product space of ω copies of the binary discrete space.

However, currently our results depend on the family of closed sets selected,
and we cannot obtain the same theorems (yet?) for arbitrary homeomorphic
copies of Ξ. In any case, we are working with a quite familiar space; but the way
we present it is tailored to reflect, within the product topology, considerations
corresponding to a length-wise treatment of formal languages over a binary al-
phabet; or to parallel the structure given by a family of boolean functions, one
for each arity. Then, a component of a point of Ξ, on a specific dimension, can
be seen as a concept that we can try to learn.
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4.1 The Consistency Dimension

Many learning models have a combinatorial characterization of what is and what
is not learnable, if we ignore up to polynomial space computations. For instance,
a representation class is learnable from polynomially many labeled examples if
and only if its Vapnik-Chervonenkis dimension is polynomial [2]. We consider
now a similar parameter due to Guijarro [4] (see also [1], where this definition
appears as the variant called “sphere number”).

An example of length n for a concept is just a pair 〈w, b〉 where w ∈ {0, 1}n

and b ∈ {0, 1}. A subset A ⊆ {0, 1}n is consistent with it if b ⇐⇒ w ∈ A; this is
naturally extended to define consistency with a set of examples. The consistency
dimension δR of a representation class R is the function that gives, for each m,
the cardinality δR(n, m) of the smallest set of examples that is not consistent
with any subset of {0, 1}n assigned size at most m by the representation class;
but such that it is minimally so. That is, removing any single example from
it yields a set of examples that is consistent with some subset of {0, 1}n (or:
concept) representable within size at most m.

The name stems from the fact that it can be rewritten equivalently in the
following form [1]: within {0, 1}n, and for d = δR(n, m), if all the subsamples
of cardinality at most d of any arbitrary sample (or: set of examples) S are
consistent with some concept of size m under R, then S itself is consistent with
some concept of size m under R. Here the analogy to the Compactness Theorem
is apparent, and motivates the theorem we state below. In the same reference,
the following is proved: a representation class is learnable with polynomially
many equivalence queries of polynomial size if and only if it has polynomially
bounded consistency dimension.

Given a representation class R, each size bound h : IN �→ IN defines a set
A(R, h) = {f : {0, 1}∗ �→ {0, 1} ∣∣ R(f |n) ≤ h(n)}. By viewing f as consisting of
ω components, f = 〈f |0, f |1, . . . , f |n, . . .〉, each being a boolean function of arity
n, being specified by 2n bits, and thus a member f |n ∈ 22n

= Xn, we see that
A(R, h) ⊆ Ξ. The connection is now completed as follows.

Theorem. As a subspace of Ξ, the set A(R, h) is always compact, and the
consistency dimension of R corresponds to the compactness rate of A(R, h), in
the following sense:

a/ For all n, δR(n, h(n)) ≤ dA(R,h)(n)

b/ The bound is tight: for infinitely many n, δR(n, h(n)) = dA(R,h)(n)

Thus, for the model of learning from equivalence queries, we obtain the fol-
lowing topological characterization (which we state only half-formally for now)
of the representation classes that can be learned:

Corollary. A representation class is polynomial-query learnable from equiva-
lence queries iff all the compact sets obtained from it by bounding the size have
polynomially growing (w.r.t. the size bound) compactness rates.
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5 Compactness in Terms of Convergence

We consider now the following natural alternative. Instead of considering empty
intersections of closed sets, one can consider families of closed sets that have
nonempty intersection, and this is equivalent (via the adherence operator) to
considering filters. Indeed, compact sets are also characterized by convergence
of filters, and it is natural to wonder whether the compactness rate might have
a corresponding characterization in terms of some sort of convergence moduli
bounds.

On the other hand, the appearance of the parameter n on the spreads can
be rightfully critiziced as somewhat unnatural; an “artifact” designed essentially
“to make the proof work”. On the other hand, in the space Ξ we focus on, the
very definition of filter offers, for a natural class of filter bases, a natural choice
for the parameter n that we need, and this suggests an alternative, and maybe
more pleasing, definition of compactness rate.

We explain it in this section, and state that both are useful and comple-
ment each other. Both characterize learnability, but in two related but different
learning models. Thus, they are not equivalent.

5.1 Prefilters

Limits of filters can be defined equivalently as limits of filter bases consisting
only of closed sets. Similarly to the previous case, we want to consider only basic
closed sets; thus we consider prefilters: these are simply families of basic closed
sets of the form Fw,b having overall nonempty intersection. They are a particular
form of filter bases; thus each prefilter generates the filter of all sets that contain
some intersection of sets from the prefilter. Note that the previous section can
be reformulated in terms of families of basic closed sets that are not prefilters.
A prefilter converges if the intersection of the whole family is a single point.
Convergence in a subspace is defined in the same manner on the traces of all the
elements of the prefilter on the subspace, provided that the resulting family is
still a prefilter (i.e. has nonempty intersection).

The width of a prefilter F is the function wF (n) that, at each n, gives the
number of different elements of F of the form Fw,b with |w| = n. Note that there
are at most 2n of them since each w cannot appear both with b and ¬b in F ,
due to the nonempty intersection condition.

Let F be a prefilter that converges in the subspace A. The convergence delay
of F in A is the width of the smallest subprefilter of F that converges in A (and,
a fortiori, towards the same limit). The general convergence delay of A is the
largest convergence delay of a prefilter in A. (In principle, this might as well be
undefined.)

Our result regarding this notion (even more subject to potential mistakes
than the previous one, though) is:
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Theorem. A representation class is polynomial-query learnable from member-
ship queries iff all the compact sets obtained from it by bounding the size have
polynomially growing (w.r.t. the size bound) general convergence delays.

Again this characterization lies on a combinatorial characterization of the
polyquery learning protocol. For membership queries, the concept of teaching
dimension (see [3] and the references therein) was proved in [5] to characterize
the model for projection-closed classes, which actually do encompass all classes
of interest. Inspired by the definition of consistency dimension, we found a vari-
ant that catches membership query learnability also for non-projection-closed
classes. While this is uninteresting since no really new reasonable classes get
captured, the cleaner form of the statement allows for a translation from the
combinatorial setting into topology: it is exactly the bound on the convergence
delay of prefilters.

Thus, the way out we found, based on convergence issues, to circumvent the
objections made to the concept of spread does not substitute, but in a sense
complements, the notion; and certainly in a rather intriguing manner!

6 Work in Progress

We see quite a few additional aspects to be worked out, and we are actively (but,
alas, slowly) pursuing some of them.

6.1 Computational Learning Issues

One clear limitation of this work is the restriction to “mean” algorithms. We
are studying how to adjust the technicalities to capture algorithms that actually
query hypothesis that are larger than necessary, since several of these do exist
in the literature. Some of the results of [1] do apply to the general case, but not
all.

Another direction where a generalization of this work is needed is to im-
proper learning; this simply means that the hypothesis are allowed to come from
a different representation class. Several classes are not known to be learnable
in terms of themselves, but become so when the hypothesis space allowed is
enlarged.

Starting from certificates and the consistency dimension, we then found new
characterizations for membership queries (which lead to our result on prefilters);
but moreover the shape of the expressions and their similarities suggest an avenue
to work on similar characterizations for other learning protocols, and actually the
scratch workpapers on our desks already have a solution for the case of learning
from subset queries. It may have also a topological interpretation. Whereas, at
the time of writing, all this material is extremely immature, please check with
the author at the time of reading...

11The Consistency Dimension, Compactness, and Query Learning



Globally, our vision would be a topologically suggested notion of “learnable”
which would have as particular cases all (or, more modestly, a handful of) the
learnability notions currently studied, which are incomparable among them.

6.2 Logic Issues

The major shortcoming of this preliminary work from the logic side is the re-
striction to the rather trivial propositional case. We want to explore the alley of
finite models from this perspective. One natural (maybe too trivial) possibility
is as follows: the i-th factor space would not be the i-ary boolean functions but
the set of strings encoding finite models for universe size i, and would have a
length polynomial in i depending on the relational vocabulary.

The dream at this point is: even though the standard Compactness Theorem
of first-order logic is well-known to fail for the finite models world, might it
be simply that we need to sharpen it a little with quantitative considerations
in order to recover it? More generally, would a quantitative approach reunify
Classical Model Theory with its stray offspring, Finite Model Theory, and in
this manner enrich its cousin, a favorite of mine, Complexity Theory, with its
nice arsenal of deep weapons? But this is just the dream.

6.3 Topological Issues

I am far from being a topologist, to the extent that I might be rediscovering the
wheel all around here (although neither Altavista nor Infoseek seemed able to
find too close together the words “quantitative” and “compactness” anywhere
in the planet). Assume anyone would accept my bold claim that the notions of
“topology” and “quantitative” are not mutually excluding. Then, clearly there
are topological questions here, ranging from careful study of the details (might
it be that A is not compact but some, or infinitely many, or almost all of the
spreads are? how often can dA be defined/undefined? does it make sense to
speak of “closeness to compact” for noncompact subsets on the basis of these
definitions?) to more general questions which I am not in a position to enumerate,
but of which I will mention just one that worries me most.

Not only we worked most of the time in a quite specific topological space,
but we even fixed the family of basic closed sets. I am sure that a justification
for this choice can be found, beyond its to me obvious naturality: something like
“this choice gives values for the compactness rates that are in a sense extreme
in comparison with any other choice of basic sets for the same topology”. This
would be a very first step necessary before transfering any of the intuitions that
one could get from here into products involving larger ordinals, or even arbitrary
abstract topological spaces.
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Abstract. Descriptive Complexity Theory studies the complexity of
problems of the following type:

Given a finite structure A and a sentence ϕ of some logic L,
decide if A satisfies ϕ?

In this survey we discuss the parameterized complexity of such problems.
Basically, this means that we ask under which circumstances we have an
algorithm solving the problem in time f(|ϕ|)||A||c, where f is a compu-
table function and c > 0 a constant. We argue that the parameterized
perspective is most appropriate for analyzing typical practical problems
of the above form, which appear for example in database theory, auto-
mated verification, and artificial intelligence.

1 Introduction

One of the main themes in descriptive complexity theory is to study the com-
plexity of problems of the following type:

Given a finite structure A and a sentence ϕ of some logic L, decide if A
satisfies ϕ?

This problem, let us call it the model-checking problem for L, has several natural
variants. For example, given a structure A and a formula ϕ(x̄), we may want
to compute the set of all tuples ā ∈ A such that A satisfies ϕ(ā), or we may
just want to count the number of such tuples. Often, we fix the sentence ϕ in
advance and consider the problem: Given a structure A, decide if A satisfies ϕ?

Model-checking problems and their variants show up very naturally in various
applications in computer science. Let us consider three important examples.

Database Query Evaluation. Relational databases are finite relational struc-
tures, and query languages are logics talking about these structures. Thus the
problem of evaluating a Boolean query ϕ over a database D is just the model-
checking problem for the query language. Evaluating a k-ary query corresponds
to the problem of finding all tuples in a structure satisfying a formula with k
free variables.

A very important class of queries is the class of conjunctive queries. Such a
query can be described by a first-order formula of the form ∃ȳ θ(x̄, ȳ), where
θ(x̄, ȳ) is a conjunction of atomic formulas in the variables x̄, ȳ.

Chandra and Merlin [CM77] noted that the model checking problem for con-
junctive queries is essentially the same as the homomorphism problem: Given
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two finite structures A and B of the same relational vocabulary τ , decide if
there is a homomorphism from A to B? Remember that a homomorphism from
A to B is a mapping h : A → B with the property that for all k-ary R ∈ τ and
ā ∈ Ak such that RAā we have RB(h(ā)).

To reduce the model-checking problem for conjunctive queries to the homo-
morphism problem, with each formula ϕ of vocabulary τ with variables x1, . . . ,
xn we associate a τ -structure Aϕ with universe Aϕ = {x1, . . . , xn}, in which for
k-ary R ∈ τ and x̄ ∈ Ak

ϕ we have RAϕ(x̄) if, and only if, R(x̄) is a subformula
of ϕ. Then if ϕ(x̄) is a conjunction of atomic formulas, a structure B satisfies
∃x̄ϕ(x̄) if, and only if, there is a homomorphism from Aϕ to B. For the other
direction we proceed similarly; for each finite relational structure A we define a
conjunctive query ϕA that is satisfied by a structure B if, and only if, there is a
homomorphism from A to B.

Thus indeed the model-checking problem for conjunctive queries and the
homomorphism problem are essentially the same.

Constraint Satisfaction Problems. Feder and Vardi [FV93] gave the following
elegant general formulation of a constraint satisfaction problem: Given two struc-
tures I, called the instance, and T, called the template, find a homomorphism
from I to T.

Then more specific problems can be obtained by restricting instances and
templates to be taken from certain classes of structures. For example, for the
graph coloring problem we allow all (undirected, loop-free) graphs as instances
and all complete graphs Kk, for k ≥ 1, as templates. Another example of a
constraint satisfaction problem is 3-satisfiability, we leave it as an exercise to
the reader to formulate it as a homomorphism problem.

We can conclude that a constraint satisfaction problem is basically the same
as the model-checking problem for conjunctive queries. This is true, but for
reasons we will explain later a different formulation of a constraint satisfaction
problem as model-checking problem is more appropriate. Recall that monadic
second-order logic is the extension of first-order logic by quantifiers ranging over
sets of elements of a structure. It is easy to see that for each structure T there is
a sentence ϕT of monadic second-order logic of the form ∃X1 . . .∃Xk ψ, where
ψ is a universal first-oder formula, such that a structure I satisfies ϕT if, and
only if, there is a homomorphism from I to T [FV93].

Hence a constraint satisfaction problem is essentially a special case of the
model-checking problem for monadic second-order logic.

Model-Checking in Computer-Aided Verification. In the model checking ap-
proach to verification of circuits and protocols, the formal design of the system
is translated to a Kripke structure representing its state space. Then correctness
conditions are formulated in a logic, for example CTL or the modal µ-calculus,
and the model-checker automatically tests whether the Kripke structure satisfies
the conditions.

For the various logics used in this area, very good complexity bounds for
the model-checking problem are known. However, the techniques to prove these
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bounds are of a quite different flavor than those needed, say, to analyze first-order
model-checking. We will not study such logics in this paper.

Except for the modal and temporal logics used in verification, the complexity
of model-checking problems is usually quite high. For example, model-checking
for first-order logic is PSPACE-complete [SM73,Var82], and even for conjunctive
queries it is NP-complete [CM77]. However, these complexity theoretic results
are not really meaningful in many practical situations where the model-checking
problems occur. In all the examples we have seen we can assume that usually
the input formula ϕ is quite small, whereas the structure A can be very large.
(This, by the way, is the reason that in constraint satisfaction problems we wrote
a formula representing the template and not the instance.)

For that reason it is argued, for example in database theory, that we can
assume that the length of the queries is bound by some small number l and then
more or less neglect it. Indeed, evaluating a conjunctive query of length at most
l in a database of size n requires time at most O(nl). For a fixed l this is in
polynomial time and thus seems to be fine. Of course it is not. Even for a query
length l = 5 this is far too much. On the other hand, a running time O(2ln),
which is still exponential in l, would be acceptable. Parameterized complexity
theory has been developed to deal with exactly this kind of situation.

Fixed-Parameter Tractability

The idea of parameterized complexity theory is to parameterize a problem by
some function of the input (such as, for example, the valence of the input graph)
and then measure the complexity of the problem not only in terms of the size
of the input, but also in terms of the parameter. This leads to a refined analysis
of the complexity of the problem, which can be very useful if we have some
additional information on the parameter, for example that it is usually “small”.

Formally, a parameterized problem is a set P ⊆ Σ� × Π�, where Σ and Π
are finite alphabets. We usually represent a parameterized problem P in the
following form:

Input: I ∈ Σ�

Parameter: π ∈ Π�

Problem: Decide if (I, π) ∈ P .

In most cases, we let Π = {0, 1} and consider the parameters π ∈ Π� as
natural numbers (in binary). Very often, a parameterized problem P is derived
from a (classical decision) problem L ⊆ Σ� by a parameterization p : Σ� → N

in such a way that P = {(I, k) | I ∈ L, k = p(I)}. Slightly abusing notation, we
represent such a P in the form

Input: I ∈ Σ�

Parameter: p(I)
Problem: Decide if I ∈ L.
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As an example, actually the most important example in this paper, consider
the model-checking problem for first-order logic parameterized by the formula-
length:

Input: Structure A, FO-sentence ϕ
Parameter: |ϕ|

Problem: Decide if A satisfies ϕ.

The following central definition is motivated by our considerations at the end
of the last subsection.

Definition 1. A parameterized problem P ⊆ Σ� ×Π� is fixed-parameter trac-
table if there is a function f : Π� → N, a constant c ∈ N and an algorithm that,
given a pair (I, π) ∈ Σ� ×Π�, decides if (I, π) ∈ P in time f(π)|I|c .

We denote the class of all fixed-parameter tractable problems by FPT. By
FPL we denote the class of those problems P ∈ FPT for which the constant c
in Definition 1 can be chosen to be 1.

Note that every decidable problem L ⊆ Σ� has a parameterization p : Σ� →
N such that the resulting parameterized problem P is trivially in FPL: Just let
p(I) = |I|. The choice of a good parameterization is hence a crucial part of the
complexity analysis of a problem. This remark is further illustrated by the follo-
wing example. Recall that evaluation of conjunctive queries and the constraint
satisfaction problem are both essentially the same as the homomorphism pro-
blem. Nevertheless, we decided to consider the former as a special case of the
model-checking problem for first-order logic and the latter as a special case of the
model-checking problem for monadic second-order logic. Since the “generic” pa-
rameterization of model-checking problems is by the length of the input formula,
this just corresponds to two different parameterizations of the homomorphism
problem, each of which is appropriate in the respective application.

The theory of fixed-parameter tractability and intractability has mainly been
developed by Downey and Fellows. For a comprehensive treatment of the theory
I refer the reader to their recent monograph [DF99].

In this paper we study the complexity of model-checking and related pro-
blems from the parameterized perspective. As argued above, proving that a
model-checking problem is in FPT or, even better, in FPL often seems to be a
much more meaningful statement than just the fact that for a fixed bound on
the formula length a model-checking problem is in PTIME. In the context of
database theory, the question of fixed-parameter tractability of query evaluation
has first been brought up by Yannakakis [Yan95].

As one might expect, in general most model-checking problems are not fixed-
parameter tractable. Therefore, Section 2 is devoted to intractability results. In
the Sections 3 and 4 we discuss various restrictions leading to problems in FPT
and FPL. We close the paper with a list of open problems.

Although our main motivation is to use parameterized complexity theory for
a refined analysis of typical problems of descriptive complexity theory, we will see
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that parameterized complexity theory also benefits from the logical perspective
of descriptive complexity theory.

Preliminaries

We assume that the reader has some background in logic and, in particular, is
familiar with first-order logic FO and monadic second-order logic MSO.

For convenience, we only consider relational vocabularies.1 τ always denotes
a vocabulary. We denote the universe of a structure A by A. The interpretation
of a relation symbol R ∈ τ in a τ -structure A is denoted by RA.

We only consider finite structures. The class of all (finite) structures is deno-
ted by F . If C is a class of structures, then C[τ ] denotes the class of all τ -structures
in C. We consider graphs as {E}-structures, where E is a binary relation symbol.
Graphs are always undirected and loop-free. G denotes the class of all graphs.

We use RAMs as our underlying model of computations. The size of a τ -
structure A, denoted by ||A||, is defined to be |A| +

∑
R2τ |RA|. When doing

computations whose inputs are structures, we assume that the structures are
given by an adjacency list representation. This is important when it comes to
linear time complexity. For details on these sensitive issues I refer the reader to
[See96].

2 Intractability

In this section we give some evidence that for most of the logics we have discus-
sed so far the model-checking problem is not in FPT. As it is often the case in
complexity theory, we can not actually prove this, but only prove that all the
model-checking problems are hard for a complexity class W[1], which is conjec-
tured to contain FPT strictly. To do this we need a suitable concept of reduction
that we introduce in a moment.

However, before we do so we observe that for the MSO-model-checking pro-
blem (parameterized by the formula length) we can show that it is not in FPT
unless P = NP without any further knowledge of parameterized complexity
theory. We just observe that there is an MSO-sentence χ defining the class of all
3-colorable graphs:

χ := ∃X∃Y ∃Z
(
∀x(Xx ∨ Y x ∨ Zx)

∧∀x∀y(Exy → ¬((Xx ∧Xy) ∨ (Y x ∧ Y y) ∨ (Zx ∧ Zy)))
)
.

Recall that if the model-checking problem for MSO was in FPT, there would
be a function f : N → N, a constant c ∈ N, and an algorithm that, given a
graph G and an MSO-sentence ϕ, would decide whether G satisfies ϕ in time
f(|ϕ|)nc, where n is the size of the input graph. Applied to the sentence χ this
1 All results we present here can be extended to vocabularies with function and con-

stant symbols, see [FG99a] for details.
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would yield an O(nc)-algorithm for 3-colorability and thus imply that P = NP,
because 3-Colorability is NP-complete [Kar72].

Definition 2. Let P ⊆ Σ� × Π� and P 0 ⊆ (Σ0)� × (Π 0)� be parameterized
problems.

P is parameterized m-reducible to P 0 (we write P ≤fp
m P 0), if there is a

computable function f : Π� → N, a constant c ∈ N, a computable function
g : Π� → (Π 0)�, and an algorithm that, given (I, π) ∈ Σ� × Π�, computes an
I 0 ∈ (Σ0)� in time f(π)|I|c such that

(I, π) ∈ P ⇐⇒ (I 0, g(π)) ∈ P 0.2

Observe that ≤fp
m is transitive and that if P ≤fp

m P 0 and P 0 ∈ FPT then P ∈
FPT. A parameterized complexity class is a class of parameterized problems that
is downward closed under ≤fp

m. For a parameterized problem P we let [P ]fp :=
{P 0 | P 0 ≤fp

m P}, and for a family P of problems we let [P]fp :=
S

P2P [P ]fp.
Now we can define hardness and completeness of parameterized problems for a
parameterized complexity class (under parameterized m-reductions) in the usual
way.

For a class C of τ -structures and a class L of formulas we let MC(C,L) be
the following parameterized model-checking problem:

Input: A ∈ C, ϕ ∈ L
Parameter: |ϕ|

Problem: Decide if A |= ϕ.

For an arbitrary class C of structures, MC(C,L) denotes the family of pro-
blems MC(C[τ ],L), for all τ .

We call a first-order formula existential if it contains no universal quantifiers
and if negation symbols only occur in front of atomic subformulas. EFO denotes
the class of all existential FO-formulas. We let

W[1] := [MC(F ,EFO)]fp .
3

Recall that F denotes the class of all structures and G denotes the class of
graphs. Standard encoding techniques show that MC(G,EFO) is complete for
W[1], or equivalently, that [MC(G,EFO)]fp = W[1] [FG99a].

Let Clique be the parameterized problem
2 This is what Downey and Fellows [DF99] call strongly uniformly parameterized

m-reducible. They also use various other reduction concepts, most notably a para-
meterized form of Turing reductions.

3 This is not Downey and Fellow’s original definition. See below for a discussion of the
W-hierarchy.
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Input: Graph G
Parameter: k ∈ N

Problem: Decide if G has a k-clique.

(A k-clique in a graph is a set of k pairwise connected vertices.)

Theorem 1 ([DF95]). Clique is complete for W[1].

Proof. The problem is obviously contained in W[1], because for every k there is
an EFO-sentence (actually a conjunctive query) of length bounded by a compu-
table function of k that defines the class of all graphs with a k-clique.

For the hardness, we shall prove that MC(G,EFO) ≤fp
m Clique.

An atomic k-type (in the theory of graphs) is a sentence θ(x1, . . . , xk) of the
form

∧
1≤i<j≤k αij(xi, xj), where αij(xi, xj) is either xi = xj or E(xi, xj) or

(¬E(xi, xj) ∧ ¬xi = xj) (for 1 ≤ i < j ≤ k).
It is easy to see that there is a computable mapping f that associates with

each EFO-sentence ϕ a sentence ϕ̃ of the form

l∨

i=1

∃x1 . . .∃xkθi(x1, . . . , xk), (1)

where each θi is an atomic k-type, such that for all graphs G we have G |=
ϕ ⇐⇒ G |= ϕ̃. Furthermore, the mapping ϕ 7→ ϕ̃ can be defined in such a
way that k is precisely the length of ϕ (this can simply be achieved by first
adding “dummy” variables). Let f̃(x) be an upper bound on the time required
to compute ϕ̃ for a formula ϕ of length x.

For each graph G and each atomic k-type θ(x̄) =
∧

1≤i<j≤k αij(xi, xj) we
define a graph h(G, θ) as follows:

– The universe of h(G, θ) is {1, . . . , k} ×G.
– There is an edge between (i, v) and (j, w), for 1 ≤ i < j ≤ k and v, w ∈ G,

if G |= αij(v, w).

Then h(G, θ) contains a k-clique if, and only if, G |= ∃x̄θ(x̄).
Now we are ready to define the reduction from MC(G,EFO) to Clique.

We let c = 1 and g(k) = k. Given a graph G and a sentences ϕ ∈ EFO, our
reduction-algorithm first computes ϕ̃ =

∨l
i=1 ∃x̄θi(x̄). Then for 1 ≤ i ≤ l it

computes h(G, θi), and the output is the disjoint union of all these graphs. This
computation requires time O(f̃(p)pn), where n = |G| and p = |ϕ|. Thus we can
let f(x) := df̃(x)x for a sufficiently large constant d. 2

Letting CQ be the class of all conjunctive queries, we immediately obtain:

Corollary 1 ([PY97]). MC(G,CQ) is complete for W[1].

There is good reason to conjecture that W[1] 6= FPT (see [DF99]). If we
believe this, model-checking is not even fixed-parameter tractable for existential
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FO-formulas or conjunctive queries. How much harder will it be for arbitrary
formulas?

Actually, Downey and Fellows defined a whole hierarchy W[1] ⊆ W[2] ⊆ · · ·
of parameterized complexity classes, and they conjecture that this hierarchy is
strict. Their definition of this W-hierarchy is in terms of the circuit value problem
for certain classes of Boolean circuits. It is not hard to prove, though, that their
definition of W[1] is equivalent to ours.

For i ≥ 1, we let Σi denote the class of all FO-formulas in prenex normal
form that have i alternating blocks of quantifiers, starting with an existential
quantifier. Coming from our definition of W[1] in terms of model-checking for
existential FO-formulas, it is tempting to conjecture that for i ≥ 2, the class
W[i] coincides with the class A[i] := [MC(F , Σi)]fp. This is an open question,
but I tend to believe that A[i] 6= W[i] for all i ≥ 2 (see [FG99a,DFR98] for a
discussion).

In any case, the intuition that the W-hierarchy is closely related to quantifier-
alternation in FO-model-checking problems is justified. For l ≥ 1, i ≥ 2 we let
Σi,l be the set of all Σi-formulas with at most l quantifiers in all quantifier blocks
except for the first. For example,

∃x1 . . .∃xk∀y∃z1∃z2∀w1∀w2 θ

with a quantifier-free θ is a Σ4,2-formula.

Theorem 2 ([DFR98,FG99a]4). For all i ≥ 1 we have

W[i] =




⋃

l≥1

MC(F , Σi,l)





fp

= [MC(F , Σi,1)]fp .

On top of the W-hierarchy, Downey and Fellows have studied lots of other
parameterized complexity classes. Notably, Downey, Fellows and Taylor [DFT96]
proved that the problem MC(G,FO), model-checking for FO, is complete for the
class AW[∗] (for a definition of this class I refer the reader to [DF99]).

3 Tractable Cases I: Simple Structures

In this section we study tractable cases of the model-checking problems that
are obtained by restricting the class of input structures. We prove a theorem of
Courcelle stating that MSO-model-checking is in FPL if parameterized by the
formula length and the tree-width of the input structure.

Recall that a tree is a connected acyclic graph.
The union

S
i2I Ai of τ -structures Ai is the τ -structure A with universe

A =
S

i2I Ai and RA =
S

i2I R
Ai . If A is a τ -structure and B ⊆ A, then 〈B〉A

denotes the substructure induced by A on B.
4 The first equality is due to [DFR98], the second due to [FG99a].
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Definition 3. (1) A tree-decomposition of a structure A is a pair (T, (At)t2T )
consisting of a tree T and a family At of subsets of A (for t ∈ T ) such thatS〈At〉A = A and for all a ∈ A, the set {t | a ∈ At} induces a subtree of T
(that is, is connected). The sets At are called the parts of the decomposition.

(2) The width of (T, (At)t2T ) is defined to be max{|At| | t ∈ T} − 1.
(3) The tree-width of A, denoted by tw(A), is the minimal width of a tree-

decomposition of A.

Trees and forests have tree-width 1 and series-parallel graphs (in particular
cycles) have tree-width ≤ 2. Note that a graph of size n has tree-width at most
n − 1. An n-clique has tree-width (n − 1), an (n × n)-grid has tree-width n
(see [Die97]), and a random graph of order n with edge probability � 1

n has
tree-width n− o(n) almost surely [GL].

Tree-decompositions and tree-width have been introduced by Halin [Hal76],
and later independently by Robertson and Seymour [RS86a]. They are of great
importance in graph theory and the theory of algorithms. Many NP-hard algo-
rithmic problems on graphs belong to FPL when parameterized by the tree-width
of the input graph (see, for example, the survey [Bod97]).

Computing a tree-decomposition of a given graph is NP-complete [ACP87].
However, if parameterized by the tree-width of the input structure, the problem
is fixed-parameter tractable by the following deep theorem of Bodlaender.

Theorem 3 ([Bod96]). There is an algorithm that, given a graph G, compu-
tes a tree-decomposition of G of minimal width in time O(2p(tw(G))|G|) (for a
suitable polynomial p(X)).

It is not hard to see that for arbitrary τ the analogous result for τ -structures
follows.

Theorem 4 ([Cou90]). For every vocabulary τ , the following parameterized
problem is in FPL:

Input: τ -structure A, MSO-sentence ϕ
Parameter: (tw(A), |ϕ|)

Problem: Decide if A |= ϕ.

Let us recall what exactly this result means (cf. Page 16 for the precise de-
finitions): Suppose that we encode pairs (A, ϕ) by a suitable mapping enc :
F [τ ]×MSO → {0, 1}�. Then formally the parameterized problem we consider is

{(
enc(A, ϕ), (k, l)

) | A ∈ F [τ ], ϕ ∈ MSO, k = tw(A), l = |ϕ|,A |= ϕ}.

Thus the theorem states that there is a computable function f : N
2 → N and

an algorithm that, given
(
enc(A, ϕ), (k, l)

)
, decides if k = tw(A), l = |ϕ|, and

A |= ϕ in time at most f(k, l)n.

The proof requires some preparation.
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Once we have declared a node r in a tree T to be the root we can direct the
edges and speak of the children of a node and its parent. A proper binary rooted
tree is a rooted tree (T, r) where every vertex either has two children or none.

It will be convenient for us to work with tree-decompositions of the follo-
wing form: A special tree-decomposition (STD) of width w of a structure A
is a triple (T, r, (āt)t2T ) where (T, r) is a proper binary rooted tree, āt :=
(at

0, . . . , a
t
w) is a (w+ 1)-tuple of elements of A, and (T, ({at

0, . . . , a
t
w})t2T ) is a

tree-decomposition of A. Let us mention explicitly that two distinct tree-nodes
of a tree-decomposition may have identical parts.

It is easy to see that a given tree-decomposition of a graph can be transferred
to an STD of the same width in linear time.

The quantifier-rank of an MSO-formula ϕ is the maximal number of nested
quantifiers in ϕ. Let q ≥ 1. An MSOq k-type (of vocabulary τ) is a set of MSO-
formulas of quantifier rank at most q whose free variables are contained in a fixed
set {x1 . . . , xk}. The MSOq type tpq(ā,A) of a k-tuple ā ∈ Ak in a τ -structure
A is defined to be the set of all MSO-formulas ϕ(x̄) of quantifier-rank at most
q such that A |= ϕ(ā).

It is easy to see that, up to logical equivalence, there are only finitely many
MSO-formulas of vocabulary τ with free variables in {x1 . . . , xk} of quantifier
rank at most q. Thus for all k, q ∈ N, up to logical equivalence there are only
finitely many MSOq k-types, and every MSOq k-types has a finite description.

Proof (of Theorem 4): Let ϕ be an MSO-sentence of quantifier-rank q. Fur-
thermore, let A be a τ -structure and (T, r, (āt)t2T ) an STD of A of width
w := tw(A).

For every t ∈ T , we let At := {at
0, . . . , a

t
w} and Bt :=

S
t≤TsAs, where ≤T

denotes the natural partial order associated with the tree (in which the root is
minimal). Note that for leaves t we have Bt = At and for parents t with children
u and u0 we have Bt = At ∪Bu ∪Bu′ and Bu ∩Bu′ ⊆ At.

Standard techniques from logic (Ehrenfeucht-Fräıssé games) easily show that
for every parent t with children u, u0, type(t) := tpq(āt, 〈Bt〉A) only depends on
the following finite pieces of information:

(1) The isomorphism type of the substructure induced by āt, that is,

part(t) :=
{
(x, y) | 0 ≤ x < y ≤ w, at

x = at
y

}

∪{
R(x̄) | R ∈ τ k-ary, x̄ ∈ {0, . . . w}k such that RA(ax1 , . . . , axk

)
}

(2) The q-type of the subtree below u, and how the parts at u and t intersect:

type(u), is(u, t) := {(x, y) | 0 ≤ x, y ≤ w, au
x = at

y}.

(3) The q-type of the subtree below u0, and how the parts at u0 and t intersect:

type(u0), is(u0, t).
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For a leaf t, the q-type type(t) only depends on part(t).
In other words, there are finite functions Πq,w and Λq,w such that for all

τ -structures A with STD (T, r, (āt)t2T ) of width w we have

type(t) =Πq,w

(
part(t), type(u), is(u, t), type(u0), is(u0, t)

)

for all parent nodes t ∈ T with children u, u0,

type(t) =Λq,w

(
part(t)

)
for all leaves t ∈ T .

The functions Πq,w and Λq,w only depend on q and w, but not on the input
structure A. Furthermore, there is an algorithm that, given q and w, computes
Πq,w and Λq,w and stores them in look-up tables.

Finally, recall that 〈Br〉A = A and
(
A |= ϕ ⇐⇒ ϕ ∈ tpq(ār,A)

)
(because

the quantifier rank of ϕ is q).
It is now easy to verify that the algorithm in Figure 1 solves the MSO-model-

checking problem in time f(tw(G), |ϕ|)|G| for a computable f . The statement
of the theorem follows, because the problem of deciding whether the tree-width
of a graph is w, parameterized by w, is in FPL (by Bodlaender’s theorem).

ModelCheck(Structure A, MSO-sentence ϕ)

1 Compute STD (T, r, (āt)t∈T ) of A of width w := tw(A)
2 q := qr(ϕ)
3 Compute Λq,w and Πq,w

4 t := Type(r)
5 if ϕ ∈ t then accept else reject.

Type(Tree-Node t)

6 Compute part(t)
7 if t is leaf
8 then return

(
Λq,w(part(t))

)

9 else
10 u := first child of t; u′:= second child of t
11 Compute is(u, t) and is(u′, t)
12 return

(
Πq,w(part(t),Type(u), is(u, t),Type(u′), is(u′, t))

)
.

Figure 1. MSO-model-checking

2

Courcelle proved his theorem for graphs and hypergraphs. He uses a version
of MSO in which one is allowed to quantify not only over sets of vertices of
a graph, but also over sets of edges. This version is clearly more expressive.
However, there is a natural way of including it into our framework: We encode
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graphs as incidence structures of vocabulary {V,W, I} with unary V,W and
binary I. With a graph G = (G,EG) we associate an {V,W, I}-structure I(G)
whose universe is the disjoint union of the vertex set V G and the edge set WG

in the obvious way. Then a class C of graphs is definable in Courcelle’s MSO if,
and only if, the class {I(G) | G ∈ C} is definable in our MSO.

It is a nice exercise to prove that for each graph G we have tw(G) = tw(I(G))
(and not only the trivial tw(I(G)) ≤ tw(G) +

(tw(G)+1
2

)
). Thus Theorem 4 is

valid for both versions of MSO.

Arnborg, Lagergren and Seese [ALS91] proved extensions of Courcelle’s Theo-
rem for MSO-definable counting and optimization problems. Courcelle, Makow-
sky, and Rotics [CMR98] consider another, more liberal parameter of graphs cal-
led clique-width. They prove that if a graph comes with a clique-decomposition
(the analogue of a tree-decomposition for clique-width) of bounded width, then
MSO-model-checking is still possible in polynomial time. The problem with this
approach is that it is not known if such a decomposition can be computed in
polynomial time even for fixed clique-width 4.

However, there is not much room for extensions of Courcelle’s theorem to
other natural classes of structures. 3-Colorability is already NP-complete
on planar graphs of valence 4 [GJS76]. This implies that, unless P=NP, for
every class C of graphs that contains all planar graphs of valence 4 the problem
MC(C,MSO) is not in FPT.

Let us turn to FO-model-checking. With each τ -structure A we associate a
graph G(A), called the Gaifman graph of A. The universe of G(A) is A, and
there is an edge between two distinct elements a, b ∈ A if there is a relation
R ∈ τ and a tuple c̄ ∈ RA such that both a and b occur in c̄. The valence of
a structure A, denoted by val(A), is defined to be the valence of its Gaifman
graph, that is, val(A) := max

{|{b | EG(A)(a, b)}| �
� a ∈ A}.

Using Hanf’s Sphere Theorem [Han65], Seese proved the following:

Theorem 5 ([See96]). For every vocabulary τ , the following parameterized
problem is in FPL:

Input: τ -structure A, FO-sentence ϕ
Parameter: (val(A), |ϕ|)

Problem: Decide if A |= ϕ.

A more general approach is based on Gaifman’s locality theorem [Gai82].
The distance dA(a, b) between two elements a, b of a structure A is the length
of the shortest path between a and b in G(A). The r-neighborhood of a is the
set NA

r (a) := {b ∈ A | dA(a, b) ≤ r}.

Definition 4. The local tree-width of a structure A is the function ltw(A) :
N → N defined by ltw(A)(r) := max

{
tw(〈Nr(a)〉A) | a ∈ A

}
.

A class C of structures has bounded local tree-width if there is a function
λ : N → N such that ltw(A)(r) ≤ λ(r) for all A ∈ C, r ∈ N.
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Surprisingly, there are many natural examples of classes of graphs of bounded
local tree-width, among them all classes of bounded tree-width, bounded valence,
and bounded genus.5

Theorem 6 ([FG99b]). Let C be a class of graphs of bounded local tree-width.
Then the problem MC(C,FO) is solvable in time f(|ϕ|)n2 for a suitable f and
thus in FPT.

A refinement of bounded local tree-width is the notion of a locally tree-
decomposable class of graphs; all the examples of classes of bounded local tree-
width that we mentioned above are also locally tree-decomposable. For such
classes the FO-model-checking is in FPL. This yields both Seese’s Theorem 5
and the following result. Its proof also uses a theorem of Mohar [Moh96] stating
that for every surface S there is a linear time algorithm deciding whether a given
graph can be embedded into the orientable surface of genus g.

Theorem 7 ([FG99b]). The following parameterized problem is in FPL:

Input: Graph G, FO-sentence ϕ
Parameter: (genus(G), |ϕ|)

Problem: Decide if G |= ϕ.

The final result of this section is based on deep graph theoretic results due
to Robertson and Seymour [RS95,RS]. A minor of a graph G is a graph that is
obtained from a subgraph of G by contracting edges.

Theorem 8 ([FG99a]). Let C be a class of graphs such that there exists a graph
that is not a minor of a graph in C. Then MC(C,FO) is in FPT.

Robertson and Seymour proved that a class C of graphs has bounded tree-
width if, and only if, there is a planar graph that is not a minor of a graph in C
[RS86b]. Putting things together, we obtain a nice corollary:

Corollary 2. Let C be a class of graphs that is closed under taking minors.

(1) Assume that P 6= NP. Then MC(C,MSO) is in FPT if, and only if, C has
bounded tree-width.

(2) Assume that FPT 6= W[1]. Then MC(C,FO) is in FPT if, and only if, C is
not the class of all graphs.

5 The genus of a graph G is the least genus of an orientable surface in which G is
embeddable. Thus the graphs of genus 0 are just the planar graphs. A class of graphs
has bounded tree-width/valence/genus if there is a constant bounding the respective
number for all graphs in the class.
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Remark 1. The results of this section show that on many classes of graphs the
model-checking problem for MSO and FO can be solved in time f(|ϕ|)||A||c for
some function f and a constant c (usually c = 1).

We never specified f . In all results except Theorem 5, f is a tower of 2s whose
height is roughly the number of quantifier-alternations in the input formula. This
is basically due to the enormous number of MSOq types and FOq types. Even
in Theorem 5, f is at least doubly exponential.

This makes the algorithms that can be derived from these results useless for
practical applications. The benefit of the results is to provide a simple way to
recognize a property as being linear time computable on certain classes of graphs
(by expressing it in MSO or FO). Analyzing the combinatorics of the specific
property then, one may also find a practical algorithm.

4 Tractable Cases II: Simple Formulas

This final section is devoted to tractable cases of the model-checking problems
obtained by restricting the second part of the input, the sentence ϕ. The com-
plexity of model-checking is known to be intimately linked to the number of
variables in ϕ [Var95]. We might try to parameterize the FO-model-checking
problem by the number of variables instead of the formula-length, but since the
formula-length is an upper bound for the number of variables this makes the
model-checking problem only harder (and thus even “more intractable”).

However, if we fix the number of variables in advance we obtain not only
fixed-parameter tractability, but actually polynomial-time computability: Vardi
proved that the problem MC(F [τ ],FOs) is solvable in time O(ns) [Var95]. Here
FOs (for s ≥ 1) denotes the fragment of FO consisting of all formulas with at
most s variables. Similar results hold for the finite-variable fragments of other
logics, for example least fixed-point logic [Var95].

The finite-variable fragments of least fixed-point logic can also be used to
give a descriptive characterization of the class FPT in the style of the well-known
Immerman-Vardi Theorem [Imm86,Var82]. To formulate this, it is convenient to
consider a parameterized problem as a class P ⊆ O[τ ] × N for some vocabulary
τ , where O[τ ] denotes the class of ordered τ -structures. Then P is in FPT if,
and only if, there is an s ≥ 1 and a computable sequence (ϕk)k≥1 of least-fixed
point formulas with at most s variables and at most one fixed-point operator
such that for all k ≥ 1, ϕk defines the class {A | (A, k) ∈ P} [FG99a].

The rest of this section is devoted to various refinements of model-checking for
Σ1-formulas. Remember that Σ1-formulas are EFO-formulas in prenex normal
form. Recall the definition of the structure Aϕ associated with a formula ϕ
(cf. Page 15). The tree-width of a formula ϕ is defined to be the tree-width of
Aϕ. Kolaitis and Vardi [KV98] observed that, for all s ≥ 1, every Σ1-sentence of
tree-width at most s can be effectively transformed into an equivalent existential
FOs+1-sentence. This implies:

Theorem 9 ([FG99a]). Model-checking for Σ1-sentences of tree-width at most
s is in FPT.
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Note that this does not extend to arbitrary EFO-sentences, because for every
k ≥ 3 the EFO-sentence ∃x1 . . .∃xk

∧
1≤i<j≤k ∃y∃z(y = xi ∧ z = xj ∧ E(y, z)),

saying that a graph contains a k-clique, has tree-width 3.
The following extension of Theorem 9 is based on a theorem of Plehn and

Voigt [PV90] stating that for every w ≥ 1 the following restriction of the sub-
graph isomorphism problem can be solved in time f(|H|)|G|w+1, for a suitable
function f :

Input: Graphs G,H with tw(H) ≤ w
Parameter: |H|

Problem: Decide if H is isomorphic to a subgraph of G.

Recall that negation symbols in an EFO-formula only occur in front of atomic
subformulas. For a formula ϕ, we let ϕ−6= be the result of deleting all subformulas
of the form ¬x = y from ϕ. The modified tree-width of ϕ is defined to be tw(ϕ−6=).

Theorem 10 ([FG99a]). Let w ≥ 1 and Φ the set of all Σ1-sentences of mo-
dified tree-width at most w. Then MC(F , Φ) is in FPT.

Papadimitriou and Yannakakis [PY97] proved a special case of this theorem
for so-called acyclic queries. They also observed that the problem MC(F , Φ) is
NP-complete even for the class Φ of all Σ1-sentences with modified tree-width
1. To see this, note that the existence of a hamiltonian path is subsumed by this
model-checking problem.

Proof (of Theorem 10): It clearly suffices to prove the result for formulas of the
form ∃x̄θ(x̄), where θ is a conjunction of atomic and negated atomic formulas,
because every Σ1-formula ϕ can be effectively transformed to an equivalent
disjunction of formulas of this form that contains precisely the same atomic
formulas as ϕ and thus has the same modified tree-width.

So we have to find an algorithm that, given a τ -structure A and a sentence
ϕ = ∃x1 . . .∃xkθ(x1, . . . , xk) ∈ Φ of modified tree-width at most w, where θ is a
conjunction of atoms or negated atoms, decides if A |= ϕ.

Our algorithm is based on the so-called color coding technique introduced
by Alon, Yuster and Zwick [AYZ95]. We only present a Monte Carlo algorithm
solving the problem in time f(|ϕ|)|A|w+1. This algorithm can be derandomized
using a k-perfect family of hash-functions ([SS90,AYZ95]).

A coloring of ϕ is a mapping γ : {1, . . . , k} → {1, . . . , k} such that γ(i) 6=
γ(j) if ¬xi = xj occurs in θ. For each coloring γ we let ϕγ be the formula obtained
by deleting literals ¬xi = xj in θ and adding atoms Cγ(i)xi for 1 ≤ i ≤ k. Note
that tw(ϕγ) = tw(ϕ−6=) = w.

A coloring of A is a partition of A into sets CA
1 , . . . , C

A
k .

Observe that A |= ϕ if, and only if, there is a coloring γ of ϕ and a coloring
CA

1 , . . . , C
A
k of A such that (A, CA

1 , . . . , C
A
k ) |= ϕγ .

For all colorings γ of ϕ we do the following: We randomly and indepen-
dently choose a color for each a ∈ A. Let CA

1 , . . . , C
A
k be the resulting coloring.
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Then we check if (A, CA
1 , . . . , C

A
k ) |= ϕγ , which is possible in time O(|ϕ||A|w+1)

by Theorem 9. Note that if there is no coloring CA
1 , . . . , C

A
k of A such that

(A, CA
1 , . . . , C

A
k ) |= ϕγ , this will certainly not be the case. On the other hand,

if there is such a coloring it will be the case with probability ≥ 1
kk .

Repeating this procedure f(k) = dlog(2)kke times, we will get the correct
answer with probability at least 1

2 . 2

Remark 2. The running time of the last algorithm can be considerably impro-
ved by only coloring, with the least possible number of colors, the set of those
variables that actually appear in an inequality.

5 Open Problems

(1) (cf. Page 21) Do the W-hierarchy and the A-hierarchy coincide, or is at least
W[2] = A[2]?

(2) (cf. Theorem 6) Let C be a class of graphs of bounded local tree-width. Is
the problem MC(C,FO) in FPL?

(3) (cf. Theorem 8) For k ≥ 1, let Kk be the class of graphs that do not contain
the complete graph Kk as a minor. Note that for every class C of graphs such
that there exists a graph that is not a minor of a graph in C there exists a
k ≥ 1 such that C ⊆ Kk. Is the following problem in FPT or even FPL?

Input: Graph G, FO-sentence ϕ
Parameter: (min{k | G ∈ Kk}, |ϕ|)

Problem: Decide if G satisfies ϕ.

(4) Let W be the class of words. Is there a constant c ≥ 1 such that MC(W,FO)
is solvable in time O(2|ϕ|nc)? If this is the case, how about the class of trees,
planar graphs, et cetera?

(5) Let Gk denote the (k × k)-grid. Is the following problem in FPT?

Input: Graph G
Parameter: k ∈ N

Problem: Decide if there is a homomorphism h : Gk → G.

A negative answer to this question would imply the following: Let C be a
class of graphs that is closed under taking minors and let Φ be the class of
all Σ1-formulas ϕ such that Aϕ ∈ C. Then MC(F , Φ) is in FPT if, and only
if, C has bounded tree-width (cf. [FG99a]).
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Abstract. Various logic-based frameworks have been proposed for spe-
cifying the operational semantics of programming languages and con-
current systems, including inference systems in the styles advocated by
Plotkin and by Kahn, Horn logic, equational specifications, reduction
systems for evaluation contexts, rewriting logic, and tile logic.
We consider the relationship between these frameworks, and assess their
respective merits and drawbacks—especially with regard to the modula-
rity of specifications, which is a crucial feature for scaling up to practical
applications. We also report on recent work towards the use of the Maude
system (which provides an efficient implementation of rewriting logic) as
a meta-tool for operational semantics.

1 Introduction

The designers, implementors, and users of a programming language all need to
acquire an intrinsically operational understanding of its semantics. Programming
language reference manuals attempt to provide such an understanding using
informal, natural language; but they are prone to ambiguity, inconsistency, and
incompleteness, and totally unsuitable as a basis for sound reasoning about the
effects of executing programs—especially when concurrency is involved.

Various mathematical frameworks have been proposed for giving formal de-
scriptions of programming language semantics. Denotational semantics generally
tries to avoid direct reference to operational notions, and its abstract domain-
theoretic basis remains somewhat inaccessible to most programmers (although
modelling programs as higher-order functions has certainly given useful insight
to language designers and to theoreticians). Operational semantics, which direc-
tly aims to model the program execution process, is generally based on familiar
first-order notions; it has become quite popular, and has been preferred to denot-
ational semantics for defining programming languages [28] and process algebras
[26].

Despite the relative popularity of operational semantics, there have been
some “semantic engineering” problems with scaling up to descriptions of full
practical programming languages. A significant feature that facilitates scaling-up
is good modularity: the formulation of the description of one construct should
? Written while visiting SRI International and Stanford University.
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not depend on the presence (or absence) of other constructs in the language.
Recently, the author has proposed a solution to the modularity problem for the
structural approach to operational semantics [31,32].

There are different ways of specifying operational semantics for a program-
ming language: an interpreter for programs—written in some (other) program-
ming language, or defined mathematically as an abstract machine—is an algo-
rithmic specification, determining how to execute programs; a logic for inferring
judgements about program executions is a declarative specification, determining
what program executions are allowed, but leaving how to find them to logical
inference. Following Plotkin’s seminal work [37], much interest has focussed on
logical specification of operational semantics.

In fact various kinds of logic have been found useful for specifying operational
semantics: arbitrary inference systems, natural deduction systems, Horn logic,
equational logic, rewriting logic, and tile logic, among others. Sections 2 and 3
review and consider the relationship between these applied logics, pointing out
some of their merits and drawbacks—especially with regard to the modularity
of specifications. The brief descriptions of the various logics are supplemented
by illustrative examples of their use. It is hoped that the survey thus provided
will be useful as an introduction to the main techniques available for logical
specification of operational semantics.

The inference of a program execution in some logic is clearly not the same
thing as the inferred execution itself. Nevertheless, a system implementing lo-
gical inference may be used to execute programs according to their operational
semantics. Section 4 reports on recent work towards the use of the Maude system
(which provides an efficient implementation of rewriting logic) as a meta-tool for
operational semantics.

2 Varieties of Structural Operational Semantics

The structural style of operational semantics (SOS) is to specify inference rules
for steps (or transitions) that may be made not only by whole programs but
also by their constituent phrases: expressions, statements, declarations, etc. The
steps allowed for a compound phrase are generally determined by the steps allo-
wed for its component phrases, i.e., the steps are defined inductively according
the (abstract) syntax of the described programming language. An atomic as-
sertion of the specified logic (such as γ −→ γ0) asserts the possibility of a step
from one configuration γ to another γ0. Some configurations are usually distin-
guished as terminal, and have no further steps, whereas initial and intermediate
configurations have phrases that remain to be executed as components.

Small-step SOS: In so-called small-step SOS [37], a single step for an atomic
phrase often gives rise to a single step for its enclosing phrase (and thus ulti-
mately for the whole program). A complete program execution is modelled as a
succession—possibly infinite—of these small steps. During such a program exe-
cution, phrases whose execution has terminated get replaced by the values that
they have computed.
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Suppose that an abstract syntax for expressions e includes also values v:

e ::= v | if e0 then e1 else e2 | . . .

v ::= true | false | . . .

Here are a couple of typical examples of inference rules for small-step SOS, to
illustrate the above points:

e0 −→ e0
0

if e0 then e1 else e2 −→ if e0
0 then e1 else e2

(1)

if true then e1 else e2 −→ e1 if false then e1 else e2 −→ e2 (2)

In the lack of further rules for if e0 then e1 else e2, it is easy to see that the
intended operational semantics has been specified: the sub-expression e0 must
be executed first, and if that execution terminates with a truth-value, only one
of e1, e2 will then be executed.

Big-step SOS: In big-step SOS [17], a step for a phrase always corresponds to
its entire (terminating) execution, so no iteration of steps is needed. A step
for a compound phrase thus depends on steps for all those component phrases
that have to be executed. (Big-step SOS has been dubbed Natural Semantics
since the inference rules may resemble those of Natural Deduction proof systems
[17].) Here is an example, where the notation e ⇓ v asserts the possibility of the
evaluation (i.e., execution) of e terminating with value v:

e0 ⇓ true e1 ⇓ v1

if e0 then e1 else e2 ⇓ v1

e0 ⇓ false e2 ⇓ v2

if e0 then e1 else e2 ⇓ v2
(3)

The intended operational semantics, where e0 is supposed to be executed before
e1 or e2, is not so evident here as it is in the small-step SOS rules. In other
examples, however, explicit data dependencies may indicate the flow of control
more clearly.

Big-step SOS cannot express the possibility of non-terminating executions,
and thus it appears ill-suited to the description of reactive systems. However,
the possibility of non-termination may be specified separately [8].

Note that small- and big-step SOS may be used together in the same de-
scription, e.g. big-step for modelling expression evaluation and small-step for
modelling statement execution. Moreover, the transitive closure of the small-
step relation (restricted to appropriate types of arguments) provides the big-step
relation between phrases and their computed values.

Substitution: Binding constructs of programming languages, such as declarations
and formal parameters, give rise to open phrases with free variables; however,
these phrases do not get executed until the values to be bound to the free varia-
bles have actually been determined. Thus one possibility is to replace the free
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variables by their values, producing a closed phrase, using a substitution opera-
tion (here written [v/x]e). However, the definition of substitution itself can be
somewhat tedious—in practice, it is often left to the reader’s imagination (as
here):

e1 −→ e0
1

let x = e1 in e2 −→ let x = e0
1 in e2

(4)

let x = v1 in e2 −→ [v1/x]e2 (5)

There is obviously no need to give a rule for evaluating a variable x to its value
when using substitution.

Environments: An alternative approach, inspired by the treatment of binding
constructs in denotational semantics and in Landin’s work [18], is to use environ-
ments ρ: a judgement then has the form ρ ` γ −→ γ0. In effect, the environment
keeps track of the relevant substitutions that could have been made; the com-
bination (often referred to as a closure) of an open phrase and an appropriate
environment is obviously equivalent to a closed phrase. Environments are parti-
cularly simple to use in big-step SOS, but in small-step SOS, auxiliary syntax
for explicit closures may have to be added to the described language (Plotkin
managed to avoid adding auxiliary syntax in [37] only because the example lan-
guage that he described already had a form of local declaration that was general
enough to express closures). Here is the same example as described above, but
now using environments instead of substitution:

ρ ` e1 −→ e0
1

ρ ` let x = e1 in e2 −→ let x = e0
1 in e2

(6)

ρ[x 7→ v] ` e2 −→ e0
2

ρ ` let x = v1 in e2 −→ let x = v1 in e0
2

(7)

ρ ` let x = v1 in v2 −→ v2 (8)

Here, in contrast to when using substitution, a rule is needed for evaluating the
use of a variable x occurring in an expression e:

ρ(x) = v

ρ ` x −→ v
(9)

The equation ρ(x) = v above is formally regarded as a side-condition on the
inference rule, although for notational convenience it is written as an antecedent
of the rule. It restricts the conclusion of the rule to the case that the environment
ρ does indeed provide a value v for x. Note that proofs of steps do not explicitly
involve proofs of side-conditions.
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Stores: For describing imperative programming languages, where the values last
assigned to variables have to be kept for future reference, configurations are
usually pairs of phrases and stores. Thus a judgement might have the form
ρ ` e, s −→ e0, s0. Stores themselves are simply (finite) maps from locations to
stored values. Unfortunately, adding stores to configurations invalidates all our
previous rules, which should now be reformulated before being extended with
rules for imperative phrases. For instance:

ρ ` e1, s −→ e0
1, s

0

ρ ` let x = e1 in e2, s −→ let x = e0
1 in e2, s

0 (10)

ρ[x 7→ v] ` e2, s −→ e0
2, s

0

ρ ` let x = v1 in e2, s −→ let x = v1 in e0
2, s

0 (11)

ρ ` let x = v1 in v2, s −→ v2, s (12)

ρ(x) = v

ρ ` x, s −→ v, s
(13)

The need for this kind of reformulation reflects the poor inherent modularity of
SOS. Later in this section, however, we shall see how the modularity of SOS can
be significantly improved.

The following rules illustrate the SOS description of variable allocation, as-
signment, and dereferencing (assuming that locations l are not values v):

l 6∈ dom(s)
ρ ` ref v, s −→ l, s[l 7→ v]

(14)

l ∈ dom(s)
ρ ` l := v, s −→ ( ), s[l 7→ v]

(15)

ρ(x) = l s(l) = v

ρ ` x, s −→ v, s
(16)

Conventions: A major example of an operational semantics of a programming
language is the definition of Standard ML (SML) [28]. It is a big-step SOS,
using environments and stores. A couple of “conventions” have been introduced
to abbreviate the rules: one of them allows the store to be elided from configu-
rations, relying on the flow of control to sequence assignments to variables; the
other caters for raised exceptions preempting the normal sequence of evaluation
of expressions. Although these conventions achieve a reasonable degree of con-
ciseness, the need for them perhaps indicates that the big-step style of SOS has
some pragmatic problems with scaling up to languages such as SML. Moreover,
they make it difficult to exploit the definition of SML directly for verification or
prototyping.

Recently, an alternative definition of SML has been proposed [15], without
the need for the kind of conventions used in the original definition. SML is first
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translated into an “internal language”, which is itself defined by a (small-step)
reduction semantics, see Sect. 3. (The translation of SML to the internal language
is itself specified using a big-step SOS, but that aspect of the approach seems to
be inessential.) A similar technique is used in the action semantics framework
[29,30], where programs are mapped to an action notation that has already been
defined using a (small-step) SOS.

Process Calculi: Small-step SOS is a particularly popular framework for the se-
mantic description of calculi for concurrent processes, such as CCS. There, steps
are generally labelled, and judgements have the form γ

α−→ γ0. For CCS, labels
α range over atomic “actions”, and for each action l there is a complementary
action l̄ for synchronization; there is also an unobservable label τ , representing
an internal synchronization. Here are some of the usual rules for CCS [26]:

α.p
α−→ p (17)

p1
α−→ p0

1

p1 | p2
α−→ p0

1 | p2

p2
α−→ p0

2

p1 | p2
α−→ p1 | p0

2

(18)

p1
l−→ p0

1 p2
l̄−→ p0

2

p1 | p2
τ−→ p0

1 | p0
2

(19)

Also programming languages with constructs for concurrency, for instance Con-
current ML [40,39], can be described using small-step SOS. Unfortunately, the
SOS description proposed for ML with concurrency primitives in [2] is not in-
ductive in the syntax of the language, and the need to reformulate inference
rules previously given for the purely functional part of the language is again
a sign of the poor inherent modularity of the SOS framework. Also the more
conventional SOS descriptions given in [12,16] have undesirably complex rules
for the functional constructs.

Syntactic Congruence: When using SOS to describe process calculi, it is common
practice to exploit a syntactic congruence on phrases, i.e., the syntax becomes a
set of equivalence classes. For instance, the processes p1 | p2 and p2 | p1 might be
identified, removing the need for one of the symmetric rules given in (18) above.

Evaluation to Committed Form: It is possible to describe the operational seman-
tics of CCS and other concurrent calculi without labelling steps [35]. The idea is
to give a big-step SOS for the evaluation of a process to its “committed forms”
where the possible actions are apparent (cf. reduction to “head normal form” in
the lambda-calculus). For example:

p1 ⇓ l.p0
1 p2 ⇓ l̄.p0

2 p0
1 | p0

2 ⇓ k

p1 | p2 ⇓ k
(20)

The technique relies heavily on a syntactic congruence between processes.
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Enhanced Operational Semantics: By labelling steps with their proofs, informa-
tion about features such as causality and locality can be provided. This idea has
been further developed and applied in the “enhanced” SOS style [9,38], where
models taking account of different features of concurrent systems can be obtai-
ned by applying relabelling functions (extracting the relevant details from the
proofs).

For a simple CCS-like process calculus, proofs may be constructed using
tags |1, |2 to record the use of the rules that let processes act alone, and pairs
〈|1 θ1, |2 θ2〉 to record synchronization. An auxiliary function l is used to extract
actions from proofs. The following rules illustrate the form of judgements:

p1
θ−→ p0

1

p1 | p2
|1θ−→ p0

1 | p2

p2
θ−→ p0

2

p1 | p2
|2θ−→ p1 | p0

2

(21)

p1
θ1−→ p0

1 p2
θ2−→ p0

2 l(θ1) = l(θ2)

p1 | p2
〈|1θ1,|2θ2〉−→ p0

1 | p0
2

(22)

Despite its somewhat intricate notation, enhanced operational semantics provi-
des a welcome uniformity and modularity for models of concurrent systems. By
using substitution, the need for explicit environments can be avoided—but if one
wanted to add stores, it seems that a major reformulation of the inference rules
for steps would still be required. Or could labels be used also to record changes
to stored values? The next variety of SOS considered here suggests that they
can indeed.

Modular SOS: Recently, the author has proposed a solution to the SOS modu-
larity problem [31,32]. In Modular SOS (MSOS) the transition rules for each
construct are completely independent of the presence or absence of other con-
structs. When one extends or changes the described language, the description
can be extended or changed accordingly, without reformulation—even though
new kinds of information processing may be required.

The basic idea of MSOS is to incorporate all semantic entities as components
of labels. Thus configurations are restricted to syntax and computed values, and
judgements are always of the form γ

α−→ γ0.
In fact the labels in MSOS are regarded as the arrows of a category, and the

labels on adjacent steps have to be composable in that category. The labels are
no longer the simple atomic actions often used in studies of process algebra, but
usually have semantic entities—e.g. environments and stores—as components;
so do the objects of the label category, which correspond to the states of the
processed information.

Some basic label transformers for defining appropriate categories (starting
from the trivial category) are available; they correspond to some of the simpler
monad transformers used to obtain modularity in denotational semantics. Each
label transformer adds a fresh indexed component to labels, and provides nota-
tion for setting and getting that component—independently of the presence or
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absence of other components. By using variables α ranging over arbitrary la-
bels, and ι ranging over arbitrary identity labels that remain in the same state,
rules can be expressed independently of the presence or absence of irrelevant
components of labels. For example:

e0
α−→ e0

0

if e0 then e1 else e2
α−→ if e0

0 then e1 else e2
(23)

if true then e1 else e2
ι−→ e1 if false then e1 else e2

ι−→ e2 (24)

The above rules remain both valid and appropriate when the category of labels
gets enriched with (e.g.) environment components, allowing the rules for binding
constructs to be added:

e1
α−→ e0

1

let x = e1 in e2
α−→ let x = e0

1 in e2
(25)

ρ = get(α, env) α0 = set(α, env, ρ[x 7→ v]) e2
α′

−→ e0
2

let x = v1 in e2
α−→ let x = v1 in e0

2

(26)

let x = v1 in v2
ι−→ v2 (27)

ρ = get(ι, env) ρ(x) = v

x
ι−→ v

(28)

The use of ι rather than α above excludes the possibility of any change of state.

Axiomatic Specifications: For proof-theoretic reasoning about SOS descriptions—
especially when establishing bisimulation and other forms of equivalence—it is
convenient that steps can only occur when proved by just the specified inference
rules. For other purposes, however, it may be an advantage to reformulate the
inference rules of SOS as ordinary conditional formulae, i.e., Horn clauses, and
use the familiar inference rules for deduction, such as Modus Ponens. The close
correspondence between inference rules and Horn clauses has been used in the
implementation of big-step SOS by compilation to Prolog [17].

The axiomatic reformulation of SOS requires side-conditions on rules to be
treated as ordinary conditions, along with judgements about possible steps. It
has been adopted in the SMoLCS framework [1], which combines SOS with
algebraic specifications. It has also been exploited in the modular SOS of action
notation [34], where CASL, the Common Algebraic Specification Language [7],
is used throughout (CASL allows the declaration of total and partial functions,
relations, and subsorts, which is just what is needed in the side-conditions of
SOS descriptions).
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3 Varieties of Reduction Semantics

Many of the inference rules specified in the structural approach to operational
semantics merely express that execution steps of particular components give rise
to execution steps of the enclosing phrases. The notion of reduction in term
rewriting systems enjoys a similar property, except that there is a priori no
restriction on the order in which component phrases are to be reduced. Thus
for any term constructor f , the following inference rule may be specified for the
reduction relation t −→ t0:

ti −→ t0i
f(t1, . . . , ti, . . . , tn) −→ f(t1, . . . , t0i, . . . , tn)

(29)

The above rule is subsumed by the following somewhat more elegant rule, where
C ranges over arbitrary one-hole term contexts, and C[t] is the term obtained
by filling the unique hole in the context C with the term t:

t −→ t0

C[t] −→ C[t0]
(30)

It is straightforward to define the arbitrary one-hole contexts for any ranked al-
phabet of (constant and) function symbols; similarly for many-sorted and order-
sorted signatures—introducing a different sort of context for each pair of argu-
ment and result sorts.

Several frameworks for operational semantics are based on variations of the
basic notion of reduction, and are reviewed below.

Reduction Strategies: The problem with using ordinary reduction to specify ope-
rational semantics is the lack of control concerning the order of reduction steps:
the entire sequence of reductions might be applied to a part of the program that
in fact should not be executed at all.

For instance, consider the λ-expressions with constants, which may be regar-
ded as a simple functional programming language:

e ::= v | e1 e2

v ::= b | f | x | λx.e

where the basic constants b and function constants f are left unspecified. The
execution steps for evaluating λ-expressions are δ-reductions, concerned with
applications of the form f b, and β-reductions:

(λx.e)(e0) −→ [e0/x]e (31)

where the substitution of expressions e0 for variables x, written [e0/x]e, is assu-
med to avoid capture of free variables. An expression such as

(λy.b)((λx.xx)(λx.xx))
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has both terminating and non-terminating reduction sequences: the one that ta-
kes the leftmost, outermost β-reduction corresponds to “call-by-name” seman-
tics for λ-expressions; that which always applies β-reduction to (λx.xx)(λx.xx)
corresponds to “call-by-value” semantics.

Standard reduction sequences are those which always make the leftmost ou-
termost reduction at each step. For λ-expressions, restricting reductions to stan-
dard δ- and β-reductions ensures call-by-name operational semantics. Remar-
kably, also call-by-value semantics can be ensured by restricting to standard
reductions—provided that the β-reduction rule is itself restricted to the case
where the argument of the application is already a value v [36,11]:

(λx.e)(v) −→ [v/x]e (32)

Standard reduction sequences with this restricted notion of β-reduction corre-
spond to an operational semantics for λ-expressions defined by an SECD machine
[36].

By adopting the restriction to standard reductions, it might be possible to
give reduction semantics for other programming languages. However, the follo-
wing technique not only subsumes this approach, but also has the advantage of
admitting an explanation in terms of inference systems.

Evaluation Contexts: An alternative way of controlling the applicability of re-
ductions is to require them to occur in evaluation contexts [10]. It is convenient
to specify evaluation contexts E in the same way as the abstract syntax of pro-
grams, using context-free grammars. The symbol [ ] represents the hole of the
context; the grammar must ensure that exactly one hole occurs in any evaluation
context.

The restriction to evaluation contexts corresponds to simply replacing the
general context rule for reduction (30) above by:

t −→ t0

E[t] −→ E[t0]
(33)

For example, to obtain the call-by-value semantics of λ-expressions, let eva-
luation contexts E be defined by the grammar:

E ::= [ ] | v E | E e

It is easy to see that when an expression is of the form E[e1 e2], a standard
reduction step can only reduce e1 e2 or some sub-expression of it. Similarly,
it appears that call-by-name semantics can be obtained by letting evaluation
contexts be defined as follows:

E ::= [ ] | f E | E e

(where f ranges over function constants).
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The following specification of evaluation contexts would be appropriate for
the intended operational semantics of the illustrative language constructs consi-
dered in Sect. 2:

E ::= [ ] | if E then e1 else e2 | let x = E in e2

(where the grammar for expressions e and values v is as before). Notice the
close correspondence between the productions of the above grammar and the
previously-given small-step SOS rules (1) and (4). The above grammar is clearly
more concise than the inference rules for expressing the allowed order of execu-
tion; this economy of specification may account for at least some of the popularity
of the evaluation context approach.

Assuming that reductions are restricted to occur only in evaluation contexts,
the following rules may now be given:

if true then e1 else e2 −→ e1 if false then e1 else e2 −→ e2 (34)

let x = v1 in e2 −→ [v1/x]e2 (35)

where [v/x]e is substitution, as before. As the reader may have noticed, these
are exactly the same as the small-step SOS rules (2) and (5).

An alternative technique with evaluation contexts is to combine (30) above
with the reduction rules themselves—now insisting that reductions are always
applied to the entire program. With the same definition of evaluation contexts,
the above reduction rules would then be written:

E[if true then e1 else e2] −→ E[e1] (36)

E[if false then e1 else e2] −→ E[e2] (37)

E[let x = v1 in e2] −→ E[[v1/x]e2] (38)

This seemingly innocent reformulation in fact provides a significant new possi-
bility, which is perhaps the forte of the evaluation context approach: reductions
may depend on and/or change the structure of the context itself. For example,
we may easily add a construct that is intended to stop the execution of the entire
program, and specify the reduction:

E[stop] −→ stop (39)

To specify the same semantics in small-step semantics would require giving an
explicit basic rule for the propagation of stop out of each evaluation context
construct:

if stop then e1 else e2 −→ stop (40)

let x = stop in e2 −→ stop (41)

In a big-step semantics, one would have to provide extra inference rules, e.g.:

e0 ⇓ stop

if e0 then e1 else e2 ⇓ stop
(42)
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Moreover, evaluation contexts can be used to specify the operational semantics
of advanced control constructs, such as those manipulating continuations [11].
Although it may be possible to specify continuations in SOS, the appropriateness
of the use of evaluation contexts here cannot be denied.

An evaluation context may contain more than just the syntactic control con-
text: for instance, it may also contain a store, recording the values assigned to
variables. A store s is represented syntactically as a sequence of pairs of lo-
cations l and values v, with no location occurring more than once. It is quite
straightforward to give reduction rules for variable allocation, assignment, and
dereferencing [4]:

s E[ref v] −→ s, (l, v) E[l] if l is not used in s (43)

s, (l, v), s0 E[l := v0] −→ s, (l, v0), s0 E[( )] (44)

s, (l, v), s0 E[l] −→ s, (l, v), s0 E[v] (45)

The previously given rules for functional constructs using explicit evaluation
contexts (e.g. (36)) remain valid, so the modularity of the approach appears to
be good—also when adding concurrency primitives to a functional language, as
illustrated in [39,40]. However, it appears that it would not be so straightforward
to add explicit environments to evaluation contexts, and the reliance on syntactic
substitution may complicate the description of languages with “dynamic” scope
rules.

One significant potential problem when using evaluation contexts for mo-
delling the operational semantics of concurrent languages is how to define and
prove equivalence of processes. In particular cases “barbed” bisimulation can be
defined [27,41]; also, a rather general technique for extracting labelled transition
systems (and hence bisimulations) from evaluation context semantics has been
proposed [42].

Rewriting Logic: The framework of Rewriting Logic (RL) [21] generalizes con-
ventional term rewriting in two main directions:

– rewriting may be modulo a set of equations between terms (i.e., it applies to
arbitrary equationally-specified data structures); and

– rewriting may be concurrent (i.e., non-overlapping sub-terms may be rewrit-
ten simultaneously).

Moreover, no assumptions about confluence or termination are made: the rules
are understood not as equations, but as transitions.

The inference rules for RL are as follows, where rewriting from between
equivalence classes of terms is written [t] −→ [t0]. Rewriting is taken to be
reflexive:

[t] −→ [t] (46)

which allows one or more of the arguments to remain the same in concurrent
rewriting:

[t1] −→ [t01] . . . [tn] −→ [t0n]
[f(t1, . . . , tn)] −→ [f(t01, . . . , t

0
n)]

(47)



44 P.D. Mosses

The following inference rule combines replacement of variables x1, . . . , xm by
terms t1, . . . , tm in a specified rule r : [t(x1, . . . , xm)] −→ [t0(x1, . . . , xm)] with
the possibility of rewriting the terms in the same step:

[t1] −→ [t01] . . . [tn] −→ [t0n]
[t(t1/x1, . . . , tn/xn)] −→ [t0(t01/x1, . . . , t

0
n/xn)]

(48)

Finally, rewriting is taken to be transitive:

[t1] −→ [t2] [t2] −→ [t3]
[t1] −→ [t3]

(49)

Specified rewriting rules are also allowed to be conditional, which requires a
further inference rule for discharging conditions.

RL has been used as a unifying model for concurrency [23] and as a logical
framework [20]. It has also been proposed as a semantic framework, as an al-
ternative to frameworks such as SOS [20]. RL has been efficiently implemented
in the Maude system [5], which makes its use as a semantic framework parti-
cularly attractive in connection with the possibilities for prototyping semantic
descriptions (see Sect. 4).

Two techniques for expressing SOS descriptions in RL have been proposed
[20]. The first is a special case of a general technique for representing sequent
systems in unconditional RL, with the rewriting relation corresponding to pro-
vability; the second is more specific to SOS, and uses conditional rewriting rules.
Let us illustrate both techniques with the same example: the SOS rules (17)–(19)
for concurrency in CCS (Sect. 2).

To start with, term constructors for the abstract syntax of processes and
labels are needed; we shall only make use of the binary process constructor p | p0,
which is now specified to be both associative and commutative (corresponding
to a syntactic congruence in SOS).

For the first technique, we also introduce a term constructor S(p, α, p0) re-
presenting the assertion of an SOS step from process p to process p0 with label
α; and an infix term constructor s1&s2 representing the conjunction of such
assertions, specified to be associative, commutative, with unit ⊥.

The SOS rules are then expressed in RL as follows:

[⊥] −→ [S(α.p, α, p)] (50)

[S(p1, α, p0
1)] −→ [S(p1 | p2, α, p0

1 | p2)] (51)

[S(p1, l, p
0
1)&S(p2, l̄, p

0
2)] −→ [S(p1 | p2, τ, p

0
1 | p0

2)] (52)

The relationship between the SOS steps and the rewriting relation is that p
α−→

p0 in the SOS iff [⊥] −→ [S(p, α, p0)] is provable in RL. Note that the rewrit-
ing relation is highly non-deterministic, and in practice a goal-directed strategy
would be needed in order to use the Maude implementation of RL for proving
[⊥] −→ [S(p, α, p0)] for some particular process p.
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For the second technique, we introduce only a term constructor α; p that
combines the label α with the process p, representing the “result” of some SOS
step. The result sort of α; p is regarded as a supersort of the sort of processes,
and rewriting is always of the form [p] −→ [α; p0], i.e. it is sort-increasing. The
SOS rules are then expressed in RL as follows:

[α.p] −→ [α; p] (53)

[p1 | p2] −→ [α; p0
1 | p2] if [p1] −→ [α; p0

1] (54)

[p1] | p2] −→ [τ ; p0
1 | p0

2] if [p1] −→ [l; p0
1] ∧ [p2] −→ [l̄; p0

2] (55)

The relationship between the SOS steps and the rewriting relation is now that
given a process p, there are processes p1, . . . , pn−1 and labels α1, . . . , αn such
that p

α1−→ p1
α1−→ . . . pn−1

αn−→ p0 in SOS iff [p] −→ [α1; . . . ; αn; p0] in RL.

Tile Logic: Although Tile Logic (TL) is listed here together with other frame-
works for reduction semantics, due to its close relationship with Rewriting Logic
(translations both ways between the two frameworks have been provided [25,3]),
it could just as well have been classified as a structural framework. In fact it is
a development of so-called context systems [19] where steps are specified much
as in SOS, except that phrases may be contexts with multiple holes, and the
actions that label the steps (the effects) may depend on actions to be provided
by the holes (the triggers). A context may be thought of as an m-tuple of terms
in n variables; there are operations, familiar from Lawvere’s algebraic theories,
for composing contexts sequentially (plugging the terms of one context into the
holes of another) and in parallel (concatenating tuples of terms over the same
variables), together with units and projections.

In TL, steps may affect the interfaces of contexts, and the steps themselves
have a rich algebraic structure; see [13,14] for the details. Here we shall merely
introduce the notation of TL, and illustrate its use to express the operational
semantics of a familiar fragment of CCS.

The conventional algebraic notation for a tile is s
a−→
b t (ignoring the label of

the tile, for simplicity), where s −→ t is a context rewrite step, a is the trigger of
the step, and b is its effect. The tile requires that the variables of s are rewritten
with a cumulative effect a.

For appropriate arguments, sequential composition of contexts is written s; t,
with unit id, and parallel composition is written as s⊗ t. Duplicators are written
∇, and dischargers (or sinks) as ! (permuters are also provided). The operations
satisfy all the axioms that one might expect.

Two tiles can be composed in parallel (using ⊗), vertically (using ·), or hori-
zontally (using ∗), provided that their components have the appropriate types.

Finally, here are the tiles for some CCS constructs (where the variables x1,
x2 are actually redundant, and are usually omitted):

α.x1
id−→
α x1 (56)



46 P.D. Mosses

The above rule may be read operationally as: the context prefixes the hole x1
with the action α, and may become just the hole, emitting α as effect, without
any trigger.

x1 | x2
α⊗id−→

α x1 | x2 (57)

x1 | x2
id⊗α−→

α x1 | x2 (58)

x1 | x2
α⊗ᾱ−→

τ x1 | x2 (59)

Of course, this simple kind of SOS example does not nearly exploit the full
generality of the Tile Logic framework, which encompasses graph rewriting as
well as rewriting logic and context systems.

4 Prototyping

The Maude implementation of Rewriting Logic (RL) [5] has several features
that make it particularly attractive to use for prototyping operational semantics
of programming languages. For instance, it provides meta-level functions for
parsing, controlled rewriting, and pretty-printing; moreover, the Maude rewriting
engine is highly efficient. Maude also supports Membership Algebra [24], which
is an expressive framework for order-sorted algebraic specification.

Together with Christiano Braga at SRI International, the author has recently
been developing a representation of Modular SOS (MSOS) [31,32] in RL and
implementing it in Maude; this involved first extending Maude with a new kind
of conditional rule, using the Maude meta-level. (Presently, MSOS rules are
translated manually to Maude rules, but later the translation is itself to be
implemented using Maude meta-level facilities.)

The translation process transforms an MSOS specification into an SOS-like
one [32]. MSOS rules are translated into Maude rules over configurations that
have a syntactic and a semantic component. Label formulae are translated into
equations dealing with the associated states. The MSOS of Action Notation
[34] is being prototyped this way—when completely implemented, together with
further meta-level functions for processing descriptions formulated in Action Se-
mantics [29,30], it should enable the prototyping of action-semantic descriptions
of programming languages.

5 Conclusion

It is hoped that this survey of frameworks for the logical specification of opera-
tional semantics has provided a useful overview of much of the work in this area
(apologies to those whose favourite frameworks have been omitted). It would be
unwise to try to draw any definite conclusions on the basis of the remarks made
here about the various frameworks: both the SOS and the reduction semantics
approaches have their strengths, and are currently active areas of research—as
is Tile Logic, which is strongly related to the structural approach, as well as to
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Rewriting Logic. However, it is clear that logic has been found to be a particu-
larly useful tool for specifying operational semantics, and appears to be preferred
in practice to approaches based on abstract machines and interpreters.
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Abstract. Broadcast protocols are systems composed of a finite but ar-
bitrarily large number of processes that communicate by rendezvous (two
processes exchange a message) or by broadcast (a process sends a mes-
sage to all other processes). The paper describes an optimized algorithm
for the automatic verification of safety properties in broadcast proto-
cols. The algorithm checks whether a property holds for any number of
processes.

1 Introduction

Broadcast protocols [EN98] are systems composed of a finite but arbitrarily large
number of processes that communicate by rendezvous (two processes exchange
a message) or by broadcast (a process sends a message to all other processes).
They are a natural model for problems involving readers and writers, such as
cache-coherence problems.

From a mathematical point of view, broadcast protocols can be regarded as
an extension of vector addition systems or Petri nets. Their operational seman-
tics is a transition system whose states are tuples of integers. Moves between
transitions are determined by a finite set of affine transformations with guards.
Vector Addition Systems correspond to the particular case in which the matrix
of the affine transformation is the identity matrix.

In [EFM99], Esparza, Finkel and Mayr show that the problem of deciding
whether a broadcast protocol satisfies a safety property can be reduced to a
special reachability problem, and using results by Abdulla et al., [ACJ+96] (see
also [FS98]), they prove that this problem is decidable. They propose an ab-
stract algorithm working on infinite sets of states. The algorithm starts with the
set of states to be reached, and repeatedly adds to it the set of its immediate
predecessors until a fixpoint is reached.

As shown e.g. in [Kin99,DP99], linear arithmetic constraints can be used to
finitely represent infinite sets of states in integer valued systems. Symbolic model
checking algorithms can be defined using the ‘satisfiability’ and the ‘entailment’
test to symbolically compute the transitive closure of the predecessor relation
defined over sets of states. However, in order to obtain an efficient algorithm it
is crucial to choose the right format for the constraints.
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In this paper we discuss different classes of constraints, and propose linear
constraints with disjoint variables as a very suitable class for broadcast proto-
cols. We show that the operations of computing the immediate predecessors and
checking if the fixpoint has been reached can both be efficiently implemented.
We also propose a compact data structure for these constraints.

We have implemented a specialized checker based on our ideas, and used
it to define a symbolic model checking procedure for broadcast protocols. As
expected, the solver leads to a significant speed-up with respect to procedures
using general purpose constraint solvers (HyTech [HHW97] and Bultan, Gerber
and Pugh’s model checker based on the Omega library [BGP97]). We present
some experimental results for both broadcast protocols and weighted Petri Nets.

2 Broadcast Protocols: Syntax and Semantics

2.1 Syntax

A broadcast protocol is a triple (S,L,R) where

– S is a finite set of states.
– L is a set of labels, composed of a set Σl of local labels, two sets Σr×{?} and

Σr ×{!} of input and output rendez-vous labels, and two sets Σb×{??} and
Σb × {!!} of input and output broadcast labels, where Σl, Σr, Σb are disjoint
finite sets. The elements of Σ = Σl ∪Σr ∪Σb are called actions.

– R ⊆ S × L × S is a set of transitions satisfying the following property: for
every a ∈ Σb and every state s ∈ S, there exists a state s′ ∈ S such that
s
a??−→ s′. Intuitively, this condition guarantees that a process is always willing

to receive a broadcasted message.

We denote (s, l, s) ∈ R by s
l→ s′. The letters a, b, c, . . . denote actions. Ren-

dezvous and broadcast labels like (a, ?) or (b, !!) are shortened to a? and b!!. We
restrict our attention to broadcast protocols satisfying the following additional
conditions: (i) for each state s and each broadcast label a?? there is exactly one
state s′ such that s

a??−→ s′ (determinism); (ii) each label of the form a, a!, a?
and a!! appears in exactly one transition.

Consider the following example:

lock??

unlock??

lock!!unlock!!

think

use

idle
wait

lock??

busy

lock??
unlock??

unlock??



52 G. Delzanno, J. Esparza, and A. Podelski

The finite-state automata in the figure models the behaviour of a system of
identical processes that race for using a shared resource. Initially, all processes
are in the state think. Before accessing its own critical section, a process bro-
adcasts the request lock!!. In reply to the broadcast (lock??) the remaining
processes are forced to move to the state wait (an abstraction of a queue). After
using the resource, the process in the critical section broadcasts the message
unlock!! in order to restore the initial configuration. The key point here is that
the description of the protocol is independent of the number of processes in the
network.

2.2 Semantics

Let B = (S,L,R) be a broadcast protocol, and let S = {s1, . . . , sn}. A configu-
ration is a vector c = 〈c1, . . . , cn〉 where ci denotes the number of processes in
state si for i : 1, . . . , n.

Moves between configurations are either local (a process moves in isolation
to a new state), rendezvous (two processes exchange a message and move to
new states), or broadcasts (a process sends a message to all other processes; all
processes move to new states). Formally, the possible moves are the smallest
subset of INn×Σ× INn satisfying the three conditions below, where ui denotes
the configuration such that ui(si) = 1 and ui(sj) = 0 for j �= i, and where c a→ c′

denotes (c, a, c′) ∈ R.

– If si
a→ sj , then c a→ c′ for every c, c′ such that c(si) ≥ 1 and c′ = c−ui+uj .

I.e. one process is removed from si, and one process is added to sj .
– If si

a!→ sj and sk
a?→ sl, then c a→ c′ for every c, c′ such that c(si) ≥ 1,

c(sk) ≥ 1 and c′ = c− ui − uk + uj + ul.
I.e. one process is removed from si and sk, and one process is added to sj
and sl.

– If si
a!!−→ sj , then c a→ c′ for every c, c′ such that c(si) ≥ 1 and c′ can be

computed from c in the following three steps:

c1 = c− ui (1)

c2(sk) =
∑

{sl|sl
a??−→sk}

c1(sl) (2)

c′ = c2 + uj (3)

I.e. the sending process leaves si (1), all other processes receive the broadcast
and move to their destinations (2), and the sending process reaches sj (3).

Thanks to the conditions (i) and (ii) of Section 2.1, the configuration c′ is
completely determined by c and the action a.

We denote by 
 the pointwise order between configurations, i.e. c 
 c′ if
and only if c(si) ≤ c′(si) for every i : 1, . . . , n. A parameterized configuration is
a partial function p:S → IN . Loosely speaking, p(s) = ⊥ denotes that the num-
ber of processes on state s is arbitrary. Formally, a parameterised configuration
denotes a set of configurations, namely those extending p to a total function.
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2.3 Checking Safety Properties

In this paper we study the reachability problem for broadcast protocols, defined
as follows:

Given a broadcast protocol B, a parameterized initial configuration p0
and a set of configurations C, can a configuration c ∈ C be reached from
one of the configurations of p0?

In [EFM99] this problem is shown to be decidable for upwards-closed sets C.1

A set C is upwards-closed if c ∈ C and c′ � c implies c′ ∈ C. The mutual exclu-
sion property of the example in the introduction can be checked by showing that
no configuration satisfying Use ≥ 2 (an upwards-closed set) is reachable from an
initial configuration satisfying Wait = 0,Use = 0. It is shown in [EFM99] that
the model-checking problem for safety properties can be reduced to the reacha-
bility problem for upwards-closed sets. (Here we follow the automata-theoretic
approach to model-checking [VW86], in which a safety property is modelled as
a regular set of dangerous sequences of actions the protocol should not engage
in.)

The algorithm of [EFM99] for the reachability problem in the upwards-closed
case is an “instantiation” of a general backwards reachability algorithm presented
in [ACJ+96] (see also [FS98]). Define the predecessor operator as follows:

pre(C) = {c | c a−→ c′, c′ ∈ C}.
I.e., pre takes a set of configurations C0, and delivers its set of immediate pre-
decessors. The algorithm repeatedly applies the predecessor operator until a
fixpoint is reached, corresponding to the set of all predecessors of C0. If this set
contains some initial configurations, then C0 is reachable.

Proc Reach(C0 : upwards-closed set of configurations)
C := C0;
repeat
old C := C;
C := old C ∪ pre(old C);
until C = old C;
return C

The algorithm works because of the following properties: (i) if C is upwards-
closed, then so is pre(C); (ii) the set of minimal elements of an upwards-closed
set with respect to the pointwise order is finite (see also Section 4); (iii) the
repeat loop terminates. To prove property (i), we observe that we can associate
to each label a ∈ Σ [EFM99]:

– The set of configurations Occa from which a can occur.
In the case of local moves and broadcasts there is a state si such that Occa =
{c | c(si) ≥ 1}. In the case of rendezvous there are states si, sj such that
Occa = {c | c(si) ≥ 1 and c(sj) ≥ 1}.

1 On the other hand, the problem is undecidable for singleton sets!.
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– An affine transformation Ta(x) = Ma · x + ba such that if c a→ c′, then
c′ = Ta(c).
Ma is a matrix whose columns are unit vectors, and b is a vector of integers.
(Actually, the components of b belong to {−1, 0, 1}, but our results can be
extended without changes to the case in which they are arbitrary integer
numbers. An example is discussed in Section 8.)

It follows that pre(C) can be computed by the equation

pre(C) =
⋃
a∈Σ

(Occa ∩T−1
a (C)) (4)

Hence if C is upwards-closed then so is pre(C). Properties (ii) and (iii) are an
immediate consequence of the well-known

Lemma 1 (Dickson’s Lemma). Let v1,v2, . . . be an infinite sequence of ele-
ments of INk. There exists i < j such that vi 
 vj (pointwise order).

The only known upper-bound for the number of iterations until termination
is non-primitive recursive [McA84]. However, despite this result, the algorithm
can still be applied to small but interesting examples.

3 Symbolic Representation via Constraints

A linear arithmetic constraint (or constraint for short) is a (finite) first-order
formula φ1∧ . . .∧φn. with free variables (implicitly existentially quantified), and
such that each φi is an atomic formula (constraint) built over the predicates
=,≥,≤, >,< and over arithmetic expressions (without multiplication between
variables) built over +,−, ∗, 0, 1, etc.

The solutions (assignments of values to the free variables that make the
formula true) of a constraint φ over the domain D are denoted by [[φ]]D. In the
sequel we always take D = ZZ, and abbreviate [[φ]]ZZ to [[φ]]. We often represent
the disjunction of constraints φ1 ∨ . . . ∨ φn as the set {φ1, . . . , φn}.

Constraints can be used to symbolically represent sets of configurations of a
broadcast protocol. Given a protocol with states {s1, . . . , sn}, let x = x1, . . . , xn
be a vector of variables, where xi is intended to stand for the number of processes
currently in state si. We assume that variables range over positive values (i.e.,
each variable xi comes with an implicit constraint xi ≥ 0). A configuration c =
〈c1, . . . , cn〉 is simply represented as the constraint

∧n
i=1 xi = ci. A parametric

configuration p = 〈p1, . . . , pn〉 is represented as the constraint
∧n
i=1 φi where: if

pi ∈ IN then φi is the atomic constraint xi = ci, and if pi = ⊥ then φi is the
atomic constraint xi ≥ 0.

As an example, the flow of processes caused by the lock broadcast in the
protocol of the introduction is described by the inequality below (where, for
clarity, we use Think ,Wait ,Use instead of x1, x2, x3 and we omit the equalities
of the form x′

i = xi).

Think ≥ 1 ∧ Think ′ = 0 ∧Wait ′ = Think +Wait − 1 ∧Use ′ = Use + 1
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Let C be a class of constraints denoting exactly the upwards-closed sets, i.e.,
if a set S is upwards-closed then there is a set of constraints Φ ⊆ C such that
[[Φ]] = S, and viceversa. We can use any such class C to derive a symbolic version
Symb-ReachC of the procedure Reach:

Proc Symb-ReachC(Φ0 : set of constraints of C)
Φ := Φ0;
repeat
old Φ := Φ;
Φ := old Φ ∪ preC(old Φ);
until EntailC(Φ, old Φ);
return Φ

where (a) C is closed under application of preC , (b) [[preC(Φ)]] = pre([[Φ]]), and
(c) EntailC(Φ, Ψ) = true if and only if [[Φ]] ⊆ [[Ψ ]].

Condition (b) on preC can be reformulated in syntactic terms. Let Φ be a set
of constraints, and for each action a let Ga be a constraint such that [[Ga]] = Occa
(we call Ga the guard of the action a). We have T−1

a ([[Φ]]) = [[Φ[x/Ta(x)]]]. By
equation (4) we obtain

preC(Φ) ≡
∨

a∈Σ,φ∈Φ
Ga ∧ φ[x/Ta(x)] (5)

where ≡ denotes logical equivalence of constraints.
In the next sections we investigate which classes of constraints are suitable

for Symb-ReachC . We consider only classes C denoting exactly the upwards-
closed sets. In this way, the termination of Symb-ReachC follows directly from
the termination of Reach, under the proviso that there exist procedures for
computing preC(Φ) and for deciding EntailC(Φ, Ψ).

The suitability of a class C is measured with respect to the following para-
meters:

(1) The computational complexity of deciding EntailC(Φ, Ψ).
(2) The size of the set preC(Φ) as a function of the size of Φ.

A note about terminology. Given two sets of constraints Φ, Ψ , we refer to the
containment problem as the decision problem Entail(Φ, Ψ) = true for two sets
of constraints Φ, Ψ , whereas we refer to the entailment problem as the decision
problem Entail({φ}, {ψ}) = true for constraints φ and ψ.

4 NA-Constraints: No Addition

A NA-constraint is a conjunction of atomic constraints of the form xi ≥ k, where
xi ∈ {x1, . . . , xn} and k is a positive integer.

The class of NA-constraints denotes exactly the upwards closed sets. If Φ is a
set of NA-constraints then [[Φ]] is clearly upwards-closed. For the other direction,
observe first that an upwards-closed set C is completely characterised by its set of
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minimal elements M , where minimality is taken with respect the pointwise order
≺. More precisely, we have C = ∪m∈MUp(m), where Up(m) = {c | c � m}.
The set M is finite by Dickson’s lemma, and Up(m) can be represented by the
constraint x1 ≥ m(s1) ∧ . . . ∧ xn ≥ m(sn). So the set C can be represented by
a set of NA-constraints.

4.1 Complexity of the Containment Problem in NA

The containment problem can be solved in polynomial time. In fact, the following
properties hold. Let Φ, Ψ be sets of NA-constraints. Then,

– Φ entails Ψ if and only if for every constraint φ ∈ Φ there is a constraint
ψ ∈ Ψ such that φ entails ψ.

–
∧n
i=1 xi ≥ ki entails

∧n
i=1 xi ≥ li if and only if ki ≥ li for i : 1, . . . ,m.

Thus, the worst-case complexity of the test ‘Φ entails Ψ ’ is O(|Φ| ∗ |Ψ | ∗n), where
n is the number of variables in Φ and Ψ .

4.2 Size of the Set preNA(Φ)

Let Φ be a set of NA-constraints. By equation (5), preNA(Φ) must be equivalent
to the set

∨
a∈Σ,φ∈ΦGa∧φ[x/Ta(x)]. Unfortunately, we cannot choose preNA(Φ)

equal to this set, because it may contain constraints of the form xi1 + . . .+xim ≥
k. However, when evaluating variables on positive integers, a constraint of the
form xi1 + . . . + xim ≥ k is equivalent to the following set (disjunction) of NA-
constraints: ∨

〈k1,...,km〉
xi1 ≥ k1 ∧ . . . ∧ xim ≥ km,

where each tuple of positive integers 〈k1, . . . , km〉 represents an ordered partition
of k, i.e. k1 + . . . + km = k. (Moreover, it is easy to see that this is the smallest
representation of xi1+. . .+xim ≥ k with NA-constraints.) We define the operator
preNA as the result of decomposing all constraints with additions of (5) into NA-
constraints.

The cardinality of preNA(Φ) depends on the number of ordered partitions of
the constants appearing in constraints with additions. For x1+ . . .+xm ≥ k, this
number, denoted by ρ(m, k), is equal to the number of subsets of {1, 2, . . . , k +
m− 1} containing m− 1 elements, i.e.,

ρ(m, k) =
(

k + m− 1
n− 1

)
=

(
k + m− 1

k

)
.

If c is the biggest constant occurring in constraints of Φ, and n, a are the
number of states and actions of the broadcast protocol, we get |preNA(Φ)| ∈
O(|Φ| ∗a∗ρ(n, c)). This makes NA-constraints inadequate for cases in which the
constants c ≈ n, initially or during the iteration of algorithm Symb-ReachNA. In
this case we get ρ(n, c) ≈ 4n√

πn
, which leads to an exponential blow-up.
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4.3 Conclusion

NA-constraints have an efficient entailment algorithm, but they are inadequate
as data structure for Symb-Reach. Whenever the constants in the constraints
reach values similar to the number of states, the number of constraints grows
exponentially.

The blow-up is due to the decomposition of constraints with additions into
NA-constraints. In the following section we investigate whether constraints with
additions are a better data structure.

5 AD-Constraints: With Addition

An AD-constraint is a conjunction of atomic constraints xi1 + . . . + xim ≥ k
where xi1 , . . . , xim are distinct variables of {x1, . . . , xn}, and k is a positive in-
teger. A constraint in AD can be characterized as the system of inequalities
A · x ≥ b where A is a 0-1 matrix.

It is easy to see that AD-constraints denote exactly the upwards-closed
sets. Since AD-constraints are equivalent to disjunctions of NA-constraints, they
only denote upwards-closed sets, and since they are more general than NA-
constraints, they denote them all.

5.1 Complexity of the Containment Problem in AD

The following result shows that even the entailment test between two AD-
constraints is difficult to decide.

Proposition 1 (Entailment in AD is co-NP complete). Given two AD-
constraints φ and ψ, the problem ‘φ entails ψ’ is co-NP complete.

Proof. By reduction from HITTING SET [GJ78]. An instance of HITTING SET
consists of a finite set S = {s1, . . . , sn}, a finite family S1, . . . , Sm of subsets of
S, and a constant k ≤ n. The problem is to find T ⊆ S of cardinality at most k
that hits all the Si, i.e., such that Si ∩ T �= ∅.

Take a collection of variables X = {x1, . . . , xn}. Let φ be a conjunction of
atomic constraints φi, one for each set Si, given by: If Si = {si1 , . . . , sini

}, then
φi = xi1 + . . . + xini

≥ 1. Let ψ = x1 + . . . + xn ≥ k + 1.
If φ does not entail ψ, then there is a valuation V :X → IN that satisfies φ

but not ψ. Let T be the set given by: si ∈ T if and only V (xi) > 0. Since V
satisfies φ, T is a hitting set. Since V does not satisfy ψ, it contains at most k
elements.

If T is a hitting set with at most k elements, then the valuation V :X → IN
given by V (xi) = 1 if si ∈ T , and 0 otherwise, satisfies φ but not ψ.

This implies that entailment of AD-constraints is co-NP-hard. Completeness
follows by noting that the containment problem for sets of linear arithmetics
constraints is co-NP complete [Sri92]. ��

The following corollary immediately follows.
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Corollary 1 (Containment in AD is co-NP complete). Given two sets of
AD-constraints Φ and Ψ , the problem ‘Φ entails Ψ ’ is co-NP complete.

5.2 Size of the Set preAD(Φ)

We can define
preAD(Φ) =

∨
a∈Σ,φ∈Φ

Ga ∧ φ[x/Ta(x)]

since the right hand side is a set of AD-constraints whenever Φ is. If a is the
number of actions of the broadcast protocol, then |preAD(Φ)| ∈ O(|Φ| ∗ a).

5.3 Conclusion

AD-constraints are not a good data structure for Symb-Reach either, due to the
high computational cost of checking containment and entailment. This result
suggests to look for a class of constraints between NA and AD.

6 DV-Constraints: With Distinct Variables

DV-constraints are AD-constraints of the form

x1,1 + . . . + x1,n1 ≥ k1 ∧ . . . ∧ xm,1 + . . . + xm,nm
≥ km ,

where xi,j and xi′,j′ are distinct variables (DV) for all i, j, i′, j′. In other words,
a DV-constraint can be represented as A · x ≥ b where A is a 0-1 matrix with
unit vectors as columns.

Since DV-constraints are more general than NA-constraints, but a particular
case of AD-constraints, they denote exactly the upwards-closed sets.

6.1 Complexity of the Containment Problem in DV

Entailment between sets of DV-constraints can still be very expensive, as shown
by the following result.

Proposition 2 (Containment in DV is co-NP complete). Given two sets
of DV-constraints Φ and Ψ , the problem ‘Φ entails Ψ ’ is co-NP complete.

Proof. By reduction from INDEPENDENT SET [GJ78]. An instance of INDE-
PENDENT SET consists of a finite graph G = (V,E) and a constant k ≤ |V |.
The problem is to find I ⊆ V of cardinality at most k such that for every u, v ∈ I
there is no edge between u and v.

Assume V = {v1, . . . , vn}. Take a collection of variables X = {x1, . . . , xn}.
The set Φ contains a constraint xi ≤ 1 for i : 1 . . . n, and xi + xj ≤ 1 for every
edge (vi, vj) ∈ E. The set Ψ is the singleton {ψ}, where ψ = x1+. . .+xn ≥ k+1.

If Φ does not entail ψ, then there is a valuation V :X → IN that satisfies Φ
but not ψ. Let I be the set given by: si ∈ I if and only V (xi) > 0. Since V
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satisfies Φ, I is an independent set. Since V does not satisfy ψ, it contains at
most k elements.

If I is an independent set with at most k elements, then the valuation V :X →
IN given by V (xi) = 1 if si ∈ I, and 0 otherwise, satisfies φ but not ψ. ��
However, and differently from the AD-case, checking entailment between two
AD-constraints can be done in polynomial time. Let V ar(φ) denote the set of
free variables occurring in the constraint φ, and let Cons(γ) denote the constant
occurring in the atomic constraint γ. We have the following result:

Proposition 3. Let φ and γ be an arbitrary and an atomic DV-constraint,
respectively. Let ∆ be the largest set of atomic constraints δ in φ such that
Var(δ) ⊆ Var(γ). Then, φ entails γ if and only if Σδ∈∆Cons(δ) ≥ Cons(γ).

Proof. (⇒): Assume Σδ∈∆Cons(δ) < Cons(γ). Then, any valuation that assigns
Cons(δ) to one variable in δ and 0 to the others, and 0 to the remaining variables
of Var(γ), satisfies φ but not γ.
(⇐): Clearly φ entails ∆. Since φ is a DV-constraint, ∆ entails the constraint∑
xi∈Var(δ) xi ≥ Σδ∈∆Cons(δ). Since Var(δ) ⊆ Var(γ) and

∑
δ∈∆ Cons(δ) ≥

Cons(γ), it also entails
∑
xi∈Var(γ) xi ≥ Cons(γ), which is the constraint γ. ��

For instance, we have that x1 + x2 ≥ a ∧ x3 ≥ b entails x1 + x2 + x3 + x4 ≥ c if
and only if a + b ≥ c.

Since φ entails ψ if and only if φ entails each atomic constraint of ψ, we get
the following

Corollary 2 (Entailment in DV is in P). Given two DV-constraints φ and
ψ, it can be checked in polynomial time whether φ entails ψ.

Since the symbolic procedure for the reachability problem requires to check
containment, and not entailment, Corollary 2 does not seem to be of much use at
first sight. However, it allows to define a new reachability procedure by replacing
the EntailC(Φ, old Φ) test in Symb-Reach by the local containment test:

forall φ ∈ Φ exists ψ ∈ old Φ

Clearly, the local containment test implies the containment test, and so the new
procedure is partially correct. The risk of weakening the fixpoint test is that we
may end up with a non-terminating algorithm. Fortunately, this turns out not
to be the case, as shown by the following proposition.

Proposition 4. The procedure Symb-ReachDV terminates.

Proof. Let X be a set of variables. Given Y ⊆ X, let Y ≥ k denote the constraint∑
xi∈Y xi ≥ k.
Let φ be a DV-constraint on X. We define the function fφ which assigns to

Y ⊆ X a natural number as follows:

fφ(Y ) =
{

k if Φ contains the constraint Y ≥ k
0 otherwise
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Observe that fφ is well defined because φ is a DV-constraint. Define the pointwise
ordering 
 on these functions, given by fφ 
 fψ if fφ(Y ) ≤ fψ(Y ) for every
subset Y of X. We prove that the local containment test corresponds exactly
to the pointwise ordering. I.e., for DV-constraints, φ entails ψ if and only if
fφ(Y ) ≥ fψ(Y ).

– If fφ ≥ fψ, then φ entails ψ.
Let Y ≥ k be an atomic constraint of ψ. It follows from fφ(Y ) ≥ fψ(Y ) that
φ contains a constraint Y ≥ k′ such that k′ ≥ k. So every solution of φ is a
solution of Y ≥ k.

– If φ entails ψ, then fφ ≥ fψ.
We prove the contraposition. Let Y ⊆ X such that fφ(Y ) < fψ(Y ). Then ψ
contains a constraint Y ≥ k, and φ contains a constraint Y ≥ k′ such that
k′ < k (if φ contains no constraint Y ≥ k′ we can assume that it contains
the constraint Y ≥ 0). Since φ is a DV-constraint, it has a solution X0 such
that Y0 = k′. So X0 does not satisfy Y ≥ k, and so φ does not entail ψ.

Assume now that Symb-ReachDV does not terminate. Then, the i-th iteration of
the repeat loop generates at least one constraint φi such that φi does not entail
φj for any i > j. By the result above, the sequence of functions fφi satisfies
fφi �
 fφj for any i > j. This contradicts Dickson’s lemma (consider a function

fφ as a vector of IN2|X|
). ��

6.2 Size of the Set preDV(Φ)

If Φ is a set of DV-constraints, then the set of constraints (5) may contain
AD-constraints with shared variables. However, each constraint in set (5) is
either a DV-constraint or has one of the two following forms: φ ∧ xi ≥ 1 or
φ ∧ xi ≥ 1 ∧ xj ≥ 1, where φ is a DV-constraint with at most one occurrence of
xi and xj . The constraints of the form xi ≥ 1 correspond to the ‘guards’ of the
transition rules of the protocol. Thus, in order to maintain constraints in DV-
form, all we have to do is to merge the ‘guards’ and the remaining DV-constraint
(i.e. φ). The operator preDV is defined as the result of applying the following
normalization: Given a constraint x ≥ 1 ∧ x + y1 + . . . + ym ≥ k ∧ φ where, by
hypothesis, x does not occur in φ, replace it by the equivalent set of constraints

k−1∨
i=0

(x ≥ k − i ∧ y1 + . . . + ym ≥ i ∧ φ) .

In the worst case, it is necessary to reduce each new constraint with respect to
two guards, possibly generating O(k2) new constraints. Thus, if a is the number
of actions of the protocol and c is the maximum constant occurring in the set Φ
of DV-constraints, we have |preDV(Φ)| ∈ O(|Φ| ∗ a ∗ c2).
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6.3 Conclusion

DV-constraints are a good compromise between AD and NA-constraints. The
application of preDV does not cause an exponential blow up as in the case of
NA-constraints. Furthermore, though the containment test is co-NP complete, it
can be relaxed to an entailment of low polynomial complexity, unlike the case of
AD-constraints. Moreover, as shown in the next section, sets of DV-constraints
can be compactly represented.

7 Efficient Representation of Sets of Constraints

DV-constraints can be manipulated using very efficient data-structures and ope-
rations. We consider constraints over the variables {x1, . . . , xn}.

Each atomic DV-constraint Σxi∈Y xi ≥ k can be represented as a pair 〈b, k〉,
where b is a bit-vector, i.e., b = 〈b1, . . . , bn〉 and bi = 1 if xi ∈ Y , and 0
otherwise. Thus, a DV-constraint can be represented as a set of pairs. Based
on this encoding, the decision procedure of Corollary 2 can be defined using
bitvector operations not and or . (1 denotes the bitvector containing only 1’s.)

Proc Entails(cstr1 , cstr2 : codings of DV-constraints)
var s : integer
for all pairs 〈b2, k2〉 in cstr2
s := 0;
for all pairs 〈b1, k1〉 in cstr1
if (not(b1) or b2) = 1 then s := s + k1 endif
endfor
if s < k2 then return false endif
endfor;
return true

8 Examples

In this section we present and discuss some experimental results. We first show
some examples of systems and properties that we were able to verify automa-
tically, and then we compare the execution times obtained by using different
constraint systems.

The protocol shown in Fig. 1 models a network of processes accessing two
shared files (called ‘a’ and ‘b’) under the last-in first-served policy. When a
process wants to write on one of the files all processes reading it are redirect
in the initial state I. In the state I a process must send a broadcast before
starting reading a file: in this case all writers are sent back to the state I (last-
in first-served). Note that processes operating on ‘b’ simply skip the broadcast
concerning operations on ‘a’ and vice versa. The protocol must ensure mutual
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Fig. 1. Last-in first-served access to two resources.

exclusion between readers and writers. The initial parameterized configuration
of the protocol is

I ≥ 1, Sa = 0, Sb = 0, Ea = 0, Eb = 0,Ma = 0,Mb = 0 .

We prove that the unsafe configurations Sa ≥ 1,Ma ≥ 1 are not reachable.
In Fig. 2, we describe a central server model [ABC+95]. Processes in state

think represent thinking clients that submit jobs to the CPU. A number of
processes may accumulate in state waitcpu. The first job requesting the CPU
finds it idle and starts using it. A job that completes its service proceeds to
a selection point where it continues requesting the I/O subsytem or leaves the
central system. No specific policy is specified for the queues of waiting jobs. In the
initial state of the broadcast protocol in Fig. 2 an arbitrary number of processes
are in state think, whereas one process is respectively in state idlecpu, idledisk,
noint. The protocol must ensure that only one job at a time can use the CPU and
the I/O subsytem. The flow of processes is represented by a collection of rules
over 17 variables (one for each state). The initial parameterized configuration of
the protocol is

Think ≥ 1, Idlecpu = 1, Idledisk = 1, No-int = 1,
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Fig. 2. Central Server System.

with all other variables equal to zero. We prove that the unsafe configurations
Usecpu ≥ 2 is not reachable.

Petri Nets can be seen as a special case of broadcast protocols where the con-
straints generated during the analysis are in NA-form. Consider the Petri net of
[Ter94] shown in Fig. 3, which describes a system for manufacturing tables (for
instance, transition t4 assembles a table by taking a board from the place p6
and four legs from the place p5). The constraint-based representation introduces
a variable for each place and for each transition. The variables corresponding
to transitions count the number of times a transition is fired during the execu-
tion. There is a rule for each transition. For instance, the rule corresponding to
transition t4 is

P6 ≥ 1, P5 ≥ 4, P ′
6 = P6 − 1, P ′

5 = P5 − 4, P ′
7 = P7 + 1, T ′

4 = T4 + 1

In [Ter94] it is shown that an initial marking of this is deadlock-free (i.e.,
no sequence of transition occurrences can lead to a deadlock) if and only if it
enables a sequence of transition occurrences containing t1 at least three times
and all other transitions at least twice. Based on this preliminary result we can
then compute all deadlock-free initial states. They are exactly the predecessors
states of the states

T1 ≥ 3, T2 ≥ 2, T3 ≥ 2, T4 ≥ 2, T5 ≥ 2, T6 ≥ 2
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Fig. 3. Manufacturing System modeled as a Choice-free Petri Net.

intersected with the initial states of the system, i.e., those such that Ti = 0 for
all i and P5 = P6 = P7 = 0. The result of the fixpoint computation is given by
the following set of constraints

P1 ≥ 10, P2 ≥ 1, P3 ≥ 2 P1 ≥ 8, P2 ≥ 3 P1 ≥ 12, P3 ≥ 2
P1 ≥ 6, P2 ≥ 5, P3 ≥ 2 P1 ≥ 8, P3 ≥ 1, P4 ≥ 1 P1 ≥ 6, P4 ≥ 2
P1 ≥ 6, P2 ≥ 1, P3 ≥ 1, P4 ≥ 1

8.1 Comparison of Execution Times

We have tested the previous examples on HyTech (polyhedra representation of
sets of configurations, full entailment test), on Bultan, Gerber and Pugh’s model
checker based on the Omega library for Presburger arithmetic [BGP97], and on
the specialized model checker we have introduced in the paper (DV-constraint
representation of sets of states, local entailment test). HyTech works on real
arithmetic, i.e., it employs efficient constraint solving for dealing with linear
constraints. The results are shown in the following table, where ‘Presb’ refers to
the model checker of [BGP97], and ‘BitVector’ to our checker.

Fig Rules Unsafe States Steps BitVector1 HyTech1 Presb2

1 21 Sa ≥ 1,Ma ≥ 1 2 <1s <1s not tested
Usecpu ≥ 2 7 <1s 5.5s 40s
Usecpu ≥ 3 10 <1s 16s 290s

2 9 Usecpu ≥ 4 13 <1s 40s 1558s
Usecpu ≥ 8 25 15s 578s not tested
Usecpu ≥ 10 31 76s 1738s not tested

3 6 T1 ≥ 3, ∧i>1Ti ≥ 2 24 1090s >6h 19h50m

1 On a Sun Sparc 5.6. 2 On a Sun Ultra Sparc.
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9 Related Work

The first algorithm for testing safety properties of broadcast protocols was pro-
posed by Emerson and Namjoshi in [EN98]. Their approach is based on an ex-
tension of the Karp and Miller’s cover graph construction (used for Petri Nets)
[KM69]. In [EFM99], Esparza, Finkel and Mayr show that the algorithm may
not terminate and propose a backwards-reachability procedure. The correctness
of the procedure follows from general results on the decidability of infinite state
systems by Abdulla et al. [ACJ+96]. In [Kin99], Kindahl uses constraints as
symbolic representation of upwards-closed sets for Petri Nets and lossy channel
systems, but does not discuss the issue of finding adequate classes of constraints.
Finally, Delzanno and Podelski [DP99], and Bérard and Fribourg [BF99] have
recently applied real-arithmetics to model checking of integer systems.

10 Conclusion

We have proposed linear constraints with disjoint variables as a good symbolic
representation for upwards-closed sets of configurations of broadcast protocols.
Experimental results shown that even a prototype implementation can beat tools
for more general constraints.

Acknowledgements We thank Tevfik Bultan for the experiments using his model
checker based on Presburger Arithmetics [BGP97].
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Abstract. We consider the data complexity of various logics on two
important classes of constraint databases: dense order and linear con-
straint databases. For dense order databases, we present a general result
allowing us to lift results on logics capturing complexity classes from
the class of finite ordered databases to dense order constraint databases.
Considering linear constraints, we show that there is a significant gap
between the data complexity of first-order queries on linear constraint
databases over the real and the natural numbers. This is done by prov-
ing that for arbitrary high levels of the Presburger arithmetic there are
complete first-order queries on databases over (�, <, +). The proof of
the theorem demonstrates a simple argument for translating complexity
results for prefix classes in logical theories to results on the complexity
of query evaluation in constraint databases.

1 Introduction

Descriptive complexity theory studies the relationship between logical definabil-
ity and computational complexity. In particular one looks for results saying that,
on a certain class K of structures, a logic L (like first-order logic or least fixed
point logic) captures a complexity class C. This means that (1) for every fixed
sentence ψ ∈ L, the complexity of evaluating ψ on structures from K is a prob-
lem in the complexity class C, and (2) every property of structures in K that
can be decided with complexity C is definable in the logic L. Two important ex-
amples of such results are Fagin’s Theorem, saying that existential second-order
logic captures NP on the class of all finite structures, and the Immerman-Vardi
Theorem, saying that least fixed point logic captures Ptime on the class of all
ordered finite structures. Indeed, on ordered finite structures, logical character-
izations of this kind are known for all major complexity classes. On the other
hand it is not known, and one of the major open problems in the area, whether
Ptime can be captured by any logic, if no ordering is present. We refer to [1, 10]
for background on descriptive complexity.

Up to now, descriptive complexity has been considered almost exclusively
on finite structures. But the research program of descriptive complexity makes
sense also for classes of infinite structures, provided that they admit a finite
presentation. There have been a few studies of descriptive complexity theory on
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infinite structures concerning, for instance, metafinite structures and complexity
theory over the reals [3, 4], recursive structures [8] and, as we do in the present
paper, constraint databases (see e.g. [12, 6, 5] and the references there).

Constraint databases are a modern database model admitting infinite rela-
tions that are finitely presented by quantifier-free formulae (constraints) over
some fixed background structure. For example, to store geometrical data, it is
useful to have not just a finite set as the domain of the database, but to include
all real numbers ‘in the background’. Also the presence of interpreted functions,
like addition and multiplication, is desirable. The constraint database framework
introduced by Kanellakis, Kuper and Revesz [12] meets both requirements. For-
mally, a constraint database consists of a context structure �, like (�, <,+, ·),
and a set {ϕ1, . . . , ϕm} of quantifier-free formulae defining the database rela-
tions. We give the precise definition in the next section.

When studying the data complexity of constraint query languages, it soon
became clear that allowing recursion in query languages leads to non-closed or
undecidable query languages even for rather simple context structures. On the
other hand there are promising results for non-recursive languages in many inter-
esting contexts. For the context structure (�, <) a Logspace data complexity
for first-order logic has been established by Kanellakis, Kuper, and Revesz which
was later improved to AC0 by Kanellakis and Goldin [11]. In [12] it has also been
shown that first-order logic still has data complexity NC if the context structure
is extended by addition and multiplication. Thus first-order logic is well-suited
as a query language for spatial databases where the context structure is the field
of reals.

In this paper we will consider the complexity of query evaluation in two
important cases: (1) linear constraint databases, where the context structure is
(�, <,+) or (�, <,+), and (2) constraint databases over dense linear orders.

It turns out that the data complexity of first-order query on linear constraint
databases depends heavily on the universe. The data complexity of first-order
queries on databases over (�, <,+) is known to be in NC. It has been conjectured
by Grumbach and Su [6] that this is also true for the context structure (�, <,+).
We refute this conjecture here by showing that we find complete first-order
queries for each level of the polynomial time hierarchy.

As stated above, allowing recursion in query languages tends to result in
undecidable languages. For instance, we will observe that this is the case for
linear constraint queries over (�, <,+). An exception are dense order constraint
databases, where the context structure is (�, <) (or any other dense linear or-
der without endpoints). There we can incorporate recursion and still end up in
decidable and closed languages. For instance, it has been shown in [12, 5] that
inflationary Datalog with negation has Ptime data complexity and, in fact,
that it captures Ptime on dense order constraint databases. We continue this
line of research and present a general technique that allows to lift capturing
results from the class of ordered finite structures to constraint databases over
(�, <). This is done by associating with every constraint database over (�, <) a
finite ordered structure, called the invariant of the database which carries all the
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information stored in the infinite database. The finite database can be defined
by first-order formulae and therefore with very low data complexity. A query on
the constraint database can be evaluated in the invariant in such a way, that
the result of the original query can be regained from the answer on the finite
database with very low data complexity. Indeed the invariant is first-order inter-
pretable in the original database, and this allows to translate any formula that
represents a query on the invariant into an equivalent formula over the original
database. In this way capturing results are lifted from ordered finite structures
to dense order constraint databases.

2 Constraint Databases

The basic idea in the definition of constraint databases is to allow infinite rela-
tions which have a finite representation by a quantifier-free formula. Let � be a
τ -structure, called the context structure, and ϕ(x1, . . . , xn) be a quantifier-free
formula of vocabulary τ that may contain elements from A as parameters. Let
σ := {R1, . . . , Rk} be a relational signature disjoint from τ .

We say that an n-ary relation R ⊆ An is represented by ϕ(x1, . . . , xn) over �,
if R = {(a1, . . . , an) : � |= ϕ(a1, . . . , an)}. A σ-constraint database over the con-
text structure � is an expansion � = (�, R1, . . . , Rk) of � where all σ-relations
Ri are finitely represented by formulae ϕRi over �. The set Φ := {ϕR1 , . . . , ϕRk

}
is called a finite representation of �. The set of finitely representable relations
over � is denoted by Relfr(�) and the set of all constraint databases over � is
denoted by Expfr(�). The signature τ is called the context signature whereas σ
is called the database signature.

By definition, constraint databases are expansions of a context structure by
finitely representable database relations. Note that the same relation can be
represented in different ways, e.g. ϕ1 := x < 10 ∧ x > 0 and ϕ2 := (0 <
x∧ x < 6)∨ (6 < x∧ x < 10)∨ x = 6 are different formulae but define the same
relation. Two representations Φ and Φ′ are �-equivalent, if they represent the
same database over �.

To measure the complexity of algorithms taking constraint databases as in-
puts we have to define the size of a constraint database. Unlike finite databases,
the size of constraint databases cannot be given in terms of the number of ele-
ments stored in them but has to be based on a representation of the database.
Note that equivalent representations of a database need not to be of the same
size. Thus the size of a constraint database cannot be defined independent of a
particular representation. In the following, whenever we speak of a constraint
database �, we have a particular representation Φ of � in mind. The size |�|
of � then is defined as the sum of the length of the formulae in Φ. This cor-
responds to the standard encoding of constraint databases by the formulae of
their representation.
Constraint queries. Let � be a τ -structure and σ a relational signature.
A constraint query Q : Expfr(�) → Relfr(�) is a mapping from σ-constraint
databases over � to finitely representable relations over �. In the sequel we are
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interested only in queries defined by formulae of a given logic �. In order to de-
fine queries by �-formulae, we require the context structures to admit quantifier
elimination for �. This means that every �-formula ϕ is equivalent in � to a
quantifier-free formula. If � admits quantifier elimination for �, then every for-
mula ψ(x1, . . . , xk) ∈ �[τ ∪σ] defines a query Qϕ taking a σ-constraint database
� over � to the set {ā ∈ Ak : � |= ψ(ā)}, and the result of the query is itself
finitely representable.

Typical questions that arise when dealing with constraint query languages are
the complexity of query evaluation for a certain constraint query language and
the definability of a query in a given language. For a fixed query formula ϕ ∈ L,
the data complexity of the query Qϕ is defined as the amount of resources (e.g.
time, space, or number of processors) needed to evaluate the function that takes
a representation Φ of a database � to a representation of the answer relation
Qϕ(�).

3 Linear Constraints

In this section we consider linear constraint databases, that is, databases defined
over the context structures (�, <,+), (�, <,+) or (�, <,+). The data complex-
ity of linear constraint queries in the context of (�, <,+) and (�, <,+) has been
studied by Grumbach, Su, and Tollu in [5, 7]. In [5] it is claimed that “first-order
queries on linear constraint databases have a NC1 data complexity.”

First, we briefly discuss the possibility whether more powerful query lan-
guages than first-order logic can be effectively evaluated on linear constraint
databases. However, a simple argument shows that adding a recursion mecha-
nism to first-order logic leads to non-closed or undecidable languages. For ex-
ample, the (FO+DTC)-formula nat(x) := [DTCx,y(x+ 1 = y)](0, x) defines the
natural numbers, and multiplication of natural numbers can be defined by the
(FO+DTC)-formulamult(x, y, z) := [DTCuv,u′v′(u+1 = u′∧v+x = v′)](00, yz).

It follows that Hilbert’s 10th problem (or the existential theory of arithmetic)
can be reduced to the evaluation of existential FO+DTC-queries on linear con-
straint databases.

Theorem 1. Every query language over the context structure (�, <,+) which
is at least as expressive as existential FO+DTC is undecidable.

Thus the result by Grumbach and Su cannot be extended to query languages
allowing recursion. We now show that the result does also not generalize to linear
constraint queries over the natural numbers.

Presburger arithmetic (PrA), the theory of the structure (�, <,+), is well
known to be decidable. Strictly speaking, we have to expand (�, <,+) by divis-
ibility relations a | x (for all parameters a ∈ �), because otherwise the theory
would not admit quantifier elimination and hence non-Boolean queries could not
be evaluated in closed form. Note that a | x is of course definable in (�, <,+) but
not by a quantifier-free formula. However, we will show that even the evaluation
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of boolean first-order queries is much more complex in the context of the Pres-
burger arithmetic than on (�, <,+). This result relies on complexity results for
fragments of PrA with bounded quantifier prefixes. Let Q := Q1 · · ·Qk be a word
in {∃, ∀}∗. Then [Q]∩PrA is the set of sentences of the form ψ := Q1x1 · · ·Qkxkϕ
such that (�, <,+) |= ψ and ϕ is quantifier-free. It has been shown [2, 15] that
the complexity of such fragments of Presburger arithmetic may reside on arbi-
trary high levels of the polynomial-time hierarchy. Essentially the evaluation of
formulae with m+ 1 quantifier blocks of bounded length is in the m-th level of
the hierarchy.

Theorem 2 (Grädel, Schöning). Let m ≥ 1, r1, . . . , rm ≥ 1 and rm+1 ≥ 3.
Then, for odd m, [∃r1∀r2 · · · ∃rm∀rm+1 ] ∩ PrA is Σp

m-complete, and [∀r1∃r2 · · ·
∀rm∃rm+1 ] ∩ PrA is Πp

m-complete. For even m, [∃r1∀r2 · · · ∀rm∃rm+1 ] ∩ PrA is
Σp
m-complete and [∀r1∃r2 · · · ∃rm∀rm+1 ] ∩ PrA is Πp

m-complete.

The proof of the following theorem exhibits a simple argument for translating
such complexity results for prefix classes in logical theories to results on the
complexity of query evaluation in constraint databases.

Theorem 3. Let ψ be a first-order boolean query on constraint databases over
(�, <,+). Then the data complexity of ψ is in the polynomial-time hierarchy.
Conversely, for each class Σp

k , resp. Πp
k of the polynomial time hierarchy there

is a fixed query ψ whose data complexity is Σp
k-complete, resp. Πp

k -complete.

Proof. We can assume that ψ = Q1x1 · · ·Qkxkϕ with ϕ quantifier-free and with
database relations R1, . . . , Rm. Given a database � = (�, <,+, R1 , . . . , Rm)
where the database relations are represented by β1, . . . , βm over (�, <,+), let
ψ′ := unfold(ψ,�) be the unfolded query, obtained by replacing in ψ all oc-
currences of R1, . . . , Rm by the defining formulae β1, . . . , βm. Since the βi are
quantifier-free ψ′ has the same prefix as ψ and length bounded by O(|�|) (given
that ψ is considered fixed). Obviously� |= ψ if and only if ψ′ ∈ [Q1 . . . Qk]∩PrA.
Hence the data complexity of ψ is in the polynomial-time hierarchy (and actually,
we can read off the level of the hierarchy directly from the prefix of ψ).

For the second assertion of the theorem, consider any quantifier prefix Q =
Q1 . . .Qm. Let R be an m-ary relation symbol and let ψQ be the query Q1x1 · · ·
QmxmRx1 . . . xm. The decision problem for [Q]∩PrA reduces to the evaluation
problem of ψQ on constraint databases over (�,+, <). Indeed, for every sentence
ϕ = Q1x1 · · ·Qmxmϕ′(x1, . . . , xm) in FO(<,+), let �ϕ be the {R}-database
over (�, <,+) such that R�ϕ is represented by ϕ′. The size of �ϕ is bounded
by the length of ϕ. Clearly, ϕ is true in (�, <,+) if and only if �ϕ |= ψQ .

Hence, by choosing Q as indicated by Theorem 2, the evaluation problem for
ψQ is Σp

k-complete, resp. Πk-complete. ��
We have seen that first-order logic can express quite complex queries. We now

consider sub-classes of first-order logic which can still be efficiently evaluated.
It has been shown by Lenstra and Scarpellini (see references in [2]) that for all
fixed dimensions t ∈ �, [∃t] ∩ PrA and [∀t] ∩ PrA are in Ptime. Thus, by an
argument similar to the one above, we can show the following theorem.



72 E. Grädel and S. Kreutzer

Theorem 4. Existential and universal boolean queries on constraint databases
over (�, <,+) have Ptime data complexity.

However, as soon as we admit queries with alternation depth two, the eval-
uation problem is NP- or Co-NP-hard. This follows from a result by Schöning
[15] who proved that [∃∀] ∩ PrA is NP-complete, strengthening a result in [2].

4 Dense Linear Orders

We now consider the complexity of query evaluation in the context of dense linear
orders. We prove a general result which allows us to give precise complexity
bounds for the data complexity of various logics such as transitive closure or
fixed-point logic and to extend results on logics capturing complexity classes
from the realm of finite ordered structures to constraint databases over dense
linear orders. Given a fixed query, its evaluation in a database can be done by
(1) transforming the database into a finite structure, called its invariant, (2)
evaluating a slightly modified version of the query on the invariant, and (3)
transforming the result of the evaluation to an answer of the original query.

We fix the context structure � := (�, <) and a query ψ of vocabulary {<}∪σ
with database signature σ = {R1, . . . , Rk}. Let Pψ ⊆ � be the (finite) set
parameters that occur in ψ. The query has to be transformed so that it can be
evaluated in the invariant. This transformation is independent of a particular
database and can be seen as a compilation or preprocessing step. To set up the
evaluation method outlined above, we define two mappings. The first, inv, maps
databases to their corresponding invariants; the second, π, maps the answer of
the query on the invariant to the answer of the original query.

4.1 The invariant of a constraint database

Definition 5. Let σ := {R1, . . . , Rk} be a signature, � be a σ-database over
(�, <), P ⊂ � a set of elements, and b̄ a tuple of real numbers.

– The complete atomic type of b̄ over P with respect to �, written as atp�P (b̄),
is the set of all atomic and negated atomic formulae ϕ(x̄) over the signature
{<,R1, . . . , Rk} using parameters from P such that � |= ϕ(b̄). We omit the
index P if P is empty and denote by otp�(b̄), resp. otp�P (b̄), the complete
atomic type of b̄ (over P ) with respect to � over the signature {<}.

– A maximally consistent set of atomic and negated atomic σ ∪ {<}-formulae
ϕ(x̄) is a complete atomic type (over P ) in the variables x̄, if it is a complete
atomic type (over P ) of a tuple b̄ with respect to a σ-expansion of �. We
write atp�(x̄), resp. atp�P (x̄), for a complete atomic type (over P ) in the
variables x̄ over the database signature σ of �.

A type is an n-type if it has n free variables. We omit � if it is clear from the
context. When speaking about types we always mean complete atomic types
throughout this chapter.
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We call complete atomic types over σ ∪ {<} also complete database types.
Database types are of special interest here because the database type of a tuple
b̄ determines everything we can say about b̄ in terms of the database, especially
in which database relations b̄ stands.

Suppose � is a database and P� the set of parameters used in its defini-
tion. Recall from the introduction that there are different ways to represent the
database �. The set of parameters used in these representations will generally
differ from P�. We define a set of parameters, called the canonical parameters,
which can be extracted from � independent of its representation.

Definition 6. Suppose� = (�, <,R�1 , . . . , R
�

k ) is a database. The set cp(�) ⊂
� of canonical parameters of � is the set of elements p satisfying the following
condition.
For at least one n-ary relation R ∈ {R�1 , . . . , R�k } there are a1, . . . , an ∈ �, an
ε ∈ �, ε > 0, and an ε-neighbourhood δ = (p− ε, p+ ε) of p such that one of the
following holds.

– For all q ∈ δ, q < p and for no q ∈ δ, q > p we have Rā[p/q]. Here Rā[p/q]
means that all components ai = p are replaced by q.

– For all q ∈ δ, q > p and for no q ∈ δ, q < p we have Rā[p/q].
– Rā[p/q] holds for all q ∈ δ\{p} but not for q = p.
– Rā[p/q] holds for q = p but not for any q ∈ δ\{p}.

Lemma 7. All canonical parameters of � occur explicitly in all representations
of �.

In particular this implies that the cardinality of cp(�) is bounded by the size
of any representation of �.

We show in the next lemma that an atomic order type over cp(�) uniquely
determines a complete database type. It follows that every two tuples realizing
the same atomic order type over cp(�) occur in the same database relations.
Thus the parameter set cp(�) is sufficient to define a representation of �.

Lemma 8. Suppose � is a database and ā, b̄ ∈ �k are two k-tuples.

(i) If otp�cp(�)(ā) = otp�cp(�)(b̄), then atp�(ā) = atp�(b̄).
(ii) If otp�cp(�)(ai) = otp�cp(�)(bi) for all 1 ≤ i ≤ k and otp�(ā) = otp�(b̄),

then otp�cp(�)(b̄) = otp�cp(�)(ā).
(iii) If P ⊇ cp(�) is a superset of cp(�), then otp�P (b̄) = otp�P (ā) implies

otp�cp(�)(ā) = otp�cp(�)(b̄).

Proof. The proof of the second and third part are straightforward. To prove the
first part suppose for the sake of contradiction that atp�(b̄) and atp�(ā) differ.
Then there is an atomic or negated atomic formula ϕ such that � |= ϕ(ā) but
� �|= ϕ(b̄). If ϕ is of the form xi < xj , then ai < aj but not bi < bj , which
contradicts the assumption that otp�cp(�)(b̄) = otp�cp(�)(ā).
Now suppose ϕ is of the formRx1 · · ·xr , where r := ar(R). Let C := (c̄0, c̄1, . . . , c̄k)
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be a sequence of points in �k , such that for cij := bj for all j ≤ i and cij := aj
for all j > i. Thus c̄0 = ā, c̄k = b̄, c̄1 = (b1, a2, . . . , ak), c̄2 = (b1, b2, a3, . . . , ak),
and so on. Further, let L := (l1, . . . , lk) be a sequence of lines such that the
endpoints of li are ci−1 and ci. As � |= ϕ(ā) but � �|= ϕ(b̄), there is an
lj that intersects both R� and �k\R�. Assume w.l.o.g. that aj < bj . Let
q̄ := c̄j−1. Then there is a p ∈ � with aj < p ≤ bj such that R�q̄ but not
R�q1, . . . , qj−1, p, qj+1, . . . , qk. We claim that there is at least one canonical pa-
rameter d with aj ≤ d ≤ p. To prove this claim, let A := {a ∈ � : aj ≤
a and R�q1, . . . , qj−1a

′qj+1, . . . , qk for all aj ≤ a′ ≤ a}. Let d be the supremum
of A. Then, by Definition 6, c is a canonical parameter and aj ≤ d ≤ p. This
proves the claim. Thus ā and b̄ do not satisfy the same complete order type over
cp(�) which contradicts the assumption. ��

One implication of the lemma is the following. Suppose we want to decide
if Rā holds for a tuple ā := a1, . . . , ak and a k-ary database relation R. The
question can be answered if we know whether Rb̄ holds for a tuple b̄ := b1, . . . , bk
such that ā and b̄ realize the same order type and each bi realizes the same 1-
order type over cp(�) as ai. This will be the central idea in the definition of the
invariant.

The relevant set of parameters that we need for the evaluation of ψ on a
database � is P�,ψ := {0, 1}∪ cp(�) ∪Pψ. The constants 0 and 1 are included
because they will be needed in the definition of the invariant.

Since Pψ is finite and Definition 6 of the set of canonical parameters can
obviously be formalized in first-order logic, it follows that for any fixed ψ, the
set P�,ψ is uniformly first-order definable over (�, <, 0, 1, Pψ).

Lemma 9. There exists a first-order formula δ(x) of vocabulary {<, 0, 1, Pψ}∪σ
such that for every σ-database � = (�, <,R�1 , . . . , R

�

k ), P�,ψ = {a ∈ � : � |=
δ(a)}.

We are now ready to define the invariant. Given a database �, define an
equivalence relation ∼ on � such that two elements a and b are ∼-equivalent if
and only if they realize the same 1-order type over P�,ψ. As P�,ψ is first-order
definable the equivalence relation ∼ is first-order definable as well. The set of
equivalence classes �∼ serves as the universe of the invariant. To complete the
definition we have to specify the database relations.

Before we give the detailed definition of the relations in the invariant, we
illustrate the idea by an example. Consider a database � with a single binary
relation S represented by ϕS(x, y) := x > 1∧x < 8∧ y > 0∧ y < 6∧ y < x. The
relation is shown in the following figure.

1

6

8
x

y
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As explained above, the invariant depends not only on the database � but
also on the parameters used in the query ψ. To simplify the example let ψ be an
arbitrary query with no extra parameters. Thus the set P�,ψ consists of the four
elements 0, 1, 6, 8 and there are nine different ∼-equivalence classes, namely the
intervals (−∞, 0), {0}, (0, 1), {1}, (1, 6), {6}, (6, 8), {8}, and (8,∞). Recall that
these equivalence classes form the universe of the invariant. Thus the relation S
has somehow to be defined in terms of these classes. Obviously it is not enough
to factorize S by ∼, because as 5 ∼ 5.1, the equivalence classes [5] and [5.1] are
equal, but ([5.1], [5]) ∈ S and ([5], [5]) �∈ S. Thus S/∼ would not be well-defined.

Instead of simply factorizing a m-ary relation R by ∼ we consider the set CR
of (m+1)-tuples ([a1], . . . , [ak], ρ), where [ai] ∈ �/∼ , 1 ≤ i ≤ m and ρ denotes an
m-order type, such that ([a1], . . . , [am], ρ) ∈ CR if and only if there is a b̄ ∈ �m

realizing ρ such that Rb̄ holds and ai ∼ bi for all 1 ≤ i ≤ m. In the example
above, the set CS consists of the set of all triples ([a1], [a2], ρ) such that [a1]×[a2]
is in the rectangle marked by the dashed line in the figure and ρ is the order
type x < y.

The idea behind the definition of the relation in the invariant is to use the
set CR as a finite relation carrying all the information necessary to restore the
original database relation R.

Note that the set ord(m) of different m-order types is finite for all m. Thus
we can assign to each order type p ∈ ord(m) a binary word ξm(p) ∈ {0, 1}�(m)

where �(m) := min{� : 2� ≥ |ord(m)|}. For m = 2 we define ξ2 to be the encoding
taking x < y to 00, x = y to 01, and y < x to 10. Once such an encoding ξm
is fixed, the set CR can be represented by a set C ′

R := {([a1], . . . , [am], t̄) :
([a1], . . . , [am], ρ) ∈ CR and ξ(ρ) = t̄}. This gives the definition of the relations
in the invariant.

Definition 10. Let σ := {R1, . . . , Rk} and � be a σ-database over (�, <).
The invariant �′ of � is a finite structure with universe U over the signature
{<,R′

1, . . . , R
′
k}, where

– U := �/∼ ,
– [x] < [y] if and only if x < y and x �∼ y, and
– If R ∈ σ has arity m, then the corresponding relation R′ has arity m+ �(m)

and R′[a1] . . . [am]t1 . . . t�(m) holds in �′ iff there are b1, . . . , bm ∈ � with
ξm(otp(b̄)) = t1 · · · t�(m) so that R�i b1 . . . bm and [ai] = [bi] for 1 ≤ i ≤ m.

The mapping inv is defined as the function taking databases to their invariants.

We also need a function taking the finite encoding of relations back to their
representation.

Definition 11. Let S be a (m + �(m))-ary relation of the form indicated by
Definition 10. The function

π̂ : S �→ ϕS(x1, . . . , xm) :=
∨

āt̄∈S
(σm(x̄, t̄) ∧

m∧

j=1

(xj ∼ aj)),



76 E. Grädel and S. Kreutzer

maps S to a formula ϕS representing the corresponding relation on the origi-
nal database. Here σm(x̄, ī) is a formula stating that x̄ satisfies the order type
specified by ī. The corresponding function mapping relations on the invariant to
finitely representable relations over the database is π : S �→ {ā : � |= π̂(S)[ā]}.

Lemma 12. The invariant inv(�) is an ordered finite structure whose cardi-
nality is linearly bounded in the size of any representation of �.

Proof. For any set P , the number of 1-order types over P is 2|P | + 1. The
cardinality of inv(�) is the number of 1-order types over P�,ψ. Recall that
|P�,ψ| = |cp(�)|+O(1) (since ψ is considered fixed) and that the size of cp(�)
is bounded by the size of any representation of �. ��
Corollary 13. The functions inv and π̂ can be computed in Logspace.

Proof. The Logspace-computability of inv is a direct implication of the previ-
ous lemma and a result by Kanellakis, Kuper and, Revesz stating that first-order
queries can be evaluated in Logspace. For π̂, let S be a (m+ �(m))-ary answer
of a query on an invariant. As an implication of the previous lemma, the size of
S is polynomially bounded in the size of any representation of �. All the algo-
rithm to calculate π̂(S) has to do is to output the disjunction of the formulae
(σm(x̄, ī) ∧ ∧k

j=1(xj ∼ aj)) for every tuple āī ∈ S. Clearly, this can be done in
Logspace. ��

4.2 The transformation of the query

Having defined the invariant of a database, we have to explain how the query
has to be transformed for evaluation in the invariant. This translation of the
formulae follows the same ideas described above, namely to increase the arity
of the relations to store the order type. While translating a formula with free
variables {x1, . . . , xm} we introduce new free variables ī to hold the order type.

It will be necessary to compare order types over a different number of vari-
ables. Suppose that ρ1, ρ2 are order types in the variables x1, . . . , xm and x1, . . . ,
xn, respectively, where m ≤ n. We say that ρ2 extends ρ1, if ρ1 ⊆ ρ2. This means
that the order type ρ2 behaves on x1, . . . , xm in the same way as ρ1. In the query
transformation we need a formula extendsmn(̄i, j̄) stating that ī := i1, . . . , i�(m)

codes some m-order type ρ1, j̄ := j1, . . . , j�(n) codes a n-order type ρ2, and ρ2

extends ρ1. The formula is defined as

extendsmn(̄i, j̄) :=
∨

ρ2∈ord(n)

(ξn(ρ2) = j̄ →
∨

ρ1∈ord(m)
ρ2 extends ρ1

ξm(ρ1) = ī).

Definition 14. Suppose σ is a database schema and τ the signature of the
invariants corresponding to σ-databases. Further, let L be a logic from {FO,
FO+DTC, FO+TC, FO+LFP, FO+PFP}. f : L[σ] → L[τ ] is defined induc-
tively as follows.
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– Let ψ(x, y) := x < y. Then (fψ)(x, y, i1, i2) := x ≤ y ∧ i1 = 0 ∧ i2 = 0.
– Let ψ(x) := x < c. Then (fψ)(x, i) := x < [c] ∧ i = 0.
– An equality ψ(x, y) := x = y is translated to (fψ)(x, y, i1, i2) := x = y∧i1 =

0 ∧ i2 = 1.
– An equality ψ(x) := x = c corresponds to (fψ)(x, i) := x = [c] ∧ i = 0.
– Let ψ(x1, . . . , xj) := Riu1 . . . um where the ui are either constants or vari-

ables from {x1, . . . , xj} and all xi occur in {u1, . . . , um}. Then

(fψ)(x1, . . . , xj , i1, . . . , i�(j)) := R′
iv1 . . . vmī, where vr :=

{
xs if ur = xs,

[c] if ur = c.

– Let ψ(x1, . . . , xm) := ψ1(y1, . . . , ym1) ∧ ψ2(z1, . . . , zm2), where all yi and zi
occur in x̄. Let ī := i1, . . . , i�(m), j̄ := j1, . . . , j�(m1), and j̄′ := j′1, . . . , j

′
�(m2)

.
Then (fψ)(x̄, ī) := ∃j̄∃j̄′ extendsm1m(j̄, ī)∧extendsm2m(j̄′ , ī)∧(fψ1)(ȳ, j̄)∧
(fψ2)(z̄, j̄′).

– For ψ := ¬ϕ, set (fψ) := ¬(fϕ).
– Let ψ(x1, . . . , xm) := ∃y ϕ(x̄, y). Then (fψ)(x1, . . . , xm, ī) := ∃y∃j1, . . . ,

∃j�(m+1)extendm(m+1)(̄i, j̄) ∧ (fϕ)(x̄, y, j̄).
– Let ψ(ū, v̄) := [DTCx̄,ȳϕ(x̄, ȳ)](ū, v̄).

Then (fψ)(ū, v̄, ī) := [DTCx̄,ȳ,j̄(fϕ)(x̄, ȳ, j̄)](ū, v̄, ī).
– Let ψ(ū) := [LFPR,x̄ϕ(R, x̄)](ū).

Then (fψ)(ū, ī) := [LFPR′,x̄,j̄(fϕ)(R′ , x̄, j̄)](ū, ī).
– The rules for the TC, IFP- and PFP-operators are defined analogously.

All parts of the evaluation algorithm have now been defined. The next theo-
rem proves its correctness.

Theorem 15. Let ψ ∈ L, where L is one of the logics in Definition 14, be a
query, � be a database over (�, <) and �′ := inv(�) be the invariant corre-
sponding to �. Then ψ� = π((fψ)�

′
).

Proof. The proof is by induction on the structure of the query. The argument for
the boolean operations is straightforward and therefore omitted. Also, we only
give the argument for the LFP-operator and omit the cases of formulae built by
DTC, TC, and PFP-operators which are treated in precisely the same way.
• For ψ(x, y) := x < y, the set ψ� contains the pairs (a, b) ∈ �2 such that a < b.
By definition, f(ψ) is x ≤ y ∧ i1 = 0 ∧ i2 = 0. Evaluating (fψ) on �′ results in
the set C := {(a, b, i1, i2) : a ≤ b, i1 = 0, i2 = 0}. Transforming this set with
the mapping π̂ yields the formula ϕC(x, y) :=

∨
(a,b,i1,i2)∈C(σ2(x, y, i1, i2) ∧ x ∼

a∧y ∼ b). As i1 and i2 are 0 for all tuples (a, b, i1, i2) ∈ C, σ2(x, y, i1, i2) reduces
to x < y and thus π(C) equals {(a, b) ∈ �2 : a < b}.
• Let ψ(x) := x = c. Then (fψ)(x, i) := x = [c] ∧ i = 0 and (fψ) evaluates
on �′ to the set C := {([c], 0)}. Thus π̂(C) results in the formula ϕ(x) :=
σ1(x, 0) ∧ x ∼ c. This formula is satisfied only by c because c ∈ P and therefore
the only member of [c] is c itself. We get π(C) := {c} = ψ�.
• Let ψ(x1, . . . , xj) := Rsu1 . . . um as in Definition 14. We assume w.l.o.g. that
the first arguments of the relation are the variables and the parameters come
thereafter, that is u1 = x1, . . . , uj = xj and ul+1 = c1, . . . , um = cm−j . The
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transformed query is (fψ)(x1, . . . , xj , ī) := R′
sx1 . . . xj [c1] . . . [cm−j ]̄i. Evaluating

f(ψ) on �′ yields the set C := {([a1], . . . , [aj ], [c1], . . . , [cm−j], ī) ∈ R
′
�

′
s }. Now

we have to show that π(C) = ψ�. Suppose that (a1, . . . , am) ∈ π(C). Then there
is a disjunct ϕ := σm(x1, . . . , xm, ī) ∧

∧
r(xr ∼ br) in π̂(C) with (b̄, ī) ∈ C and

� |= ϕ(ā). As (b̄, ī) ∈ R
′
�

′
and therefore, by Definition 10, (a1, . . . , am) ∈ R� we

get ā ∈ ψ�. Conversely, suppose that (a1, . . . , am) ∈ R�. Then ([a1], . . . , [am], ī)
is in R

′
�

′
, where ξm(otp(ā)) = ī, and σm(x̄, ī) ∧∧

r ar ∼ xr occurs as a disjunct
in π̂(C). Obviously this formula is satisfied by ā and therefore ā ∈ π(C).
• Let ψ(x1, . . . , xm) := ∃y ϕ(x̄, y). The transformed formula is (fψ)(x̄, ī) :=
∃y∃j1, . . . , j�(m+1)extendm(m+1)(̄i, j̄)∧ (fϕ)(x̄, y, j̄). Suppose that (a1, . . . , ak) ∈
ψ�. This is the case if and only in there is an am+1 with (a1, . . . , am, am+1) ∈ ϕ�.
By induction ϕ� = π((fϕ)�

′
). Thus there is a tuple ([a1], . . . , [am+1], j̄) ∈

(fϕ)�
′
and (a1, . . . , am+1) satisfies the (m+ 1)-order type ρ denoted by j̄. This

is the case if and only if there is a tuple ([a1], . . . , [am], ī) ∈ (fψ)�
′
such that ρ

extends the order type denoted by ī. Thus we get that (a1, . . . , am) ∈ ψ� if and
only if ([a1], . . . , [am], ī) ∈ (fψ)�

′
, where (a1, . . . , am) satisfies the order type

denoted by ī. This implies that ψ� = π((fψ)�
′
).

• Finally, let ψ(ū) := [LFPR,x̄ϕ(R, x̄)](ū). straightforward. We can assume that
ϕ does not contain an LFP-operator. The proof then is straightforward. ��

Now all parts of the evaluation method are defined. We illustrate the method
in the following figure.

Q′
inv π inv

(�, Q(�))

(�′ , Q′(�′))

π

�

Q

�′

To evaluate the query Q (considered as being fixed) in the database �, the
invariant �′ := inv(�) is constructed, the transformed query Q′ := f(Q) is
evaluated in �′, and the result is transformed back via the map π̂. By Corollary
13 the mappings inv and π̂ are Logspace-computable. Thus we get the following
theorem.

Theorem 16. Suppose L ∈ {FO,FO+DTC, FO+TC, FO+LFP, FO+IFP,
FO+PFP} is a logic and C a complexity class so that the evaluation problem
for L on finite databases is in C. Then the evaluation problem for L on dense
linear order databases is also in C.

4.3 Capturing complexity classes

We now use the invariant to lift the capturing results of descriptive complexity
theory from finite ordered structures to dense linear order databases. The crucial
observation is that inv(�) is interpretable in �. In particular, this will give us a
transformation from formulae over the invariant to formulae over the database.
See [9] for background on interpretations.
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Definition 17. Let � := (�, <,R�1 , . . . , R
�

k ) a database with signature σ over
(�, <), let �′ = inv(�) its invariant, and τ be the signature of the invariant.
The interpretation Γ interpreting �′ in � is given by

(1) a surjective function fΓ : � → U defined as fΓ (x) := [x], and
(2) for each atomic τ -formula ψ(x1, . . . , xm) a formula ψΓ (x1, . . . , xm) ∈

FO[σ] such that for all tuples ā ∈ �m : �′ |= ψ(fΓ (ā)) if and only if � |=
ψΓ (ā).

An equality u = v ∈ FO[τ ] corresponds to u ∼ v, where u, v denote either
variables or parameters from P�,ψ (recall that ∼ is first-order definable). The
translations for all other atomic formulae is given according to Definition 10.
That is, a formula u < v ∈ FO[τ ] corresponds to u < v ∧ ¬u ∼ v and R′

sx̄ī to
∃ȳ Rsȳ ∧ σar(Rs)(ȳ, ī)∧

∧
j(xj ∼ yj). (Recall the definition of σk from Definition

11).

We can now replace in any formula ψ of vocabulary τ in first-order logic,
transitive closure logic or fixed point logic the atomic formula by their corre-
sponding formulae and obtain a σ-formula ψΓ . The equivalence between ψ and
ψΓ in part (2) of the definition thus extends to arbitrary formula in these logics.

We are now ready to lift the capturing results from finite ordered struc-
tures to dense linear order databases. Clearly, every, say, FO+LFP-query ψ is
invariant under automorphisms on � that preserve the constants in ψ. Thus we
can only hope to capture those Ptime-queries which are invariant under such
automorphisms. This is made precise in the following definition.

Definition 18. A complexity class C is captured by a logic L on the class of
dense order databases, if for all queries Q in C for which we can choose a finite
set S ⊂ � such that Q commutes with every automorphism on (�, <, S), there is
a formula ψ in L satisfying the following property: For all dense order databases
� we have that Q(�) is true iff � |= ψ.

Theorem 19. Let L be a logic as in Theorem 16 and C be a complexity class
such that L captures C on the class of finite ordered structures. Then L captures
C on the class of dense order databases.

Proof. We give the proof explicitly only for FO+LFP. The other cases can be
proven analogously. We have already shown that FO+LFP ⊆ Ptime. For the
other direction, suppose that Q a polynomial-time computable query on dense
order constraint databases of signature σ. We show that there is an FO+LFP [σ]-
formula ψQ defining Q.

Again let τ denote the signature of the corresponding invariants. Let Q′ be
the query that takes invariants inv(�) of databases � as inputs and returns
as output the set Q′(�′) := {fΓ (ā) : ā ∈ Q(�)}. Clearly Q′ can be computed
in polynomial time, since a representation of the database � whose invariant is
given as the input can be computed in Logspace and since Q is a Ptime-query.
(Note that in contrast to the algorithm of the previous section this algorithm con-
structs the database from the invariant and evaluates the query in the database,
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whereas the algorithm in the previous section constructs the invariant from the
database and then operates on the invariant.)

Since Q′ is a Ptime-query on finite ordered structures, there exists by the
Theorem of Immerman and Vardi (see [1, 10]) an FO+LFP [τ ]-formula ϕ that
defines Q′. By the remarks above, there exists a formula ϕΓ ∈ FO+LFP [σ] such
that for all ā ∈ �m , inv(�) |= ϕ(fΓ (ā)) iff � |= ϕΓ (ā). Thus � |= ϕΓ (ā) if and
only if ā ∈ Q(�). This proves the theorem. ��

The following table summarizes the relations between logics and complexity
classes in the context of dense linear orders.

Logics and complexity classes in the context of dense linear orders.

FO+DTC = Logspace
FO+TC = NLogspace
FO+LFP = Ptime
FO+PFP = Pspace

5 Summary and Further Results

In the main result of this paper we presented a general method to prove com-
plexity bounds for query languages over dense order databases. The idea was
to code the finitely represented database as a finite database and then use the
evaluation algorithms available for the query language on finite databases. It
turned out that this encoding can be defined by first-order formulae using only
the order predicate and some very limited kind of arithmetic. It can therefore
be done with very low data complexity. This method enabled us to evaluate
queries for various query languages within the same complexity classes as for
finite databases.

This method also works for databases defined by inequality constraints over a
countable infinite set. By a simple argument based on Ehrenfeucht-Fräıssé games
we can also prove that the various fixed-point logics considered before are too
weak to express all Logspace-computable queries.

Unfortunately the good results for dense order databases cannot be extended
to linear constraint databases over the reals. As soon as we admit recursion in
the query language the arithmetic over � becomes definable and thus the query
language undecidable.

The situation changes drastically if structures with a discrete order as uni-
verse are considered. It is known that positive Datalog-queries on discrete order
databases can be evaluated in closed form (see [14]) but the data complexity is
still unknown. For first-order queries a better result can be shown.

Theorem 20. First-order queries on discrete order databases can be evaluated
in Logspace.

See [13] for a proof of the theorem. In Section 3 we have shown that the
data complexity of first-order queries over (�, <,+) is in the polynomial time
hierarchy and that there are complete first-order queries for all levels of PH.
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As in the case of the context structure (�, <,+), adding recursion to the query
language leads to undecidable query languages. Of course, even first-order queries
are undecidable if we also add multiplication to the context structure.

The following table summarizes the results. The NC bound for first-order
queries on databases over the field of reals comes from [12]. Note that only in
the case of (�, <) we have precise capturing results. The other cases are just
complexity bounds.

inequality (�, <) (�, <,+) (�, <,+, ·) (�, <c) (�, <,+) (�, <,+, ·)
FO AC0 AC0 NC NC Logspace PH n.d.

FO+DTC Logspace Logspace n.d. n.d. n.d. n.d. n.d.
FO+TC NLogspace NLogspace n.d. n.d. n.d. n.d. n.d.
FO+LFP Ptime Ptime n.d. n.d. n.d. n.d. n.d.
FO+PFP Pspace Pspace n.d. n.d. n.d. n.d. n.d.

n.d. = not decidable
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Applicative Control
and Computational Complexity

Daniel Leivant�

Abstract

We establish a tight correspondence between three major complexity
classes and simple syntactic restrictions on applicative programs in the
simply typed lambda calculus with a recurrence operator. The syntactic
restrictions considered are: recurrence arguments cannot be passed as com-
puted values (“input-driven terms”), abstracted higher-order variables can
appear at most once (“solitary terms”), and abstracted variables cannot
be eventually nested (“separated terms”).

We show that the functions over word algebras represented by input-
driven terms are precisely the poly-time functions (a result akin to [8]
(Chapter 24.2)). When input-driven recurrence is permitted over all finite
types, the elementary functions are obtained (a result akin to [1]). When
terms are further restricted to solitary ones, even recurrence in all finite
type yields only the poly-time functions. Finally, separated terms generate
exactly the poly-space functions.

The interest in the approach discussed here lies in its simplicity: the
complexity characterizations are based on restricted use of standard ap-
plicative constructs, rather than a syntactic overlay as in ramified recur-
rence [3, 12, 15, 7, 21]. However, approaches based on ramified recurrence
are more powerful than simple syntactic control, as well as more con-
ceptually and methodologically coherent. Thus, the two approaches are
complementary and of independent interest.

1 Introduction: Background and results

Intrinsic computational complexity.

Traditional computational complexity, based on resources such as computa-
tion time and space, has been matched in recent years with “implicit”, i.e. machine-
independent and conceptually anchored, measures of complexity, such as the de-
scriptive complexity of problems (finite model theory), the complexity of declar-
ative programs (types, limited recurrence operators, bounding conditions), and

∗Indiana University, Bloomington, IN 47405. leivant@cs.indiana.edu. Research partially
supported by NSF grants CCR-9309824 and DMS-9870320. The author is grateful to Martin
Hofmann, Neil Jones, Karl-Heinz Niggl and Helmut Schwichtenberg for illuminating exchanges
related to this work.

J. Flum and M. Rodríguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 82−95, 1999.
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principles needed to prove program convergence (e.g. restricted induction or
set-existence).1 Implicit characterizations of major computational complexity
classes are appealing both for the theoretical insight they provide and for their
potential applications. Conceptually, these characterizations link computational
complexity to levels of definitional and inferential abstraction of significant inde-
pendent interest. They also lend credence to the importance of the complexity
classes characterized, yield insight into their nature, suggest new tools for sep-
arating them, and provide a framework for complexity theory for higher type.
Practically, implicit computational complexity permits the streamlined incorpo-
ration of computational complexity into areas such as formal methods in software
development, programming language theory, and database theory.

Applicative control

This paper is a contribution to an approach to implicit computational com-
plexity which we dub applicative control. The idea is to syntactically restrict
applicative programs so as to guarantee their computational complexity. Indeed,
the restrictions sought characterize major complexity classes, such as poly-time,
poly-space, and Kalmar-elementary. This approach was recently studied by Neil
Jones, in his monograph [8](Chapter 24.2), and Beckmann and Weiermann, in
their forthcoming [1]. Jones characterizes poly-time by recurrence with “read-
only” variables, and [1] characterizes the (Kalmar-) elementary functions by a
combinatory variant of Gödel’s system T . Here we offer a uniform discourse
for the method, giving simple proofs for the results of [8] and [1], as well as a
control-based sub-calculus of [21]. Our main technical contribution is the char-
acterization of poly-space by syntactic restrictions on applicative programs.

Relations with ramification.

The applicative control approach is closely related to the restriction of recur-
rence in applicative programs by an overlay of “ramification”, or “ data tiering”.
The motivation there is foundational: Recurrence schemas reflect different uses
of data in computing, as was pointed out independently for recurrence [3], func-
tional recurrence [23], lambda representability [9], and second order provability
[11]. Notably, Bellantoni and Cook [3] formalized this distinction and obtained
a functional characterization of poly-time that does away with the bounding
condition of [5]. In [10] we outlined a predicative-finitistic critique of recurrence
that leads to a generalization of [3], using a general form of ramified data and
ramified recurrence. Variants of this method have been used to characterize,
among others, alternating log time[4, 19]), alternating poly-log time [4], linear
space [10, 6, 12], NP, the poly-time hierarchy [2], poly-space [17], (Kalmar-) ele-
mentary time [15], and NC [14]2. Recently, Martin Hofmann [7] and Bellantoni,

1Recent workshops dedicated specifically to implicit computational complexity include Im-
plicit computational complexity in programming languages (Baltimore, September 1998) and
Implicit computational complexity (Trento, June/July 99).

2Data ramification underlies also the characterizations of poly-time by set-existence prin-
ciples [11], by typed λ-calculi [16], and by a proof theoretic ramification [13].
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Niggl and Schwichtenberg [21] have developed calculi that allow recurrence in
higher type, and yet define only poly-time functions. To achieve this the use of
tiers in types is refined by the use of modal operators, which make it possible
to regulate the control flow of the computation, notably in forbidding repeated
use of arguments.

These two approaches, ramification and syntactic-control, represent a trade-
off. Ramification is a more powerful method, allowing more λ-terms to be typed.
It is also more methodologically coherent, as it is closed under basic syntactic op-
erations such as reductions and (type-correct) substitution. Also, ramification is
natural also for proof systems, and those often map via Shönfinkel-Curry-Howard
morphism to ramification of applicative programs, establishing an elegant and
illuminating link between the proof theoretic and the algebraic approaches to
implicit computational complexity. On the other hand, the syntactic control
approach captures the combinatorial issues in hand in their simplest and purest
forms. This simplicity, aside from its pedagogical interest, is of potential prac-
tical value, as it can be automatically recognized.

Apparent shortcomings of the syntactic control approach may be less conse-
quential than may first seem. For example, the restrictions considered do not
necessarily block the use of central notions of functional programming, such as
modularization or internalization of patterns as higher-order functions. While
the restricted terms are not necessarily closed under substitution, it is often
possible to factor the construction of λ-terms that do not satisfy the restriction
considered into composition of terms that do, implying that the given terms
also fall into the complexity classes characterized, albeit not satisfying the given
syntactic properties. To capture these more general cases one may require the
programmer to use let constructs whose components satisfy the syntactic re-
strictions. Alternatively, the factoring of a given term may be done automat-
ically in some cases, a task which albeit not in linear time is still of low time
complexity.

In summary, ramification and syntactic-control are complementary tech-
niques for incorporating computational complexity concerns in programming lan-
guage methodology. Conceptually ramification is more coherent, and of greater
theoretical interest. However, algorithmically syntactic-control is an attractive
option for compile-time inference of computational complexity of functional pro-
gram, and deserves independent study.

Plan and results.

The plan of the paper is as follows. We start by formulating variants of
the results of [8] and [1], with as underlying formalism the simply typed λ-
calculus with a recurrence operator. We offer simple proofs of these complexity
characterizations, and unravel their similarity. We then consider in section 3
a characterization of poly-time that permits recurrence in higher type, namely
by prohibiting multiple uses of abstracted higher-order variables. This restric-
tion has been considered in the context of ramified formalisms in [21] and [7],
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where it is expressed in a typed λ-calculus with modalities. Finally, we present
in section 4 our most novel technical contribution, a control-based characteri-
zation of poly-space. Here the restriction on abstracted higher-order variables
is looser: these are permitted to have multiple uses, but not in a way that can
lead to their being nested after reduction. This is analogous to our work with
Marion on characterization of poly-space by predicative ramified recurrence in
higher type [17, 18]. Our result here seems to be of some interest also for the
pure simply-typed lambda calculus (recurrence aside), as it exhibits a simple
syntactic condition, viz. separated terms, for which normalization can be per-
formed in polynomial space (for all terms of a given type complexity), compared
to elementary time for arbitrary typed λ-terms.

2 Input-driven function representation

2.1 Terminology and notations

• 1λ = The simply typed lambda calculus, with β-conversion.

• 1λ(W) = 1λ with basic functions and reductions for the algebra W of
words over {0, 1}. I.e. 1λ augmented with a constant ε : o, constants
0,1,p : o→o (successors, predecessor) and d : o4 →o (discriminator), and
with the added reductions

p(0E) ⇒ E

p(1E) ⇒ E

p(ε) ⇒ ε

dεEFG ⇒ E

d(0A)EFG ⇒ F

d(1A)EFG ⇒ G

• 1λR(W) = 1λ(W) augmented with a recurrence constant3 R : o, o →
o, o→o, o → o, and the added reduction rules

RεE0E1Eε ⇒ Eε

R(0A)E0E1Eε ⇒ E0(RAE0E1Eε)
R(1A)E0E1Eε ⇒ E1(RAE0E1Eε)

Note that focusing on word algebras is the natural thing to do, because
computational complexity measures are defined for symbolic computing
(on Turing machines), i.e. computing over word algebras.

3The recurrence operator is here “monotonic”, i.e. iteration with parameters.
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• 1λRω(W) is 1λR(W), but with recurrence constants Rτ : o, τ → τ , τ →
τ , τ → τ for each type τ , and reduction rules as above for them. We dub
the first argument of Rτ the recurrence argument.

Abbreviating Ro by R, 1λR(W) is a sub-calculus of 1λRω(W).

For each calculus we denote by 
 the reflexive, symmetric, and transitive
closure of the reduction relation ⇒, performed on terms as well as subterms.
A function f : W

r → W is represented in 1λR(W) (or 1λRω(W)) by a term
E if for all u1 . . .ur ∈ W, Eu1 · · ·ur 
 f(u1, . . . ,ur) in 1λR(W) (1λRω(W),
respectively). If prop is a syntactic property of terms, we say that f is prop-
representable if f is represented by some term E ≡ λx1 . . . xr.F where F is
prop. (NB: we refer here to F , not to E.)

2.2 Poly-time and input driven representation in 1λR(W)
A term E of 1λRω(W) is input driven if no recurrence argument W in E

has a free variable bound in E. For instance, R(λz.Rz1z)(λz.Rz1z)(1ε) (which
represents a function of exponential growth) is not input-driven.

Lemma 2.1 Every poly-time function is input-driven-representable in 1λR(W).

Proof. A direct proof can be obtained from the proof in [12] that two-tier re-
currence captures poly-time, with insignificant modifications. Alternatively, one
can prove that if E us a normal term of 1λR(W), with a two-tier ramification,
must be input-driven. The proof is by structural induction on E. a

To prove the converse implication, we use the following auxiliary notion. Say
that a term E is strictly-input-driven if every recurrence argument in E is a free
variable of E.

Lemma 2.2 If f is a function input-driven-representable in 1λR(W) (or 1λRω(W))
then f can be explicitly defined (i.e. using multi-valued composition) from func-
tions that are strictly-input-driven-representable in 1λR(W) (in 1λRω(W), re-
spectively).

Proof. Suppose that f : W
r → W is represented by λ~x. F , where F is input-

driven. We prove the claim by induction on the size of F . Let A1, . . . , Am be
the recurrence arguments in F , which are not within the scope of more than one
recurrence (as is, for instance, A in R(RABCD)xyz). Since F is input-driven,
all free variables in these Ai’s are in ~x. By induction assumption, each term
λ~x.Ai represents a function αi that is definable by composition from functions
that are strictly-input-driven-representable.

Let z1, . . . , zm be fresh variables, and let F � be F with Ai replaced by zi (i =
1 . . . m). Then λ~x~z.F � strictly-input-driven represents a function f� : W

r+m →
W, and f(~x) = f�(~x, α1(~x), . . . , αm(~x). Since each αi is explicitly definable from
functions that are strictly-input-driven-representable, this completes the proof.

a
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Lemma 2.3 Every function strictly-input-driven-representable in 1λR(W) is
poly-time.

Proof. We shall prove in 3.12 a stronger result, but it is worth outlining a simple
proof of the present statement. First, observe that if E is a strictly-input-driven
normal term of 1λR(W), of type or → o, then all subterms of E are of rank
≤ 1, except for terms of the form R, Ru or RE0.4 This is straightforward by
structural induction on E.

Now prove that every normal strictly-input-driven term E whose λ-closure —
with respect to variables other than the input variables — has type of rank ≤ 2
maps functions that are computable in time polynomial in the input variables
and constant in the (m) formal arguments to the same sort of functions. This
is proved by structural induction on E, using the observation above. a

Combining Lemmas 2.1, 2.2, and 2.3 we obtain

Theorem 2.4 A function is input-driven-representable in 1λR(W) iff it is poly-
time.

Theorem 2.4 is close to a characterization of poly-time proved by Jones [8].

2.3 Linear space and representation over N

While we focus on recurrence over word algebras, it is of interest to consider
recurrence over the algebra of unary numerals, i.e. the set N of the natural num-
bers. Here the base constant is written as 0 (rather than ε), and the unique
successor function is denoted by s. The discriminator function is similarly mod-
ified, to a ternary function, and the recurrence and discriminator reductions are
restated accordingly. See e.g. [12] for details. Write 1λR(N) for the resulting
calculus.

The result analogous to Theorem 2.4 is then:

Theorem 2.5 A function over N is input-driven-representable in 1λR(N) iff it
is computable in linear space, i.e. iff it is in level E2 of the Grzegorczyk Hierarchy.

We omit the proof, which parallels that of Theorem 2.4.

2.4 Elementary functions and input-driven representation
in 1λRω(W)

We extend the notions of input-driven and strictly-input-driven terms to
1λRω(W).

4The rank of a type is the count of negative nestings of →: rnk (0) = 0, and rnk (σ → τ) =
max(1 + rnk (σ), rnk (τ)).
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A function f over W is Kalmar-elementary iff there is a k ≥ 1 such that f is
computable in time O(2k(n)).5

Lemma 2.6 Every Kalmar-elementary function over W is input-driven-representable
in 1λRω(W).

Proof. . Let τ1 =df o→o, τk+1 =df τk →κk. Define

Dk =df λfτk . f ◦ f ≡ λfλv. f(f(v)),

a term of type τk+1. For a term A of type τk write An for the n-fold iterate
of A, i.e. AnB is an abbreviation for A(A(· · ·A(B) · · · )), with n occurrences of
A. Thus the term Rτk

uDkDkA converts to (Dk)nA (where n = |u|), which in
turns converts to A2n

. Define now the input-driven term

Ek =df RkuDkDk−1 · · ·D11ε

of type o → o. Then λu.Ek represents 2k in unary: using n̄ as an abbreviation
for 1nε, we have F1u 
 2k(n) whenever |u| = n.

Now that we have a “clock” for 2k, the simulation of computation in time
O(2k(n)) can be driven as in the representation proof for Kalmar-elementary
functions by higher order ramified recurrence, in [15]. a

Lemma 2.7 Every function f strictly-input-driven-representable in 1λRω(W)
is computable in elementary time.

Proof. Let E ≡ λ~xF represent f : W
r → W in 1λRω(W). Let F 0 arise from

F by renaming variable occurrences, so that every recurrence argument is a
different variable. Thus F 0 represent a function f 0 of arity ≥ r, and from which
f is obtained by identifying arguments (i.e. diagonalizing).

Replacing in F 0 every subterm of the form Rτx by a variable x of type
(τ → τ)2, τ → τ , we obtain a representation of f 0 in 1λ(W), with input repre-
sented by Bohm-Berarducci terms at various types, and output at type o. As
observed in [15], such functions are computable in elementary time. Thus f 0,
and whence also f , are computable in elementary time. a

Combining Lemmas 2.6, 2.2, and 2.7 we obtain

Theorem 2.8 A function is input-driven-representable in 1λRω(W) iff it is
computable in elementary time.

5As usual, 2k(n) is a k-deep exponential stack of 2’s with n on top: 20(n) = n; 2k+1(n) =
22k(n).
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A variant of Theorem 2.8, for a combinatory calculus, was proved in [1], using
a specialization of Schütte’s ordinal assignment to Gödel’s system T [22].

3 Poly-time and solitary representation, allowing
recurrence in all finite types

We call a term E of 1λRω(W) solitary if it is input-driven, and for every
subterm λx.F of E, where x is a variable of higher type (i.e. other than o), x
occurs in F at most once.

Lemma 3.9 Every poly-time function f over W is definable by composition from
functions that are solitary-representable in 1λRω(W).

Proof. By Lemma 2.1 f is representable by the composition of input-driven
terms in 1λR(W). Without loss of generality, these terms are normal. By
structural induction, it is easy to see that normal terms of 1λR(W) can use no
abstraction over higher-order variables. it follows that those terms are solitary.

a
The key property of solitary terms is the following straightforward observa-

tion.

Lemma 3.10 A β-reduction for a higher-order variable in a solitary term is
size-reducing.

Towards showing that every solitary-representable functions is poly-time we
will use the following technical result.

Lemma 3.11 Let E[~u;~v] be a solitary 1λRω(W) term of type or → o (r ≥ 0),
where ~u = u1, . . . , uk are the recurrence variables occurring in E, each used
only once, and ~v = v1, . . . , vm are the remaining variables, all of type o. Fur-
ther, assume that E has no occurrence of Rτ for τ other than o, and whose
redexes are either Ro-redexes, or of type whose rank is ≤ 1. Then, for every
u1, . . . ,uk,v1, . . . ,vm,x1, . . . ,xr ∈ W, the term E� =df E[~u; ~v]~x reduces to
normal form within |u1| · |u2| · · · |uk| · size (E) + r steps.

Proof. By induction on E. The cases where E is one of ε, 0, 1, p, or d
are straightforward. The case where E = λx.F is trivial from the induction
assumption applied to F .

If E is of the form R0uiF0F1 (of type o→o), then E� = R0uiF0[~u; ~v]F1[~u; ~v]x.
Say ui is u1. The convergence property is proved by induction on |u1|. Note
that by our assumptions on E, u1 is not a recurrence argument in either F0 or
F1. If u1 = ε, the statement is trivial. If u1 = 0w, then E� reduces in one step
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to F0[~u; ~v]G, where G = R0wF0[~u; ~v]F1[~u; ~v]x, and by induction assumption G
converges to some w ∈ W within (|u1|−1) · |u2| · · · |uk| ·size (G) steps. By induc-
tion assumption for F0, F �

0 w reduces to normal form within |u2| · · · |uk|·size (F0)
steps. Adding these two values we get the desired bound for E�. The case where
u1 = 1w is similar.

If E is any other term of the form FG, then the conditions on E imply that
F is of type or+1 →o and G is of type o (r ≥ 0). We have E� = F [~u; ~v]G[~u; ~v]~x.
By induction assumption G� reduces to some w ∈ W within |u1| · · · |uk| ·size (G)
steps, and then F [~u; ~v]w~x reduces within |u1| · · · |uk| · size (F ) steps. The result
follows.

Finally, if E = λx.F , then the statement of the lemma is trivial by induction
assumption for F . a

Lemma 3.12 If a function is solitary-representable in 1λRω(W) then it is poly-
time.

Proof. Suppose that f is an r-ary function over W representable by λx1, . . . , xr.F ,
where F is solitary. By Lemma 2.2 we may assume that F is strictly-input-
driven. By separating variable-occurrences into distinct variables, we may also
assume, w.l.o.g., that no xi occurs in F as recurrence argument more than once.
Let y1, . . . , yq be the xi’s used for higher order recurrence, and z1, . . . , zk the
xi’s used for recurrence in type o. Given y1, . . . ,yq, z1, . . . , zk ∈ W, consider
the term F � = {~y,~z/~y, ~z}F . Unfolding the higher order recurrences in F � can
be done in time polynomial in |~y|, yielding a term F 0 of size polynomial in ~y.
By Lemma 3.10 higher order β-redexes can be eliminated in time bounded by
the size of F 0, yielding a smaller term F 00 that satisfies the conditions of Lemma
3.11. The Lemma follows. a

Combining Lemmas 3.9 and 3.12 we obtain

Theorem 3.13 The functions solitary-representable in 1λRω(W) are precisely
the poly-time functions.

4 Separated representation and poly-space

4.1 Representability of poly-space

If FG1 · · ·Gr is a subterm-occurrence in a term E we say that the term-
occurrences Gi are in the scope of term-occurrence F and of its subterms. We
call a term E of 1λRω(W) separated if every two occurrences of a variable have
the same bounded variables in their scope. For example, λxo→oλzo.x(x(z)) is
not separated, because the external occurrence of x has the bounded variable x
in its scope, whereas the internal one does not. Similarly, (λy.λz.x(y(z)))x is
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not separated, because the first occurrence of x has y and z in its scope, whereas
the second does not.6

Lemma 4.14 Every poly-space function is separated-representable in 1λRω(W).

Proof. It is proved in [17] that the functions computable in alternating polyno-
mial time, i.e. the poly-space functions, are representable using a weak form of
second-order ramified recurrence (which suffices to capture ramified recurrence
with parameter substitution). Inspection of that construction shows that the
terms constructed are in fact separated. a

4.2 Reductions on separated terms

Lemma 4.15 If E is separated, and E reduces in one step to E0 in 1λRω(W),
then E0 is separated. a

Consider terms of 1λRω(W) represented by their syntax tree, i.e. 1-2 trees
where leaves are labeled by variables or constants, nodes with out-degree 1
represent λ-abstraction and labeled with the abstracted variable, and nodes
with out-degree 2 labeled with app and represent application. A β-reduction
(λx.E)F ⇒ {F/x}E is represented by substituting in the tree of E, for each
leaf labeled with x, the tree of F with its root node identified with that leaf.
It is advantageous to refrain from doing the latter, and keeping the root of the
tree for F as a descendent of the leaf for x: for one, this will preserve the tree
addresses of internal nodes of E in {F/x}E. We do this by allowing representing
tree to have nodes marked with noop.7 Note that in course of a normalization
sequence of a term, a given address can undergo two sorts of change: (a) from
being empty (outside the tree) to becoming labeled with a variable, constant, or
app; (b) from being labeled, to being marked noop.

In a β-reduction as above, we call a node in a copy of F in {F/x}E an
offspring of the corresponding node in the main argument F in (λx.E)F . In
the course of a reduction sequence, nodes can have an ever increasing number
of descendents, i.e. offsprings, the offsprings of those, etc. Just as we defined
separated variables, let us say that two nodes in a syntax tree are separated if
they have the same bound variables in their scope. We clearly have

Lemma 4.16 Let E be a separated term that reduces to E0; then the offsprings
of each node, created by the reduction, are separated, and if α and β are sepa-
rated nodes in E, then each offspring of α in E0 is separated from every offspring
of β in E0.

6The notion of separated terms is related to Karl-Heinz Niggl’s notion of “scope equiva-
lence”, see. e.g. [21].

7NB: noop is an algorithmic device used in the representation of λ-terms, and are not part
of the syntax of the calculus itself.
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From this we conclude

Lemma 4.17 If E reduces to E0 in 1λRω(W), and α and β are nodes in E0 that
are descendents of the same node in E, then they are not on the same branch.

Proof. By induction on the length of the reduction. Suppose that E0 satisfies
the conclusion, and E0 reduces in one step to E00. Suppose that two descendents
α and β of the same node in E are offsprings of α0 and β0 respectively, in E0, and
α is above β in E00. By Lemma 4.16 α0 and β0 are separated, and by induction
assumption they are not on the same branch in E0. Thus, the reduction from
E0 to E00 must place the offspring α of α0 over β. This can happen only if the
eigen-variable of the reduction is in the scope of α in E0, but not in the scope
of β. This contradicts the separation of α and β in E0. a

We conclude

Lemma 4.18 If a separated term E reduces to E0 by β-reductions, then the
height of the syntax tree of E0 is bound by the size of E.

Because addresses in syntax-trees can change their label at most twice in the
course of a reduction sequence (as noted above), Lemma 4.18 implies

Lemma 4.19 If E is a separated, then all β-redexes in E are eliminable in time
exponential in the size of E.

Using Lemmas 4.18 and 4.19 we obtain

Proposition 4.20 There is a linear-space algorithm for eliminating from sep-
arated terms all β-redexes.

Proof. For a separated term E of size n, the algorithm uses a counter A of length
n for addresses in the syntax-trees of terms (of height ≤ n, i.e. size ≤ 2n), and
a counter T for reduction-time (of ≤ 2n steps). The value returned is the label
at address A after T reductions. The details are tedious but straightforward. a

4.3 Poly-space computability of separated-representable
functions

Lemma 4.21 Every function separated-representable in 1λRω(W) is poly-space.

Proof. Suppose f is represented by λx1 . . . xr. F , where F is separated, whence
also input-driven. W.l.o.g., F is strictly-input-driven. Given u1, . . . ,ur ∈ W,
consider the term F � = {~u/~x}F . Unfolding all recurrences in F � yields a term
F 0 of height polynomial in |~u|, whose local description can be given in poly-
space. By Proposition 4.20 all redexes in F 0 can be eliminated from F 0 in space
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linear in the size of F 0, i.e. polynomial in |~u|. The result is a normal term of
type o, which albeit potentially of length exponential in the input, is bitwise in
poly-space. a

Combining Lemmas 4.14 and 4.21 yields

Theorem 4.22 The functions separated-representable in 1λRω(W) are pre-
cisely the poly-space functions.

5 Directions for further research

One obvious project is to further expand the development presented here to
syntax-restricted characterizations of additional classes, emulating such charac-
terizations using data ramification. In particular, it seems that the character-
izations of alternating log-time and of NC by ramified tree recurrence [19, 14]
can be paralleled to yield analogous results for syntax-restricted recurrence on
trees.

One of the benefits of resource-independent characterizations of complexity
classes is that they generalize to higher type much more easily than machine-
based definitions of such classes. For instance, we believe that the functionals
solitary-representable in 1λRω(W) form precisely the class BFF. A result anal-
ogous to the characterization of probabilistic polynomial time in [20] seems also
to be at hand.

Most importantly, one would wish to see that the simplicity of the syntactic-
control approach is put to use in actual implementations of functional program-
ming languages. All syntactic properties considered here can be trivially checked
in linear time. As mentioned in the introduction, one might wish to extend
the applicability of the method by crafting algorithms that automatically factor
given untyped terms that do not satisfy the syntactic restrictions considered into
compositions and closures under substitution of terms that do satisfy those re-
strictions. While such algorithms would not be in linear time, they are still likely
to be algorithmically more efficient, in both worst-case and average-case, than
type inference algorithms for ramified systems, in particular ones with modal
operators.
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Applying Rewriting Techniques to the
Verification of Erlang Processes
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Abstract. Erlang is a functional programming language developed by
Ericsson Telecom which is particularly well suited for implementing con-
current processes. In this paper we show how methods from the area
of term rewriting are presently used at Ericsson. To verify properties of
processes, such a property is transformed into a termination problem of
a conditional term rewriting system (CTRS). Subsequently, this termi-
nation proof can be performed automatically using dependency pairs.
The paper illustrates how the dependency pair technique can be applied
for termination proofs of conditional TRSs. Secondly, we present two
refinements of this technique, viz. narrowing and rewriting dependency
pairs. These refinements are not only of use in the industrial application
sketched in this paper, but they are generally applicable to arbitrary
(C)TRSs. Thus, in this way dependency pairs can be used to prove ter-
mination of even more (C)TRSs automatically.

Keywords: program verification, rewriting, termination, automated de-
duction

1 Introduction

In a patent application [HN99], Ericsson developed a new protocol for distri-
buted telecommunication processes. This paper originates from an attempt to
verify this protocol’s implementation written in Erlang. To save resources and
to increase reliability, the aim was to perform as much as possible of this verifi-
cation automatically. Model checking techniques were not applicable, since the
property to be proved requires the consideration of the infinite state space of the
process. A user guided approach based on theorem proving was successful, but
very labour intensive [AD99]. We describe one of the properties which had to be ve-
rified in Sect. 2 and show that it can be represented as a non-trivial termination
problem of a CTRS. But standard techniques (see e.g. [Der87,Ste95,DH95]) and
even recent advances like the dependency pair technique [AG97a,AG97b,AG98,
AG99] could not perform the required termination proof automatically.

In Sect. 3 we show that termination problems of CTRSs can be reduced to
termination problems of unconditional TRSs. After recapitulating the basic no-
tions of dependency pairs in Sect. 4, we present two important extensions, viz.
narrowing (Sect. 5) and rewriting dependency pairs (Sect. 6) which are particu-
larly useful in the context of CTRSs. With these refinements, the dependency
pair approach could solve the process verification problem automatically.

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 96–110, 1999.
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2 A Process Verification Problem

We have to prove properties of a process in a network. The process receives
messages which consist of a list of data items and an integer M. For every item
in the list, the process computes a new list of data items. For example, the data
items could be telephone numbers and the process could generate a list of calls to
that number on a certain date. The resulting list may have arbitrary length, in-
cluding zero. The integer M in the message indicates how many items of the newly
computed list should be sent to the next process. The restriction on the number
of items that may be sent out is imposed for practical optimization reasons.

Of course, the process may have computed more than M new items and in that
case, it stores the remaining answers in an accumulator (implemented by an extra
argument Store of the process). However, whenever it has sent the first M items to
the next process, our process may receive a new message. To respond to the new
message, the process first checks whether its store already contains at least M
items. In this case, it sends the first M items from its store and depending on the
incoming message, probably some new items are computed afterwards. Other-
wise, if the store contains fewer than M items, then the next process has to wait
until the new items are computed. After this computation, the first M items from
the newly obtained item list and the store are sent on to the next process. Again,
those items that our process could not send out are stored in its accumulator.

Finally, in order to empty the store, the empty list is sent to our process
repeatedly. In the end, so is the claim, this process will send the empty list as
well. This article describes how we are able to formally and automatically verify
this claim. The Erlang code is given below (because of space limitations the code
for obvious library functions like append and leq is not presented).

process(NextPid,Store) ->
receive {Items,M} ->
case leq(M,length(Store)) of
true -> {ToSend,ToStore} = split(M,Store),

NextPid!{ToSend,M},
process(NextPid,append(map f(self(),Items),ToStore));

false ->{ToSend,ToStore} = split(M,append(map f(self(),Items),Store)),

NextPid!{ToSend,M},
process(NextPid,ToStore)

end
end.

map f(Pid,nil) -> nil;
map f(Pid,cons(H,T)) -> append(f(Pid,H),map f(Pid,T)).

For a list L, split(M,L) returns a pair of lists {L1,L2} where L1 contains the
first M elements (or L if its length is shorter than M) and L2 contains the rest of L.
The command ‘!’ denotes the sending of data and NextPid!{ToSend,M} stands
for sending the items ToSend and the integer M to the process with the identifier
NextPid. A process can obtain its own identifier by calling the function self().
For every item in the list Items, the function map f(Pid,Items) computes new
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data items by means of the function f(Pid,Item). So the actual computation
that f performs depends on the process identifier Pid. Hence, to compute new
data items for the incoming Items, our process has to pass its own identifier to
the function map f, i.e., it calls map f(self(),Items).

Note that this process itself is not a terminating function: in fact, it has been
designed to be non-terminating. Our aim is not to prove its termination, but to
verify a certain property, which can be expressed in terms of termination. As
part of the correctness proof of the software, we have to prove that if the process
continuously receives the message {nil,M} for any integer M, then eventually
the process will send the message {nil,M} as well. This property must hold
independent of the value of the store and of the way in which new data items
are generated from given ones. Therefore, f has been left unspecified, i.e., f may
be any terminating function which returns a list of arbitrary length.

The framework of term rewriting [DJ90,BN98] is very useful for this verifica-
tion. We prove the desired property by constructing a CTRS containing a binary
function process whose arguments represent the stored data items Store and the
integer M sent in the messages. In this example, we may abstract from the process
communication. Thus, the Erlang function self() becomes a constant and we
drop the send command (!) and the argument NextPid in the CTRS. Since we
assume that the process constantly receives the message {nil,M}, we hard-code
it into the CTRS. Thus, the variable Items is replaced by nil. As we still want
to reason about the variable M, we added it to the arguments of the process. To
model the function split (which returns a pair of lists) in the CTRS, we use
separate functions fstsplit and sndsplit for the two components of split’s result.
Now the idea is to force the function process to terminate if ToSend is the empty
list nil. So we only continue the computation if application of the function empty
to the result of fstsplit yields false. Thus, if all evaluations w.r.t. this CTRS
terminate, then the original process eventually outputs the demanded value.

leq(m, length(store)) →� true, empty(fstsplit(m, store)) →� false |
process(store, m) → process(app(map f(self, nil), sndsplit(m, store)), m) (1)

leq(m, length(store))→∗ false, empty(fstsplit(m, app(map f(self, nil), store)))→∗ false |
process(store, m) → process(sndsplit(m, app(map f(self, nil), store)), m) (2)

The auxiliary Erlang functions as well as the functions for empty, fstsplit, and
sndsplit are straightforwardly expressed by unconditional rewrite rules.

length(nil) → 0
length(cons(h, t)) → s(length(t))

fstsplit(0, x) → nil
fstsplit(s(n), nil) → nil

fstsplit(s(n), cons(h, t)) → cons(h, fstsplit(n, t))
app(nil, x) → x

app(cons(h, t), x) → cons(h, app(t, x))
map f(pid, nil) → nil

map f(pid, cons(h, t)) → app(f(pid, h), map f(pid, t))

sndsplit(0, x) → x
sndsplit(s(n), nil) → nil

sndsplit(s(n), cons(h, t)) → sndsplit(n, t)
empty(nil) → true

empty(cons(h, t)) → false
leq(0, m) → true

leq(s(n), 0) → false
leq(s(n), s(m)) → leq(n, m)
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The rules for the Erlang function f are not specified, since we have to verify
the desired property for any terminating function f. However, as Erlang has
an eager (call-by-value) evaluation strategy, if a terminating Erlang function
f is straightforwardly transformed into a (C)TRS (such as the above library
functions), then any evaluation w.r.t. these rules is finite. Now to prove the
desired property of the Erlang process, we have to show that the whole CTRS
with all its extra rules for the auxiliary functions only permits finite evaluations.

The construction of the above CTRS is rather straightforward, but it pre-
supposes an understanding of the program and the verification problem and
therefore it can hardly be mechanized. But after obtaining the CTRS, the proof
that any evaluation w.r.t. this CTRS is finite should be done automatically.

In this paper we describe an extension of the dependency pair technique
which can perform such automatic proofs. Moreover, this extension is of general
use for termination proofs of TRSs and CTRSs. Hence, our results significantly
increase the class of systems where termination can be shown mechanically.

3 Termination of Conditional Term Rewriting Systems

A CTRS is a TRS where conditions s1 = t1, . . . , sn = tn may be added to rewrite
rules l → r. In this paper, we restrict ourselves to CTRSs where all variables
in the conditions si, ti also occur in l. Depending on the interpretation of the
equality sign in the conditions, different rewrite relations can be associated with
a CTRS, cf. e.g. [Kap84,BK86,DOS88,BG89,DO90,Mid93,Gra94,SMI95,Gra96a,
Gra96b]. In our verification example, we transformed the problem into an ori-
ented CTRS [SMI95], where the equality signs in conditions of rewrite rules are
interpreted as reachability (→�). Thus, we denote rewrite rules by

s1 →� t1, . . . , sn →� tn | l → r. (3)

In fact, we even have a normal CTRS, because all ti are ground normal forms
w.r.t. the TRS which results from dropping all conditions.

A reduction of C[lσ] to C[rσ] with rule (3) is only possible if siσ reduces to
tiσ for all 1 ≤ i ≤ n. Formally, the rewrite relation →R of a CTRS R can be
defined as →R=

S
j≥0 →Rj

, where R0 = ∅ and Rj+1 = {lσ → rσ | siσ →�
Rj

tiσ

for all 1 ≤ i ≤ n and some rule (3) in R}, cf. e.g. [Mid93,Gra96b].
A CTRS R is terminating iff →R is well founded. But termination is not

enough to ensure that every evaluation with a CTRS is finite. For example,
assume that evaluation of the condition leq(m, length(store)) in our CTRS would
require the reduction of process(store, m). Then evaluation of process(store, m)
would yield an infinite computation. Nevertheless, process(store, m) could not
be rewritten further and thus, the CTRS would be terminating. But in this case,
the desired property would not hold for the original Erlang process, because this
would correspond to a deadlock situation where no messages are sent out at all.

For that reason, instead of termination one is often much more interested in
decreasing CTRSs [DOS88]. In this paper, we use a slightly modified notion of
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decreasingness, because in our evaluation strategy conditions are checked from
left to right, cf. [WG94]. Thus, the i-th condition si →� ti is only checked if all
previous conditions sj →� tj for 1 ≤ j < i hold.

Definition 1 (Left-Right Decreasing). A CTRS R is left-right decreasing
if there exists a well-founded relation > containing the rewrite relation →R and
the subterm relation � such that lσ > siσ holds for all rules like (3), all i ∈
{1, . . . , n}, and all substitutions σ where sjσ →�

R tjσ for all j ∈ {1, . . . , i − 1}.
This definition of left-right decreasingness exactly captures the finiteness

of recursive evaluation of terms. (Obviously, decreasingness implies left-right
decreasingness, but not vice versa.) Hence, now our aim is to prove that the
CTRS corresponding to the Erlang process is left-right decreasing.

A standard approach for proving termination of a CTRS R is to verify ter-
mination of the TRS R0 which results from dropping all conditions (and for
decreasingness one has to impose some additional demands). But this approach
fails for CTRSs where the conditions are necessary to ensure termination. This
also happens in our example, because without the conditions empty(. . .) →� false
the CTRS is no longer terminating (and thus, not left-right decreasing either).

A solution for this problem is to transform CTRSs into unconditional TRSs,
cf. [DP87,GM87,Mar96]. For unconditional rules, let tr( l → r ) = {l → r}. If φ
is a conditional rule, i.e., φ = ‘s1 →� t1, . . . , sn →� tn | l → r’, we define tr(φ) =

{l → if1,φ(x, s1) } ∪ {ifi,φ(x, ti) → ifi+1,φ(x, si+1) | 1 ≤ i < n} ∪ {ifn,φ(x, tn) → r},

where x is the tuple of all variables in l and the if’s are new function symbols.
To ease readability we often just write ifn for some n ∈ IN where ifn is a function
symbol which has not been used before.

Let Rtr =
S

φ 2 R tr(φ). For CTRSs without extra variables, Rtr is indeed an
(unconditional) TRS. (An extension to deterministic CTRSs [BG89] with extra
variables is also possible.) The transformation of Rule (1) results in

process(store, m) → if1(store, m, leq(m, length(store))) (4)
if1(store, m, true) → if2(store, m, empty(fstsplit(m, store))) (5)
if2(store, m, false) → process(app(map f(self, nil), sndsplit(m, store)), m). (6)

Now we aim to prove termination of Rtr instead of R’s left-right decreasingness.
In [GM87], this transformation is restricted to a limited class of convergent

CTRSs. However, in the following we show that for our purpose this restriction
is not necessary. In other words, termination of Rtr indeed implies left-right
decreasingness (and thus also termination) of R. Thus, this transformation is a
generally applicable technique to reduce the termination problem of CTRSs to a
termination problem of unconditional TRSs. (A similar approach was presented
in [Mar96] for decreasingness proofs (instead of left-right decreasingness) by
using a transformation where all conditions of a rule have to be checked in
parallel.) We first prove that any reduction with R can be simulated by Rtr.

Lemma 1. Let q, q0 be terms without if’s. If q →+
R q0, then q →+

Rtr q0.
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Proof. There must be a j ∈ IN such that q →+
Rj

q0 (j is the depth of the
reduction). We prove the theorem by induction on the depth and the length of
the reduction q →+

R q0 (i.e., we use a lexicographic induction relation).
The reduction has the form q →R p →�

R q0 and by the induction hypothesis
we know p →�

Rtr q0. Thus, it suffices to prove q →+
Rtr p.

If the reduction q →R p is done with an unconditional rule of R, then the
conjecture is trivial. Otherwise, we must have q = C[lσ], p = C[rσ] for some
context C and some rule like (3). As the depth of the reductions siσ →�

R tiσ is
less than the depth of the reduction q →+

R q0, by the induction hypothesis we
have siσ →�

Rtr tiσ. This implies q →+
Rtr p. ut

Now the desired result is a direct consequence of Lemma 1.

Corollary 1 (Left-Right Decreasing of R by Termination of Rtr). If Rtr

is terminating, then R is left-right decreasing (and thus, it is also terminating).

Proof. If →Rtr is well founded, then →Rtr ∪� and hence, the transitive closure
(→Rtr ∪�)+ are well founded, too. By Lemma 1, this relation satisfies all condi-
tions imposed on the relation > in Def. 1. Hence, R is left-right decreasing. ut

In our example, the conditional rule (2) is transformed into three additional
unconditional rules. But apart from the if-root symbol of the right-hand side, the
first of these rules is identical to (4). Thus, we obtain two overlapping rules in
the transformed TRS which correspond to the overlapping conditional rules (1)
and (2). However, in the CTRS this critical pair is infeasible [DOS88], i.e., the
conditions of both rules exclude each other. Thus, our transformation of CTRSs
into TRSs sometimes introduces unnecessary rules and overlap.

Therefore, whenever we construct a rule of the form q → ifk(t) and there
already exists a rule q → ifn(t), then we identify ifk and ifn. This does not affect
the soundness of our approach, because termination of a TRS where all occur-
rences of a symbol g are substituted by a symbol f with the same arity always
implies termination of the original TRS.1 Thus, we obtain the additional rules:

if1(store, m, false) → if3(store, m, empty(fstsplit(m, app(map f(self, nil), store)))) (7)
if3(store, m, false) → process(sndsplit(m, app(map f(self, nil), store)), m) (8)

If termination of a CTRS depends on its conditions, then in general termi-
nation of the transformed TRS can only be shown if one examines which terms
may follow each other in a reduction. However, in the classical approaches based
on simplification orderings (cf. e.g. [Der87,Ste95]), such considerations do not
take place. Hence, they fail in proving the termination of (4)-(8). For this rea-
son, such transformations into unconditional TRSs have rarely been applied for
1 This possibility to eliminate unnecessary overlap is an advantage of our transfor-

mation compared to the one of [Mar96], where the transformed unconditional TRSs
remain overlapping. In practice, proving termination of non-overlapping TRSs is
significantly easier, since one may use techniques specifically tailored to innermost
termination proofs, see below.
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termination (or decreasingness) proofs of CTRSs. However, we will demonstrate
that with the dependency pair approach this transformation is very useful.

To verify our original goal, we now have to prove termination of the transfor-
med TRS which consists of (4)-(8), the rules for all auxiliary (library) functions
from Sect. 2, and the (unknown) rules for the unspecified function f. Note that if
an Erlang function is straightforwardly transformed into a TRS, then this TRS is
non-overlapping. Thus, we assume that all possible rules for the unspecified fun-
ction f are non-overlapping as well. Then it is sufficient just to prove innermost
termination of the resulting TRS, cf. e.g. [Gra95]. In order to apply verification
on a large scale, the aim is to perform such proofs automatically. Extending the
dependency pair technique makes this possible.

4 Dependency Pairs

Dependency pairs allow the use of existing techniques like simplification orde-
rings for automated termination and innermost termination proofs where they
were not applicable before. In this section we briefly recapitulate the basic con-
cepts of this approach and we present the theorems that we need for the rest of
the paper. For further details and explanations see [AG97b,AG98,AG99].

In contrast to the standard approaches for termination proofs, which compare
left and right-hand sides of rules, we only examine those subterms that are
responsible for starting new reductions. For that purpose we concentrate on
the subterms in the right-hand sides of rules that have a defined2 root symbol,
because these are the only terms a rewrite rule can ever be applied to.

More precisely, for every rule f(s1, . . . , sn) → C[g(t1, . . . , tm)] (where f and g
are defined symbols), we compare the argument tuples s1, . . . , sn and t1, . . . , tm.
To avoid the handling of tuples, for every defined symbol f we introduce a
fresh tuple symbol F . To ease readability, we assume that the original signature
consists of lower case function symbols only, whereas the tuple symbols are
denoted by the corresponding upper case symbols. Now instead of the tuples
s1, . . . , sn and t1, . . . , tm we compare the terms F (s1, . . . , sn) and G(t1, . . . , tm).

Definition 2 (Dependency Pair). If f(s1, . . . , sn) → C[g(t1, . . . , tm)] ∈ R
and g is defined, then 〈F (s1, . . . , sn), G(t1, . . . , tm)〉 is a dependency pair of R.

For the rules (4)-(8), (besides others) we obtain the following dependency pairs.

〈PROCESS(store, m), IF1(store, m, leq(m, length(store)))〉 (9)
〈IF1(store, m, true), IF2(store, m, empty(fstsplit(m, store)))〉 (10)
〈IF2(store, m, false),PROCESS(app(map f(self, nil), sndsplit(m, store)), m)〉 (11)
〈IF1(store, m, false), IF3(store, m, empty(fstsplit(m, app(map f(self, nil), store))))〉 (12)
〈IF3(store, m, false),PROCESS(sndsplit(m, app(map f(self, nil), store)), m)〉 (13)

To trace newly introduced redexes in an innermost reduction, we consider
special sequences of dependency pairs, so-called innermost chains.
2 Root symbols of left-hand sides are defined and all other functions are constructors.
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Definition 3 (Innermost R-chains). Let R be a TRS. A sequence of depen-
dency pairs 〈s1, t1〉 〈s2, t2〉 . . . is called an innermost R-chain if there exists a
substitution σ, such that all sjσ are in normal form and tjσ

i→�R sj+1σ holds
for every two consecutive pairs 〈sj , tj〉 and 〈sj+1, tj+1〉 in the sequence.

We always assume that different (occurrences of) dependency pairs have
disjoint variables and we always regard substitutions whose domains may be
infinite. In [AG97b] we showed that the absence of infinite innermost chains is
a (sufficient and necessary) criterion for innermost termination. To improve this
criterion we introduced the following graph which contains arcs between all those
dependency pairs which may follow each other in innermost chains.

Definition 4 (Estimated Innermost Dependency Graph). Let cap(t) re-
sult from t by replacing all subterms with defined root symbols by different fresh
variables. The estimated innermost dependency graph is the directed graph whose
nodes are the dependency pairs and there is an arc from 〈s, t〉 to 〈v, w〉 iff cap(t)
and v are unifiable by a mgu µ where sµ and vµ are normal forms. A non-empty
set P of dependency pairs is called a cycle iff for all 〈s, t〉, 〈v, w〉 ∈ P, there is a
path from 〈s, t〉 to 〈v, w〉 in this graph, which only traverses pairs from P.

In our example, (besides others) there are arcs from (9) to (10) and (12),
from (10) to (11), from (12) to (13), and from both (11) and (13) to (9).
Thus, the dependency pairs (9)-(13) form the cycles P1 = {(9), (10), (11)},
P2 = {(9), (12), (13)}, and P3 = {(9), (10), (11), (12), (13)}. However, (9)-(13)
are not on a cycle with any other dependency pair (e.g., dependency pairs from
the rules of the auxiliary library functions or the unspecified function f, since we
assume that f does not call process). This leads to the following refined criterion.

Theorem 1 (Innermost Termination Criterion). A finite TRS R is in-
nermost terminating iff for each cycle P in the estimated innermost dependency
graph there exists no infinite innermost R-chain of dependency pairs from P.

Note that in our definition, a cycle is a set of dependency pairs. Thus, for
a finite TRS there only exist finitely many cycles P. The automation of the
technique is based on the generation of inequalities. For every cycle P we search
for a well-founded quasi-ordering ≥P satisfying s ≥P t for all dependency pairs
〈s, t〉 in P. Moreover, for at least one 〈s, t〉 in P we demand s >P t. In addition,
to ensure tσ ≥P vσ whenever tσ reduces to vσ (for consecutive pairs 〈s, t〉 and
〈v, w〉), we have to demand l ≥P r for all those rules l → r of the TRS that
may be used in this reduction. As we restrict ourselves to normal substitutions
σ, not all rules are usable in a reduction of tσ. In general, if t contains a defined
symbol f , then all f -rules are usable and moreover, all rules that are usable for
right-hand sides of f -rules are also usable for t. Now we obtain the following
theorem for automated3 innermost termination proofs.

Theorem 2 (Innermost Termination Proofs). A finite TRS is innermost
terminating if for each cycle P there is a well-founded weakly monotonic quasi-
ordering ≥P where both ≥P and >P are closed under substitution, such that
3 Additional refinements for the automation can be found in [AG97b,AG99].
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• l ≥P r for all rules l → r that are usable for some t with 〈s, t〉 ∈ P,
• s ≥P t for all dependency pairs 〈s, t〉 from P, and
• s >P t for at least one dependency pair 〈s, t〉 from P.

Note that for Thm. 1 and 2 it is crucial to consider all cycles P, not just the
minimal ones (which contain no other cycles as proper subsets).

In Sect. 2 we presented the rules for the auxiliary functions in our example.
Proving absence of infinite innermost chains for the cycles of their dependency
pairs is very straightforward using Thm. 2. (So all library functions of our TRS
are innermost terminating.) Moreover, as we assumed f to be a terminating
function, its cycles do not lead to infinite innermost chains either.

Recall that (9)-(13) are not on cycles together with the remaining depen-
dency pairs. Thus, what is left for verifying the desired property is proving
absence of infinite innermost chains for the cycles P1,P2,P3, where all rules of
the whole TRS are possible candidates for being usable rules (also the rules for
the unspecified function f).

Thm. 2 demands s ≥P t resp. s >P t for dependency pairs 〈s, t〉 on cycles. Ho-
wever for (9)-(13), these inequalities are not satisfied by any quasi-simplification
ordering.4 Thus, the automated proof fails here. Moreover, it is unclear which
inequalities we have to add for the usable rules, since the rules for f are not
given. Therefore, we have to extend the dependency pair technique.

5 Narrowing Dependency Pairs

To prove the absence of infinite innermost chains, for a dependency pair 〈v, w〉 it
would be sufficient to demand vσ ≥P wσ resp. vσ >P wσ just for those instantia-
tions σ where an instantiated right component tσ of a previous dependency pair
〈s, t〉 reduces to vσ. For example, (11) only has to be regarded for instantiations σ
where the instantiated right component IF2(store, m, empty(fstsplit(m, store)))σ
of (10) reduces to the instantiated left component IF2(store, m, false)σ of (11).
In fact, this can only happen if store is not empty, i.e., if store reduces to the
form cons(h, t). However, this observation has not been used in the inequalities
of Thm. 2 and hence, we could not find an ordering for them. Thus, the idea is
to perform the computation of empty on the level of the dependency pair. For
that purpose the well-known concept of narrowing is extended to pairs of terms.

Definition 5 (Narrowing Pairs). If a term t narrows to a term t0 via the
substitution µ, then the pair of terms 〈s, t〉 narrows to the pair 〈sµ, t0〉.
For example, the narrowings of the dependency pair (10) are

〈IF1(x, 0, true), IF2(x, 0, empty(nil))〉 (10a)
〈IF1(nil, s(n), true), IF2(nil, s(n), empty(nil))〉 (10b)
〈IF1(cons(h, t), s(n), true), IF2(cons(h, t), s(n), empty(cons(h, fstsplit(n, t))))〉. (10c)

4 Essentially, the reason is that the left-hand side of dependency pair (9) is embedded
in the right-hand sides of the pairs (11) and (13).
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Thus, if a dependency pair 〈s, t〉 is followed by some dependency pairs 〈v, w〉
in an innermost chain and if t is not already unifiable with v (i.e., at least one
rule is needed to reduce tσ to vσ), then in order to ‘approximate’ the possible
reductions of tσ we may replace 〈s, t〉 by all its narrowings. Hence, we can replace
the dependency pair (10) by the new pairs (10a)-(10c).

This enables us to extract necessary information from the last arguments of
if’s, i.e., from the former conditions of the CTRS. Thus, the narrowing refinement
is the main reason why the transformation of CTRSs into TRSs is useful when
analyzing the termination behaviour with dependency pairs. The number of
narrowings for a pair is finite (up to variable renaming) and it can easily be
computed automatically. The soundness of this technique is proved in [AG99].

Theorem 3 (Narrowing Refinement). Let P be a set of pairs of terms and
let 〈s, t〉 ∈ P such that Var(t) ⊆ Var(s) and such that for all (renamings of)
〈v, w〉 ∈ P, the terms t and v are not unifiable. Let P 0 result from P by replacing
〈s, t〉 by all its narrowings. If there exists no infinite innermost chain of pairs
from P 0, then there exists no infinite innermost chain of pairs from P either.

So we may always replace a dependency pair by all its narrowings. Howe-
ver, while this refinement is sound, in general it destroys the necessity of our
innermost termination criterion in Thm. 1. For example, the TRS with the ru-
les f(s(x)) → f(g(h(x))), g(h(x)) → g(x), g(0) → s(0), h(0) → 1 is innermost
terminating. But if the dependency pair 〈F(s(x)),F(g(h(x)))〉 is replaced by its
narrowings 〈F(s(0)),F(g(1))〉 and 〈F(s(x)),F(g(x))〉, then 〈F(s(x)),F(g(x))〉 forms
an infinite innermost chain (using the instantiation {x/0}).

Nevertheless, in the application domain of process verification, we can re-
strict ourselves to non-overlapping TRSs. The following theorem shows that for
these TRSs, narrowing dependency pairs indeed is a completeness preserving
technique. More precisely, whenever innermost termination can be proved with
the pairs P, then it can also be proved with the pairs P 0.

Theorem 4 (Narrowing Dependency Pairs Preserves Completeness).
Let R be an innermost terminating non-overlapping TRS and let P, P 0 be as
in Thm. 3. If there exists no infinite innermost R-chain of pairs from P, then
there exists no infinite innermost R-chain of pairs from P 0 either.

Proof. We show that every innermost R-chain . . . 〈v1, w1〉 〈s0, t0〉 〈v2, w2〉 . . . from
P 0 can be transformed into an innermost chain from P of same length. There
must be a substitution σ such that for all pairs the instantiated left-hand side is
a normal form and the instantiated right-hand side reduces to the instantiated
left-hand side of the next pair in the innermost chain. So in particular we have

w1σ
i→�

R s0σ and t0σ i→�
R v2σ.

We know that 〈s, t〉 narrows to 〈s0, t0〉 via a substitution µ. As the variables in
〈s, t〉 are disjoint from all other variables, we may extend σ to ‘behave’ like µσ on
the variables of s and t. Then we have sσ = sµσ = s0σ and hence, w1σ

i→�
R sσ.
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Moreover, by the definition of narrowing, tµ→R t0. This implies tµσ →R t0σ
and as tσ = tµσ, we have tσ →R t0σ i→�

R v2σ where v2σ is a normal form. As
R is innermost terminating and non-overlapping, it is convergent. Thus, every
term has a unique normal form and hence, repeated application of innermost
reduction steps to tσ also yields the normal form v2σ, i.e., tσ

i→�
R v2σ.

Thus, . . . 〈v1, w1〉 〈s, t〉 〈v2, w2〉 . . . is also an innermost R-chain. ut
Hence, independent of the technique used to check the absence of infinite

innermost chains, narrowing dependency pairs can never destroy the success of
the innermost termination proof. Moreover, narrowing can of course be repeated
an arbitrary number of times. Thus, after replacing (10) by (10a)-(10c), we may
subsequently replace (10a) and (10b) by their respective narrowings.

〈IF1(x, 0, true), IF2(x, 0, true)〉 (10aa)
〈IF1(nil, s(n), true), IF2(nil, s(n), true)〉 (10ba)

This excludes them from being on a cycle in the estimated innermost depen-
dency graph. Thus, now instead of the dependency pairs (9)-(13) we consider
(9), (10c), (11), (12), and (13). A further narrowing of (10c) is not necessary
for our purposes (but according to Thm. 4 it would not harm either). The right
component of the dependency pair (11) unifies with the left component of (9)
and therefore, (11) must not be narrowed. Instead we narrow (9).

〈PROCESS(nil, m), IF1(nil, m, leq(m, 0))〉 (9a)
〈PROCESS(cons(h, t), m), IF1(cons(h, t), m, leq(m, s(length(t))))〉 (9b)
〈PROCESS(store, 0), IF1(store, 0, true)〉 (9c)

By narrowing (10) to (10c), we determined that we only have to regard instan-
tiations where store has the form cons(h, t) and m has the form s(n). Thus, (9a)
and (9c) do not occur on a cycle and therefore, (9) can be replaced by (9b) only.

As (11)’s right component does not unify with left components any longer,
we may now narrow (11) as well. By repeated narrowing steps and by dropping
those pairs which do not occur on cycles, (11) can be replaced by

〈IF2(cons(h, t), s(n), false),PROCESS(sndsplit(n, t), s(n))〉 (11aac)
〈IF2(cons(h, t), s(n), false),PROCESS(app(nil, sndsplit(n, t)), s(n))〉 (11ad)
〈IF2(cons(h, t), s(n), false), PROCESS(app(map f(self, nil), sndsplit(n, t)), s(n))〉 (11d)

Now for the cycle P1, it is (for example) sufficient to demand that (11aac),
(11ad), and (11d) are strictly decreasing and that (9b), (10c), and all usable
rules are weakly decreasing. Similar narrowings can also be applied for the pairs
(12) and (13) which results in analogous inequalities for the cycles P2 and P3.

Most standard orderings amenable to automation are strongly monotonic
path orderings (cf. e.g. [Der87,Ste95]), whereas here we only need weak monoto-
nicity. Hence, before synthesizing a suitable ordering, some of the arguments of
function symbols may be eliminated, cf. [AG99]. For example, in our inequalities
one may eliminate the third argument of IF2. Then every term IF2(t1, t2, t3) in
the inequalities is replaced by IF0

2(t1, t2) (where IF0
2 is a new binary function
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symbol). By comparing the terms resulting from this replacement instead of the
original terms, we can take advantage of the fact that IF2 does not have to be
strongly monotonic in its third argument. Similarly, in our example we will also
eliminate the third arguments of IF1 and IF3 and the first argument of sndsplit.
Note that there are only finitely many (and only few) possibilities to eliminate
arguments of function symbols. Therefore all these possibilities can be checked
automatically. In this way, the recursive path ordering (rpo) satisfies the inequa-
lities for (11aac), (9b), (10c), for the dependency pairs resulting from (12) and
(13), and for all (known) usable rules. However, the inequalities resulting from
(11ad) and (11d)

IF0
2(cons(h, t), s(n)) > PROCESS(app(nil, sndsplit0(t)), s(n))

IF0
2(cons(h, t), s(n)) > PROCESS(app(map f(self, nil), sndsplit0(t)), s(n))

are not satisfied because of the app-terms on the right-hand sides (as the app-rule
forces app to be greater than cons in the precedence of the rpo). Moreover, the
map f-term in the inequalities requires us to consider the usable rules correspon-
ding to the (unspecified) Erlang function f as well.

To get rid of these terms, one would like to perform narrowing on map f and
app. However, in general narrowing only some subterms of right components is
unsound.5 Instead, we always have to replace a pair by all its narrowings. But
then narrowing (11ad) and (11d) provides no solution here, since narrowing the
sndsplit-subterm results in pairs containing problematic app- and map f-terms
again. In the next section we describe a technique which solves the above pro-
blem.

6 Rewriting Dependency Pairs

While performing only some narrowing steps is unsound, for non-overlapping
TRSs it is at least sound to perform only one of the possible rewrite steps.6 So if
t → r, then we may replace a dependency pair 〈s, t〉 by 〈s, r〉. Note that this tech-
nique is only applicable to dependency pairs, but not to rules of the TRS. Indeed,
by reducing the right-hand side of a rule, a non (innermost) terminating TRS
can be transformed into a terminating one, even if the TRS is non-overlapping.
As an example regard the TRS with the rules 0 → f(0), f(x) → 1 which is clearly
not innermost terminating. However, if the right-hand side of the first rule is
rewritten to 1, then the resulting TRS is terminating. The following theorem
proves that our refinement of the dependency pair approach is sound.
5 As an example regard the TRS f(0, 1) → s(1), f(x, 0) → 1, a → 0, and g(s(y)) →

g(f(a, y)). If we would replace the dependency pair 〈G(s(y)), G(f(a, y))〉 by only one
of its narrowings, viz. 〈G(s(0)), G(1)〉, then one could falsely prove innermost termi-
nation, although the term g(s(1)) starts an infinite innermost reduction.

6 Combining narrowing and rewriting is common in normal narrowing strategies to
solve E-unification problems [Fay79,Han94]. However, in contrast to our approach,
normal narrowing is only used for convergent TRSs and instead of performing one
(or arbitrary) many rewrite steps, there one rewrites terms to normal forms.
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Theorem 5 (Rewriting Dependency Pairs). Let R be non-overlapping and
let P be a set of pairs of terms. Let 〈s, t〉 ∈ P, let t →R r and let P 0 result from
P by replacing 〈s, t〉 by 〈s, r〉. If there exists no infinite innermost chain of pairs
from P 0, then there exists no infinite innermost chain from P either.

Proof. By replacing all (renamed) occurrences of 〈s, t〉 with the corresponding
renamed occurrences of 〈s, r〉, every innermost chain . . . 〈s, t〉 〈v, w〉 . . . from P
can be translated into an innermost chain from P 0 of same length. The reason
is that there must be a substitution σ with tσ

i→�
R vσ where vσ is a normal

form. So tσ is weakly innermost normalizing and thus, by [Gra96a, Thm. 3.2.11
(1a) and (4a)], tσ is confluent and strongly normalizing. With t →R r, we obtain
tσ →R rσ. Hence, rσ is strongly normalizing as well and thus, it also reduces in-
nermost to some normal form q. Now confluence of tσ implies q = vσ. Therefore,
. . . 〈s, r〉 〈v, w〉 . . . is an innermost chain, too. ut

The converse of Thm. 5 holds as well if P is obtained from the dependency
pairs by repeated narrowing and rewriting steps. So similar to narrowing, rewrit-
ing dependency pairs does not destroy the necessity of our criterion either.

Theorem 6 (Rewriting Dependency Pairs Preserves Completeness).
Let R be an innermost terminating non-overlapping TRS and let P, P 0 be as
in Thm. 5. If there exists no infinite innermost R-chain of pairs from P, then
there exists no infinite innermost R-chain of pairs from P 0 either.

Proof. In an innermost chain . . . 〈s, r〉 〈v, w〉 . . . from P 0 , replacing all (renamed)
occurrences of 〈s, r〉 by corresponding renamings of 〈s, t〉 yields an innermost
chain from P of same length. The reason is that there must be a σ with rσ

i→�
R

vσ. Thus, tσ →R rσ
i→�

R vσ implies tσ
i→�

R vσ by the convergence of R. ut
In our example we may now eliminate app and map f by rewriting the pairs

(11ad) and (11d). Even better, before narrowing, we could first rewrite (11),
(12), and (13). Moreover, we could simplify (10c) by rewriting it as well. Thus,
the resulting pairs on the cycles we are interested in are:

〈PROCESS(cons(h, t), m), IF1(cons(h, t), m, leq(m, s(length(t))))〉 (9b)
〈IF1(cons(h, t), s(n), true), IF2(cons(h, t), s(n), false)〉 (10c0)
〈IF2(store, m, false),PROCESS(sndsplit(m, store), m)〉 (110)
〈IF1(store, m, false), IF3(store, m, empty(fstsplit(m, store)))〉 (120)
〈IF3(store, m, false),PROCESS(sndsplit(m, store), m)〉 (130)

Analogous to Sect. 5, now we narrow (110), (120), (130), perform a rewrite step
for one of (120)’s narrowings, and delete those resulting pairs which are not on
any cycle. In this way, (110), (120), (130) are replaced by

〈IF2(cons(h, t), s(n), false),PROCESS(sndsplit(n, t), s(n))〉 (1100)
〈IF1(cons(h, t), s(n), false), IF3(cons(h, t), s(n), false)〉 (1200)
〈IF3(cons(h, t), s(n), false),PROCESS(sndsplit(n, t), s(n))〉 (1300)
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By eliminating the first argument of sndsplit and the third arguments of IF1, IF2,
and IF3 (cf. Sect. 5), we obtain the following inequalities. Note that according
to Thm. 2, these inequalities prove the absence of infinite innermost chains for
all three cycles built from (9b), (10c0), and (1100)-(1300), since for each of these
cycles (at least) one of its dependency pairs is strictly decreasing.

PROCESS(cons(h, t), m) ≥ IF0
1(cons(h, t), m)

IF0
1(cons(h, t), s(n)) ≥ IF0

2(cons(h, t), s(n))
IF0

1(cons(h, t), s(n)) ≥ IF0
3(cons(h, t), s(n))

IF0
2(cons(h, t), s(n)) > PROCESS(sndsplit′(t), s(n))

IF0
3(cons(h, t), s(n)) > PROCESS(sndsplit′(t), s(n))

sndsplit0(x) ≥ x
sndsplit0(nil) ≥ nil

sndsplit′(cons(h, t)) ≥ sndsplit′(t)
l ≥ r for all rules l → r
with root(l) ∈ {leq, length}

Now these inequalities are satisfied by the rpo. The right column contains all
inequalities corresponding to the usable rules, since the rules for map f and f are
no longer usable. Hence, the TRS of Sect. 3 is innermost terminating. In this way,
left-right decreasingness of the CTRS from Sect. 2 could be proved automatically.
Therefore, the desired property holds for the original Erlang process.

7 Conclusion

We have shown that rewriting techniques (and in particular, the dependency
pair approach) can be successfully applied for process verification tasks in indu-
stry. While our work was motivated by a specific process verification problem,
in this paper we developed several new techniques which are of general use in
term rewriting. First of all, we showed how dependency pairs can be utilized
to prove that conditional term rewriting systems are decreasing and termina-
ting. Moreover, we presented two refinements which considerably increase the
class of systems where dependency pairs are successful. The first refinement of
narrowing dependency pairs was already introduced in [AG99], but completen-
ess of the technique for non-overlapping TRSs is a new result. It ensures that
application of the narrowing technique can never destroy the success of such
an innermost termination proof. In fact, our narrowing refinement is the main
reason why the approach of handling CTRSs by transforming them into TRSs
is successful in combination with the dependency pair approach (whereas this
transformation is usually not of much use for the standard termination proving
techniques). Finally, to strengthen the power of dependency pairs we introduced
the novel technique of rewriting dependency pairs and proved its soundness and
completeness for innermost termination of non-overlapping TRSs.

Acknowledgements. We thank the anonymous referees for their helpful comments.
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Abstract. This paper describes a new data structure, difference decision diagrams
(DDDs), for representing a Boolean logic over inequalities of the formx− y ≤ c
where the variables are integer or real-valued.We give algorithms for manipulating
DDDs and for determining validity, satisfiability, and equivalence. DDDs enable
an efficient verification of timed systems modeled as, for example, timed automata
or timed Petri nets, since both the states and their associated timing information
are representedsymbolically, similar to how BDDs represent Boolean predicates.
We demonstrate the efficiency of DDDs by analyzing a timed system and compare
the results with the toolsKronos andUppaal.

1 Introduction

Today model checking [13] is used extensively for formal verification of finite state
systems such as digital circuits and embedded software. The success of the technique is
primarily due to the use of BDDs [9] for representing sets of and relations over Boolean
variablessymbolically, making it possible to verify systems with a very large number
of states. However, if the model contains non-Boolean (e.g., real-valued) variables,
BDDs and other symbolic representations of Boolean predicates are inefficient. As a
consequence, state-of-the-art techniques for analyzing systems with time, modeled for
example as timed automata, are only capable of analyzing systems with a handful of
timers and a few thousand states.

In this paper we consider a Boolean logic extended with difference constraints, i.e.,
inequalities of the formx−y ≤ c, wherex andy are integer or real-valued variables and
c is a constant. Difference constraints arise naturally when analyzing systems with time,
expressing relations between the timers in the model, e.g., that the difference between
two timers is within some bound. We call the Boolean logic over difference constraints
for difference constraint expressions given by the following grammar:

φ ::= x− y ≤ c | ¬φ | φ1 ∧ φ2 | ∃x.φ , (1)

wherex, y ∈ Var denote variables andc ∈ D denotes a constant. We will allow the
usual derived operators such asx− y > c, φ1 ∨ φ2, and∀x.φ. In this paper, the domain
D of the logic is either the real numbersR or the integersZ.
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Fig. 1. The expressionφ in (2) as (a) an(x, y)-plot for z = 0, and (b) a difference decision
diagram.

The main contribution of this paper is a data structure, calleddifference decision dia-
grams (DDDs), for representing difference constraint expressionssymbolically, making
it possible to represent the state space of timed systems (and other systems with non-
Boolean variables) efficiently. DDDs represent difference constraint expressions using
a decision tree in a manner similar to the BDD representation of a Boolean expression.
Consider the following expressionφ overx, y, z ∈ R:

φ = 1 ≤ x− z ≤ 3 ∧ (y − z ≥ 2 ∨ y − x ≥ 0) . (2)

Figure 1 showsφ as an(x, y)-plot for z = 0 and the corresponding DDD. Each non-
terminal vertex in a DDD contains a test expressionα (a difference constraint) and has
two outgoing edges called the high- and low-branch which are drawn with solid and
dashed lines, respectively. The high-branch is followed whenα evaluates to true; the
low-branch whenα evaluates to false.

1.1 Related Work

One approach to analyze systems with time or other continuous variables is to make the
dense domains discrete. For example, in a timed model it is assumed that the clocks only
can take integer or rational values. Such a discretization makes it possible to use BDDs
for representing both the state graph and the associated timing information [2,8,10,11].
However, this way of representing dense domains is often inefficient; the BDD represen-
tation is very sensitive to the granularity of the discretization and to the size of the delay
ranges.Another approach based on BDDs is to have a Boolean variable representing each
constraint, and use an external decision procedure to determine implications among these
variables [12]. These implications are used to prune the representation of the state space.
The advantage is that any kind of decidable constraints can be used. Our approach can
be seen as a simplified version of this where we take advantage of restricting the types
of constraints to difference constraints and perform reductions on-the-fly.

Several algorithms for analyzing timed automata have been developed. The unit-
cube approach [1] models time as dense but represents the timing information using a
finite number of equivalence classes. Again, the number of timed states is dependent on
the size of the delay ranges and easily becomes unmanageable. Several recent timing
analysis methods use difference bound matrices (DBMs) [15] for representing the timing
information [7,18,23,28]. In these approaches, a set of DBMs representing the possible
timer configurations is associated with each discrete state of the system.Although DBMs
provide a compact representation of a clock configuration, there are several serious pro-
blems with the approaches based on DBMs: first, the number of DBMs for representing
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the timing information associated with a given state can become very large, secondly,
there is no sharing or reuse of DBMs among the different discrete states, and finally,
each discrete state is represented explicitly, thus these approaches are limited by the
number of reachable states of the system. Several researchers have attempted to remedy
these shortcomings, for example by using partial order methods [6,24,26] or by using
approximate methods [3,5,27]. Although these approaches do address the first problem,
they are still susceptible to the last two problems since each state is represented expli-
citly. Using DDDs it is possible to combat all three problems since first, unlike DBMs,
DDDs are not limited to representing the timing information as a union of convex sets,
secondly, DDDs represent all states and the associated timing information in a single
shared data structure, and finally, states and the timing information are represented sym-
bolically using difference constraint expressions. Another approach [25] suggests using
a partition refinement algorithm for efficient model checking. However, the reported
running times are still exponential.

Based on the initial ideas of this paper, Behrmann et al. [4] have implemented a
minor variation of DDDs allowing a fanout of more than two (which they call CDDs).
They have shown a significant improvement in memory consumption inUppaal, even
though the experiments in contrast to ours do not use a fully symbolic approach (the
discrete states are enumerated explicitly). Thus, this approach will not be able to handle
the larger instances of the timed system in Sect. 6.

2 Difference Decision Diagrams

The data structuredifference decision diagrams (DDDs) is developed to efficiently re-
present and manipulate difference constraint expressions. Difference decision diagrams
share many properties with binary decision diagrams (BDDs): they can be ordered, they
can be reduced making it possible to check for validity and satisfiability in constant time,
and many of the algorithms and techniques for BDDs can be modified to apply to DDDs.

Definition 1 (Difference Decision Diagram).A difference decision diagram(DDD) is
a directed acyclic graph(V, E). The vertex setV contains two terminals0 and1 with
out-degree zero, and a set of non-terminal vertices with out-degree two and the following
attributes:

Attribute Type Description
pos(v),neg(v) Var Positive variablexi, and negative variablexj .
op(v) {le, leq} Operator< or ≤.
const(v) D Constantc.
high(v), low(v) V High-branchh, and low-branchl.

The setE contains the edges(v, low(v))and(v, high(v)), wherev ∈ V is a non-terminal
vertex.

Similar to BDDs, the non-terminal vertices of a DDD corresponds to the if-then-else
operatorα→ φ1, φ0 defined by

α→ φ1, φ0 = (α ∧ φ1) ∨ (¬α ∧ φ0) ,
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whereα is a test expression andφ0, φ1 are difference constraint expressions. However,
unlike BDDs, the test expressionα is not a Boolean variable, but a difference constraint
of the formx− y . c, where the symbol. represents either< or≤. Each vertexv in a
DDD denotes a difference constraint expressionφv. If v is a terminal vertex, i.e., either
0 or 1, φv is false or true, respectively. Otherwise,v represents the expressionφv given
by:

φv = xi − xj . c→ φhigh(v), φlow(v) ,

wherexi = pos(v), xj = neg(v), . = op(v), andc = const(v). We use the following
notational shorthands:

var(v) = (pos(v),neg(v))
bound(v) = (const(v), op(v))
cstr(v) = (var(v), bound(v)) .

Adding two bounds(c1, o1) and(c2, o2) gives(c1 +c2, o1 +o2), whereo1 +o2 is leq if
botho1 ando2 areleq andle otherwise. Negating a bound(c, o) gives(−c,¬o), where
¬le is leq and¬leq is le. We usev ; u to denote that the vertexu is reachable from
v (i.e., there is a path fromv to u). The size of a DDDv, denoted|v|, is the number of
vertices reachable fromv; that is,|v| = |{u ∈ V : v ; u}|.

2.1 Ordering

To define ordered DDDs, we assume given a total ordering≺ of the variablesx1, . . . , xn

which furthermore must totally order pairs of variables(xi, xj).1 We extend this or-
dering to attributescstr(v) of verticesv in a DDD. Constants,const(v), are orde-
red as usually inD, and the two operators,op(v), are ordered asle≺leq. Bounds,
(const(v), op(v)) and constraints,(var(v), bound(v)), are ordered lexicographically.
For example,

(
(x2, x1), (0, le)

)≺(
(x2, x1), (0, leq)

)≺(
(x2, x1), (1, le)

)
. We assume

that the two terminal vertices have attributes that are greater than all non-terminals.

Definition 2 (Ordered DDD). An ordered DDD (ODDD) is a DDD where each non-
terminal vertexv satisfies:

1. neg(v) ≺ pos(v),
2. var(v) ≺ var(high(v)),
3. var(v) ≺ var(low(v)) or

var(v) = var(low(v)) andbound(v) ≺ bound(low(v)).

Requirement 1 expresses that the pair of variablesvar(v) = (pos(v),neg(v)) = (xi, xj)
of a vertexv is normalized ; that is,xj ≺ xi. This does not restrict what we can represent
with DDDs, because the two variables in a vertex can always be swapped by negating the
bound and swapping the low- and high-branches. We further require in an ordered DDD,

1 Pairs of variables can for example be ordered reversed lexicographically, that is(xi, xj) ≺
(x′

i, x
′
j) iff xj ≺ x′

j or (xj = x′
j ∧ xi ≺ x′

i).
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that either the children of a vertex have variables later in the ordering (requirement 2
and first part of 3) or the variables along the low-branch are identical (second part of 3).
The second part of requirement 3 makes it possible to have multiple tests on the same
pair of variables, which is needed because of the disjunctive abilities of DDDs. The last
two requirements implycstr(v) ≺ cstr(high(v)) andcstr(v) ≺ cstr(low(v)). The
DDD in Fig. 1 is an example of an ordered DDD with the orderingz ≺ x ≺ y extended
reversed lexicographically to pairs of variables.

2.2 Locally Reduced DDDs

Similar to ROBDDs, we define a set of local reduction rules that reduce the size of the
DDD representation.

Definition 3 (Locally Reduced DDD).A locally reduced DDD (RLDDD) is an ODDD
satisfying, for all non-terminalsu andv:

1. D = Z impliesop(v) = leq,
2. (cstr(u), high(u), low(u)) = (cstr(v), high(v), low(v)) impliesu = v,
3. low(v) 6= high(v),
4. var(v) = var(low(v)) implieshigh(v) 6= high(low(v)) .

Requirement 2 and 3 are identical to the reduction requirements for ROBDDs.Thus, if we
encode a Boolean variablebi asxi−x0

i ≤ 0, any Boolean expression overb1, b2, . . . , bn is
represented in a canonical form using locally reduced DDDs. Requirement 4 ensures that
any two consecutive vertices with the same pair of variables have different high-branches.
This requirement is fulfilled using the following equivalence for ordered DDDs:

x− y .1 c1 → h, (x− y .2 c2 → h, l) = x− y .2 c2 → h, l .

3 Construction of DDDs

In this section we present efficient algorithms for manipulating locally reduced DDDs.
For a more detailed description see [21]. Orderedness ensures that the basic algorithm
for computing the Boolean connectives is polynomial. However, for existential quanti-
fication the situation is different. Although the algorithm in polynomial time computes
the modified and additional constraints, its worst-case running time is exponential since
it needs to regain orderedness.

The algorithms are all based on a functionMk for creating DDD vertices. The
functionMk normalizes the two variables and ensures that the created vertex is locally
reduced: Ifx is different fromy, Mk

(
(x, y), (c, o), h, l

)
returns the identity of a vertex,

equivalent to a vertexv with var(v) = (x, y), bound(v) = (c, o), high(v) = h, and
low(v) = l. If x is equal toy, Mk returns0 if the bound is less than(0, leq), and
1 otherwise. UsingMk as the only function for constructing a DDD ensures that it is
locally reduced. As for BDDs,Mk can be implemented with an expected running time
of O(1).
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Fig. 2. Existential quantification ofx in (2). (a) An(x, y)-plot of φ for z = 0. (b) An (x, y)-plot
of ∃x.φ for z = 0. (c) The DDD for∃x.φ.

3.1 Boolean Combination of DDDs

The functionApply(op, u, v) is used to combine two DDDs rooted atu andv with a
Boolean operatorop. Apply is a generalization of the version used for ROBDDs, which
is based on the fact that any binary Boolean operatorop distributes over the if-then-else
operator:

(α→ h, l) op (α0 → h0, l0) = α→ (
h op (α0 → h0, l0)

)
,
(
l op (α0 → h0, l0)

)
. (3)

This equivalence provides a method to combine two DDDs with a Boolean operator.
Reading the equivalence from left to right, we see that we can move the Boolean operator
down one level in the DDD. If we continuously do so until both arguments ofop are0
or 1, we can evaluate the expression and return the appropriate result.

If the two pairs of variables are equal, we can simplify (3):

(α→ h, l) op (α0→ h0, l0) =






α → (h op h0), (l op (α0→ h0, l0)) if α ≺ α0,
α → (h op h0), (l op l0) if α = α0,
α0 → (h op h0), ((α→ h, l) op l0) if α � α0.

(4)

Together, (3) and (4) yield the algorithmApply: We use (3) when(x, y) ≺ (x0, y0) or
(x, y) � (x0, y0) and (4) when(x, y) = (x0, y0). UsingMk to construct new vertices
and applying dynamic programming, the runtime ofApply is the same as the ROBDD
version, that is,O(|u||v|).

3.2 Quantifications

Since the domain of the variables is infinite, quantification is more complicated than the
binary Boolean connectives. Based on the Fourier-Motzkin method [16], we perform an
existential quantification of a variablex in a DDD rooted atu by removing all vertices
reachable fromu containingx, but keeping allimplicit constraints induced byx among
the other variables. For example, quantifying outx in the expressionφ given in (2) yields
∃x.φ = y − z ≥ 1, see Fig. 2. Here, the constrainty − z ≥ 1 does not occur explicitly
in φ, but implicitly because ofy − x ≥ 0 andx− z ≥ 1.

To compute∃x.(xi − xj . c→ h, l), we consider two cases: Ifx is different from
bothxi andxj , we can push down the quantifier one level in the DDD:

∃x.(xi − xj . c→ h, l) = xi − xj . c→ ∃x.h,∃x.l if x 6∈ {xi, xj}.
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If x is equal toxi or xj , werelax all paths inh andl with xi− xj ≤ c andxi− xj > c,
respectively, and combine the results with disjunction:

∃x.(xi − xj ≤ c→ h, l) = ∃x.Relax(h, x, xi − xj ≤ c)
∨ ∃x.Relax(l, x, xj − xi < −c) if x ∈ {xi, xj}.

If x is equal toxi, relaxation of a pathp with a constraintxi − xj . c consists of
adding a new constraintx0

i − xj . c + c0 to p for each constraintx0
i − xi . c0 in p.2

The case wherex is equal toxj is symmetric. In worst case, each relaxation generates
a quadratic number of new constraints. Thus, a conservative bound on the number of
added constraints in an existential quantification∃x.u is O(|u|3) because each vertex
in u is relaxed once. However, to maintain orderedness these new constraints cannot be
added where they are discovered through calls toMk, but need to be added through calls
to Apply. The repeated calls toApply imply that the running time of∃x.u is worst-case
exponential.

3.3 Assignment and Replacement

The operations ofassignment and replacement are often used in verification. After
performing anassignment φ[x ← y + c] the variablex is given the value of another
variabley plus a constantc in the expressionφ. Whenx 6= y, performing an assignment
corresponds to removing all explicit bounds onx, and then updatingx with a new value.
The assignment operationφ[x← y + c] is therefore performed as:

φ[x← y + c] = (∃x.φ) ∧ (x− y = c) if x 6= y .

If x is equal toy, an assignment corresponds to incrementingx by the valuec. In these
cases, the assignment is performed in linear time by adjusting the constants of all vertices
containing the variablex.

The replacement operatorφ[y + c/x] syntactically substitutes all occurrences ofx
in φ with another variabley plus a constantc. When the two variables are different, a
replacement is performed as:

φ[y + c/x] = ∃x.
(
φ ∧ (x− y = c)

)
if x 6= y .

If x is equal toy, the replacementφ[x + d/x] is defined asφ[t/x][x + d/t], wheret is
a variable different fromx and not occurring inφ.

We can avoid the quantification by performing the replacementφ[y + c/x] directly
on each vertex inφ by replacing all occurrences ofx with y + c. This is advantageous
whenx andy are neighbors in the variable ordering (this is often the case in model
checking), since replacement then can be performed in linear time.

2 In terms of the constraint graph [14, p. 541] defined byp, relaxation withxi − xj . c
corresponding to an edge fromxj to xi creates a new edge fromxj to x′

i with weightc+ c′ for
each edge fromxi to x′

i with weightc′ (i.e., the edge fromxj to x′
i is now explicit, not implicit

via xi).
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4 Path Reduced DDDs

The previous section describes algorithms for constructing locally reduced DDDs. Ho-
wever, locally reduced DDDs are not a canonical representation of difference constraint
expressions. In this section we show how to remove some of the redundant constraints
in a path, making the representation semi-canonical. In a semi-canonical representa-
tion, there is exactly one DDD for a tautology (the terminal1) and exactly one DDD
for an unsatisfiable expression (the terminal0). Thus, with semi-canonical DDDs it is
straightforward to test for validity, satisfiability, and equivalence (after usingApply with
a biimplication).

4.1 Paths and Semi-canonical DDDs

A path in a DDD corresponds to a conjunction of difference constraints or negated
difference constraints (whenever the path follows a low-branch). Since the negations
always can be removed by swapping the variables, changing the comparison operator,
and negating the constant, a path corresponds to a conjunction of difference constraints,
also called asystem of difference constraints [14, Sect. 25.5]. We denote the system of
difference constraints induced by a pathp by [p]. A pathp is defined to befeasible if the
corresponding system of difference constraints has a feasible solution. If the constraint
system has no solution, the path isinfeasible.

Definition 4 (Path-reduced DDD).Apath-reduced DDD (RPDDD) is a locally reduced
DDD where all paths are feasible.

Paths ending at the terminals0 and 1 are called0-paths and1-paths, respectively. If
a DDD has no infeasible0-paths and1-paths, then it has no infeasible paths because
a feasible constraint system will still be feasible if we remove some of the difference
constraints from it. So if all0-paths and1-paths in a DDDu are feasible, thenu is path
reduced. For RPDDDs it is straightforward to decide satisfiability and validity:

Theorem 1 (RPDDDs are semi-canonical).In an RPDDD, the terminal vertex1 is the
only representation of a tautology and the terminal vertex0 is the only representation
of an unsatisfiable expression.

Proof. We show that ifv is a non-terminal in a path reduced DDD, thenv represents
neither a tautology nor an unsatisfiable expression. Becausev is path reduced, it is
also locally reduced, so all verticesu reachable fromv satisfy low(u) 6= high(u).
Furthermore, becausev is a non-terminal vertex in an (acyclic) ordered DDD, there
exists some vertexu0 reachable fromv that haslow(u0) = 0 andhigh(u0) = 1 or
low(u0) = 1 andhigh(u0) = 0. Consequently, both0 and 1 are reachable fromv.
Let p be some0-path fromv. Per definition of path reducedness, we know thatp is
feasible. This implies that there exists a variable assignment satisfying[p], meaning that
there exists a falsifying variable assignment forv. Thus,v cannot represent a tautology.
Similarly, because there is a feasible1-path fromv, v is satisfiable. ut
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4.2 Reduce

An algorithm for making a DDD rooted atu path reduced is:

1 PathReduce(u) = Reduce(u, 〈u〉)
2 where Reduce(v, p) =
3 if [p] is infeasiblethen return ⊥
4 elsif v ∈ {0,1} then return v
5 elseh← Reduce(high(v), p̂〈high(v)〉)
6 l← Reduce(low(v), p̂〈low(v)〉)
7 if l 6= ⊥ andh 6= ⊥ then return Mk(var(v), bound(v), h, l)
8 elsif h 6= ⊥ then return h
9 else return l

The operator̂ denotes path concatenation. The functionReduce(v, p) returns⊥ if and
only if the pathp is infeasible. Clearly, ifp is infeasible,Reduce(v, p) returns⊥ in
line 3. On the other hand, ifp is feasible, it is simple to see that eitherp̂〈high(v)〉
or p̂〈low(v)〉 is feasible, and thusReduce(v, p) cannot return⊥ in line 9. Hence,
Reduce(v, p) = ⊥ if and only if p is infeasible.

The correctness ofPathReduce then follows from the following observation: if
eitherh = ⊥ or l = ⊥ in lines 5 and 6, the vertexv can be removed. To see this,
let [p] denote the system of difference constraints corresponding to the pathp and let
α = cstr(v) denote the difference constraint of vertexv. Assumel = ⊥, i.e., the path
p̂〈low(v)〉 is infeasible, and thus[p] ∧ ¬α = false. Then,

[p] ∧ α = ([p] ∧ α) ∨ ([p] ∧ ¬α) = [p] ∧ (α ∨ ¬α) = [p] .

It follows from a symmetric argument that the vertexv can be removed ifh = ⊥.
Let us consider a small example. Figure 3 shows an RLDDD for the expression

φ = x− z ≥ 0 ∨ y − z ≤ 0 ∨ y − x ≥ 0. (5)

The0-path corresponds to the system of difference constraintsx − z < 0, z − y < 0,
andy − x < 0, which has no feasible solution. Thus, if we callPathReduce on the
root vertex, theReduce-call on the vertex containingy − x < 0 returns1, and because
of the third local reduction requirement the result is the terminal1.

There are several algorithms for determining whether a system of difference con-
straints is feasible. Two well-known ones are Floyd-Warshall’s algorithm and Bellman-
Ford’s algorithm [14], which both have worst-case running timesO(n3), wheren is
the number of variables.PathReduce(u) enumerates all paths inu, and because the

01

y − x < 0

y − z ≤ 0

x − z < 0

(a)

1

(b)

Fig. 3.The expressionφ from (5) as (a) a locally reduced DDD, and (b) a path reduced DDD.
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number of paths can be exponential in the size ofu, the complexity ofPathReduce(u)
is O(2|u|n3). PathReduce can be improved by using a faster algorithm to determine
feasibility of a path, and by reusing the result of the feasibility check in the two recursive
calls. These optimizations can be realized by anincremental version of the Bellman-
Ford algorithm, but although these optimizations in practice improve the performance
of PathReduce, they do not improve on the worst-case runtime.

As shown in Theorem 1, it is straightforward to determine whether a path reduced
DDD represents a tautology and whether it is satisfiable. However, in practice it is often
more efficient to search for a counterexample when checking for validity or satisfiability.
For instance, when checking for validity,PathReduce can be modified to stop (and
reportfalse) if a feasible0-path is found. Similarly, when checking for satisfiability, the
algorithm can stop (and reporttrue) if a feasible1-path is found. This approach also leads
to a practical algorithm for finding a satisfying variable assignment, calledAnySat. The
algorithm searches for a feasible1-path and if one is found, the corresponding system
of difference constraints is solved, yielding a satisfying assignment.

5 Fully Reduced DDDs

The reductions ensuring local and path reducedness are quite powerful. As an example
consider the two sets built from nine triangles as shown in Fig. 4(a). They each contain
nine convex regions representable by 15 non-terminal DDD vertices using the ordering
(x, z) ≺ (y, z) ≺ (y, x). Computing the disjunction of the two sets usingApply results
in the 3 × 3-square represented with only four non-terminal vertices in an RPDDD.
As another example consider the nine sets shown in Fig. 4(b). Combined they yield
a simple convex square although no two sets together form a convex region. Using
difference bound matrices similar powerful reductions are very expensive to obtain.

However, path-reducedness is not enough to ensure a canonical representation.As an
example, consider the three path-reduced DDDs of Fig. 5 which all represent the same
triangular area shown in Fig. 5(d). Local and path reductions are too weak to identify
them. One problem (shown in Fig. 5(a)) is that the constraints may contain a certain
amount of slack. For instance, the constraintx− z ≥ 0 could be tightened tox− z ≥ 2
without changing the semantics. To avoid this kind of slack we introduce a notion of a
path beingtight which strengthens the notion of path reducedness.

To introduce tightness we need to distinguish the dominating constraints in a path.
Formally, a constraintxi − xj . c is dominatingin a pathp if all other constraints
xi−xj .0 c0 on the same pair of variables inp, are less restrictive, i.e.,(c,.) < (c0,.0).

∨ =

(a)

=

(b)

Fig. 4.Disjunctions of complex sets can reduce to simple RPDDDs.
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1

y − x ≤ 0

y − z < 2

x − z < 0

(a)

1

y − x ≤ 0

y − z < 2

x − z < 2

(b)

1

y − x ≤ 0

y − z < 2

(c) (d)

Fig. 5.Three RPDDDs representing the same set (all plots are forz = 0).

Non-dominating constraints occur only in paths that through low-edges pass through
several vertices with constraints on the same pair of variables.

Definition 5 (Tightness).A dominating constraintα = xi−xj . c is tight in a feasible
path [p] = [p1] ∧ α ∧ [p2] if for all tighter constraints(c0,.0) < (c,.), the systems
[p1] ∧ (xi − xj .0 c0) ∧ [p2] and [p] have different solutions. A pathp is tight if it is
feasible and all dominating constraints on it are tight. An RLDDD u is tight if all paths
fromu are tight.

From the definition it is clear that tightness generalizes path reducedness since any
tight DDD is also an RPDDD. Hence, Theorem 1 implies that it is trivial to determine
satisfiability and validity of tight DDDs.

Adding tightness as a condition prevents the existence of the DDD in Fig. 5(a). A
DDD can be made tight by enumerating all paths, for each path solve the associated
system of difference constraints, replacing the bounds of the constraints by the bounds
from the solution, and finally combine all the tight paths by disjunction usingApply.
Hence, the DDD (a) will get reduced to the DDD (b).

Tight DDDs are still not canonical due to implicit constraints that arise as conse-
quences of the constraints in the vertices. The solution set will not depend on how many
of these implicit constraints are made explicit but the resulting DDDs will be different.
To remove this arbitrariness, we add these implicit constraints to the DDD:

Definition 6 (Saturation). A tight pathp from an RPDDD is saturatedif for all con-
straintsα not onp, if α is added top either (1)α is not dominating and tight, or (2) the
constraint system[p1] ∧ ¬α is infeasible, when[p] is written [p] = [p1] ∧ [p2] with all
constraints onp1 smaller thanα with respect to≺ and all constraints onp2 larger than
α. An RPDDD u is saturatedif all paths fromu are saturated.

Saturation can be obtained by making as many implicit constraints as possible explicit
without introducing any infeasible paths in the DDD.As an example, the DDD in Fig. 5(c)
will be saturated into the DDD in Fig. 5(b). However, tight and saturated DDDs are still
not canonical. Figure 6 shows an example of two tight, saturated RPDDDs that are
equivalent. Intuitively, the problem is that the vertex with the constrainty − x ≤ 0
is redundant, since the solution set is the areax − z ≥ 1, y − z ≥ 1. To detect such
situations, a further check is necessary:
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1

y − z ≤ 1

x − z < 1

y − z < 1

x − z < 1

y − x ≤ 0

(a)

1

y − z < 1

x − z < 1

(b) (c)

Fig. 6.An example where the mergeability test is necessary to merge two paths into one, making
the top constraint redundant (all plots are forz = 0).

Definition 7 (Disjunctive vertex). Let p be a path leading to the vertexu in a DDD,
and assumeα = cstr(u), h = high(u), and l = low(u). Thenu is disjunctive inp if
[p] ∧ (α→ h, l) and[p] ∧ (h ∨ l) have the same set of solutions.

This leads us to the following definition and accompanying conjecture:

Definition 8 (Fully reduced DDD). An RPDDD u is a fully-reduced DDD(RFDDD)
if it is tight, saturated, and has no disjunctive vertices.

Conjecture 1 (Canonicity).If u andv are RFDDDs with the same set of solutions then
u = v.

As it is illustrated by the above discussion, canonicity is rather difficult to obtain in DDDs.
This is quite unlike the situation for BDDs, where local reductions and a total ordering
of the variables is enough to obtain it. The reason is that in DDDs there are non-local
dependencies among the various constraints giving rise to not only untight constraints
but also implied constraints that may or may not be explicitly present. Pragmatically, the
lack of canonicity of path-reduced DDDs might not be a problem. The main benefit of
the canonicity of ROBDDs is that the questions of equivalence, satisfiability, and validity
are trivial to answer. However, as pointed out in Theorem 1, satisfiability and validity
is trivial for path-reduced DDDs and even for local-reduced DDDs the questions can
be solved by a simple on-the-fly search for feasible paths. The crucial issue is whether
the representation during computations stay compact which can occur with just a semi-
canonical representation.

6 Experimental Results

DDDs can be used to analyze timed system efficiently by representing sets of discrete
states and their associated timing information implicitly.The DDD algorithms implement
all operations necessary for analyzing general systems with time such as timed guarded
commands [17], timed automata [1] or timed Petri nets [7].
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Table 1. Experimental results for Milner’s scheduler with (a) one clock using the bounds
[Hl, Hu] = [25, 200], and (b) one clock per task using the bounds[H l, Hu] = [25, 200] and
[T l, T u] = [80, 100]. The first column shows the number of cyclers, and the following three co-
lumns show the CPU time (in seconds) to build the reachable state space usingKronos (ver. 2.2b),
Uppaal (ver. 2.17), and DDDs, respectively. The results were obtained on a Pentium II PC with
64 MB of memory. A ‘−’ denotes that the analysis did not complete within an hour.

N Kronos Uppaal DDD
4 0.2 0.1 0.1
5 0.7 0.2 0.1
6 22.6 0.6 0.1
7 339.2 2.3 0.1
8 − 9.0 0.2
9 − 35.0 0.2

10 − 138.4 0.2
11 − 529.8 0.2
12 − 2560.7 0.3
16 − − 0.5
32 − − 2.2
64 − − 15.9

128 − − 123.3
256 − − 1104.8

(a)

N Kronos Uppaal DDD
4 0.4 0.2 0.2
5 2.4 1.7 0.3
6 24.2 17.6 0.5
7 346.6 201.7 0.5
8 − 2460.2 0.6

16 − − 1.5
32 − − 5.7
64 − − 31.7

128 − − 217.3

(b)

In [22] we show how to analyze two different timed versions of Milner’s scheduler.
Milner’s scheduler [20] consists ofN cyclers, connected in a ring, that cooperate on
controlling N tasks. The two versions of Milner’s scheduler are simple, regular and
highly concurrent systems, and they illustrate the advantages of a symbolic approach
based on difference decision diagrams. With an implementation based on DDDs, the
runtimes for computing the reachable state space are several orders of magnitudes better
than those obtained with two state-of-the-art tools,Kronos [28] andUppaal [19].

In the first version we use a clockH to ensure that a cycler passes the token on to
the following cycler within a bounded amount of time[H l, Hu]. Table 1(a) shows the
runtimes to build the reachable state space for increasingN . The number of discrete
states in this version of Milner’s scheduler is exponential inN since a task can terminate
independently of the other tasks. Thus, state space exploration based on enumerating all
discrete states as inUppaal andKronos only succeeds for small systems. The DDD-
based approach represents discrete states implicitly yielding polynomial runtimes.

In the second version of Milner’s scheduler we use a clockTi for each task to ensure
that it terminates within a certain bound[T l, Tu] after it is started. Table 1(b) shows
the runtimes to build the reachable state space for increasingN . Again, the runtimes of
Kronos andUppaal are exponential inN , while using the DDD data structure results
in polynomial runtimes. The problem forKronos andUppaal is the large number of
clock variables which is handled in the DDD-based approach by eliminating unused
clocks from the representation (i.e., we quantify outTi whenever taskti terminates).

7 Conclusion

The problem addressed in this paper is how to efficiently represent and manipulate a
Boolean logic over integer- or real-valued inequalities of the formx− y ≤ c. We have
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proposed a data structure inspired by BDDs for representing the expressions from the
logic as a decision diagram in which the test conditions are difference constraints.

Introducing an ordering of the constraints makes it possible to extend theApply
algorithm for ordered BDDs to ordered DDDs without changing its runtime complexity.
However, since the domain of the variables in the logic is infinitary, other operations
such as existential quantification, are more difficult than for BDDs. For ordered DDDs,
these algorithms are basically polynomial, but they become exponential due to the orde-
ring requirement. Another complication is that there are implicit constraints among the
variables causing the DDD data structure to be non-canonical even when local reduc-
tions are used. A first step towards canonicity is to eliminate all infeasible paths. Such a
path-reduced DDD can be tested for validity and satisfiability in constant time. However,
semantically equivalent DDDs may still have different representations. We have defined
several additional restricting conditions which we conjecture will result in canonical
DDDs. It is clearly difficult to obtain an efficient canonical representation. Although
canonicity would be intriguing to obtain and allow one to check for equivalence in con-
stant time, it is not necessarily desirable in practice. A canonical representation will not
necessarily be more compact than a non-canonical representation and the equivalence
check can be performed as a validity check.

Boolean variables can be modeled as difference constraints, making it possible to
combine Boolean, continuous, and integer variables within a single data structure. All
operations on the Boolean variables in the DDD are performed as efficiently as with
BDDs. One use of combining Boolean and real-valued variables is in constructing the
set of reachable states for a concurrent timed system. The effectiveness of the data
structure and associated algorithms is demonstrated by analyzing two timed versions
of Milner’s scheduler for which the set of reachable states are computed in polynomial
time using DDDs, while the toolsKronos andUppaal both take exponential time.

One path that could be taken when extending the results of the paper would be to
generalize the difference constraints to linear inequalities

∑n
i=1 aixi . c ordered by a

total ordering. The basic data structure and theApply algorithm would be unchanged. In
the existential quantification the only change is inRelax, wherex is isolated and new
inequalites are obtained by substituting the inequality forx. In eliminating infeasible
paths, a general linear programming solver must be used, e.g, the simplex algorithm.
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Abstract. Hybrid automata have been introduced in both control en-
gineering and computer science as a formal model for the dynamics of
hybrid discrete-continuous systems. In the case of so-called linear hy-
brid automata this formalization supports semi-decision procedures for
state reachability, yet no decision procedures due to inherent undecid-
ability [4]. Thus, unlike finite or timed automata, already linear hybrid
automata are out-of-scope of fully automatic verification.
In this article, we devise a new semi-decision method for safety of lin-
ear and polynomial hybrid systems which may only fail on pathological,
practically uninteresting cases. These remaining cases are such that their
safety depends on the complete absence of noise, a situation unlikely to
occur in real hybrid systems. Furthermore, we show that if low proba-
bility effects of noise are ignored akin to the way they are suppressed in
digital modelling then safety becomes fully decidable.

Keywords: Hybrid Systems, Verification, Decision Procedures

1 Introduction

Hybrid systems consist of interacting discrete and continuous components. Most
embedded systems belong to this class of systems, as they operate within tightly
coupled networks of both types of components. Consequently, integration of
discrete and continuous reasoning within a single formal model has recently
attracted much interest. The hope is that such combined formalisms may ulti-
mately help in developing real embedded systems.

Among such formalisms, the automata-based ones provide the most immedi-
ate prospect for mechanization. Roughly, hybrid automata can be characterized
as a combination of finite automata whose transitions are triggered by predicates
on the continuous plant state with a description of the evolution of the continuous
plant. The latter consists of a set of real-valued variables that are governed by
sets of syntactically restricted differential (in-)equations from which a currently
active set is selected depending on the current automaton state. Mechanization
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of hybrid-automaton verification has partly become true, as e.g. the HyTech
tool [3] supports among others a semi-decision procedure for state reachability in
linear hybrid automata, which can — at least in principle, if complexity does not
become prohibitive — be used for effectively falsifying safety properties. How-
ever, as state reachability has been shown to be undecidable for linear hybrid
automata [4], the complementary problem, i.e. verifying a safety property by
showing that no undesirable state may ever be reached, cannot always be done
effectively.

However, it is illustrating to take a closer look at the proof technique used
in [4] for showing undecidability of state reachability in linear hybrid automata.
The core machinery is an instantiation of the following proof pattern:

Effectively encode two-counter machines by hybrid automata, represent-
ing the counter values by two continuous variables of bounded range. E.g.,
by variables of range [0, 1] through the embedding ε defined as ε(k) = 2−k.

Although the results thus obtained are formally correct and absolutely well-done,
their relevance to the practical design problems hybrid automata are intended
to cover is questionable. The encodings used (e.g. ε) encode infinite information,
namely the set of natural numbers, within a compact interval of continuous
states, whereas the ubiquity of noise limits the information content encodable
by any bounded continuous variable encountered in real hybrid systems to a finite
value. Hence, on simple information-theoretic grounds, the undecidability results
thus obtained can be said to be artefacts of an overly idealized formalization.

However, while this implies that the particular proof pattern sketched above
lacks physical interpretation, it does not yield any insight as to whether the
state reachability problem for hybrid systems featuring noise is decidable or
not. We conjecture that there is a variety of realistic noise models for which
the problem is indeed decidable. Within this article, we demonstrate this on a
very simple model of noise, which we combine with a pragmatic attitude towards
thresholds for noise being considered relevant. In Sect. 3 we devise a new decision
method that is able to decide safety for those hybrid automata where safety
does not depend on the complete absence of noise, i.e. which, if not unsafe, can
tolerate some amount of noise without becoming unsafe. Furthermore, Sect. 4
shows that the aforementioned decision method can cope with arbitrary hybrid
systems whenever low-probability effects of noise are neglected. A technical side-
condition for both results is that the safety region or the continuous state space
of the hybrid automaton be bounded or — which is slightly more general — has
strongly finite diameter (cf. Def. 1) wrt. an arbitrary metrics.

Related work. To the best of our knowledge, dynamics of hybrid automata under
noise has so far only been analyzed for the subclass of timed automata, where
two fundamentally different models of the “robust”, noise-resistant behaviour
of timed automata have been proposed by Gupta, Henzinger, and Jagadeesan
[2] and by Puri [6] (both reports do, however, sketch generalizations to hybrid
automata). While in the former line of work, the idealized behavioural model
of timed automata is essentially kept and only filtered a posteriori by removing
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accepted and adding rejected trajectories that are isolated wrt. some topology
on trajectories, the latter is more akin to our approach in that it models the
impact of noise (i.e. clock drift, if only timed automata are dealt with) as a
widening of the transition relation and defines the reachable states as those that
are reachable under arbitrarily small positive noise.

2 Hybrid automata

We start our investigation by providing a formalization of hybrid automata. The
class of hybrid automata we will deal with goes beyond linear hybrid automata
in that we will allow polynomial (instead of only linear) activities and polyno-
mial (instead of linear) predicates for state invariants, transition guards, and
transition effects. The reasons for adopting a more general class than usual are
twofold. First, all our results can be shown for this more general class without
any extra effort. Second, all definitions, statements, and proofs concerning this
class of hybrid automata are more compact as no need to keep state invariants
separate from activity predicates and transition guards separate from transition
effects arises. Instead, every state and transition can be described by just one
polynomial predicate, formalised through the first-order logic over the real-closed
field, denoted FOL(IR,+,×) in the remainder.

Therefore, within this article, a (polynomial) hybrid automaton of dimension-
ality d (d ∈ IN) is a six-tuple

(Σ,x, (actσ)σ∈Σ , (transσ→σ′ )σ,σ′∈Σ , (initialσ)σ∈Σ , (safeσ)σ∈Σ) ,

where Σ is a finite set, representing the discrete states, and x = (x1, . . . , xd) is
a vector of length d of variable names, the continuous variables of the hybrid
system.1 (actσ)σ∈Σ is a Σ-indexed family of formulae from FOL(IR,+,×) with
free variables

↼
x ,x, representing the continuous activities and corresponding state

constraints, and (transσ→σ′ )σ,σ′∈Σ a doubly Σ-indexed family of formulae from
FOL(IR,+,×) with free variables

↼
x ,x, representing the discrete transitions and

their guarding conditions. Finally, (initialσ)σ∈Σ and (safeσ)σ∈Σ are Σ-indexed
families of formulae from FOL(IR,+,×) with free variables x representing the
initial and the safe states of the hybrid automaton.

The interpretation is as follows:

– An activity predicate actσ defines the possible evolution of the continuous
state while the system is in discrete state σ. Hooked variable names in the
predicate refer to the values of the corresponding system variables beforethe
activity, while undecorated variable names refer to the values thereafter. A
satisfying valuation I↼

x ,x
of its free variables

↼
x ,x is interpreted as: if the

system is in state σ and its continuous variables have values I↼
x

then the
continuous variables may evolve to Ix while staying in state σ.

1 Here and in the following, we use the convention to print vectors of variables or
constants in boldface. All these vectors have length d.
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Note that this single predicate thus generalizes both the state invariants and
the activity functions of classical hybrid automata. E.g. the activity predicate

∃∆t . ↼x +3 ×∆t ≤ x ∧ x <
↼
x +5 ×∆t ∧ 4 < x ∧ x ≤ 10

encodes both the linear activity ẋ ∈ [3, 5) and the state invariant x ∈ (4, 10].

– A transition predicate transσ→σ′ defines when the system may evolve from
state σ to state σ′ by a discrete transition (i.e., it specifies the transition
guard) and what the effect of that transition on the continuous variables is.
A satisfying valuation I↼

x ,x
of its free variables

↼
x ,x is interpreted as: if the

system is in state σ and its continuous variables have values I↼
x

then the
system may evolve to state σ′ with its continuous variables taking the new
values Ix.
Assignments as present in hybrid automata are simple to represent in this
framework: e.g. for a hybrid system with continuous variables (x1, . . . , x8) the
assignment x7 := 5 (where all other continuous variables are left unchanged)
is encoded by the predicate x7 = 5∧∧i∈{1,...,6,8} xi =

↼
xi. Accordingly, guards

are simply encoded through predicates over the hooked variables: e.g. the
guard x3 > 11 is represented by

↼
x3> 11. A transition with guard x3 > 11

and assignment x7 := 5 is thus encoded by the predicate
↼
x3> 11 ∧ x7 = 5 ∧ ∧i∈{1,...,6,8} xi =

↼
xi .

Multiple different transitions between the same state pair can be represented
by disjunction of their encodings.

It should be noted that there is no strict need to distinguish between activities
and transitions in FOL(IR,+,×). This is just a matter of convenience for the
further development.

Dynamic behaviour. During execution, hybrid automata engage in an al-
ternating sequence of discrete transitions and evolution phases, where the con-
tinuous variables evolve according to an activity. Hence a (partial) execution
containing n ∈ IN transitions comprises n transitions interspersed between n+1
evolution phases, where the final states (wrt. both discrete and continuous state
components) of the evolution phases meet the initial states of the following tran-
sition and vice versa the final states of the transitions meet the initial states of
the following evolution phase. Thus reachability of a final discrete state σ′ and
a final continuous state Ix from an initial discrete state σ and a initial contin-
uous state I↼

x
through an execution containing n transitions can be formalised

through the inductively defined predicate φnσ→σ′ , where

φ0
σ→σ′ =

{
false , if σ �= σ′ ,
actσ , if σ = σ′ ,

φn+1
σ→σ′ =

∨

σ̃∈Σ
∃x1,x2 .




φnσ→σ̃ [x1/x]∧
trans σ̃→σ′ [x1,x2/

↼
x ,x]∧

actσ′ [x2/
↼
x ]




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A hybrid automaton is called safe iff it may never reach an unsafe state. As
usual, an unsafe state is considered reachable iff there is a partial execution (of
arbitrary length) from some initial state to a state not belonging to the set of
safe states. An unsafe state is reachable in at most n steps iff there is such a
partial execution containing at most n discrete transitions.

The latter property can be easily formalised using the formalization of partial
run: an unsafe state is reachable within n steps iff φiσ→σ′∧initialσ[

↼
x /x]∧¬safeσ′

is satisfiable for some discrete states σ and σ′ and some i ≤ n. This is equivalent
to satisfiability of the formula

Unsafen
def=

∨

σ′∈Σ
Reach≤n

σ′ ∧ ¬safeσ′ ,

where
Reach≤n

σ′
def=

∨

i∈IN≤n

∨

σ∈Σ
φiσ→σ′ ∧ initialσ[

↼
x /x] (1)

characterizes the continuous states reachable in at most n steps within discrete
state σ′ . Consequently, an unsafe state is reachable iff there is some n ∈ IN for
which Unsafen is satisfiable.

Note that Unsafen is a formula of FOL(IR,+,×) such that reachability of
an unsafe state within at most n steps is decidable due to the decidability of
FOL(IR,+,×) [7]. By successively testing increasing n, this does immediately
yield a (well-known) semi-decision procedure for reachability of unsafe states:

Lemma 1 (Semi-decidability of safety). It is semi-decidable whether a given
polynomial hybrid automaton is unsafe. ��

However, this semi-decision procedure does not generalize to a decision pro-
cedure: state reachability and thus safety is known to be undecidable even for
hybrid automata featuring just two clocks and a single stop-watch [4], where
a clock is a continuous variable having constant slope 1 within any activity,
and a stop-watch is a continuous variable alternating between slopes 0 and 1
only. Thus, undecidability applies already to hybrid automata with just three
continuous variables x1, x2, x3, and activity predicates of only the two forms
(x1 =

↼
x1) ∧ ∧i={2,3}(xi =

↼
xi +∆t) and

∧
i={1,2,3}(xi =

↼
xi +∆t).

Of course, there are lucky cases where the set of reachable hybrid states
stabilizes finitely, i.e. where n ∈ IN exists s.t. for each σ′ ∈ Σ, the formula
Reach≤n

σ′ characterizing the continuous state set reachable in at most n steps
within discrete state σ′ is logically equivalent to its successor Reach≤n+1

σ′ . In such
cases, these finite approximations of the reachable hybrid state set cannot only be
used for falsifying safety properties (as in the semi-decision procedure of Lemma
1), but also for verifying safety. However, as the undecidability result shows, such
stabilization need not occur. Therefore, this analysis, which is supported e.g. by
the HyTech tool [3], is only a partial remedy.
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3 Noise in hybrid automata

Let us step back for a moment and take a philosophical perspective on the
problem just encountered. Unlike finite automata, where the full reach set can
always be constructed in a finite number of steps, namely at most the size of
the state space, the reach set of hybrid automata need not converge finitely.
This suggests that hybrid automata are indeed infinite state systems, where the
infinite memory is provided by the continuous state components. However, real
hybrid systems are always subject to noise, and thus one might suspect that
their continuous components can provide only finite memory. If so, they would
in fact be finite state system, with the size of the state space being the product
of the size of the discrete state space and the effective size of the continuous
state space modulo noise.

But then, the reach set computation of hybrid automata modeling real sys-
tems should also converge finitely, just as with finite automata, yielding decid-
ability of state reachability and safety. And, vice versa, any hybrid automaton
for which safety cannot be determined finitely would then be an unrealistic one
which crucially relies on complete absence of noise for realizing an infinite state
set. We conjecture that the reach set of such a hybrid automaton is practically
uninteresting in that it changes drastically under even the slightest disturbance.

It is the theme of the remainder of this article to make these ideas operational.
In particular, we devise a new procedure for determining state reachability in
polynomial hybrid automata which may fail only on extremely noise-sensitive
borderline cases. Non-termination of this procedure may only occur with hybrid
automata that cannot reach the questioned states, yet may reach them under
even the slightest disturbance. Thus, safety (in the sense of not reaching an
undesirable state) of these automata is practically uninteresting as it crucially
depends on complete absence of noise, and therefore is just a fiction.

3.1 A simple model of noise

We begin by formalizing a simple model of noise in hybrid automata. Within
this model we assume that noise will leave the discrete state set and transitions
unaffected, but will make the evolution phases more nondeterministic. I.e., given
a hybrid automaton

A = (Σ,x, (actσ)σ∈Σ , (transσ→σ′ )σ,σ′∈Σ, (initialσ)σ∈Σ , (safeσ)σ∈Σ) ,

a disturbed variant of A is any hybrid automaton

Ã = (Σ,x, (ãctσ)σ∈Σ̃ , (transσ→σ′ )σ,σ′∈Σ̃ , (initialσ)σ∈Σ̃ , (safeσ)σ∈Σ̃)

with actσ ⇒ ãctσ for each σ ∈ Σ.
Now assume that the continuous state space comes equipped with a first-

order definable metrics dist , with dist(x,y) being its definition in FOL(IR,+,×).
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Furthermore, let ε be a first-order definable constant in IR>0. We say that a
disturbance Ã of A is a disturbance of noise level ε or more wrt. dist iff

∃y .
(
actσ[y/x] ∧ dist(x,y) < ε

)⇒ ãctσ (2)

for each σ ∈ Σ. Thus, evolution phases can drift away within at least an open
ball of radius ε under such disturbances. It seems reasonable to assume that
within any realistic noise field such disturbances exist for some sufficiently small
ε.2

Obviously, a disturbance will yield additional possible behaviours, possibly
leading to otherwise unreachable states. In particular, the disturbed system
yields an overapproximation of the undisturbed system. It comes as a surprise
that, under fairly mild extra conditions, such an overapproximation can be con-
structed within a finite number of steps, as the following lemma shows.

Before we can turn to this central lemma, we have to define the crucial notion
of sets of strongly finite diameter.

Definition 1 (Strongly finite diameter). Let S ⊆ IRd. We say that S has
finite diameter wrt. the metrics dist iff sup{dist(x, y) | x, y ∈ S} < ∞. We say
that S has strongly finite diameter wrt. the metrics dist iff for any ε > 0, each
subset P ⊆ S containing only points that have a mutual distance of at least ε is
finite, i.e. ∀ ε > 0, P ⊆ S .

(∀x, y ∈ P .
(
x �= y ⇒ dist(x, y) ≥ ε

)⇒ |P | <∞).
Note that the notions of finite diameter and strongly finite diameter coincide
for most of the “natural” metrics on IRd, like Euclidean distance, maximum-
norm, and taxi-cab metrics, yet differ for some others, like discrete metrics or
the so-called radar-screen metrics.

In the following, let A be a hybrid automaton, ε > 0, and Ã be a disturbance

of A of noise level ε or more. By R̃each
≤n
σ′ we denote the predicate obtained

from the defining equation (1) when applied to Ã instead of A. Thus, R̃each
≤n
σ′

is a formula in FOL(IR,+,×) formalizing the continuous states reachable by
the disturbed automaton Ã within discrete state σ′. Finally, we denote in the
remainder for any FOL(IR,+,×)-formula φ by [[φ]]x the subset
{

(c1, . . . , cd) ∈ IRd
∣∣∣ I ⊕ [x1 �→ c1, . . . , xd �→ cd] |= φ for some valuation I

}

of IRd.

2 Concerning the range of applicability of the model, it is worth noting that for the
theory exposed in the remainder, the fact that every activity is subject to drift of at
least ε for some ε > 0 is not essential. While we have chosen such a model in order
to simplify exposition, the theory itself can be easily extended to the more general
situation that only every cycle in the discrete state space of the hybrid automaton
(i.e. every alternating sequence of activities and transitions going from some discrete
state σ via other discrete states back to σ) contains at least one activity with drift
of at least ε.
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Lemma 2 (Finite overapproximation). Assume that the reach set RSσ =
⋃
n∈IN[[R̃each

≤n
σ ]]x of Ã has strongly finite diameter wrt. the metrics dist . Then

there is i ∈ IN s.t. the dynamics of the undisturbed hybrid automaton A is con-

tracting on [[R̃each
≤i
σ ]]x, i.e.

∨

σ′∈Σ
∃x1,x2 .




R̃each

≤i
σ′ [x1/x] ∧

transσ′→σ[x1,x2/
↼
x ,x]∧

actσ[x2/
↼
x ]



 ⇒ R̃each
≤i
σ (3)

holds for each σ ∈ Σ. I.e., there is some i ∈ IN s.t. the state space reachable in
the disturbed automaton Ã within i steps is closed under any possible evolution
of A.

Proof. We use contraposition and show that RSσ does not have strongly finite di-
ameter if (3) is invalid for all i ∈ IN. Therefore, we start from the assumption that

out i
def
= ¬(3) is satisfiable for each i ∈ IN. We will show that this implies existence of

an infinite set P ⊂ RSσ of ε-separated points, which implies that RSσ does not have
strongly finite diameter. An appropriate P is defined as

⋃
i∈IN{pi} with pi being an

arbitrary element of [[out i]]x. Note that for each i ∈ IN such a pi exists due to satisfia-
bility of out i. It remains to be shown that

(a) P ⊆ RSσ, (b) P is infinite, and (c) P contains only ε-separated points.

For both (b) and (c) it suffices to show that dist(pi, pj) ≥ ε for i < j. The key argu-
ment towards this is illustrated in Fig. 1. For a formal proof, we show that p ∈ [[out i]]x

implies that p′ ∈ [[R̃each
≤i+1

σ ]]x for each p′ with dist(p, p′) < ε. Therefore observe that
by definition

[[R̃each
≤i+1

σ ]]x

= [[
∨

σ′∈Σ

∃x1,x2 .




R̃each

≤i

σ′ [x1/x] ∧
˜transσ′→σ[x1,x2/

↼
x ,x]∧

ãctσ[x2/
↼
x ]



]]x [Def. of R̃each
≤i+1

σ ]

⊇ [[
∨

σ′∈Σ

∃x1,x2,y .





R̃each
≤i

σ′ [x1/x] ∧
transσ′→σ[x1,x2/

↼
x ,x]∧

actσ[x2,y/
↼
x ,x] ∧

dist(x,y) < ε



]]x [Property (2) of ãct ]

⊇ [[∃y .

(
out i[y/x] ∧
dist(x,y) < ε

)
]]x [Def. out i]

=
{
p′ ∈ IRd

∣∣∣ dist(p, p′) < ε for some p ∈ [[out i]]x
}

.

Hence, p ∈ [[out i]]x and dist(p, p′) < ε implies p′ ∈ [[R̃each
≤i+1

σ ]]x. In particular,

dist(pi, p
′) < ε implies p′ ∈ [[R̃each

≤i+1

σ ]]x . (4)



134 M. Fränzle

˜Reach
≤0
σ

˜Reach
≤1
σ

ε

p0

ε

ε

ε

p0 p1

p3

ε

˜Reach
≤1
σ

˜Reach
≤0
σ

εε

p0 p1

˜Reach
≤1
σ

˜Reach
≤0
σ

˜Reach
≤2
σ

˜Reach
≤2
σ

Point 0 Point 1

p2

Points 2 and 3

˜Reach
≤3
σ

˜Reach
≤4
σ

Fig. 1. Constructing an infinite set of ε-separated points in phase-space. Points pi

are selected s.t. pi �∈ [[R̃each
≤i

σ ]]x, yet is reachable from [[R̃each
≤i

σ ]]x under a transi-
tion followed by an activity of the undisturbed automaton A. Consequently, the dis-
turbed automaton Ã may under the same transition and the corresponding activity
reach any point within the ε-ball around pi s.t. this neighborhood is fully covered by

[[R̃each
≤i+1

σ ]]x. Hence, for j > i, point pj has a minimum distance of ε from pi.

As dist(pi, pi) = 0, this shows that pi ∈ [[R̃each
≤i+1

σ ]]x ⊆ RSσ and thus proves (a).

Furthermore, if i < j then pj �∈ [[R̃each
≤i+1

σ ]]x can be inferred from the fact that by

definition pj ∈ [[out j ]]x and outj entails ¬R̃each
≤j

σ , which in turn entails ¬R̃each
≤i+1

σ

as i + 1 ≤ j. Therefore, (4) yields dist(pi, pj) ≥ ε for i < j, which proves (b) and
(c). 
�

Furthermore, it is easy to see that such an i ∈ IN with the property that
the state space reachable in the disturbed automaton Ã within i steps is closed
under any possible dynamic evolution of A can be determined effectively.

Corollary 1. If the reach set RSσ of Ã has strongly finite diameter for each
σ ∈ Σ, then an i ∈ IN can be effectively determined s.t. property (3) holds for
each σ ∈ Σ.

Proof. For each i ∈ IN, property (3) is a formula of FOL(IR,+,×) and thus decidable.
Hence, by e.g. µ-recursion, an i ∈ IN s.t. property (3) holds for each σ ∈ Σ can be
determined effectively iff there is such an i. However, existence of an i ∈ IN s.t. property
(3) holds is guaranteed by Lemma 2. 
�

Now assume that we have determined an i ∈ IN such that the state space
reachable in the disturbed automaton Ã within i steps is closed under any pos-
sible evolution of A. As the state space reachable by Ã within i steps trivially
covers the initial state set of Ã and thus of A, closure of this state space un-
der the possible dynamic evolutions of A implies that this state space covers all
states reachable by A. This yields the following corollary:

Corollary 2. If the reach set RSσ of Ã has strongly finite diameter for each
σ ∈ Σ, then an i ∈ IN can be effectively determined s.t. for each σ ∈ Σ

⋃

n∈IN

[[Reach≤n
σ ]]x ⊆ [[R̃each

≤i
σ ]]x .
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Proof. By Cor. 1 an i ∈ IN satisfying property (3) can be effectively determined if the
reach set RSσ of Ã has strongly finite diameter for each σ ∈ Σ. Now, property (3)

for each σ ∈ Σ implies that R
def
=
⋃

σ∈Σ{σ} × [[R̃each
≤i

σ ]]x is closed under the possible

evolutions of A. As R contains any initial state of Ã and thus of A, this implies that

R covers all reachable states of A. Therefore,
⋃

n∈IN[[Reach≤n
σ ]]x ⊆ [[R̃each

≤i

σ ]]x for each
σ ∈ Σ. 
�
This implies that if Ã is safe and its reach set has strongly finite diameter then
we obtain within a finite number of iterations — and thus effectively — a witness
for safety of A.

Now assume that the safety condition is such that it implies strongly finite
diameter of the reachable state set, i.e. that [[safeσ]]x has strongly finite diameter
for each σ ∈ Σ. This gives rise to the peculiar situation that falsification of Ã
and verification of A become tightly coupled:

Corollary 3. If safety implies strongly finite diameter, i.e. if [[safeσ]]x has
strongly finite diameter for each σ ∈ Σ,3 then either the disturbed automaton
Ã is unsafe (which can be determined effectively) or safety of the undisturbed
automaton A can be determined effectively.

Proof. We distinguish the two cases that either the reach set RSσ of Ã has strongly
finite diameter for each σ ∈ Σ, or not. In the first case there is an i ∈ IN satisfying
property (3) for each σ ∈ Σ due to Cor. 1. In the second case, the premiss that safety

implies strongly finite diameter implies that ∃ ↼
x,x . ˜Unsafei holds for some i ∈ IN. As

both (3) and ∃ ↼
x ,x . ˜Unsafei are decidable formulae, the minimum i ∈ IN such that

∧
σ∈Σ(3) ∨ ∃ ↼

x ,x . ˜Unsafei (5)

can be determined effectively in either case.
Once such an i has been determined, it remains to check the (decidable) property

∃ ↼
x ,x . ˜Unsafei . If it holds then Ã is unsafe. Otherwise (5) implies that (3) holds for

each σ ∈ Σ. But then, according to Cor. 2,
⋃

n∈IN[[Reach≤n
σ ]]x ⊆ [[R̃each

≤i

σ ]]x , which
implies ⋃

n∈IN[[Reach≤n
σ ]]x ⊆ [[safeσ]]x ,

as ∃ ↼
x ,x . ˜Unsafei does not hold. I.e., A has then been shown to be safe. 
�

An illustration of the verification procedure outlined in above corollary can be
found in Fig. 2.

Now, let us take a look at what is a pragmatically reasonable correctness
criterion for hybrid systems. It is pragmatically clear that a system should not
be called safe if no more than the slightest disturbance is necessary to render it
unsafe. This motivates the following definition of robustness.

Definition 2 (Robustness). A hybrid system is called fragile if it is safe, yet
any disturbance of arbitrarily small positive noise level is unsafe. All other hybrid
systems are called robust. I.e., a hybrid automaton A is robust iff it is unsafe or
there is an ε > 0 and a safe disturbance Ã of noise level ε or more.
3 Note that for Euclidean distance or equivalent metrics, this condition is equivalent to

the safety region being finitely bounded, a case frequently encountered in practice.
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Fig. 2. Verification using the technique of Cor. 3. Top left: A hybrid automaton A. Top
right: Some steps of its reach set computation. Bottom: Reach set computation for a

disturbed variant of noise-level 1 under the max. norm. Shaded parts denote [[R̃each
≤i

σ ]]x
while solid colour denotes the states reachable by the undisturbed automaton from
[[Reach≤i−1

σ ]]x. Note that reach set computation neither terminates for A nor for its

disturbed variant, yet A is contracting on [[R̃each
≤2

σ ]]x.

As practical interest clearly is in robust systems only, the following theorem,
which states that robust systems can (at least in principle) be automatically
verified, is a strong result.

Theorem 1 (Decidability of reachability for robust systems). If A is a
robust hybrid automaton, and if safety implies strongly finite diameter, then it
is decidable whether A is safe.

Proof. A semi-decision procedure for A being unsafe has already been devised in
Sect. 1. Hence, it remains to establish a semi-decision procedure for safety of robust
automata. This can be done as follows:

1. Select some n ∈ IN.
2. Build the hybrid automaton Ã

def
= A 1

n
, where for arbitrary δ ≥ 0,

Aδ
def
= (Σ, I,x, (ãctσ)σ∈Σ, (transσ→σ′)σ,σ′∈Σ)

with ãctσ
def
= ∃y . actσ[y/x] ∧ dist(x,y) < δ .
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3. Using Cor. 3, determine whether Ã is unsafe or A is safe. In the former case select
a strictly greater n ∈ IN than before and redo from step 2. Otherwise a witness for
safety of A has been found. Terminate successfully. 
�

Now, given the fact that robust systems can be automatically verified, it remains
the question whether robustness can be automatically detected.

Corollary 4 (Undecidability of robustness). It is undecidable whether a
hybrid automaton is robust or fragile, even when we restrict interest to safety
predicates that imply strongly finite diameter. It is, however, semi-decidable in
the latter case.

Proof. Let us restrict attention to safety predicates that imply strongly finite diam-
eter. All fragile systems are by definition safe (cf. Def. 2). Hence, safety of a hybrid
automaton is trivially decidable once it is known to be fragile. Likewise, by the extra
condition on safety predicates, safety of a hybrid automaton is decidable due to theo-
rem 1 once it is known to be robust. Consequently, decidability of being robust would
imply decidability of safety for arbitrary hybrid automata. However, state reachability
and thus safety is undecidable even for linear hybrid automata with finitely bounded
state space (where safety trivially implies strongly finite diameter wrt. e.g. Euclidean
distance) [4], and therefore robustness is undecidable.

It is, however, semi-decidable by a minor variation of the decision procedure of
theorem 1: a hybrid automaton A is robust iff it is either unsafe or there is some noise
level ε > 0 and some disturbed variant Ã of noise level ε or more that is safe. However,
in the latter case A also has a disturbed variant of positive noise level that is not only
safe, but also robust itself, e.g. the automaton A ε

2
. Therefore, a hybrid automaton

A is robust iff it is either unsafe or there is some noise level ε > 0 such that A ε
2

is
robust and safe. The first case is semi-decidable by the semi-decision procedure for
being unsafe devised in Sect. 1, while the latter case is semi-decidable by applying the
semi-decision procedure for safety of robust automata of Theorem 1 to the automata
A 1

2n
for successively smaller n. 
�

The undecidability result, while disappointing, should nevertheless be no serious
obstacle in practice. It is good engineering practice to make systems tolerant
against noise. Thus, any well-engineered system should be robust s.t. the decision
procedure of theorem 1 comes to an answer. A simple sufficient criterion for
robustness is nevertheless currently unknown. This comes as no surprise, as the
same applies even for the related notion of robustness of timed automata [6].
However, robustness of timed automata is decidable.

Even without decidability of robustness, it is in principle possible to compute
the exact noise margin that a hybrid automaton can cope with. Here, the noise
margin that a hybrid automaton A can cope with is defined as

Noisemargin(A) def= sup
{
ε > 0

∣∣∣∣
A has a safe disturbance Ã
of noise level ε or more

}
,

with sup ∅ def= 0, for the sake of completeness.

Theorem 2 (Computability of robustness margins). For any hybrid au-
tomaton A where safety implies strongly finite diameter, the maximum noise
margin Noisemargin(A) that A can cope with can be computed effectively (in the
sense of computable real numbers).
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Proof. We use the following definition of computable real numbers: a real number x
is computable iff there is an algorithm that given as input a positive rational number
denoting the desired precision yields an approximation of x of at least that precision.
I.e., given any rational number δ > 0 it yields a rational number x̃ with x−δ ≤ x̃ ≤ x+δ.
To achieve this, it suffices to have an effective procedure that determines for every pair
a < b of rational numbers whether x ≤ b or x ≥ a in the following sense: if a ≤ x ≤ b
then it may give an arbitrary answer; if however x < a (x > b, resp.) then it gives the
definitive answer x ≤ b (x ≥ a, resp.).

Such a procedure exists for the noise margin: It suffices to apply Cor. 3 to the two
automata Aa and Ab instead of A and Ã. The decision procedure outlined there will
either prove Aa to be safe, in which case Noisemargin(A) ≥ a follows, or proves Ab to
be unsafe, in which case Noisemargin(A) ≤ b follows. 
�

4 Practical modelling issues

Let us finally take a pragmatic attitude towards hybrid system modelling. To
this end, we would like to abstract from the impact of noise on the continuous
components in a similar way as is generally done for the discrete components in
finite-state modelling. The digital model used for modelling digital components
as finite state systems is inherently approximative, as low probability deviations
— e.g., due to noise — from the ideal digital behaviour are simply neglected.
Thereby, no identifiable threshold probability is used for distinguishing effects
that are to be modelled from those which may be neglected. Instead, a wide
variety of thresholds is accepted in favor of a uniform model, ranging from the
extremely low probability of noise-induced error within synchronously clocked
subsystems to the far higher probability of error at the interface to an asyn-
chronous environment occurring due to metastable states — known as synchro-
nization failure [1]. This leads to the effect that some unmodelled behavioural
aspects may well have higher overall probability than some of the modelled ef-
fects.

There is no reason to be more demanding wrt. modelling of the continuous
behaviour than wrt. discrete behaviour. I.e., just as with discrete transitions
the model-builder may freely include or exclude some of the low-probability
effects. However, instead of letting the model-builder do the selection we may as
well let the verification algorithm do so itself. I.e., the model builder is asked to
devise both a hybrid automaton A excluding all (or most) low-probability effects
of noise on the continuous components and a hybrid automaton Ã including
all (or most) low-probability effects. This would apparently lead to Ã being a
disturbance of A of noise level ε or more for some ε > 0. As we do not really
care for the low-probability effects, the verification algorithm is then deliberately
free to construct an arbitrary intermediate model and to decide its safety. I.e.,
we insist that our verification procedure gives a positive answer whenever both
A and Ã (and hence all intermediate models) are safe and a negative answer
whenever both A and Ã (and hence all intermediate models) are unsafe. But we
will accept any answer if A is safe and Ã is unsafe.

This might look like a complication, but in fact ideally fits the verification
procedures outlined in Sect. 3: if safety implies strongly finite diameter then
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above proof obligation can be discharged automatically according to Cor. 3. I.e.,
given such a pragmatic modelling discipline, the safety verification problem for
linear or polynomial hybrid automata can be solved fully automatically in the
important case of a bounded safety region.

Practitioners may object that practical problems with tools like HyTech [3]
are not primarily caused by nontermination of the verification procedure due
to the inherent undecidability of state reachability. Often, problems arise due
to the extremely large number of iterations needed until the reachable state set
stabilizes and due to the numerical precision needed for representing those inter-
mediate state sets. However, the pragmatic modelling discipline sketched here,
together with the verification technology of Cor. 3, helps overcome these other
problems also. First of all, less applications of the transition relation and the
evolution predicates are generally needed for constructing an overapproximation
with Cor. 3 than for reaching the fixed point in an incremental calculation of
the reachable state space. Second, we may reduce the precision needed in the
calculations as we may freely replace Ã by a slightly less disturbed variant B of
A that upon each activity applies some rounding discipline to the corner points
of the reachable state sets in order to reduce the necessary numerical precision.

5 Discussion

We have been able to show that safety of linear and polynomial hybrid automata
can be decided algorithmically in most practically interesting cases featuring
a bounded (or at least strongly finite wrt. some metrics) safety region. The
remaining cases are such that their safety depends on the complete absence of
noise and, furthermore, apply dissimilar approximation schemes for modelling
the discrete and continuous parts of the system, as explained in Sect. 4.

Instrumental to that success has been the insight that a common proof pat-
tern of undecidability results for hybrid-systems formalisms does rely on arte-
facts of the formalization rather than on an encoding of inherent complexity of
the design problem. In a nutshell, those proofs rely on storing infinite informa-
tion, namely an encoding of the state set of a counter automaton, by continuous
variables of bounded range, whereas only a finite part thereof can become effec-
tive in any embedded control application due to the ubiquity of noise. We have
shown that already with a simplistic model of noise, combined with a pragmatic
attitude towards thresholds for noise being considered relevant, the problem of
undecidability can be overcome. In this sense, an ounce of realism can save an
infinity of states in the analysis of hybrid systems.

However, it may be argued that the model of noise employed in Sect. 3 is too
simplistic. Indeed, a realistic model of noise should better be quantitative, repre-
senting noise as a probabilistic process. Within this article we have deliberately
refrained from this, as such a model would hardly yield any practical verifica-
tion procedure due to the large computational overhead caused by calculating
the density function when iterating the probabilistic transition and evolution
steps. I.e., in contrast to the positive effects on the practical complexity of the
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abstract an infinite-state system into a finite-state one. This suggests an alter-
native approach to the temporal verification of infinite-state systems: abstract
first and model check later.

In this work, we present a general framework for abstracting an arbitrary
(infinite-state) reactive system D and its specification expressed as a linear tem-
poral logic (ltl) formula ψ, to a finite state problem that can be model-checked.
The unique features of this abstraction method is that it takes full account of all
the fairness assumptions (including strong fairness) associated with the system
D and can, therefore, establish liveness properties, in contrast to most other
abstraction approaches that can only support verification of safety properties.

Applying the method of finitary abstraction for the proofs of liveness proper-
ties, we find that, sometimes, pure abstraction is no longer adequate. For these
cases, it is possible to construct an additional module M , to which we refer as
a progress monitor , such that the augmented system D ‖|M has essentially the
same set of computations as the original D and can be abstracted in a way which
preserves the desired liveness property. We refer to this extended proof method
as the method of verification by augmented abstraction (vaa). We proceed in
showing that the vaa method is both sound and complete, thus promoting it to
the status of becoming an alternative to the verification of infinite-state systems
by temporal deduction.

Our presentation takes the automata-theoretic approach to program verifica-
tion. This approach reduces the verification problem to the emptiness problem
of Büchi automata. The approach was first developed for finite state programs
[VW86], then augmented to deal with infinite-state programs in [Var91].

We represent the verified system by a fair discrete system (fds) which is
an infinite-state Streett automaton. The negated ltl property is represented
by a tester which is an infinite-state multi-Büchi automaton. We form the syn-
chronous composition of the two automata and transform the resulting fds into
a Büchi discrete system (bds), which is an infinite-state Büchi automaton A.
Following the automata theoretic approach, we have to prove the emptiness of
A. Using abstraction, we transform the problem of checking the emptiness of an
infinite-state automaton (A) into the emptiness problem of a finite automaton.
Our completeness result means that every infinite state Büchi automata can be
abstracted into a finite state automaton, with a weak preservation of the emp-
tyness property. Equivalently, every ltl property on an infinite-state program,
can be transformed by augmented abstraction into the problem of emptiness of
a finite automaton.

The idea of using abstraction for simplifying the task of verification is cer-
tainly not new with us. Even the observation that, in many interesting cases,
infinite-state systems can be abstracted into finite-state systems which can be
model checked has been made before. The main contributions of the paper can
be summarized as

• Observing that for some verification tasks involving liveness, pure abstrac-
tion is inadequate, and devising the method of verification by augmented
abstraction (vaa).
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• Establishing a (remarkably simple) deductive rule for proving emptiness of
a simple (Büchi) fds, which is an infinite-state automata with Büchi accep-
tance conditions.

• Establishing completeness of the vaa method.

1.1 Related Work

There has been an extensive study of the use of data abstraction techniques,
mostly based on the notions of abstract interpretation (a partial list [CC77],
[CH78], [CGL94], [CGL96] [DGG97]). Most of the previous work was done in a
branching context which complicates the problem if one wishes to preserve both
existential and universal properties. None of these articles considers explicitly
the question of fairness requirements and how they are affected by the abstrac-
tion process. Approaches based on simulation and studies of the properties they
preserve are considered in [BBLS92] and [GL93]. A linear-time application of ab-
stract interpretation is proposed in [BBM95], applying the abstractions directly
to the computational model of fair transition systems which is very close to the
fds model considered here. However, the method is only applied for the verifi-
cation of safety properties. Liveness, and therefore fairness, are not considered.

In [MP91a], a deductive methodology for proving temporal properties over
infinite state system is presented. This methodology, based on a set of proof
rules, is proved to be complete, relative to the underlying assertion language.
This proof rules and the completeness proof are based on the fts computation
model [MP91b]. The translation of the rules and completeness proof to the fair
discrete system (fds) model is presented in [KP98].

Verification diagrams, presented in [MP94], provide a graphical representa-
tion of the deductive proof rules, summarizing the necessary verification con-
ditions. A verification diagram is a finite graph, which can be viewed as a fi-
nite abstraction of the verified system, with respect to the verified property. In
[BMS95], [MBSU98], the notion of a verification diagram is generalized, allowing
a uniform verification of arbitrary temporal formulas. The gvd can be viewed as
an abstraction of the verified system which is justified deductively and verified
by model checking. The gvd method is also shown to be sound and complete.
The abstraction constructed by this method is based on the fts computation
model, and can be viewed as an ω-automaton with either Street ([BMS95]) or
Muller ([MBSU98]) acceptance condition. A dual method to vd and gvd is the
deductive model checking (dmc) presented in [SUM96]. Similar to vd and gvd,
this method tries to verify a temporal property over an infinite state system,
using a finite graph representation. The method is demonstrated to terminate
on many infinite state systems, but is not shown to be complete. An (ltl-based)
general approach to abstraction has been independently developed in [Uri99].

An important development in the theory and implementation of verification
by finitary (and other types of) abstraction is reported in [BLO98]. The paper
describes the support system InVest, which employs various heuristics for the
automatic generation of finitary abstractions for a given system. InVest has
managed to compute automatically the abstraction presented in our example
Fig. 9.
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2 A Computational Model: Fair Discrete Systems

As a computational model for reactive systems, we take the model of a fair
discrete system (fds). An fds D : 〈V,Θ, ρ,J , C〉 consists of the following com-
ponents.

• V = {u1, ..., un} : A finite set of typed system variables, containing data and
control variables. The set of states (interpretation) over V is denoted by Σ.

• Θ : The initial condition – an assertion characterizing the initial states.

• ρ : A transition relation – an assertion ρ(V, V ′), relating the values V of the
variables in state s ∈ Σ to the values V ′ in a D-successor state s′ ∈ Σ.

• J = {J1, . . . , Jk} : A set of justice requirements (weak fairness). The jus-
tice requirement J ∈ J is an assertion, intended to guarantee that ev¡ery
computation contains infinitely many J-states (states satisfying J).

• C = {〈p1, q1〉, . . . 〈pn, qn〉} : A set of compassion requirements (strong fair-
ness). The compassion requirement 〈p, q〉 ∈ C is a pair of assertions, intended
to guarantee that every computation containing infinitely many p-states also
contains infinitely many q-states.

We require that every state s ∈ Σ has at least one D-successor. A computation
of an fds D is an infinite sequence of states σ : s0, s1, s2, ..., satisfying the
requirements:

• Initiality: s0 is initial, i.e., s0 |= Θ.

• Consecution: For each j = 0, 1, ..., the state sj+1 is a D-successor of sj .

• Justice: For each J ∈ J , σ contains infinitely many J-positions

• Compassion: For each 〈p, q〉 ∈ C, if σ contains infinitely many p-positions,
it must also contain infinitely many q-positions.

We denote by Comp(D) the set of all computations of D. An fds D is called
feasible if Comp(D) 6= ∅. The feasibility of a finite-state fds can be checked
algorithmically, using symbolic model checking, as presented in [KPR98]. A state
is called D-reachable if it appears in some computation of D.

Let U ⊆ V be a set of variables. Let σ be an infinite sequence of states.
We denote by σ ⇓U the projection of σ onto the subset U . We denote by
Comp(D) ⇓U the set of computations of D, projected onto the set of vari-
ables U . Let D1: 〈V1, Θ1, ρ1,J1, C1〉 and D2: 〈V2, Θ2, ρ2,J2, C2〉 be two fds’s and
U ⊆ V1∩V2. We say that D1 is U -equivalent to D2 (D1 ∼

U
D2) if Comp(D1)⇓U=

Comp(D2)⇓U .

All our concrete examples are given in spl (Simple Programming Language),
which is used to represent concurrent programs (e.g., [MP95], [MAB+94]). Every
spl program can be compiled into an fds in a straightforward manner (see
[KPR98]). The predicates at−`0 and at−`′1 stand, respectively, for the assertions
πi = 0 and π′

i = 1, where πi is the control variable denoting the current location
within the process to which the statement belongs.
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2.1 Synchronous Parallel Composition

Let D1 : 〈V1, Θ1, ρ1,J1, C1〉 and D2 : 〈V2, Θ2, ρ2,J2, C2〉 be two fair discrete sys-
tems. We define the synchronous parallel composition of D1 and D2, denoted by
D1 ‖|D2, to be the system D : 〈V,Θ, ρ,J , C〉, where,

V = V1 ∪ V2 Θ = Θ1 ∧Θ2 ρ = ρ1 ∧ ρ2 J = J1 ∪ J2 C = C1 ∪ C2

As implied by the definition, each of the basic actions of system D consists
of the joint execution of an action of D1 and an action of D2. We can view
the execution of D as the joint execution of D1 and D2. The main use of the
synchronous parallel composition is for coupling a system with a tester which
tests for the satisfaction of a temporal formula, and then checking the feasibility
of the combined system. In this work, synchronous composition is also used for
coupling the system with a monitor , used to ensure completeness of the data
abstraction methodology.

2.2 From fds to jds

An fds with no compassion requirements is called a just discrete system (jds).
Let D : 〈V,Θ, ρ,J , C〉 be an fds such that C = {(p1, q1), . . . , (pm, qm)} and
m > 0. We define a jds D′ : 〈V ′, Θ′, ρ′,J ′, C′ : ∅〉 which is V -equivalent to D
as follows. First we construct m similar jds’s, D1, . . . ,Dm, one for each compas-
sion requirement (pi, qi) ∈ C. The jds Di representing a compassion requirement
(pi, qi), is presented in Fig. 1.

q

¬p

¬p

πi = 0πi = 1 πi = 2

Fig. 1. A jds Di for a single compassion requirement (pi, qi) ∈ C

Each Di consists of the components Vi = {πi : [0..2]}, initial condition Θi : (πi =
0), a single justice requirement Ji : (πi > 0) and no compassion requirements.
The jds D′ is given by D′ : D‖|D1‖| . . . ‖|Dm.
2.3 From jds to bds

A jds with a single justice requirement is called a Büchi discrete system (bds).
Let D : 〈V,Θ, ρ,J , C : ∅〉 be a jds such that J = {J1, . . . , Jk} and k > 1. We
define a bds B : 〈VB, ΘB, ρB,JB : {J}, CB : ∅〉 which is V -equivalent to D :

• VB = V ∪ {u}, where u is a new variable not in V , interpreted over [0..k].
• ΘB : u = 0 ∧ Θ.
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• ρB:ρ(V,V ′)∧
k∨
i=0

(u = i) ∧ u′ =




case
u = 0 : 1
u = i > 0 ∧ J ′

i : (u+ 1)mod (k + 1)
true : u

esac




• JB = {J}, where J is the single justice requirement J : (u = 0).

3 Requirement Specification Language: Temporal Logic
As a requirement specification language for reactive systems we take linear tem-
poral logic (ltl) [MP91b]. For simplicity, we consider only the future fragment
of the logic. Extending the approach to the full logic is straightforward.

We assume an underlying assertion language L which contains the predicate
calculus and interpreted symbols for expressing the standard operations and
relations over some concrete domains. A temporal formula is constructed out
of state formulas (assertions) to which we apply the boolean operators ¬ and
∨, and the basic temporal operators 2 (next) and U (until). A model for a
temporal formula p is an infinite sequence of states σ : s0, s1, ..., where each
state sj provides an interpretation for the variables in p. We refer the reader to
[MP91b, MP95] for the semantics of temporal formulas.

Given a model σ we denote by (σ, j) |= p the notion of a temporal formula
p holding at a position j ≥ 0 in σ. If (σ, 0) |= p, we say that p holds on σ, and
denote it by σ |= p. A formula p is called satisfiable if it holds on some model. A
formula p is called valid (|= p), if it holds on all models. Two formulas p and q are
equivalent (p ∼ q,) if p↔ q is valid. Given an fds D and a temporal formula p,
we say that p is D-valid (D |= p,) if p holds on all models which are computations
of D. We say that a temporal formula p is finitary if the vocabulary V of p is
finite and, for each variable v ∈ V , v ranges over a finite domain.

Testers for Temporal Formulas

Given an ltl formula ϕ, we construct a tester Tϕ which is a jds characterizing
the set of all sequences satisfying ϕ. The variables of Tϕ consist of the vocabulary
of ϕ plus a set of auxiliary boolean variables

Xϕ : {xp | p ∈ ϕ a principally temporal sub-formula of ϕ}
We refer the reader to [KPR98] for the construction of testers. This construction
was inspired by [CGH94], which is based on the non-symbolic constructions
[LP85], [VW86].

4 Reducing Verification to Infeasibility

Let D be an fds and ψ be a temporal property. The verification problem D
?
|= ψ

can be reduced to an infeasibility problem, as follows:

• Construct a tester T¬ψ for the negated property ¬ψ.
• Construct the synchronous parallel composition D‖|T¬ψ.
• Transform the fds D‖|T¬ψ into an equivalent bds B(D,¬ψ).

Claim 1. D |= ψ iff Comp(B(D,¬ψ)) = ∅, i.e., B(D,¬ψ) is infeasible [Var91].
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5 Infeasibility of a bds: A Deductive Verification

The standard approach for proving infeasibility of a bds B : 〈V,Θ, ρ,J : {J}, C :
∅〉, is to define a ranking function δ which maps the reachable states of B into a
well founded domain. The ranking function is required to satisfy the conditions
that every transition of B does not increase the rank and every transition into
a state satisfying J , the single justice requirement of B, decreases the rank.
The (possibly infinite) set of reachable states of B can be characterized (over-
approximated) by an inductive assertion ϕ. In Fig. 2 we present rule well, a
deductive rule that can be used to establish infeasibility of a bds B.

For an assertion ϕ,
a single justice requirement J ,
a well founded domain (W,≺),
and a ranking function δ : ΣV 7→ W

W1. Θ → ϕ
W2. ρ ∧ ϕ → ϕ′ ∧ δ′ � δ
W3. ρ ∧ ϕ ∧ J′ → ϕ′ ∧ δ′ ≺ δ

Comp(B) = ∅

Fig. 2. Rule well.

Rule well is both sound and (relatively) complete. Soundness of the rule means
that, given a bds B, if we can find a ranking function δ and an assertion ϕ, such
that ϕ and δ satisfy the three premises W1–W3, then B is indeed infeasible.
To see this, assume, to the contrary, that B is feasible. Then B has an infinite
computation σ: s0, s1, . . . , such that for infinitely many states si in σ, si |= J .
Then, from premises W2 and W3, there exists an infinite sequence of states over
which the ranking function δ decreases and never increases in any other step.
Since δ is defined over a well-founded domain, this is clearly impossible. The
completeness of rule well is stated in the following claim:

Claim 2. Let B : 〈V,Θ, ρ,J : {J}, C : ∅〉 be a bds. If B is infeasible, then there
exist an assertion ϕ, a well founded domain (W ,≺) and a ranking function
δ:ΣV 7→ W satisfying the premises of rule well.

Proof (sketch): To prove the claim, we have to find both an assertion ϕ and a
ranking function δ which satisfy the premises W1–W3 of rule well. The proof of
existence of an assertion ϕ characterizing the set of all reachable states of a bds
is presented in [MP91b] (Section 2.5). The existence of a well founded domain
(W ,≺) and ranking function δ satisfying the premises W1–W3, is shown in
[Var91], based on [LPS81] and [GFMdR85]. ut

Let D be an fds and ψ be a temporal property such that D |= ψ. Based
on claims 1 and 2, we can identify an assertion and a ranking function, which
satisfy the three premises of rule well for the bds B(D,¬ψ). We denote these
assertion and ranking function by Φ and ∆, respectively.
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6 Finitary Abstraction of a bds

In this section, we present a general methodology for data abstraction of a bds,
derived from the notion of abstract interpretation [CC77]. For more details see
[KP98b]. Let B = 〈V,Θ, ρ,J : {J}, C: ∅〉 be a bds, and Σ denote the set of states
of B, the concrete states . Let α : Σ 7→ Σ

A
be a mapping of concrete states into

abstract states . We say that α is a finitary abstraction mapping, if Σ
A

is a finite
set. To provide a syntactic representation of the abstraction mapping, we assume
a set of abstract variables V

A
and a set of expressions Eα, such that the equality

V
A

= Eα(V ) syntactically represents the semantic mapping α. Let p(V ) be an
assertion. We define the operator α+, as follows

α+(p(V )): ∃V
(
V

A
= Eα(V ) ∧ p(V )

)
.

The assertion α+(p) holds for an abstract state S ∈ Σ
A

iff the assertion p holds
for some concrete state s ∈ Σ such that s ∈ α−1(S). This can also be expressed
by the inclusion ‖p‖ ⊆ α−1(‖α+(p)‖). Let B = 〈V,Θ, ρ,J = {J}, C = ∅〉 be a
bds. We define Bα = 〈V

A
, Θα, ρα,J α, Cα〉, the α-abstracted bds, as follows:

Θα = α+(Θ) ρα = α++(ρ) J α = {α+(J)} Cα = ∅
where α++(ρ) : ∃V, V ′(VA = Eα(V ) ∧ V ′

A
= Eα(V ′) ∧ ρ(V, V ′)).

Claim 3 (Weak Preservation). Comp(Bα) = ∅ implies Comp(B) = ∅.
As an example, we consider program bakery-2, presented in Fig. 3.

local y1, y2 : natural where y1 = y2 = 0

`0 : loop forever do

`1 : NonCritical
`2 : y1 := y2 + 1
`3 : await y2 = 0 ∨ y1 < y2

`4 : Critical
`5 : y1 := 0





 ||



m0 : loop forever do

m1 : NonCritical
m2 : y2 := y1 + 1
m3 : await y1 = 0 ∨ y2 ≤ y1

m4 : Critical
m5 : y2 := 0







− P1 − − P2 −
Fig. 3. Program bakery-2: the Bakery algorithm for two processes.

Program bakery-2 is obviously an infinite-state system, since y1 and y2 can
assume arbitrarily large values. The temporal properties we wish to establish are
ψexc : 0 ¬(at−`4 ∧ at−m4) and ψacc : 0 (at−`2 → 1 at−`4). The safety
property ψexc requires mutual exclusion, guaranteeing that the two processes
never co-reside in their respective critical section at the same time. The liveness
property ψacc requires accessibility for process P1, guaranteeing that, whenever
P1 reaches location `2 it will eventually reach location `4.

Following [BBM95], we define abstract boolean variables Bp1 , Bp2 , . . . , Bpk ,
one for each atomic data formula, where the atomic data formulas for bakery-2
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are y1 = 0, y2 = 0, and y1 < y2. The abstract system variables consist of
the concrete control variables, which are left unchanged, and a set of abstract
boolean variables Bp1 , Bp2 , . . . , Bpk . The abstraction mapping α is defined by

α: {Bp1 = p1, Bp2 = p2, . . . , Bpk = pk}
That is, the boolean variable Bpi has the value true in the abstract state iff the
assertion pi holds at the corresponding concrete state. It is straightforward to
compute the α-induced abstractions of the initial conditionΘα and the transition
relation ρα. In Fig. 4, we present program Bakery-2 (with a capital B), the α-
induced abstraction of program bakery-2.

local By1=0, By2=0, By1<y2 : boolean initially By1=0 = By2=0 = 1, By1<y2 = 0

`0 : loop forever do

`1 : NonCritical
`2 : (By1=0, By1<y2) := (0, 0)
`3 : await By2=0 ∨ By1<y2

`4 : Critical
`5 : (By1=0, By1<y2) := (1,¬By2=0)





 ||



m0 : loop forever do

m1 : NonCritical
m2 : (By2=0, By1<y2) := (0, 1)
m3 : await By1=0 ∨ ¬By1<y2

m4 : Critical
m5 : (By2=0, By1<y2) := (1, 0)







− P1 − − P2 −
Fig. 4. Program Bakery-2: the Bakery algorithm for two processes.

Since the properties we wish to verify refer only to the control variables
(through the at−` and at−m expressions), they are not affected by the abstrac-
tion. Program Bakery-2 is a finite-state program, and we can apply model
checking to verify that it satisfies the two properties of mutual exclusion and
accessibility. By Claim 3, we can infer that the original program bakery-2 also
satisfies these two temporal properties.

6.1 Augmentation by Progress Monitors

Program bakery-2 is an example of successful data abstraction. However, there
are cases where abstraction alone is inadequate for transforming an infinite-state
system satisfying a property into a finite-state abstraction which maintains the
property. In the following we illustrate the problem and the proposed solution.

In Fig. 5, we present a simple looping program. The assignment at statement
`2 assigns to y non-deterministically the values y+1 or y. The property we wish
to verify is that program sub-add always terminates.
A natural abstraction for the variable y is defined by

Y = if y = 0 then zero else if y = 1 then one else large,

where y is abstracted into the three-valued domain {zero, one, large}. However,
applying this abstraction yields the abstract program sub-add-abs-1, presented
in Fig. 6, where the abstract functions sub2 and add1 are defined by

sub2 (Y ) = if Y = {zero, one} then zero else {zero, one , large},
add1 (Y ) = if Y = zero then one else large .
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y: natural

`0 : while y > 1 do[
`1 : y := y − 2
`2 : y := {y + 1, y}
`3 : skip

]
`4 :

Fig. 5. Program sub-add .

Y : {zero, one , large}
`0 : while Y = large do[

`1 : Y := sub2 (Y )
`2 : Y := {add1 (Y ), Y }
`3 : skip

]
`4 :

Fig. 6. Program sub-add-abs-1 abstracting program sub-add.

Unfortunately, program sub-add-abs-1 need not terminate, because the func-
tion sub2 can always choose to yield large as a result. Termination of programs
like program sub-add can always be established by identification of a progress
measure that never increases and sometimes is guaranteed to decrease. In this
case, for example, we can use the progress measure δ : y+ at−`2 which never in-
creases and always decreases on the execution of statement `1. To obtain a work-
ing abstraction, we first compose program sub-add with an additional module,
called the progress monitor for the measure δ, as shown in Fig. 7.

y: natural

`0 : while y > 1 do[

`1 : y := y − 2
`2 : y := {y + 1, y}
`3 : skip

]
`4 :


 ‖|




define δ = y + at−`2
inc : {−1, 0, 1}

m0 : always do
inc := diff (δ, δ′)




− sub-add − − monitor Mδ −

Fig. 7. Program sub-add composed with a monitor.

The construct always do appearing in monitorMδ means that the assignment
which is the body of this construct is executed at every step. The comparison
function diff (δ, δ′) is defined by

diff (δ, δ′) = if δ < δ′ then 1 else if δ = δ′ then 0 else −1.

The presentation of the monitor module Mδ in Fig. 7 is only for illustration
purposes. The precise definition of this module is given by the following fds:
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V : {VD, inc : {−1, 0, 1}} Θ : t
ρ : inc′ = diff (δ, δ′) J : ∅ C : {(inc < 0, inc > 0)}

Thus, at every step of the computation, module Mδ compares the new value
of δ with the current value, and sets variable inc to -1, 0, or 1, according to
whether the value of δ has decreased, stayed the same, or increased, respectively.
This fds has no justice requirements but has the single compassion requirement
(inc < 0, inc > 0) stating that δ cannot decrease infinitely many times without
also increasing infinitely many times. This requirement is a direct consequence
of the fact that δ ranges over the well-founded domain of the natural numbers,
which does not allow an infinitely descreasing sequence.

It is possible to represent this composition as (almost) equivalent to the
sequential program presented in Fig. 8, where we have conjoined the repeated
assignment of module Mδ with every assignment of process sub-add.

y : natural
inc : {−1, 0, 1}

`0 : while y > 0 do[
`1 : (y, inc) := (y − 2, diff (δ, δ′))
`2 : (y, inc) := ({y + 1, y}, diff (δ, δ′))
`3 : inc := diff (δ, δ′)

]
`4 :

Fig. 8. A sequential equivalent of the monitored program.

The abstraction of the program of Fig. 8 will abstract y into a variable Y rang-
ing over {zero, one, large}. The variable inc is not abstracted. The resulting
abstraction is presented in Fig. 9.

Y : {zero, one, large}
inc : {−1, 0, 1}
compassion (inc < 0, inc > 0)

`0 : while Y = large do[
`1 : (Y, inc) := (sub2 (Y ), −1)
`2 : (Y, inc) := ({add1 (Y ), Y }, {0,−1})
`3 : inc := 0

]
`4 :

Fig. 9. Abstracted version of the monitored- Program sub-add-abs-2.

The program sub-add-abs-2 (Fig. 9) differs from program sub-add-abs-1
(Fig 6) by the additional compassion requirement (inc < 0, inc > 0). It is this
additional requirement which forces program sub-add-abs-2 to terminate. This
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is because a run in which sub1 always yields large as a result is a run in which
inc is negative infinitely many times (on every visit to `1) and is never positive
beyond the first state. The fact that sub-add-abs-2 always terminates can now
be successfully model-checked.

The extension to the case that the progress measure ranges not over the
naturals but over lexicographic tuples of naturals is straightforward.

6.2 The General Structure of a Progress Monitor

We proceed to define the general structure of a progress monitor and show that
its augmentation to a verified system is safe. A well-founded domain (W ,≺)
consists of a set W and a total ordering relation ≺ over W such that there does
not exist an infinitely descending sequence, i.e., a sequence of the form

a0 � a1 � a2 � · · · ,
A ranking function for an fds D is a function δ mapping the states of D into a
well-founded domain. A progress monitor for a ranking function δ is an fds Mδ

of the following form:

M δ =

〈
V : VD, inc : {−1, 0, 1}}, Θ : true,
ρ : inc′ = diff (δ(VD), δ(V ′

D)), J : ∅, C : {(inc < 0, inc > 0)}
〉

The following claim states that augmentation to a verified system is safe:

Claim 4. Comp(D‖|Mδ)⇓VD= Comp(D)

7 Verification by Augmented Finitary Abstraction
Let B be an infeasible bds. Let α be an abstraction mapping and δ be a ranking
function for B. We say that 〈α, δ〉 is an adequate augmented abstraction for B if
α is finitary and Comp((B‖|Mδ)

α) = ∅.
Let D be an fds, ψ be a temporal property such that D |= ψ, and α be

a finitary abstraction mapping. Let ∆ be a ranking function for B(D,¬ψ). From
the definition of adequate augmented abstraction and Claim 1, we can say that
〈α,∆〉 is an adequate augmented abstraction for 〈D, ψ〉 iff it is an adequate
augmented abstraction for B(D,¬ψ), i.e., Comp((B(D,¬ψ)‖|M∆)α) = ∅.

We can now formulate the method of verification by augmented finitary ab-
straction (vaa) as follows. To verify that ψ is D-valid,

• Construct a tester T¬ψ for the negated temporal property ψ.
• Construct the synchronous parallel composition D‖|T¬ψ of the fds D rep-

resenting the verified system and the tester T¬ψ, and transform it into an
equivalent bds B(D,¬ψ).

• Identify an appropriate ranking function ∆ for B(D,¬ψ), and construct the
progress monitor M∆.

• Construct an fds of the augmented system A : B(D,¬ψ)‖|M∆.
• Abstract the augmented system A into a finitary abstract fds Aα.
• Model-check Comp(Aα) = ∅.
• Infer D |= ψ.

Claim 5 (Soundness). Comp(B(D,¬ψ)‖|Mα
∆) = ∅ implies D |= ψ
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8 Completeness of the vaa Method
In the following we prove the completeness of the vaa method. First we intro-
duce the operator α−, dual to α+, and establish some useful properties of the
abstraction mappings α+ and α++.

8.1 The α� Operator

The operator α−, is dual to α+. Let p(V ) be an assertion. The operator α− is
defined by

α−(p(V )): ∀V
(
V

A
= Eα(V ) → p(V )

)
.

The assertion α−(p) holds for an abstract state S ∈ ΣA iff the assertion p holds
for all concrete states s ∈ Σ such that s ∈ α−1(S). This can also be expressed
by the inclusion α−1(‖α−(p)‖) ⊆ ‖p‖, where ‖p‖ and ‖α−(p)‖ represent the
sets of states which satisfy the assertions, respectively. If α−(p) is valid, then
‖α−(p)‖ = Σ

A
implying α−1(‖α−(p)‖) = Σ which, by the above inclusion, leads

to ‖p‖ = Σ establishing the validity of p.
An abstraction α is said to be precise with respect to an assertion p if α+(p) ∼

α−(p). A sufficient condition for α to be precise w.r.t. p is that the abstract
variables include a boolean variable Bp with the definition Bp = p.

8.2 Properties of α+ and α++

Lemma 1. If α is precise with respect to the assertions p1, . . . , pn, then α is
precise with respect to any boolean combination of these assertions.

Lemma 2. Let p = p(V, V ′) and q = q(V ) be two assertions, such that α is
precise with respect to q. Then, the following equivalences hold

α++(p ∧ q) ∼ α++(p) ∧ α+(q) (1)

α++(p ∧ q′) ∼ α++(p) ∧ α+(q)′ (2)

It also follows from the definitions that if p = p(V ), then both α++(p) ∼ α+(p)
and α++(p′) ∼ α+(p)′ hold without any precision assumptions about p. Finally,
we observe that if an implication is valid, we can apply the abstractions α+ and
α++ to both sides of the implication. That is,

|= p → q implies

 |= α+(p) → α+(q) and
|= α++(p) → α++(q)

 (3)

8.3 The Completeness Statement

Claim 6 (Completeness of vaa). Let B(D,¬ψ) be an infeasible bds. Then, there
exists an adequate augmented abstraction for B(D,¬ψ).

As the ranking function for our augmented abstraction we take∆ (see Section 5).
Let H denote all the homogeneous atomic state sub-formulas of the invariant
assertion Φ and any of the components of A, where A : B(D,¬ψ)‖|M∆. That
is, H contains all the atomic state sub-formulas f(V ), such that f(V ) or f(V ′)
appears in Φ or any of the components of A. The set H does not include atomic
formulas with mixed (primed and unprimed) variables such as y′ = y + 1.
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Let α be a finitary abstraction which is precise with respect to all the asser-
tions appearing in H , and does not abstract the auxiliary variables in Xϕ and
the variable inc, where inc : diff (∆,∆′). In the following, we show that for this
choice of ranking function and abstraction mapping, Comp(Aα) = ∅, that is, the
abstracted augmented system is indeed infeasible.

Abstracting the Premises of Rule well.

The proof is based on the abstraction of premises W1–W3 of rule well (Sec-
tion 5), applied to the bds B(D,¬ψ): 〈V,Θ, ρ,J = {J}, C = ∅〉. These three
premises are known to be valid for our choice of Φ and∆. Since A = B(D,¬ψ)‖|M∆,
then from the definition of M∆, the components of A are given by

ΘA : Θ ρA : ρ ∧ inc′ = diff (∆, δ′)︸ ︷︷ ︸
ρ
M∆

JA : J CA : {(inc < 0, inc > 0)}

From the implication

inc′ = diff (∆,∆′) →
∆′ � ∆ → inc′ ≤ 0 ∧ ∆′ ≺ ∆ → inc′ < 0


and the three premises of rule well applied to B(D,¬ψ), we can obtain the
following three valid implications:

U1. ΘA → Φ
U2. ρA ∧ Φ → Φ′ ∧ inc′ ≤ 0
U3. ρA ∧ Φ ∧ J ′ → Φ′ ∧ inc′ < 0.

Based on Equation (3), we can apply α+ to both sides of U1 and apply α++

to both sides of U2 and U3. We then simplify the right-hand sides, using the
fact that α++(p′) ∼ α+(p)′, and that α does not abstract inc. Next, we use
the fact that α is precise w.r.t. all the atomic formulas appearing in Φ and J , in
order to distribute the abstraction over the conjunctions on the left-hand sides of
the implications. These transformations and simplifications lead to the following
three valid abstract implications:

V1. α(ΘA) → α(Φ)
V2. α++(ρA) ∧ α(Φ) → α(Φ)′ ∧ inc′ ≤ 0
V3. α++(ρA) ∧ α(Φ) ∧ α(J)′ → α(Φ)′ ∧ inc′ < 0.

The augmented System A� has no computations

We proceed to show that Aα has no computations (Comp(Aα) = ∅). Assume to
the contrary. Let σ: s0, s1, . . . be a computation of A.

First we use the implications V1–V3 to show that the assertion α(Φ) is an
invariant of σ. Since σ is a computation of Aα, the first state of σ satisfies α(ΘA)
and we conclude by V1 that the first state of σ satisfies α(Φ). Proceeding from
each state sj of σ to its successor sj+1, which must be an α++(ρA)-successor of
sj , we see from V2and V3 that α(Φ) keeps propagating. It follows that α(Φ) is
an invariant of σ, i.e, every state si of σ satisfies α(Φ).
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Next, since σ is a computation of Aα, it must contain infinitely many states
which satisfy α(J). According to implications V2 and V3, the variable inc is
never positive, and is negative infinitely many times. Such a behavior contra-
dicts the compassion requirement (inc < 0, inc > 0) associated with Aα. Thus,
σ cannot be a computation of Aα, contradicting our initial assumption. This
concludes our proof of completeness.

9 Conclusions

We have presented a method for verification by augmented finitary abstraction
by which, in order to verify that a (potentially infinite-state) system satisfies
a temporal property, one first augments the system with a non-constraining
progress monitor and then abstracts the augmented system and the temporal
specification into a finite-state verification problem, which can be resolved by
model checking. The method has been shown to be sound and complete.

In principle, the established completeness promotes the vaa method to the
status of a viable alternative to the verification of infinite-state reactive systems
by temporal deduction. Some potential users of formal verification may find the
activity of devising good abstraction mappings more tractable (and similar to
programming) than the design of auxiliary invariants. However, on a deeper level
it is possible to argue that this is only a formal shift and that the same amount
of ingenuity and deep understanding of the analyzed system is still required for
effective verification as in the practice of temporal deduction methods.

The development of the vaa theory calls for additional research in the im-
plementation of these methods. In particular, there is a strong need for devising
heuristics for the automatic generation of effective abstraction mappings and
corresponding augmenting monitors.
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Signed Interval Logic
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Abstract. Signed Interval Logic (SIL) is an extension of Interval Tem-
poral Logic (ITL) with the introduction of the notion of a direction of
an interval.

We develop syntax, semantics, and proof system of SIL, and show that
this proof system is sound and complete. The proof system of SIL is not
more complicated than that of ITL but SIL is (contrary to ITL) capable
of specifying liveness properties. Other interval logics capable of this
(such as Neighbourhood Logic) have more complicated proof systems.
We discuss how to define future intervals in SIL for the specification of
liveness properties.

To characterize the expressive power of SIL we relate SIL to arrow logic
and relational algebra.

Keywords: interval logic, temporal intervals, arrow logic, real-time systems, liveness.

1 Introduction

Interval logics [4,11,17,19,8,5,22,20,12,2,13,14,6,21] are logics of temporal inter-
vals: One can express properties such as “if φ holds on this interval then ψ must
hold on all subintervals” or “ϕ must hold on some interval eventually”. Interval
logics have proven useful in the specification and verification of real-time and
safety-critical systems.

In this paper we introduce a new kind of interval logic, called Signed Interval
Logic (SIL), with the introduction of the notion of a direction of an interval. The
proof system of SIL turns out to be not more complicated than that of Interval
Temporal Logic (ITL) [2] but SIL is (contrary to ITL) capable of specifying
liveness properties. Other interval logics capable of this (such as Neighbourhood
Logic (NL) [21]) have more complicated proof systems.

ITL is one of the most simple interval logics; it has only one interval modality,
the binary chop: �. The semantics of � is given in Fig. 1. In ITL (and NL)
intervals are represented by pairs [b, e] (where b ≤ e) of elements from some
totally ordered temporal domain of time points.

� Tel: +45 4525 3764, Fax: +45 4593 0074.

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 157–171, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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We will refer tom of Fig.1 as the chopping point of �. The chopping point will
always lie inside the current interval on which we interpret a given formula. In
general, modalities with this property are called contracting. With contracting
modalities it is only possible to specify safety properties of a system. This is
because once we have chosen the interval we want to observe we are restricted
to specifying properties of this interval and its subintervals.

b
φ�ψ

e

b
φ

m
ψ

e

Fig. 1. φ�ψ holds on [b, e] iff there exists m ∈ [b, e] such that φ holds on [b,m] and ψ
holds on [m, e]

To specify liveness properties, we need to reach intervals outside the current
interval. In general, modalities which can do this are called expanding. Neigh-
bourhood Logic (NL) [21] is an example of an interval logic with expanding
modalities. NL has two modalities �r and �l for reaching a right neighbourhood
and a left neighbourhood, respectively, of the current interval. This intuition is
made more precise in Fig. 2 in the case of �r. The case of �l is similar.

b
�rφ e

e
φ

n

Fig. 2. �rφ holds on [b, e] iff there exists n ≥ e such that φ holds on [e, n]

Both ITL and NL include a special symbol � which intuitively represents the
length of an interval. This property is not common for all interval logics.

We now turn the attention to the contribution of this paper: SIL is an ex-
tension of ITL with the introduction of the notion of a direction (which can
be either forward or backward) of an interval. The idea for SIL originates in
[3] where an interval logic with such a notion of a direction of an interval was
informally developed.

An interval with a direction is in SIL represented by a signed interval (b, e).
Both the pair (b, e) and the pair (e, b) represent the same interval but (e, b) has
the opposite direction of (b, e). SIL inherits the special symbol � from ITL. � now
gives the signed length of an interval. Intuitively, the absolute value of � gives
the length of the interval and the sign of � determines the direction.

Like ITL, SIL only has the binary modality �. But because of the directions
of intervals, the semantics is now altered: See Fig. 3. On the figure the direction
of an interval is marked with a small arrowhead in either end of the interval. The
chopping point can now lie anywhere and not just inside the current interval.
This means that � of SIL has become an expanding modality, hence SIL can
specify liveness properties.
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b
φ�ψ

e
�

b
φ

m
�

e
ψ

m
�

Fig. 3. φ�ψ holds on (b, e) iff there exists m such that φ holds on (b,m) and ψ holds
on (m,e)

We will in the following shortly consider related work on interval logic.
In [5] an interval logic with six unary interval modalities is developed, and it is

shown that they can express all thirteen possible relations between intervals [1].
In [19] a complete proof system for the interval logic of [5] is given. [20] considers
an even more expressive interval logic with three binary modalities instead of
six unary. A complete proof system for this logic is also given. Unfortunately,
both the proof systems of [19,20] are somewhat complicated due to the fact that
they are kept in a propositional setting. In particular, both systems include some
complicated inference rules.

NL has also a complete proof system [21]. This proof system is somewhat
complicated because of “two-level” axiom schemes: Besides being axiom schemes
in terms of formulas, the axioms are also schemes in terms of interval modalities.

It is possible in NL to define the six unary modalities of [5] and the three
binary modalities of [20] as abbreviated modalities [21]. This adequacy result
relies on NL being a first order interval logic with the special length symbol �.
In [15] it is shown that SIL is an adequate first order interval logic by defining
the modalities of NL as abbreviated modalities in SIL.

The rest of this paper is organized as follows. Sect. 2, Sect. 3 and Sect. 4
give the syntax, semantics and proof system of SIL, respectively. In Sect. 5 we
sketch a proof showing that the proof system of SIL is sound and complete with
respect to a certain class of models. In Sect. 6 we relate SIL to arrow logic [9]
and relational algebra [18] to characterize the expressive power of SIL. Sect. 7
considers how to define future intervals for expressing liveness properties in SIL
as this was a motivation for the development of SIL. Finally, Sect. 8 considers
further work on SIL.

2 Syntax

The formulas of SIL are constructed from the following sets of symbols:

Var : An infinite set of variables x, y, z, . . ..
FSymb: An infinite set of function symbols fn, gm, . . . equipped with arities

n,m ≥ 0. If fn has arity n = 0 then f is called a constant. Constants will
be denoted by a, b, c, . . ..

PSymb: An infinite set of predicate symbols Gn, Hm, . . . equipped with arities
n,m ≥ 0. If Gn has arity n = 0 then G is called a propositional letter.
Propositional letters will be denoted by p, q, r, . . .. The predicate symbols
also include the special binary predicate =.
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A function/predicate symbol is either rigid or flexible. In particular, = is rigid.
The set of terms θ, θi ∈ Terms is defined by the following abstract syntax:

θ ::= x | a | fn(θ1, . . . , θn) .

The set of formulas φ, ψ ∈ Formulas is defined by the following abstract syntax:

φ ::= p | Gn(θ1, . . . , θn) | θ1 = θ2 | ¬φ | φ ∧ ψ | φ�ψ | (∃x)φ .

We also use ϕ, φi, ψi, ϕi to denote formulas. A language consisting of variables,
function and predicate symbols, and the symbols (, ), =, ¬, ∧, �, and ∃ will be
called a chop-language.

We use “sentence” as a synonym for “closed formula”. If x1, . . . , xn are the
free variables of φ then we denote (∀x1) . . . (∀xn)φ the universal closure of φ. A
formula is said to be chop-free if it does not contain the symbol �. A formula
is said to be flexible if it contains a flexible symbol. Otherwise it is said to be
rigid. For convenience, we use infix notation for binary functional or predicate
symbols such as + and ≤. We will use the standard abbreviations from first
order predicate logic for the symbols ∨, ⇒, ⇔ and ∀. To avoid excessive use of
parentheses we introduce the following precedences: 1. ¬, 2. �, 3. ∨, ∧, 4. ⇒,
⇔, ∀, ∃.

3 Semantics

We start by giving a general Kripke-style possible worlds semantics.

Definition 1. A model M for a chop-language is a quadruple (W,R,D, I) where

– W is a non-empty set of possible worlds and R is a ternary accessibility
relation on W , thus R ⊆W ×W ×W .

– D is a non-empty set.
– I is a function assigning an interpretation to each function/predicate symbol

in each world:

I ∈



FSymb

∪
PSymb



→W →
(
⋃

n∈�
Dn

)
→



D
∪

{tt,ff}





such that (where w ∈W ):

I(a)(w) ∈ D, I(fn)(w) ∈ Dn → D,
I(p)(w) ∈ {tt,ff}, I(Gn)(w) ∈ Dn → {tt,ff},

and such that the interpretation of a rigid symbol is the same in all worlds.

The pair (W,R) is called the frame and D the domain of the model. Com-
pared to models of classical modal logic [7] the only difference is that the acces-
sibility relation is ternary and not binary.
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Given a model M = (W,R,D, I), an M-valuation is a function V associating
an element of the domain with each variable, thus V ∈ Var → D.

We denote by M,V , w |= φ that φ is satisfied in a world w ∈ W of a
model M = (W,R,D, I) under an M-valuation V . Satisfaction of formulas is
inductively defined in a standard way [7]. The only interesting case is that of �

(see [15] for the full definition):

M,V , w |= φ�ψ iff M,V , w1 |= φ and M,V , w2 |= ψ and R(w1, w2, w)
for some w1, w2 ∈ W .

Given a set of formulas Γ , we say that M satisfies Γ if there is a world w
of M and an M-valuation V such that for every formula φ ∈ Γ , M,V , w |= φ.
A formula φ is valid in M if for any world w of M and any M-valuation V ,
M,V , w |= φ. φ is valid in a class of models C if it is valid in all models of C.

We now proceed by presenting results necessary for defining the class of
signed interval models which gives the more concrete semantics of SIL.

Definition 2. A signed temporal domain is a non-empty set T .

Contrary to work on (non-signed) interval logic with a general temporal domain
[5,19,20,2,21] we do not require T to be totally ordered. In the case of SIL we
can have a completeness result without this requirement and therefore choose to
define T as general as possible. (But see the remark at the end of Sect. 5.)

Definition 3. A signed interval frame (W,R) on a signed temporal domain T
is defined by:

– W = T × T is the set of signed intervals on T .
– R ⊆W ×W ×W is the ternary accessibility relation on W defined by:

R((t1, t′1), (t2, t
′
2), (t, t

′)) iff t = t1, t
′
1 = t2, t

′
2 = t′ .

This definition corresponds to the intuition of signed intervals given in the in-
troduction. In particular, R expresses that three signed intervals are related as
indicated in Fig. 3, thus R((b,m), (m, e), (b, e)).

We want to be able to refer to the signed length of a signed interval (c.f. the
discussion in the introduction). For this we define the following:

Definition 4. Given a signed interval frame (W,R) on a signed temporal do-
main T , a signed measure is a function m ∈ W → D where D is a set equipped
with a binary operator + and a distinguished element 0 ∈ D. Furthermore, m
has to satisfy the following conditions for any t, t′, u, u′ ∈ T and x, y ∈ D:

M1 :
if m(t, u) = m(t, u′) then u = u′

if m(u, t) = m(u′, t) then u = u′

M2 : m(t, t) = 0
M3 : m(t, u) +m(u, t′) = m(t, t′)
M4 : m(t, t′) = x+ y iff m(t, u′′) = x and m(u′′, t′) = y for some u′′ ∈ T
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We now define which properties a domain of values to represent signed lengths
should have in general (some of these will be implicitly given by the above
definition).

Definition 5. A signed duration domain is a group (D,+,−, 0).1

A chop-language which includes the symbols �,+,− and 0 (where � is flexible
and +,−, 0 are rigid) will be called a signed interval language.

Definition 6. Given a signed temporal domain T , a signed duration domain D
and a signed measure m ∈ T × T → D, a signed interval model is a model
M = (W,R,D, I) for a signed interval language where:

– The frame is the signed interval frame (W,R) defined by T .
– The domain is the signed duration domain D.
– The interpretation of �,+,−, 0 is such that

I(�)(t, t′) = m(t, t′), I(0)(t, t′) = 0, I(+)(t, t′) = +, I(−)(t, t′) = −

for any signed interval (t, t′) ∈W .

The class of all signed interval models will be denoted by Z. We say that a
formula φ is SIL-valid (written |=SIL φ) if it is valid in Z.

The semantics of the chop modality can be reformulated if we assume a
signed interval model:

M,V , (b, e) |= φ�ψ iff M,V , (b,m) |= φ and M,V , (m, e) |= ψ

for some m ∈ T . This corresponds to the informal semantics given in Fig. 3.

4 Proof System

The axioms of SIL are:

A1:
((φ�ψ) ∧ ¬(φ�ϕ)) ⇒ (φ�(ψ ∧ ¬ϕ))
((φ�ψ) ∧ ¬(ϕ�ψ)) ⇒ ((φ ∧ ¬ϕ)�ψ)

A2: ((φ�ψ)�ϕ) ⇔ (φ�(ψ�ϕ))

R:
(φ�ψ) ⇒ φ if φ is a rigid formula
(φ�ψ) ⇒ ψ if ψ is a rigid formula

B: (((∃x)φ)�ψ) ⇒ ((∃x)(φ�ψ)) if x is not free in ψ
(φ�((∃x)ψ)) ⇒ ((∃x)(φ�ψ)) if x is not free in φ

L1:
((� = x)�φ) ⇒ ¬((� = x)�¬φ)
(φ�(� = x)) ⇒ ¬(¬φ�(� = x))

L2: (� = x+ y) ⇔ ((� = x)�(� = y))

1 The main binary operator of the group is + and its unary inverse operator is −.
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L3:
φ⇒ (φ�(� = 0))
φ⇒ ((� = 0)�φ)

The inference rules of SIL are:

Modus Ponens (MP):
φ φ⇒ ψ

ψ
Generalization (G):

φ

(∀x)φ

Necessitation (N):






φ

¬(¬φ�ψ)

φ

¬(ψ�¬φ)

Monotonicity (M):






φ⇒ ψ

(φ�ϕ) ⇒ (ψ�ϕ)

φ⇒ ψ

(ϕ�φ) ⇒ (ϕ�ψ)

Furthermore, SIL contains axioms expressing the properties of a signed duration
domain (c.f. Definition 5):

D1: (∀x)(∀y)(∀z)((x + y) + z = x+ (y + z))

D2:
(∀x)(x+ 0 = x)
(∀x)(0 + x = x)

D3:
(∀x)(x+ (−x) = 0)
(∀x)((−x) + x = 0)

Finally, SIL contains axioms of first order predicate logic with equality. Any
axiomatic basis can be chosen but one has to be careful when instantiating
universally quantified formulas. We can e.g. choose the following two axioms
concerning universal quantification:

Q1: (∀x)φ(x) ⇒ φ(θ) if θ is free for x in φ(x) and
{
θ is rigid or
φ(x) is chop-free

Q2: (∀x)(φ ⇒ ψ) ⇒ (φ⇒ (∀x)ψ) if x is not free in φ

Note the strengthened side condition in Q1 compared to the side condition of
first order predicate logic which just reads: “if θ is free for x in φ(x)” [10].

A proof of φ (in the proof system of SIL) is defined the standard way [10].
We write 
SIL φ to denote that a proof of φ in SIL exists and we say that φ is
a theorem of SIL. Similarly, given a set of formulas Γ , we define deduction of φ
in SIL from Γ (written Γ 
SIL φ) the standard way. We write Γ, ψ 
SIL φ for
(Γ ∪ {ψ}) 
SIL φ.

We end this section by observing that the proof system of SIL is very similar
to that of ITL [2]. Only the axioms relating to the duration domain distinguish
the two systems: In ITL the axioms D1–D3 are not present; instead five other
related axioms are added. This concretize the assertion of the introduction that
the proof system of SIL is not more complicated than that of ITL.

5 Soundness and Completeness

In this section we sketch the proof of the completeness result for SIL: The proof
system of SIL is sound and complete with respect to the class of all signed
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interval models. The completeness proof for SIL is inspired by the completeness
proof for ITL [2].

The proof of completeness follows the general structure of a Henkin-style
completeness proof [10,7]. The central idea in a Henkin-style proof is the fol-
lowing: Given an arbitrary formula φ which is not a theorem, construct a model
which satisfies ¬φ. This implies the non-validity of φ and the completeness fol-
lows.

We start by presenting some standard results used in Henkin-style complete-
ness proofs, namely results concerning maximal consistent sets and witnesses.

Definition 7. Let Γ be a set of sentences of a signed interval language L.

– Γ is consistent (with respect to SIL) if there is no finite subset {φ1, . . . , φn}
of Γ such that 
SIL ¬(φ1 ∧ . . . ∧ φn).

– Γ is maximal consistent if it is consistent and there is no consistent set of
sentences Γ ′ such that Γ ⊂ Γ ′.

Let B = {b0, b1, b2, . . .} be an infinite, countable set of symbols not occurring
in the signed interval language L. Let L+ denote the signed interval language
obtained by adding all symbols of B to L as rigid constants.

Definition 8. A set Γ of sentences of L+ is said to have witnesses in B if for
every sentence of Γ of the form (∃x)φ(x) (where x is the only free variable of
φ(x)) there exists a constant bi ∈ B such that φ(bi) ∈ Γ .

Theorem 1. If Γ is a consistent set of sentences of L, there is a set Γ ∗ of
sentences of L+ which satisfies the following:

Γ ⊆ Γ ∗ , Γ ∗ is maximal consistent, Γ ∗ has witnesses in B.

If Γ0 is a consistent set of sentences of L, let Γ ∗
0 be a set of sentences of L+

which existence is guaranteed by the above theorem.
Given a consistent set Γ0 of sentences we can now construct a model M0 =

(W0, R0, D0, I0) where the worlds of W0 are certain maximal consistent sets of
sentences (including Γ ∗

0 ), R0 is defined by R0(∆1, ∆2, ∆) iff for any φ1, φ2, if
φ1 ∈ ∆1 and φ1 ∈ ∆2 then (φ1

�φ2) ∈ ∆, and D0 is the set of equivalence
classes w.r.t. = on B. Finally, I0 is defined for all symbols in all worlds. For
example, in the case of a propositional letter we define I0(p)(∆) = (p ∈ ∆), i.e.
M0,V , ∆ |= p iff p ∈ ∆.

The following theorem generalizes the case of a propositional letter to arbi-
trary formulas [2].

Theorem 2. M0,V , ∆ |= φ iff φ ∈ ∆ .

The model M0 will play a central part in the construction of a satisfying
signed interval model. Another important part in this construction will be played
by the following proposition.
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Proposition 1. Let ((∆1, ∆2), (∆′
1, ∆

′
2)) ∈ (W0 ×W0) × (W0 ×W0).

If R0(∆1, ∆2, Γ
∗
0 ) and R0(∆′

1, ∆
′
2, Γ

∗
0 ) then there is a unique world ∆ ∈W0 such

that R0(∆1, ∆,∆
′
1) and R0(∆,∆′

2, ∆2).

The intuition of this proposition can be given in terms of signed intervals: Given
a pair of pairs ((∆1, ∆2), (∆′

1, ∆
′
2)) of consecutive signed intervals of the cur-

rent signed interval Γ ∗
0 there is a unique signed interval ∆ lying between the

two chopping points of the two pairs of signed intervals. We have sketched this
intuition in Fig. 4.

Γ ∗
0

�

∆1
�

∆2
�

∆′
1

�

∆′
2
�

∆
�

Fig. 4. Possible configuration of the worlds of Proposition 1

We will now start constructing a signed interval model from M0. For this we
need to define a signed temporal domain T (c.f. Definition 6):

T = { (∆1, ∆2) ∈W0 ×W0 | R0(∆1, ∆2, Γ
∗
0 ) } .

The intuition behind this particular definition of T is the following: If we think
of the worlds of W0 as signed intervals, T is the set of all pairs of consecutive
signed intervals of the current signed interval. These pairs define, by means of
their chopping points, all the necessary temporal points. See Fig. 5.

Γ ∗
0

�

∆1
�

∆2
�

∆1
�

∆2
�

t1

t2

Fig. 5. Intuitively, the points of T are the “chopping points” (marked by t1 and t2 on
the figure) of the pairs (∆1,∆2) related by R0(∆1,∆2, Γ

∗
0 ). The figure shows two of

the possible pairs (∆1,∆2).

We have now come to the crucial step in the construction. Intuitively, we
want to identify a signed interval given by two points of T with a signed interval
of W0. But this connection is exactly what Proposition 1 gives us. Formally,
let µ : T × T → W0 such that µ((∆1, ∆2), (∆′

1, ∆
′
2)) is the world ∆ given by

Proposition 1. Revisit Fig. 4 for the intuition.
We are now ready to construct a model M = (W,R,D, I) on the basis of

M0 as follows:
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– The frame (W,R) is the signed interval frame defined by T .
– The domain D is the same as D0.
– The interpretation function I is given by I(s)(t, t′) = I0(s)(µ(t, t′)) for any

symbol s and any signed interval (t, t′).

The following proposition shows that M is indeed a signed interval model.

Proposition 2. The constructed model M is a signed interval model.

Proof. We have to make sure that D of M is a signed duration domain and that
the interpretation is as specified in Definition 6.

The rigid symbols − and + of L defines a unary and a binary operation we
also denote by − and + in D. The interpretation of the rigid constant 0 will
be an element of D we also denote by 0. As D1–D3 are valid in M0 they will
by Theorem 3 (see below) also be valid in M, hence (D,+,−, 0) is a signed
duration domain. We now only need an appropriate signed measure. But it can
be shown [15] that the interpretation of � is already defined such that M1–M4
of Definition 4 are satisfied. Thus, we define the signed measure by m(t, t′) =
I(�)(t, t′) for any signed interval (t, t′) ∈ W . ��
We want to establish a connection between satisfaction of formulas in M and
M0: We want to show that a formula is satisfied in a world (t, t′) of M iff it
is satisfied in the corresponding world µ(t, t′) of M0. The only difficulty is in
the case of chop. For this we need the following two propositions (see [15] for
proofs).

Proposition 3. If t, t′, u ∈ T then R0(µ(t, u), µ(u, t′), µ(t, t′)) .

Proposition 4. Let t, t′ ∈ T and Γ1, Γ2 ∈W0. If R0(Γ1, Γ2, µ(t, t′)) then
Γ1 = µ(t, u) and Γ2 = µ(u, t′) for some u ∈ T .

We can now formulate the connection between M and M0. We note that since
the domains of M and M0 are the same, an M-valuation is also an M0-
valuation.

Theorem 3. M,V , (t, t′) |= φ iff M0,V , µ(t, t′) |= φ .

Proof. The proof is by a straightforward structural induction on φ: In the case
of φ being ψ�ϕ we use Propositions 3 and 4. See [15]. ��
We can now establish the main result of this section.

Theorem 4. If Γ0 is a consistent set of sentences (with respect to SIL) then we
can construct a signed interval model which satisfies Γ0.

Proof. We know by Proposition 2 that the constructed model M is a signed
interval model. We are therefore done if we can show that M satisfies Γ0.

It is possible to find worlds ∆1, ∆2 ∈ W0 such that R0(∆1, Γ
∗
0 , Γ

∗
0 ) and

R0(Γ ∗
0 , ∆2, Γ

∗
0 ) (see [15]). Thus, both t = (∆1, Γ

∗
0 ) and t′ = (Γ ∗

0 , ∆2) belong to
T , hence (t, t′) ∈W . It is now immediate (by definition of µ) that µ(t, t′) = Γ ∗

0 .
Then, utilizing Theorems 3 and 2, we are done. ��
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From the above theorem the completeness of SIL now follows easily.

Theorem 5. A formula φ of a signed interval language is valid in Z (the class
of all signed interval models) iff it is a theorem of SIL, thus

|=SIL φ iff 
SIL φ .

Proof. For the if -part (soundness) we simply have to check that all axioms of
SIL are valid in Z and that all inference rules of SIL preserve validity. This is
straightforward.

For the only if -part (completeness) assume φ is not a theorem of SIL. We
now have to show that φ is not valid in some signed interval model. Let φ′ be the
universal closure of φ; φ′ is not a theorem either. The set {¬φ′} will therefore be
consistent and we can construct a signed interval model M which satisfies ¬φ′
(Theorem 4). Since ¬φ′ is satisfied by M, φ′ is not valid in M and neither is
φ. ��
Remark. The above completeness result is for a general class of signed interval
models with no ordering on the underlying temporal domains. To justify the
name “interval logic” one could argue that it would be more natural to require
a total ordering on these domains. In [16] it is shown how a completeness result
can be established in this case.

6 Arrow Logic and Relational Algebra

In this section we establish results relating SIL to arrow logic [9] and relational
algebra [18]. These results rely on the capability to define an abbreviated unary
modality −1 in SIL which “reverses” the direction of an interval. We define:

φ−1 =̂ (∃x)( (� = x) ∧ ( (� = 0) ∧ (� = x)�φ )�true ) ,

where true =̂ 0 = 0 and x is some variable not free in φ. The following proposition
can now be proved [15].

Proposition 5. For any signed interval model M, valuation V and signed in-
terval (b, e):

M,V , (b, e) |= φ−1 iff M,V , (e, b) |= φ .

Arrow logic [9] is a modal logic where the possible worlds are pairs of elements
from some set. We see that this corresponds to signed intervals of SIL which
makes a comparison interesting.

Arrow logic is equipped with a constant ιδ, a unary modality ⊗ and a binary
modality ◦. The semantics of ιδ, ⊗ and ◦ can informally be given in terms of
SIL: ιδ corresponds to (� = 0), ⊗ to −1, and ◦ to �. In arrow logic ιδ, ⊗ and ◦
are basic modalities and not abbreviations of some kind. In SIL we can define
−1 using � and �. Thus, we conclude that SIL can express the same as arrow
logic with just the basic modality � (corresponding to ◦) and then the special
symbol �.
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But this expressive power of SIL has a price: Firstly, the introduction of �
restricts the set of possible models considerably. Secondly, to define −1 it was
necessary to use a first order construct to quantify over the value of �. In con-
clusion we can therefore (rather informally) state that: SIL is a first order arrow
logic with the special symbol �.

We now consider another consequence of −1: It seems natural to think of
signed intervals as binary relations, hence (t, t′) ∈ T ×T asserts that t is related
to t′. In some signed interval model, a formula φ will either be true or false on
some signed interval. If we now consider the set of all signed intervals on which
φ is true we will have a binary relation on T . We will in the following pursue
this idea by relating SIL to relational algebra [18].

Definition 9. A relational algebra �� = 〈S,⊕,�, ◦,�,⊗,0,1, ιδ〉 is a non-
empty set S equipped with three binary operators ⊕,�, ◦, two unary operators
�,⊗, and three constants 0,1, ιδ such that 〈S,⊕,�,�,0,1〉 is a Boolean algebra
and the following axioms are satisfied for all x, y, z ∈ S:

RA1 (x⊕ y) ◦ z = (x ◦ z) ⊕ (y ◦ z) RA5 x ◦ ιδ = x
RA2 ⊗(x⊕ y) = ⊗x⊕⊗y RA6 ⊗⊗x = x
RA3 (x ◦ y) ◦ z = x ◦ (y ◦ z) RA7 ⊗(x ◦ y) = ⊗y ◦ ⊗x
RA4 �(⊗x ◦ �(x ◦ y)) ⊕�y = 1

We now formally define how to build the above mentioned binary relations.

Definition 10. Let M = (W,R,D, I) be a signed interval model and V be a
M-valuation. As M is a signed interval model we will have W = T × T for
some set T . We now define a SIL-relation of φ (written RM,V (φ)) by:

RM,V (φ) = {(t, t′) ∈ T × T | M,V , (t, t′) |= φ} .

Furthermore, we define the set RM,V of all SIL-relations in a given model and
valuation:

RM,V = {RM,V (φ) | φ ∈ Formulas} .

To establish the connection to relational algebra, we associate three binary
operators +, ·, ;, two unary operators −,� and three constants 0, 1, 1′ with
RM,V . The meaning of these operators and constants is given by the follow-
ing equivalences:

1 = RM,V (true) −RM,V (φ) = RM,V (¬φ)
0 = RM,V (false) RM,V (φ) + RM,V (ψ) = RM,V (φ ∨ ψ)
1′ = RM,V (� = 0) RM,V (φ) · RM,V (ψ) = RM,V (φ ∧ ψ)

R�M,V (φ) = RM,V (φ−1) RM,V (φ); RM,V (ψ) = RM,V (φ�ψ)

Any SIL-relation build using any of the three constants and five operators
can thus by simple equational reasoning be transformed to a single SIL-relation
RM,V (φ) for some formula φ.

To show equivalence of SIL-relations we have the following lemma.
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Lemma 1. |=SIL φ⇔ ψ implies RM,V (φ) = RM,V (ψ) .

We can now formulate the following theorem saying that RM,V together with
the above defined operators and constants is a relational algebra.

Theorem 6. �SIL = 〈RM,V ,+, ·, ; ,−,�, 0, 1, 1′〉 is a relational algebra.

Proof. By Definition 9 we must first show that 〈RM,V ,+, ·,−, 0, 1〉 is a Boolean
algebra. But this follows easily due to the standard correspondence between
propositional logic and Boolean algebra.

We must then show that �SIL satisfies the axioms RA1–RA7 for arbitrary
members of RM,V . For this we use Lemma 1. For example, we can show that
�SIL satisfies RA6 by showing |=SIL (φ�ψ)−1 ⇔ ψ−1�φ−1. But this is not
difficult using Proposition 5. See [15] for the full proof of the theorem. ��

Theorem 6 gives a nice theoretical characterization of the expressive power
of SIL. It is only establishable because −1 is definable in SIL.

7 Future Intervals

As discussed in the introduction, SIL has the ability to express liveness prop-
erties. An abstract liveness property could e.g. be that some property will hold
eventually.

To be able to express such properties concisely in SIL it would be convenient
to have modalities saying that a formula will hold on some future interval or on
all future intervals with respect to the current interval. But what exactly should
we consider to be a future interval? And how should we define abbreviated
modalities in SIL expressing this? We will briefly consider these questions in
this section. There is a more comprehensive discussion in [15].

Firstly, we have to assume a total ordering ≤ on both the signed temporal
domain and on the signed duration domain. A completeness result for SIL in
this case is established in [16]. A definition of a future interval could then be the
following: If the current interval is (b, e) then a future interval is any interval
(m,n) with n ≥ e and m ≥ b. This can be illustrated by the following two
figures:

�

m n
�

b e

�

n m
�

e b

We can also consider definitions of future intervals which are independent of
the direction of the current interval. We can e.g. define a future interval as any
interval (m,n) where both m and n are greater than min(b, e) where (b, e) is the
current interval. This can be illustrated by the following two figures:

�
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Both the above proposals are reflexive and transitive which seems to be very
desirable properties for practical use. In [15] other proposals are discussed but
they are discarded as they are either not reflexive or not transitive.

According to the above two proposals for future intervals, the goal is now to
define two abbreviated modalities � and � such that �φ holds on an interval iff
φ holds on all future intervals and �φ holds on an interval iff φ holds on some
future interval. The first proposal gives rise to the following two abbreviations:

�φ =̂ (� ≥ 0)�(φ�(� ≤ 0)) and �φ =̂ ¬�(¬φ) .

The second proposal gives rise to the following abbreviations:

�φ =̂ ((� ≥ 0)�(φ�(� ≤ 0)) ∧ (� = 0))�true ∨
true�((� ≥ 0)�(φ�(� ≤ 0)) ∧ (� = 0)) and

�φ =̂ ¬�(¬φ) .

Which definition of future intervals to choose of course depends on the particular
problem at hand. A reason for choosing the first proposal would be that the
corresponding modalities are fairly simple compared to the modalities of the
second proposal. On the other hand, in [15] an example is considered where the
second proposal is chosen because the first turns out inadequate. This is due to
the fact that all subintervals of the current interval are future intervals in the
second proposal whereas they are not in the first.

8 Further Work on SIL

As mentioned in the previous section, there is a more comprehensive discussion
of future intervals in [15]. Here it is also discussed how to define a contracting
chop in SIL.

Two simple modalities � and � are introduced in [15] such that a formula
�φ holds on a signed interval iff φ holds on all possible signed intervals and �φ
holds on a signed interval iff φ holds on some signed interval. By means of � a
deduction theorem for SIL is established: If Γ, φ 
SIL ψ then Γ 
SIL �φ ⇒ ψ
(with a sidecondition on free variables of φ).

In [15] several proofs in the proof system of SIL are conducted. Various
general conventions and results for proof-making in SIL are established.

An extension to SIL called Signed Duration Calculus (SDC) is developed in
[15]. The basic idea of this is the same as that in [22,6]. Syntax, semantics, and
proof system for SDC is given in [15].

In [15] a very simple example concerning liveness and proof of correctness
hereof is considered. We hope to consider a larger case study in SIL/SDC in the
future and we also hope to investigate further theoretical results concerning e.g.
decidability and proof theory for SIL/SDC.
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Abstract. We define a quantitative Temporal Logic that is based on a
simple modality within the framework of Monadic Predicate Logic. Its
canonical model is the real line (and not an ω-sequence of some type).
We prove its decidability using general theorems from Logic (and not
Automata theory). We show that it is as expressive as any alternative
suggested in the literature.

1 Introduction

1.1 Summary of the Results

Temporal Logic (TL) is a convenient framework for reasoning about the evol-
ving of a system in time. This made TL a popular subject in the Computer
Science community and it enjoyed extensive research during the last 20 years.
In temporal logic the relevant properties of the system are described by Atomic
Propositions that hold at some points in time and not at others. More com-
plex properties are described by formulas built from the atoms using Boolean
connectives and Modalities (temporal connectives): a k-place modality C trans-
forms statements ϕ1, . . . , ϕk on points possibly other than the given point t0
to a statement C(ϕ1, . . . , ϕk) on the point t0. The rule that specifies when is
the statement C(ϕ1, . . . , ϕk) true for the given point is called Truth Table in
[GHR94]. The choice of the particular modalities with their truth table deter-
mines the different temporal logics. The most basic modality is the one place
“diamond” modality ♦X saying “X holds some time in the future”. Its truth
table is usually formalized by ϕ♦(t0, X) ≡ (∃t > t0)X(t) [GHR94].

The truth table of ♦ is a formula of the Monadic Logic of Order (MLO). MLO
is a fundamental formalism in Mathematical Logic, part of the general framework
of Predicate Logic. Its formulas are built using atomic propositions X(t) (similar
to the atoms X of TL), atomic relations between elements t1 = t2, t1 < t2 and
using Boolean connectives and (first order) quantifiers ∃t and ∀t (occasionally we
shall be interested in second order MLO that has also quantifiers ∃X and ∀X).
Practically all the modalities used in the literature have their truth table defined
in MLO and as a result every formula of the temporal logic translates directly
into an equivalent formula of MLO. Therefore, the different temporal logics may

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 172–187, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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be considered a convenient way to use fragments of MLO. There is a lot to be
gained from adopting this point of view: the rich theory concerning MLO and
in particular the decidability results concerning MLO apply to TL. MLO can
also serve as a yardstick by which to check the strength of the temporal logic
chosen: a temporal logic is expressively complete if every formula of MLO with
single variable t0 is equivalent to a temporal formula. An expressively complete
temporal logic is as strong as can be expected.

Actually the notion of expressive completeness refers to a temporal logic
and to a model (or a class of models) since the question if two formulas are
equivalent depends on the domain over which they are evaluated. Any ordered
set with monadic predicates is a model for TL and MLO, but the main, canonical ,
intended models are the non-negative integers 〈N,<, 0〉 for discrete time and the
non-negative reals 〈R+, <, 0〉 for continuous time. There may be reasons to use
other models but they should be spelled out explicitly if the need arises to ignore
the natural model. A major result concerning TL is Kamp’s proof [Kamp68]
(reproved in [GPSS80]) that the pair of modalities X until Y and Xsince Y is
expressively complete for the two canonical models (but not for less natural
models like the rationals). Note that since this paper is not concerned with
discrete time we mean from now on only the model of non-negative reals R+

when we speak of the canonical model.
Sometimes, in particular in Computer Science it is natural to restrict the

attention to a subclass of unary predicates over R+, the class of predicates
with ”finite variability”; i.e - predicates that change from true to false only
finitely often in any finite interval of time. We shall call the standard model
with these finite variability predicates the “canonical finite variability model”.
It is clear that a predicate P is a finite variability predicate if and only if there
is an unbounded increasing sequence ti such that P is constant on any interval
(ti, ti+1).

MLO and its derived temporal logics are not suitable to deal with quantitative
properties. The most basic quantitative property is “X will happen within one
unit of time”. This is analogue to the discrete case modality “X will happen
at the next step”. A natural way to deal with quantitative modalities is by
extending MLO to MLO1-monadic logic of order with the +1 function: adding
to the language the function S(t) = t + 1. The basic modality described above
is then described by the formula:

(1) ϕ(t0, X) ≡ ∃t(t0 < t < t0 + 1 ∧X(t))

The canonical model R+ is also the canonical model for MLO1 but there may be
other models: R+ with a different time scale (e.g. S(t) = 2t) or any ordered set
with a function + 1 that satisfies some obvious axioms (see Section 3). Unfor-
tunately, MLO1 is too expressive and it is undecidable over the canonical model
(this follows also from [AFH96]). Quite a few formalisms have been suggested in
the literature in order to supply TL with the capability to deal with quantitative
properties in a decidable way. Many of them are surveyed in [AH92]. We add
one that seems to be the simplest and the right one:
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a) We take (1) as a table for the modality ♦1X and its companion (2) as the
table for the modality ♦-1X - “X happened during the previous unit of time”:

(2) ψ(t0, X) ≡ ∃t(t0 − 1 < t < t0 ∧X(t)) .

The t− 1 is interpreted as 0 for t < 0 + 1 and as the standard t− 1 function
for t ≥ 0 + 1.

b) We add those two simple modalities to TL obtaining quantitative temporal
logic QTL. We also identify the corresponding fragment QMLO of MLO1.

c) We show that these logics are as expressive as any of the previously suggested
constructs by showing how these constructs are defined in QMLO.

d) We show that the validity (and satisfiability) problems for this logic is de-
cidable over the canonical model by reducing the problem to decidability of
pure MLO and using the decidability results for MLO in [BG85].

e) We show that the satisfiability problem for QTL in the canonical finite varia-
bility model is PSPACE complete. In view of (c) the last two items reprove
the decidability and the complexity results for logics like MITL without
resorting in the proof to automata theory. It may seem surprising that auto-
mata theory does not yield any tighter bounds than straightforward trans-
lations and general logical considerations.

f) The whole discussion except for the complexity results applies uniformly to
the canonical finite variability model and to the canonical general model. No
other approach was even able to represent the most natural canonical model.

While QTL is as expressive as any of its rivals in the literature, it can be
enriched to stronger yet still decidable logics. For example A. Pnueli’s modality
in X and Y : P (t0, X, Y ) ≡ ∃t1t2[t0 < t1 < t2 < t0 + 1 ∧ X(t1) ∧ Y (t2)] and
similar constructs can be added retaining decidability. However, none of these
modalities seem general enough to be officially added to QTL. The search for a
natural stronger logic still continues [HR99].

We believe that our formalism is exactly the right one: We use the most
natural model, we use the most simple pair of quantitative modalities, everything
is done within plain mathematical logic with no new or ad-hoc constructs, we
prove decidability using mainstream logic and our formalism works just as well
for general systems that may vary infinitely often in a finite length of time.

1.2 Comparison with Previous Works

Many formalisms were suggested in the last 15 years to extend temporal logic
to deal with quantitative properties, as surveyed in [AH92] and [Wilke94].

“The number of formalisms that purportedly facilitate the modeling,
specifying and proving of timing properties for reactive systems has ex-
ploded over the past few years. The authors, who confess to have added
to the confusion by advancing a variety of different syntactic and seman-
tic proposals, feel that it would be beneficial to pause for a second - to
pause and look back to sort out what has been accomplished and what
needs to be done.” [AH92].
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“Recent research in reactive and hybrid systems is dominated by a
plethora of Concepts, Terminology, Notations. Unfortunately, this back-
ground is not free of ad-hoc and ambiguous decision which are liable to
misjudgments and to infliction of myths into the area” [Trak99].

So it is not easy to compare our work with the related literature. We shall try
to compare our work to the previous results regarding four aspects: the model
used, the temporal connectives introduced, the decidability proof technique and
the complexity of the method.

Models In [AH92] (section 2.2) there is a classification of all the models leading
to “sixteen possible formal semantics of real time sequences”. All sixteen models
are ω-sequences of some kind. None of them is the real line itself. None of them
reflects the real line faithfully and none avails itself to be adjusted to systems
without finite variability. In section 7 we shell compare the canonical model with
two of the most popular models.

Formal Language Some of the formalisms are obtained from logics or temporal
logics by adding programming language constructs which lack the universality
of logical notions. Notions such as freeze quantification, clock variables, half-
order logics, explicit-clock notations, reset quantifications, position variables and
position quantifications, nonstandard reals (which have nothing to do with the
non-standard analysis) etc were invented [AH92,BL95,HRS98].

Others use temporal connectives which are definable in a fragment of first
or second order Monadic Logic. We will discuss only the latter. Notably among
logics with first-order defined connectives is MITL of [AFH96]. All such decidable
languages are equal in expressive power to the most basic logic QTL on the finite
variability canonical model. On the different ω-sequences models the logics differ
in expressive power, causing a proliferation of logics. Thus “φ will happen within
two units of time” is expressible in the canonical models through the connective
“φ will happen within one time unit” but not so in the popular model of state
sequences (see section 7).

Some modalities suggested in the literature were motivated by pragmatic
considerations. Some other were obtained annotating the authors favorite mo-
dalities for TL by some time constrains. For example, the operator 3[1,3] is
interpreted as “eventually within one to three time units.” There is no yardstick
by which to measure the appropriateness of a temporal logic.

The most important characteristic of these formalisms are (1) expressiveness,
which refers to correctness properties which the formalism can specify and (2)
Complexity and decidability - the complexity of the model checking and the
satisfiability problems for the formalism. One of the main goals was to formulate
the most expressive logic which is still decidable.

Decidability Alur and Dill introduced time automata and proved that the
emptiness problem is decidable for the class of these automata [AD94]. The proof



176 Y. Hirshfeld and A. Rabinovich

reduces the problem to the emptiness problem for Büchi ω-automata. This result
was used in all the previous approaches to prove that the logic is decidable (we
suspect that this is the main reason why all the authors ignored the standard
model in favor of an ω sequence model of some kind).

The class of languages accepted by timed automata is not closed under com-
plementation. On the other hand logic is closed under negation. Therefore the
usual way to show that a logic was decidable was to introduce some variati-
ons and restriction of timed automata which is closed under complementation
and providing an effective transformation from logical formulae to “equivalent”
automata in this class. These classes were given nice descriptive names like “Re-
cursive Event Clock Automata” [HRS98] or “Bounded Two Way Deterministic
Timed Automata” [AH92a]. It seems that these classes of automata do not give
any additional insight about the corresponding logic.

In contrast our decidability proof remains within the framework of logic first
reducing the language to a normal form (“Timer normal form”) and then redu-
cing the problem to the known result about the decidability of pure MLO (or
TL). In particular our proof applies just as well to the standard model with all
the unary predicates (and not just finite variability predicates).

Complexity It may have been hoped that the use of automata theory for
decidability would provide a less complex procedure and clearer bounds than
decidability proofs based on general logical reductions. We found this not to be
the case; our method easily yields the same upper bounds or better ones (see
section 6).

2 Monadic Logic of Order (MLO) and Temporal Logic
(TL)

We survey the basic facts about these logics introducing TL within the frame-
work of MLO [GHR94].

The syntax of MLO has in its vocabulary individual (first order) variables
t0, t1, . . . , monadic predicate names X0, X1, . . . , and one binary relation < (the
order). Atomic formulas are of the form X(t), t1 < t2 and t1 = t2. MLO formulas
are obtained from atomic formulas using the Boolean connectives ¬,∨,∧,→,↔
and the (first order) quantifiers ∃t and ∀t.

Second order Monadic Logic of Order formulas are obtained using also second
order quantifiers ∃X and ∀X.

Warning on Terminology. In this work we are mainly interested in first-
order monadic logic of order, unless explicitly stated otherwise.

As usual if ϕ is a formula we may write ϕ(t1, . . . tk;X1, . . . , Xm) to indicate
that the free variables in ϕ are among t1, . . . tk and the monadic predicate names
are among X1, . . . Xm.

A structure for MLO is a pair M = 〈A,<〉 where < is a linear order over A.
The important examples for us are: 〈R+, <〉, and 〈N,<〉; the non-negative real
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line and the non-negative integers. Note that at this stage, we made the choice
to deal only with linear order so that trees and other orders are not in the scope
of the discussion at present.

We shall not repeat the inductive definition saying when is a formula satisfied.
Recall that in order to check if the formula ϕ(t1, . . . tk;X1, . . . , Xm) is true we
need to specify which model M = 〈A,<〉 is intended and what are the elements
τ1, . . . , τk in A and the predicates (subsets) P1 · · ·Pm over A which are assigned
to the variables and predicate names t1, . . . , tk, X1 · · ·Xm. Hence, the notation
will usually be

〈M, τ1, . . . τk;P1 · · · , Pm〉 |=
MLO

ϕ(t1, · · · tk;X1, . . . , Xm)

which we also abbreviate to

M |= ϕ[τ1, . . . , τk;P1, . . . , Pm]

or even to M |= ϕ[τ , P ] where the bar denotes a tuple of appropriate length.
When we define the semantics of a second order formula or when we deal with
validity and satisfiability of a first order formula it is necessary to specify over
which predicates should the variables X range. In full MLO they range over all
unary predicates (i.e. – subsets).

A requirement that is often imposed in the literature is that in every boun-
ded time interval a system can change its state only finitely many times. This
requirement is called finite variability (or non-Zeno) requirement. We consider
also finitely variability interpretation of second-order MLO. Under this interpre-
tations monadic predicates range over predicates with finite variability. Observe
that in the real model this property of a predicate X can be expresses by the
pure first-order formula [Rab98]. It is worth noting that there is no first-order
monadic formula that defines finite variability predicates over the rationals, ho-
wever, the finite variability predicates over the rationals can be defined by a
monadic second-order formula.

The syntax of Temporal Logic (TL) has in its vocabulary Predicate variables
X1, X2, . . . and some modality names with prescribed arity O

(k1)
1 · · ·O(kn)

n (the
arity notation is usually omitted). For example the “sometime in the future”
modality ♦ has arity 1. The “ until ” modality has arity 2.

Atomic formulas are just variables Xi and temporal formulas are obtai-
ned from the atoms using Boolean connectives and applying the modalities:
if ϕ1, . . . , ϕki are temporal formulas then so is O(ki)(ϕ1, . . . , ϕki). As usual we
write ϕ until ψ instead of until (ϕ,ψ).

Structures for TL are again linear orders M = 〈A,<〉. Every modality O(k) is
interpreted in every structure M as an operator O(k)

M : [P (M)]k → P (M) which
assigns “the set of points where O[P1, . . . , Pk] holds” to the k-tuple 〈P1, . . . , Pk〉.
We consider only modalities which are defined in MLO: we assume that for every
modality O(k) there is a formula (truth table) O(t0, X1, . . . Xk) of MLO such that
in every structure M :

OM (P1, . . . , Pk) = {τ |M |=
MLO

O[τ ;P1, . . . , Pk]} .
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Example (Tables for Modalities)

– The modality ♦-X, “X has happened before” is defined by ϕ(t0, X) ≡ ∃t < t0
X(t).

– The modality X until Y is defined by ψ(t0, X, Y ) ≡ ∃t1(t0 < t1 ∧ Y (t1) ∧
∀t(t0 < t < t1 → X(t))).

– The modality X since Y is defined by ψ(t0, X, Y ) ≡ ∃t1(t0 > t1 ∧ Y (t1) ∧
∀t(t1 < t < t0 → X(t))).

Satisfaction of a formula at a point τ in the model M is defined inductively
starting with:

〈M, τ, P 〉 |=
T L

X iff τ ∈ P
and

〈M, τ, P1, . . . Pk〉 |=
T L

O(X1, . . . Xk) iff 〈M, τ, P1, . . . Pk〉 |=
MLO

O(t0, X1, . . . Xk) .

This extends easily to:

Proposition. For every formula ϕ(X1, . . . Xn) of TL there is a formula
ϕ(t0, X1, . . . Xn) of MLO such that for every M , τ ∈M and predicates P, . . . Pn

〈M, τ, P1, . . . Pn〉 |=
T L

ϕ iff 〈M, τ, P1, . . . Pn〉 |=
MLO

ϕ .

MLO supplies us with a yardstick by which to measure if a temporal logic
(i.e. a choice of modalities) is as expressive as can be hoped for:

Definition. Let C be a class of structures and L a temporal logic. L is ex-
pressively complete with respect to C if every formula ϕ of MLO with single first
order free variable t0 is equivalent in C to some formula ϕ0 of the logic. A list
of modalities O(k1)

1 · · ·O(kn)
n is expressively complete if the temporal logic with

these modalities is expressibly complete.
There are natural choices for expressively complete sets of modalities:

Theorem 1. a) ([Kamp68], reproved in [GPSS80]): The pair of modalities
Xuntil Y and
Xsince Y is expressively complete for the canonical structures: the real line and
the natural numbers.

b) [GHR94] There is a pair of modalities XuntilsY and XsincesY (“Stavi’s
modalities”) which together with the since and until is expressively complete for
the class of all linear orders.

3 Quantitative Temporal Logic and Quantitative MLO

The logics MLO and TL are not suitable to deal with quantitative statements
like “X will occur within one unit of time”. This can be easily remedied in
predicate logic by using the function t+ 1:
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Definition. MLO1, the monadic logic of order with a +1 function is the
monadic logic built from the primitive relation < and one unary function symbol
which we denote either by S(t) or by t + 1. The standard (canonical) model
for this logic is the non-negative real line with the usual +1 function. General
structures for MLO1 are ordered structures M = 〈A,<, 0, S〉 with first element 0
and with a unary function S that satisfies some natural requirements: like strict
monotonicity, non-archimedian property.

We will deal here only with the canonical model and leave out the axioma-
tization of more general models. We use the standard notation t+ 1 for S(t), n
for 0 + 1 + · · · + 1 (n times) and t − 1 for 0 when t < 1 and for the unique t1
such that t1 + 1 = t for t ≥ 1.

MLO1 is a broad language and everything that we do is inside MLO1. But it
is too strong: the problem of validity and satisfiability in the standard model is
undecidable for MLO1 (there is a natural encoding of Turing computations that
shows it but it can also be deduced from the undecidability proof in [AFH96]).
We shall, therefore, start at the other end: introduce the simplest quantitative
modalities to TL and check what the corresponding fragment of MLO1 is. We
then check if the result is expressive enough and if it is decidable.

Definition: Quantitative Temporal Logic (QTL) is the temporal logic
constructed from an expressively complete set of modalities for MLO and two
new modalities ♦1X and ♦-1X defined by the tables (in t0):

(3) ♦1X : ∃t((t0 < t < t0 + 1) ∧X(t))

(4) ♦-1X : ∃t((t0 − 1 < t < t0) ∧X(t)) .

Next we intend to identify the fragment of MLO1 that corresponds to QTL.
This fragment will use the function t+1 only in a very restricted form as indicated
in (3) and (4). We introduce some syntactical sugar to MLO1 – the “bounded
quantifiers” (∃t)<t0+1

>t0 and (∃t)<t0
>t0−1 as follows: if ϕ is a formula of MLO1 then

we use the shorthand:

(5) (∃t)<t0+1
>t0 ϕ ≡ ∃t(t0 < t < t0 + 1 ∧ ϕ(t))

(6) (∃t)<t0
>t0−1ϕ ≡ ∃t(t0 − 1 < t < t0 ∧ ϕ(t))

Definition. Quantitative Monadic Logic of Order (QMLO) is the fragment of
MLO1 which is built from the atomic formulas t1 < t2, t1 = t2, X(t) (t, t1, t2
variables) using Boolean connectives, first order quantifiers and the following
rule: if ϕ(t) is a formula of QMLO with t its only first order free variable then
(∃t)<t0+1

>t0 ϕ and (∃t)<t0
>t0−1ϕ are formulas of QMLO.

The following observation characterizes the expressive power of QTL.
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Theorem 2. Let Γ be an expressive complete set of modalities (over the reals)
for first-order MLO. For every formula p over the modalities {Γ,♦1, ♦-1} there
is a formula φ(t0) of QMLO effectively computable from p such that φ(t0) is
equivalent (over the reals) to p. For every formula φ(t0) of QMLO there is a
formula p over the modalities {Γ,♦1, ♦-1} effectively computable from φ(t0) such
that φ(t0) is equivalent (over the reals) to p.

Proof. Straightforward induction.

4 The Expressive Power of QMLO

4.1 General Bounded Quantifiers

At first glance the modalities ♦-1 and 31 may seem insufficient to express more
general modalities like ♦[5,7) defined by the table ∃t. t0 + 5 ≤ t < t0 + 7 ∧X(t).
However this is not the case.

We shall first show that one can use more general quantifiers in QMLO:
(∃t)<t0+n+m

>t0+n , (∃t)<∞
>t0+n and quantifiers with weak inequality replacing the strict

inequality in one or both ends of the interval, where n is an integer and m is a
positive natural number.
(a) (∃t)<t0+1

≥t0
X(t) ≡ X(t0) ∨ (∃t)<t0+1

>t0 X(t)
(b) (∃t)≤t0+1

>t0 X(t) ≡ (∃t)<t0+1
>t0 X(t) ∨ [First (t0, X) ∧ (∀t1)<t0+1

>t0 (∃t)<t1+1
>t1 X(t)]

when First (t0, X) says that there is a first point past t0 for which X(t) holds:

(7) First (t0, X) ≡ ∃t1[t0 < t1 ∧X(t1) ∧ ∀t(t0 < t < t1 → ¬X(t))]

it is not difficult to see that once a first solution to X(t) is granted then the last
conjunct in (b) is equivalent to X(t0 +1) (note, however, that X(t0 +1) by itself
is not definable in QMLO and its addition would lead to undecidability).

Hence quantifiers (∃t)<t0+1
≥t0

and (∃t)≤t0+1
>t0 are definable in QMLO.

Let us list some more laws
(c) (∃t)<∞

>t0+1X(t) ≡ (∀t)≤t0+1
>t0 ∃t1.t1 > t ∧X(t1)

(d) (∀t)<t0+n+1
>t0+n X(t) ≡ (∀t)<t0+n

>t0+n−1(∃t2)<t+1
>t (∀t1)<t2+1

>t2 X(t1) for n > 0.

Theorem 3. The extension L of QMLO by the following rules is expressive
equivalent to QMLO over the canonical model.

if φ(t) is an L formula with the only free variable t then the following are L
formulae:

1. (∃t)<t0+n+m
>t0+n φ(t), where n is an integer and m a positive natural number.

2. (∃t > t0 + n)φ(t) (denoted also by (∃t)<∞
>t0+nφ(t)) and (∃t < t0 + n)φ(t)

(denoted by (∃t)<t0+n
>−∞ φ(t)), where n is an integer.

3. Similar to (1) or (2) above with weak inequality replacing one or both occur-
rences of the strong inequality.

Henceforth, we will freely use these generalized quantifiers which are definable
in QMLO and also the corresponding modalities like 2≤n which is defined by
(∀t)≤t0+n

≥t0
X1(t) and 3[n,m] which is defined by (∃t)≤t0+m

≥t0+n X1(t).
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4.2 Modalities in Real Time Logics

Here are the definitions of some modalities that were used before:
(e) Pnueli’s Age1(X) modality is dual to ♦-1

Age1(X) ≡ (∀t)<t0
>t0−1X(t)

(f) Wilke’s relative distance construct “the first time X(t) occurs after t0 is in
distance smaller than larger than or equal to n”[Wilke94]

d<n(X) is just First(t0, X) ∧ (∃t)<t0+n
>t0 X(t)

d=n(X) is (∃t)≤t0+n
>t0 X(t) ∧ (∀t)<t0+n

>t0 ¬X(t)

(g) The . modality of [HRS98]: .(n,n+m)X “there is a first instance of X(t)
among the points in the interval (t0 + n, t0 + n + m)”. For n = 0 this is
First(t0, X) ∧ (∃t)<t0+m

>t0 X(t). For n > 0 this is [(∀t1)<t0+n
>t0+n−1(∃t)<t1+1

>t1 First(t,X)]∧
(∃t)<t0+n+m

>t0+n X(t).
The logic MITL [AFH96] is based on an infinite set of modalities untilI where

I is a non-singular interval with integer endpoints - these modalities are called
constrained until modalities. The MLO1 truth table for example for the formula
X until[5,8) Y is ∃t.t0 + 5 ≤ t < t0 + 8 ∧ Y (t) ∧ (∀t0. t0 < t0 < t→X(t0)).

It is shown in [AFH96] that the operators like our 31 are definable in this
logic. Unfortunately the fundamental operator ♦-1 is not discussed there and in
fact we can show that it cannot be expressed using constrained untilI modalities.

What is called MITL in [HRS98] is the logic based on untilI operators and
the since operators sinceI . The modality ♦-1 is easily expressed using these since
operators.

In the sequel we will refer only to the version with both until and since
operators.

(h) until(n,n+m) can be defined as P until(n,n+m)Q ≡ 2(0,n](P∧(P until Q))∧
3(n,m)Q.

Similar definitions work for since and for half open or closed intervals. Hence,
MITL and QTL are expressive equivalent.

5 Decidability

We want to show that there is an algorithm which given a formula ϕ(Z) of QTL
determines if ϕ is valid in 〈R+, 0, <,+1〉. We prove the equivalent claim that
there is an algorithm which given ψ of QMLO determines if ψ is satisfiable in
〈R+, 0, <,+1〉.

Notation. For every n we define the formula:

Timern(X1, . . . Xn, Y1, · · ·Yn) ≡
∧

i

∀t(Yi(t)←→ (∀t1)<t
>t−1Xi(t1))

i.e. each Yi is a timer that measures if Xi persisted for at least one unit of time.
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Theorem 4 (Timer Normal form). There is an algorithm which associa-
tes with any formula ϕ(t0, Z) of QMLO variables X1, . . . , Xn, Y1, . . . , Yn and a
formula ϕ(t0, X1, . . . , Xn, Y1, . . . , Yn, Z) of pure MLO such that ϕ(t0, Z) is sa-
tisfiable iff the following formula is satisfiable:

Timern(X1, . . . , Xn, Y1, . . . , Yn) ∧ ϕ(t0, X, Y , Z)

The proof is by routine normalization (note that the two formulas are equi-
valent only with respect to satisfiability).

Definition A formula is said to be in first (second) order timer normal
form if it has the form

Timern(X1, . . . , Xn, Y1, . . . , Yn) ∧ φ,

where φ is a first (second) order monadic formula.
Next we associate with the formula Timern(X1, . . . Xn, Y1, · · ·Yn) a formula

Timern(X1, . . . , Xn, Y1, . . . Yn) in pure monadic logic. It is the conjunction of the
properties Ai, Bi,j , Ci below and some technical properties Di which we omit.
We introduce first the following notation: the duration of X at t0 is the largest
interval (t1, t0) such that X(t) holds for every point t in the interval.

Ai : “If Yi(t0) holds then the duration of Xi at t0 is not empty.
Bi,j :“If Yi(t0) holds and if the duration of Xj at t0 is at least as big as

the duration of Xi then Yj(t0) holds. Moreover; if the duration of Xj at t0 is
strictly larger than the duration of Xi then Yj(t) started to hold already at a
point before t0.

Ci : “Yi has finite variability. This is expressible in R by the pure first order
monadic formula that says: Every point is the left end of some open interval on
which Yi does not change its value and every point except 0 is the right end of
an open interval on which Yi does not change its value.

Di deals with the behavior of Yi at 0 and when approaching infinity. It also
asserts that Yi holds on a topologically closed set. The definition will appear in
the full version of the paper.

The formula Timer of QMLO and the formula Timer of MLO are related by
the following main Lemma:

Lemma 5 (Reduction of Quantitative Properties to Pure Monadic
Properties). The predicates P1, . . . , PnQ1, . . . , Qn over 〈R+, 0, <〉 satisfy the
formula Timern if and only if there is an order preserving bijection ρ : R+ → R+

such that P1ρ, . . . , Pnρ, Q1ρ, . . . , Qnρ satisfy Timern.

In the above lemma the predicate Piρ is obtained from the predicate Pi by
stretching according to the bijection ρ, i.e (Pρ)(τ) iff P (ρ(τ)). Observe that P
satisfies a monadic formula φ(X) iff Pρ satisfies φ(X). Therefore,

Corollary 6. For every first-order or second-order monadic formula φ
Timern ∧ φ is satisfiable iff Timern ∧ φ is satisfiable.

We recall
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Theorem 7. 1. The satisfiability of monadic first order logic of order over the
reals is decidable [BG85].

2. The satisfiability of monadic second-order logic of order over the reals is
undecidable [She75]

3. The satisfiability of monadic second order logic over the real finitely variable
interpretation is decidable [Rab98].

Therefore,

Corollary 8. 1. The satisfiability of the formulas in first-order timer normal
form in the canonical model is decidable.

2. The satisfiability of the formulas in the second-order timer normal form un-
der the finite variability interpretation is decidable.

Theorem 9. Satisfiability in the canonical model is decidable for QMLO and
for QTL. Satisfiability in the finite variability canonical model is decidable for
QMLO and for QTL.

6 On Complexity of QTL

In this section we show somewhat informally how one can derive easily the
complexity bounds without appealing to automata theoretical techniques.

We observe that the monadic formula Timer (see section 5) is expressible in
Temporal Logic.

Lemma 10. There is a TL formula timern(X1, . . . Xn, Y1, . . . Yn) of size O(n2)
over the modalities Until and Since such that Timern(X1, . . . Xn, Y1, . . . Yn) is
equivalent over the canonical model to timern(X1, . . . Xn, Y1, . . . Yn) .

Proof. Just observe that every clause Ai, Bi,j , Ci and Di in the definition of
Timern (see section 5) is expressible by a temporal logic formula which is inde-
pendent of n.

Unnesting: We define a process of unnesting by a generic example. Let Always(X)
be the modality defined by the table t0 = t0 ∧ ∀t. X(t). Let OP1 and OP2 be
any two-place modalities over a linear order A. It is easy to see that that the
formulas OP1(¬X1, OP2(X2, X3 ∨X4) is unsatisfiable over A iff the conjunction
of the following formulas is unsatisfiable over A

1. Z
2. Always(Z ↔ OP1(Z1, Z2))
3. Always(Z1 ↔ ¬X1)
4. Always(Z2 ↔ OP2(X2, Z3, ))
5. Always(Z3 ↔ (X3 ∨X4))

A simple generalization of this observation shows
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Lemma 11. For every QTL formula φ with k metrical quantifiers there is a
TL formula ψ and a subset F of {1. . . . k} such that the size of ψ is linear
in the size of φ and φ is satisfiable if and only if the conjunction of ψ with∧

i2F Always(Xi ↔ ♦1Zi) ∧
∧

i2{1,...,k}\F Always(Xi ↔ ♦-Zi) is satisfiable.

Lemma 12. There is a formula over {until, since, ♦-1} which is equivalent to
Always(Xi ↔ ♦1Zi).

Lemma 13. The formula Always(Xi ↔ ♦-1Zi) is equivalent to Timer1(¬Xi,¬Zi).

The above lemmas and Lemma 5 imply
Theorem 14. There is a polynomial time algorithm that for every QTL formula
φ of size m with k metrical modalities constructs a TL formula ψ of size O(k2×
m) such that (1) ψ is satisfiable in the canonical model iff φ is satisfiable in the
canonical model. (2) ψ is satisfiable in the finite variability canonical model iff
φ is satisfiable in the finite variability canonical model.

Theorem 15. [Rab98a] Let Γ be any finite set of modalities definable in mo-
nadic first-order logic of order. The satisfiability problem for TL formulas over
Γ in the finite variability canonical model is in PSPACE.

We note here that the proof of the above theorem is automata free and relies on
the compositional method.
Open Question: What is the complexity of the satisfiability for TL formulas
in the general canonical model.
Corollary 16. The satisfiability problem for QTL in the finite variability cano-
nical model is in PSPACE.

Let φ be an MITL formula with m boolean and temporal connectives and
let c be the largest constant that appears as a subscript of the bounded until or
since operator in φ. From the laws of Section 4 and an unnesting procedure one
can construct a QTL formula ψ of size O(m × c) such that ψ is satisfiable (in
either of the canonical or finite variability canonical models) iff φ is satisfiable in
that model. Hence, we reprove the result of [AFH96] that satisfiability for MITL
is decidable in space polynomial in m× c.

7 About Two Popular Real Time Models

In this paper we are dealing with the canonical model for QTL or with the fini-
tely variable canonical model (in this model predicates are restricted to finitely
variable predicates). In the survey [AH92] sixteen models for real time logics
are provided. Surprisingly, neither the canonical model nor the finite variability
canonical model is among these models.

All the models considered in the literature are ω-sequences of something.
Probably because the only technique to show the decidability was the reduction
to Alur-Dill timed automata which in turn are reduced to ω-automata. Our
proof of decidability is automata free and works for general predicates as well as
finitely variable predicates.

We discuss two of these model that gained popularity.
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7.1 The State Sequence Model

The most popular model is the state sequence model. A state sequence is an ω-
sequence (t0, σ0), . . . , (tn, σn), . . . where ti is an unbounded increasing sequence
of reals and σi gives the values of the monadic predicates at ti.

The state sequence model does not faithfully reflect the real line. For example
the very basic law ♦2X ↔ ♦1X ∨♦1♦1X fails in this model. In fact already at
the pure temporal logic level (without the metric) it is clear that sequences can
not represent faithfully the canonical model as any formula is satisfiable over
real sequences iff it is satisfiable over the discrete model of the natural numbers.
Clearly we expect TL to differentiate between the discrete and the continuous
model of time. another price paid for the use of state sequences is the proliferation
of modal operators; while connectives like 3[m,n] can be defined in the canonical
model using the connective 31 this is not true for state sequences. Most of the
laws from section 4 fail in this model. For example 3(0,1] is not expressible from
31.

A remarkable work that achieves impressive results using state sequences is
Wilke’s [Wilke94]. He introduced metrical properties into second order monadic
logic and proved the decidability of an extensive fragment. He embedded all the
known decidable formalisms (and much more) into this fragment thus reproving
uniformly the decidability.

7.2 The Trace Interval Model

Another popular model is trace interval model. A trace interval is an ω-sequence
(I0, σ0), . . . (In, σn) . . . where Ii are disjoint intervals that cover R+ and Ii pre-
cedes Ii+1.

A trace interval represents a finite variability structure for MLO. Indeed,
every t ∈ R+ is in exactly one of the intervals Ij and σj determines the value
of the monadic predicates at t. This clearly defines a finite variability model.
However, the same finite variability model has many distinct representations. So
the formalisms that distinguish between representations of the same model are
unreasonable.

Even though a trace interval encodes all the information about the corre-
sponding finite variability canonical model it may still be misleading if one tries
to use it for a different model like the rationals Q. In the words of [AFH96]
“MITL cannot distinguish the time domain of the reals from the time domain
of the rationals”. In fact theorem 2.4.1.4 in [AFH96] says that an MITL for-
mula φ is satisfiable in the rational interval traces iff it is satisfiable in the real
interval traces. (By the rational interval trace it is meant there an ω-sequence
(I0, σ0), . . . (In, σn) . . . where Ii are disjoint intervals of the rationals with the
rationals end-points that cover Q+ and Ii precedes Ii+1.)

But the following TL formula is satisfiable in the reals and not in the ratio-
nals.

(X ∧ ♦¬X) ∧2(¬X→2¬X) ∧ ((X→♦X) ∧ (¬X→♦-¬X))



186 Y. Hirshfeld and A. Rabinovich

(By the first two clauses X holds for a prefix of the model and ¬X holds in
a suffix of the model; by the third clause X has no maximal element and ¬X
has no minimal element). Does theorem 2.4.1.4 in [AFH96] say that MITL is
two weak to express the above formula. Of course not; it only shows that the
rationals are not modeled adequately by the rational trace intervals.

8 Conclusion

We believe that we proved the case for the quantitative logic QTL and its pre-
dicate logic twin QMLO.

It is easy to modify the theory to deal with more general time lines. For the
rational line Q we would need to require that the time unit is Archimedian: the
sequence 0, 0 + 1, 0 + 1 + 1, . . . must be unbounded for every +1 function. A
more general approach will replace the +1 function by a relation between pairs
of points in time “t2 is not too far ahead of t1” such that some obvious axioms
hold.

Future research must look for natural stronger modalities. A. Pnueli noticed
that the following modality

ϕ(t0, X, Y ) ≡ (∃t1t2)[(t0 < t1 < t2 < t0 + 1) ∧X(t1) ∧ Y (t2)]

is not definable in QMLO [HR99]. We can show that one may add modalities of
the following form without losing decidability

(∃t1 · · · tn)[(t0 < t1 < · · · < tn < t0 + 1) ∧
∧

i

ϕi(ti)]

(note that ϕi speaks only of ti). But it is difficult to see from this what should
be the next modality in the logic.

Acknowledgments

We are indebted to our colleague and teacher B. Trakhtenbrot. His penetrating
insight led us through this work. In particular our timer normal form is an
adaptation of his ”oracle normal form”. We would like to thank J.F. Reskin for
helpful comments regarding Theorem 3.

References

[AD94] R. Alur, D. Dill A theory of timed Automata. Theoretical Computer Science
126 (1994), 183-235.

[AFH96] R. Alur, T. Feder, T.A. Henzinger. The Benefits of Relaxing Punctuality.
Journal of the ACM 43 (1996) 116-146.

[AH92] R. Alur, T.A. Henzinger. Logics and Models of Real Time: a survey. In Real
Time: Theory and Practice. Editors de Bakker et al. LNCS 600 (1992) 74-
106.



Quantitative Temporal Logic 187

[AH92a] R. Alur, T.A. Henzinger. Back to the future: toward theory of timed regular
languages. In 33th FOCS, pp177-186, 1992.

[AH93] R. Alur, T.A. Henzinger. Real Time Logic: Complexity and Expressiveness.
Information and Computation 104 (1993) 35-77.

[BL95] A. Bouajjani and Y. Lakhnech. Temporal Logic +Timed Automata: Ex-
pressiveness and Decidability. CONCUR95, LNCS 962, pp. 531-547, 1995.

[BG85] J.P. Burges, Y. Gurevich. The Decision Problem for Temporal Logic. Notre
Dame J. Formal Logic, 26 (1985) 115-128.

[GHR94] D.M. Gabbay, I. Hodkinson, M. Reynolds. Temporal Logics volume 1. Cla-
rendon Press, Oxford (1994).

[GPSS80] D.M. Gabbay, A. Pnueli, S. Shelah, J. Stavi. On the Temporal Analysis of
Fairness. 7th ACM Symposium on Principles of Programming Languages.
Las Vegas (1980) 163-173.

[HRS98] T.A. Henzinger, J.F. Raskin, P.Y. Schobbens. The Regular Real Time Lan-
guages. 25th ICALP Colloquium (1998).

[HR99] Y. Hirshfeld and A. Rabinovich, A Framework for Decidable Metrical Lo-
gics. To appear in ICALP99, LNCS vol.1644, 1999.

[Kamp68] H. Kamp. Tense Logic and the Theory of Linear Order. Ph.D. thesis, Uni-
versity of California L.A. (1968).

[Rab98] A. Rabinovich. On the Decidability of Continuous Time Specification For-
malisms. In Journal of Logic and Computation, pp 669-678, 1998.

[Rab98a] A. Rabinovich. On the complexity of TL over the reals. Manuscript 1998.
[She75] S. Shelah. The monadic theory of order. Ann. of Math., 102, pp 349-419,

1975.
[Trak99] B.A. Trakhtenbrot. Dynamic Systems and their interaction: Definitional

Suggestions. TR Tel Aviv University, 1999.
[Wilke94] T. Wilke. Specifying Time State Sequences in Powerful Decidable Logics

and Time Automata. In Formal Techniques in Real Time and Fault Tole-
rance Systems. LNCS 863 (1994), 694-715.



An Expressively Complete Temporal Logic
without Past Tense Operators for Mazurkiewicz

Traces

Volker Diekert1 and Paul Gastin2

1 Inst. für Informatik, Universität Stuttgart, Breitwiesenstr. 20-22, D-70565 Stuttgart
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Abstract. Mazurkiewicz traces are a widely accepted model of concur-
rent systems. We introduce a linear time temporal logic LTLf which has
the same expressive power as the first order theory FO(<) of finite (in-
finite resp.) traces. The main contribution of the paper is that we only
use future tense modalities in order to obtain expressive completeness.
Our proof is direct using no reduction to words and Kamp’s theorem for
both finite and infinite words becomes a corollary. This direct approach
became possible due to a proof technique of Wilke developed for the case
of finite words.
Keywords Temporal logics, Mazurkiewicz traces, concurrency

1 Introduction

The verification of programs is essential for the conception of critical systems,
especially for concurrent systems. The model checking approach starts with the
abstraction of the actual system into some automata based model. Then the
specification to be checked is expressed in some suitable logic, mainly temporal
logics. Finally, a tool (model checker) is used to determine whether the system
(the automaton) meets its specification (satisfies the formula).
Usually, concurrent systems are reduced to sequential ones by considering all
possible linearizations of concurrent behaviors. Then, one can use both the tem-
poral logics for sequences and the existing tools to specify and verify properties
of systems. The main problem with this approach is the state explosion induced
by these many linearizations. An alternative approach is to use truly concurrent
models such as Mazurkiewicz traces and to introduce and study logics over these
traces. Work along this line can be found in [1,12,13,14,16,19,20]. See also [3]
for the general background of trace theory, and in particular [15] for traces and
logic and [8] for infinite traces.
The various linear time temporal logics differ by the kind of modalities allowed:
future modalities (next, eventually, until, . . . ) and past modalities (previous,
since, . . . ). For sequential systems, a crucial result states that linear time tem-
poral logics are expressively complete, i.e., have the same expressive power as
the first order theory of words FO(<). This is known now as Kamp’s theorem,

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 188–203, 1999.
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[9]. The result that we can avoid past tense operators was shown, however, much
later; it relies on Gabbay’s separation theorem [6].
Since then simplified versions of the proof of Kamp’s theorem were found. Let us
mention [2], which contains an elegant proof based on Krohn-Rhodes decomposi-
tion. The most recent development is due to Wilke [23] who gave an elementary
proof based on the classical fact that FO languages are aperiodic and hence given
by some counter–free automaton [10,17]. Our approach follows the same lines as
Wilke’s proof for the corresponding result over finite words.
Kamp’s theorem has been generalized by Ebinger [4] to Mazurkiewicz traces,
but he used a temporal logic with both past and future modalities, and the
proof failed for infinite traces. Then, Thiagarajan and Walukiewicz [21] have
introduced a temporal logic LTrL for traces with the usual future modalities and
also past tense modalities in the weak form of previous constants. They proved
(via a reduction to the word case) that this logic is expressively complete, both
for finite and infinite traces. It is open whether the fragment of LTrL without
the previous constants is still expressively complete. A positive answer to this
question was claimed for finite traces in [11], but the proof contained a serious
flaw, which has not yet been fixed.
In the present paper we work with a linear time temporal logic for traces having
future modalities only. In addition to the classical next and until modalities, we
introduce a new (but natural) operator 〈B�〉ϕ which means that we can reach a
configuration satisfying ϕ by using actions from some given set B only. We can
think that the operator works as a filter which is reflected in the index f in the
notation LTLf . In the word case, 〈B�〉ϕ means nothing but 〈B〉> U ϕ and we
can read 〈B�〉ϕ as a simple macro. Hence over words LTLf becomes the classical
linear time logic LTL. From this we may deduce that the new operator 〈B�〉ϕ
can be avoided in the case of direct products of free monoids, but up to now we
do not know whether this is possible for traces, in general.
We prove that LTLf has the same expressive power as the first order theory of
traces FO(<). The result holds for both finite and infinite traces. This solves an
open problem of [4,21] in the sense that we have a temporal logic using future
modalities only. We would like to stress that, contrary to previous works, we are
not reducing the problem to the word case. We give a direct proof for finite and
infinite traces such that, formally, the result for words becomes a corollary.
The hard part of the proof is to find an LTLf(Σ) formula which is equivalent to
some given FO(<) formula. For this, we use the equivalence between first–order
and aperiodic trace languages [5].
All our constructions are effective, and logics like LTrL or our LTLf are clearly
decidable, but apparently rather complex. The satisfiability problem of FO(<)
is non-elementary in the word and in the trace case, whereas the satisfiability
problem of linear time temporal logic is PSPACE-complete in the word case [18].
In the presence of concurrency the situation is even more complex. Walukiewicz
[22] has shown that the satisfiability problem for the fragment without previous
constants of LTrL is non-elementary over an independence alphabet with four
letters. Hence the same statement holds for LTLf .
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2 Preliminaries

Throughout the first part we speak of finite traces only. The infinitary case is
treated in Sect. 4. The separation will make it necessary to repeat some parts,
which could be treated uniformly otherwise. We have decided to do so for at
least two reasons: The result for finite traces is used in order to obtain the cor-
responding result for infinite traces. Second, the subject is technically involved.
So we prefer to postpone the notions needed to deal with infinite traces as long
as possible hoping that the first part becomes then more easily accessible.
By (Σ, I) we mean a finite independence alphabet where Σ denotes a finite
alphabet and I ⊆ Σ × Σ is an irreflexive and symmetric relation called the
independence relation. The complementary relation D = (Σ×Σ)\I is called the
dependence relation. The monoid of finite traces M(Σ, I) is defined as a quotient
monoid with respect to the congruence relation induced by I, i.e., M(Σ, I) =
Σ�/{ ab = ba | (a, b) ∈ I }. We also write M instead of M(Σ, I). For A ⊆ Σ we
denote by MA the submonoid of M(Σ, I) generated by A:

MA = M(A, I ∩A×A) = {x ∈ M(Σ, I) | alph(x) ⊆ A}.
A trace x ∈ M is given by a congruence class of a word a1 · · · an ∈ Σ� where
ai ∈ Σ, 1 ≤ n. By abuse of language, but for simplicity we denote a trace x by
one of its representing words a1 · · · an. The number n is called the length of x, it
is denoted by |x|. For n = 0 we obtain the empty trace, it is denoted by 1. The
alphabet alph(x) of a trace x is the set of letters occurring in x. A trace language
is a subset L ⊆ M. The concatenation is defined as usual:

KL = {xy ∈ M | x ∈ K, y ∈ L}.
The Kleene–star L� refers to the submonoid of M which is generated by the set
L. We have L� =

S
i≥0 L

i where L0 = {1} and Li is the i-fold iteration of L
with itself, i ≥ 0. For A ⊆ Σ we have A� = {x ∈ M | alph(x) ⊆ A}, which is
ambiguous, because A� could also denote the free monoid generated by the set
A. It will be clear from the context what we mean.
Every trace a1 · · · an ∈ M can be identified with its dependence graph. This is
(an isomorphism class of) a node–labeled, acyclic, directed graph [V,E, λ], where
V = {1, . . . , n} is a set of vertices, each i ∈ V is labeled by λ(i) = ai, and there
is an edge (i, j) ∈ E if and only if both i < j and (λ(i), λ(j)) ∈ D. In pictures
it is common to draw the Hasse diagram only. Thus, all redundant edges are
omitted.

Example 1. Let (Σ,D) = a b c, i.e., I = {(a, c), (c, a)}. Then the trace
x = abcabca is given by

a a a

b b

c c
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By min(x) and max(x) we refer to the minimal and maximal letters in the
dependence graph. In the example above min(x) = {a} and max(x) = {a, c}.
Formally:

min(x) = {a ∈ Σ | x ∈ aM},
max(x) = {a ∈ Σ | x ∈ Ma}.

For B,C ⊆ Σ and #∈ {⊆,=,⊇, 6=} we define:

I(B) = {a ∈ Σ | ∀b ∈ B : (a, b) ∈ I},
D(B) = {a ∈ Σ | ∃b ∈ B : (a, b) ∈ D},

(Min # B) = {x ∈ M | min(x) # B},
(Max # B) = {x ∈ M | max(x) # B},

[B,C] = {x ∈ M | alph(x) = B, max(x) ⊆ C}.
If in the notations above B (or C) is a singleton, then we usually omit braces
and write e.g. I(b) or Max = b.
A trace language of the formK = B�

1b1 · · ·B�
kbk with k ≥ 0, is called a max–filter,

if Bi = {bi, . . . , bk} for 1 ≤ i ≤ k. In this case, we have max(x) = max(b1 · · · bk)
for all x ∈ K. The languages above (Max # B) and [B,C] are finite uni-
ons of max–filters. For example, [B,C] is the finite union over all max–filters
B�

1b1 · · ·B�
kbk such that B = {b1, . . . , bk} and Max(b1 · · · bk) ⊆ C.

The syntax of the temporal logic LTLf(Σ) is defined as follows. There are a
constant symbol ⊥ representing false, the logical connectives ¬ (not) and ∨ (or),
for each a ∈ Σ a unary operator 〈a〉 called next-a, for each B ⊆ Σ a unary
operator 〈B�〉 called B-filter, and a binary operator U called until. Thus, the
syntax is given by:

ϕ ::= ⊥ | ¬ϕ | ϕ ∨ ϕ | 〈a〉ϕ | 〈B�〉ϕ | ϕ U ϕ,

where a ∈ Σ and B ⊆ Σ.
Usually, the semantics is defined by saying when some formula ϕ is satisfied by
some trace z at some configuration (i.e., prefix) x; hence by defining (z, x) |= ϕ.
Since our temporal logic uses future modalities only, we have (z, x) |= ϕ if and
only if (y, 1) |= ϕ, where y is the unique trace satisfying z = xy. Therefore, we
do not need to introduce configurations and it is enough to say when a trace
satisfies a formula at the empty configuration, denoted simply by z |= ϕ. This is
done inductively on the formula as follows:

z 6|= ⊥,
z |= ¬ϕ if z 6|= ϕ,
z |= ϕ ∨ ψ if z |= ϕ or z |= ψ,
z |= 〈a〉ϕ if z = ay and y |= ϕ,
z |= 〈B�〉ϕ if z = xy, x ∈ MB , and y |= ϕ,
z |= ϕ U ψ if z = xy, y ∈ M, y |= ψ, and x = x0x00, x00 6= 1 implies x00y |= ϕ.

As usual, we define LM(ϕ) = {x ∈ M | x |= ϕ}. We say that a trace language
L ⊆ M is expressible in LTLf(Σ), if there exists a formula ϕ ∈ LTLf(Σ) such
that L = LM(ϕ).
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Equivalently, we can define inductively the language LM(ϕ) as follows:

LM(⊥) = ∅ LM(〈a〉ϕ) = aLM(ϕ)
LM(¬ϕ) = M \ LM(ϕ) LM(〈B�〉ϕ) = MBLM(ϕ)

LM(ϕ ∨ ψ) = LM(ϕ) ∪ LM(ψ) LM(ϕ U ψ) = LM(ϕ) U LM(ψ)

where the until operator U is defined on trace languages by

L U K = {xy | x ∈ M, y ∈ K, and x = x0x00, x00 6= 1 implies x00y ∈ L}.
As an easy exercise let us state the following lemma, which will be used fre-
quently.

Lemma 1. Let L ⊆ M be expressible in LTLf(Σ) and B,C ⊆ Σ. Then the lan-
guages (Min # B), (Max # B), [B,C], and [B,C]L are expressible in LTLf(Σ).

The following operators are standard abbreviations. They serve as macros.

> := ¬⊥ true,
〈B〉ϕ :=

∨
b2B〈b〉ϕ for B ⊆ Σ,

Xϕ := 〈Σ〉ϕ neXt ϕ,
F ϕ := > U ϕ future (or eventually) ϕ,
G ϕ := ¬F ¬ϕ globally ϕ.

Remark 1. For comparison let us mention that the syntax and semantics of the
logic LTrL defined in [21] is very similar; the difference is only that instead of
the modalities 〈B�〉ϕ there is for each letter a ∈ Σ a constant 〈a−1〉>. Since
the constant 〈a−1〉> refer to the past, we need to use configurations to define
its semantics: (z, x) |= 〈a−1〉> if a ∈ max(x). It is not clear whether there is a
direct translation of LTLf(Σ) to LTrL or vice versa.

Remark 2. In the case of words, I = ∅, the meaning of 〈B�〉ϕ is equivalent to
the formula (〈B〉>)U ϕ. Thus, over words 〈B�〉ϕ is nothing but a simple macro.
For traces this is not the case. We always have LM(〈B�〉ϕ) ⊆ LM((〈B〉>) U ϕ),
but the reverse inclusion fails in general: Let B = {b} and a ∈ Σ such that
(a, b) ∈ I. Then

LM(〈b�〉〈b〉¬X >) = b+ 6= {a, b}�b ⊆ MI(b)b
+ = LM((〈b〉>) U (〈b〉¬X >)).

The operator 〈B�〉 works like a filter, given a formula 〈B�〉ϕ the actions from
B may pass (but nothing else) and what remains has to satisfy ϕ. It is open
whether 〈B�〉ϕ can be expressed in terms of the other operators.
There is an operator 〈B�〉 for all subsets of Σ, but not all of them are needed.
For example, if M is a direct product of free monoids, then no 〈B�〉 is needed at
all, see Step 2 in the proof of Thm. 2.
Finally let us mention that the language LM(〈B�〉ϕ) has also a fixed-point defi-
nition since it is the unique solution to the equation Z = LM(ϕ) ∪BZ.
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Remark 3. Later we shall perform an induction on the size of Σ leading to
formulae ϕ ∈ LTLf(A) for A ⊆ Σ. We note that the interpretation over M(Σ, I)
yields LMA

(ϕ) = LM(ϕ)∩MA. Since MA = LM(¬F〈Σ \A〉>) = LM(〈A�〉¬X >),
a language LMA

(ϕ) is expressible in LTLf(Σ). Another trivial observation is that
if ψ ∈ LTLf(Σ), then we can construct a formula ψA ∈ LTLf(A) such that
LM(ψ) ∩ MA = LMA

(ψA).

The first order theory of traces FO(<) is given by the syntax:

ϕ ::= Pa(x) | x < y | ¬ϕ | ϕ ∨ ϕ | (∃x)ϕ,
where a ∈ Σ and x, y ∈ Var are first order variables. Given a trace t = [V,E, λ]
and a valuation of the free variables into the vertices σ : Var → V , the semantics
is obtained by interpreting the relation < as the transitive closure of E and the
predicate Pa(x) by λ(σ(x)) = a. Then we can say when (t, σ) |= ϕ. If ϕ is a
closed formula (a sentence), then the valuation σ has an empty domain and we
define the language LM(ϕ) = {t ∈ M | t |= ϕ}. We say that a trace language
L ⊆ M is expressible in FO(<) if there exists some sentence ϕ ∈ FO(<) such
that L = LM(ϕ).
Passing from a temporal logic formula to an FO(<) one is not very difficult. It
is well-known or belongs to folklore. The transformation relies on the fact that
a prefix (configuration) p of a trace t can be defined by its maximal vertices.
Such a set of maximal vertices is bounded by the maximal number of pairwise
independent letters in Σ. Therefore, a prefix inside a trace can be defined using
a bounded number of first order variables.
Our new modality 〈B�〉 yields no extra difficulty: For instance, if some LTLf(Σ)–
formula ϕ is equivalent to the FO–formula ϕ̃, then the LTLf(Σ)–formula 〈B+〉ϕ
can be expressed by the FO–formula

∃x1 · · · ∃xk



ϕ̃(x1, . . . , xk) ∧ ∀x
( ∨

1≤i≤k

x ≤ xi

)

−→
(∨

b2B

Pb(x)
)




where k = |B| and ϕ̃(x1, . . . , xk) is the classical relativization of the formula ϕ̃
to the vertices which are not in the past of x1, . . . , xk. Hence, we can state:

Proposition 1. If a trace language is expressible in LTLf(Σ), then it is expres-
sible in FO(<).

As in the case of LTrL, this translation yields a non-elementary decision proce-
dure for the uniform satisfiability problem of LTLf . (See also [7] for a modular
decision procedure based on automata constructions.) For the lower bound, we
can use [22], since the lower bound is given there for the fragment of LTrL without
the previous constant 〈a−1〉>. Putting this together the result of Walukiewicz
becomes:

Proposition 2 ([22]). The satisfiability problem for both logics LTrL and LTLf
is non-elementary over Mazurkiewicz traces.
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In the remainder we shall use the well-known equivalence between FO(<)–
definability and aperiodic languages. Recall that a finite monoid S is aperiodic,
if there is some n ≥ 0 such that sn = sn+1 for all s ∈ S. A trace language
L ⊆ M is aperiodic, if there exists a morphism to some finite aperiodic monoid
h : M → S such that L = h−1(h(L)).

Proposition 3 ([4,5]). A trace language is expressible in FO(<) if and only if
it is aperiodic.

3 Kamp’s Theorem for Finite Traces

Theorem 1. A trace language is expressible in FO(<) if and only if it is ex-
pressible in LTLf(Σ).

By Props. 1 and 3 it is enough to show that all aperiodic languages in M(Σ, I)
are expressible in LTLf(Σ). This will cover the rest of this section.
In the following h : M → S denotes a homomorphism to some finite aperiodic
monoid S. A divisor of S is a homomorphic image of some submonoid of S. We
shall use two simple facts. First, if h : S → G is a homomorphism to some group
G, then h(S) is trivial. Second, every divisor T of S is itself aperiodic. For a
finite set (of states) Q we denote by Trans(Q) the monoid of mappings from Q
to Q. The multiplication is the composition of mappings and the neutral element
is the identity idQ. Every finite monoid can be realized as a submonoid of some
Trans(Q) where |Q| ≤ |S|. Hence we assume h : M → S ⊆ Trans(Q) and we
proceed by induction on (|Q|, |Σ|). It is enough to construct a formula for h−1(s)
where s ∈ S and h−1(s) 6= ∅. If h(a) = idQ for all a ∈ Σ, which is in particular
the case when |Q| = 1, then s = idQ and h−1(idQ) = M(Σ, I) = LM(>).
Hence we may assume that h(b) 6= idQ for at least one b ∈ Σ and we fix such
a letter b ∈ Σ. The crucial observation here is that h(b) is no permutation of
Q. Indeed, if h(b) were a permutation, then h(b) would generate a non–trivial
subgroup, which is impossible since S is aperiodic. Hence, h(b)(Q) = Q0 for some
Q0 ⊆ Q with |Q0| < |Q|.
Define A = Σ \ {b} and let g : MA → S be the restriction of h to the submonoid
MA ⊂ M. By induction on |Σ| we may assume that g−1(u) is expressible in
LTLf(A) (and hence in LTLf(Σ) by Rem. 3) for all u ∈ S. Since h−1(s) =
g−1(s)∪ (h−1(s)∩ MbM), it is enough to construct a formula for h−1(s)∩ MbM.
With respect to the letter b we define two more subsets of M.

Γ = {x ∈ MA | min(x) ⊆ D(b)},
Π = {x ∈ MA | max(x) ⊆ D(b)}.

The notation Π is chosen since Πb are exactly the pyramids of M where the
unique maximal element is b. It should be noted that (bΓ )� and (Πb)� are in
fact free submonoids of M, being infinitely generated if D(b) 6= {b}. We have the
following unambiguous decomposition:

MbM = Π MI(b) b (Γb)� Γ.



An Expressively Complete Temporal Logic 195

This decomposition is best visualized by the following picture; it is in some sense
the guide for the modular construction of the formula h−1(s) ∩ MbM.

Π

b b b b

MI(b) Γ Γ · · · Γ

Each s ∈ h((Γb)�) maps the subset Q0 to Q0. Hence we may define subsets
T, T 0 ⊆ Trans(Q0) by T = {s�Q′ | s ∈ h(Γb)} and T 0 = {s�Q′ | s ∈ h((Γb)�)}.
Since h((Γb)�) is a submonoid of S, the set T 0 is a monoid and T is a set of
generators, the monoid T 0 is a divisor of S, hence it is aperiodic. By T � we denote
the free monoid generated by the set T (here T is viewed as an alphabet). The
inclusion T ⊆ T 0 induces a canonical homomorphism e : T � → T 0 which is called
the evaluation. Since T 0 is a submonoid of Trans(Q0) and |Q0| < |Q|, we may use
induction (although we might have |T | > |Σ|). Hence e−1(t) ⊆ T � is expressible
in LTLf(T ) for all t ∈ T 0. (As a matter of fact, e−1(t) is a language of words in
the free monoid T �.)
We need some further notations. The mapping σ : Γb → T defined by σ(x) =
h(x)�Q′ induces a homomorphism σ : (Γb)� → T � between free monoids. There-
fore, we also have the morphism e ◦ σ : (Γb)� → T 0. Note that for all x ∈ (Γb)�

we have e ◦ σ(x) = h(x)�Q′ .
Now, for all u, v, w ∈ S and t ∈ T 0 ⊆ Trans(Q0) the product uvh(b)tw is a well–
defined mapping from Q to Q, since h(b)(Q) = Q0. Hence uvh(b)tw is an element
of S. Therefore, using the unambiguous factorization M bM = ΠMI(b)b(Γb)�Γ ,
the language h−1(s) ∩ M bM can be written as the following finite union:

⋃

uvh(b)tw=s

(
g−1(u) ∩Π

)(
g−1(v) ∩ MI(b)

)
b
(
σ−1((e−1(t))

)(
g−1(w) ∩ Γ

)
.

It remains to show that if L1, L2, L3 ⊆ MA are trace languages expressible in
LTLf(A) and if K = σ−1(K 0) for some K 0 ⊆ T � being expressible in LTLf(T ),
then the language

(L1 ∩Π) (L2 ∩ MI(b)) bK (L3 ∩ Γ )

is expressible in LTLf(Σ).
This is done in the following technical lemmas.

Lemma 2. Let ϕ ∈ LTLf(A). Then the language (LMA
(ϕ)∩Π)bM is expressible

in LTLf(Σ).
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Proof. The assertion is trivial for ϕ = ⊥. By structural induction we have to
consider formulas of type ¬ϕ,ϕ ∨ ψ, 〈a〉ϕ, 〈B�〉ϕ, and ϕ U ψ, where a ∈ A and
B ⊆ A. We deal with 〈B�〉ϕ and ϕU ψ only, since the constructions for the other
formulas are simpler.
• 〈B�〉ϕ : We have

(LMA
(〈B�〉ϕ)∩Π)bM =

⋃

B′⊆B,C⊆A

[B0, D(C∪{b})]
(
(LMA

(ϕ)∩Π)bM∩[C,D(b)]bM
)
.

• ϕ U ψ : We have

(LMA
(ϕ U ψ) ∩Π)bM = ((LMA

(ϕ) ∩Π)bM \ bM) U (LMA
(ψ) ∩Π)bM.

To see this, consider first uvbw such that uv ∈ Π, v ∈ LMA
(ψ), and where for

all u = u0u00, u00 6= 1 we have u00v ∈ LMA
(ϕ). Then u00v ∈ Π \ {1} and hence

u00vbw /∈ bM. Therefore uvbw is an element of the right–hand side.
Now, let z be an element of the right–hand side. Consider a factorization z = uy
with |u| minimal such that y ∈ (LMA

(ψ)∩Π)bM and for all u = u0u00 with u00 6= 1,
we have u00y ∈ (LMA

(ϕ) ∩Π)bM \ bM. Then, y = vbw with v ∈ LMA
(ψ) ∩Π and

also b /∈ alph(u).
Consider a factorization u = u0u00 with u00 6= 1. We have u00vbw ∈ (LMA

(ϕ) ∩
Π)bM. We have to show that u00v ∈ Π, because then u00v ∈ LMA

(ϕ), hence
uv ∈ LMA

(ϕUψ)∩Π. Let us write u00vbw = xbw0 with x ∈ Π. Since b /∈ alph(u00)
and v ∈ Π we have x = x0v and u00 = x0x00 for some x0 and some x00 independent
of v and b. We show that x00 = 1. Assume on the contrary that x00 6= 1. Then
|x0| < |u00| and z = (u0x0)(vbx00w) is another possible factorization contradicting
the minimality of |u|.

Lemma 3. Assume that C × {b} ⊆ I and let ϕ ∈ LTLf(C). Then the language
LMC

(ϕ)(Min =b) is expressible in LTLf(Σ).

Proof. Again, we proceed by structural induction on ϕ. Everything is straight-
forward, up to the until–operator.
• ϕ U ψ: We have

LMC
(ϕ U ψ)(Min =b) =

(
LMC

(ϕ)(Min =b)
)

U
(
LMC

(ψ)(Min =b)
)
.

The inclusion “⊆” is trivial. Therefore let z be an element of the right–hand side.
Consider a factorization z = uy with |u| minimal such that y ∈ LMC

(ψ)(Min =b)
and for all u = u0u00 with u00 6= 1, we have u00y ∈ LMC

(ϕ)(Min =b). Then, y = vw
with v ∈ LMC

(ψ) and Min(w) = {b}.
Assume that alph(u) 6⊆ C and let u = u0u00 with u00 ∈ dMC and Min(u00) = {d}
for some d /∈ C. Since d ∈ min(u00vw) ⊆ C ∪ {b}, we must have b = d. Hence
u00 = b since C×{b} ⊆ I. Therefore z = u0(vbw) is another possible factorization
of z contradicting the minimality of |u|.
It follows that alph(u) ⊆ C and for all u = u0u00 with u00 6= 1, (u00v)w is the
unambiguous factorization in MC(Min =b). We deduce that u00v ∈ LMC

(ϕ) since
u00vw ∈ LMC

(ϕ)(Min =b).
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Lemma 4. Let L1, L2, L3 ⊆ MA be trace languages expressible in LTLf(A) and
let K ⊆ (Γb)� be a trace language such that KΓ is expressible in LTLf(Σ). Then
the language

(L1 ∩Π) (L2 ∩ MI(b)) bK (L3 ∩ Γ )

is expressible in LTLf(Σ).

Proof. Since the product Π bM is unambiguous, we can write:

(L1 ∩Π)(L2 ∩ MI(b))bK(L3 ∩ Γ ) = (L1 ∩Π)b(L2 ∩ MI(b))K(L3 ∩ Γ )
= (L1 ∩Π)bM ∩Πb(L2 ∩ MI(b))K(L3 ∩ Γ ).

By Lemma 2 and 1 it is enough to show that b(L2∩MI(b))K(L3∩Γ ) is expressible
in LTLf(Σ). Since the product MI(b) (Min =b) is unambiguous, we have

b(L2 ∩ MI(b))K(L3 ∩ Γ ) = (L2 ∩ MI(b))bK(L3 ∩ Γ )
= (L2 ∩ MI(b))(Min =b) ∩ MI(b)bK(L3 ∩ Γ ).

By Lemma 3 it is enough to consider K(L3 ∩ Γ ). Finally, since the product
(Max ⊇ b)Γ is unambiguous, we obtain if 1 ∈ K (which is equivalent with
1 ∈ KΓ )

K(L3 ∩ Γ ) = (L3 ∩ Γ ) ∪
(
KΓ ∩ (Max ⊇ b)(L3 ∩ Γ )

)
.

and if 1 6∈ K
K(L3 ∩ Γ ) = KΓ ∩ (Max ⊇ b)(L3 ∩ Γ ).

The assertion follows from Lemma 1 since (Max ⊇ b) is a finite union of max–
filters, and Γ is expressible in LTLf(Σ).

By Lemma 4 it remains to show the next lemma.

Lemma 5. Let ϕ ∈ LTLf(T ). Then the trace language σ−1(LT (ϕ))Γ is expres-
sible in LTLf(Σ).

Proof. For a formula ϕ ∈ LTLf(T ) let us denote in this proof by σ−1(ϕ) the
language σ−1(LT (ϕ)). We use structural induction on ϕ, the basis ϕ = ⊥ being
trivial. Since T � is a free monoid, it is enough to consider formulas of the form
¬ϕ, ϕ ∨ ψ, 〈t〉ϕ where t ∈ T , and ϕ U ψ.
• ¬ϕ : We have σ−1(¬ϕ)Γ = ((Γb)� \ σ−1(ϕ))Γ = (Γb)�Γ \ σ−1(ϕ)Γ since the
product (Γb)�Γ is unambiguous. Moreover, the language (Γb)�Γ = (Min⊆D(b))
is expressible in LTLf(Σ) by Lemma 1.
• ϕ ∨ ψ : Trivial.
• 〈t〉ϕ where t ∈ T : Using the unambiguous decomposition

(Γb)(Γb)�Γ = (Min⊆D(b)) ∩ΠMI(b)b(Γb)�Γ

we deduce that

σ−1(〈t〉ϕ)Γ =
⋃

uvh(b)=t

(
Min⊆D(b)

)
∩
(
g−1(u) ∩Π

)(
g−1(v) ∩ MI(b)

)
bσ−1(ϕ)Γ.
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By induction, σ−1(ϕ)Γ is expressible in LTLf(Σ). We may apply Lemma 4 to
conclude this case.
• ϕU ψ: An until–formula ϕU ψ over words is equivalent with ψ ∨ϕ∧X(ϕU ψ).
Thus it is enough to consider X(ϕ U ψ). We claim that

σ−1(X(ϕ U ψ))Γ = (Γb)�Γ ∩
(
(
bσ−1(ϕ)Γ ∪ (Min 6=b)

)
U
(
bσ−1(ψ)Γ

)
)

.

To see the claim, let first w = u1b · · ·ukbz ∈ σ−1(X(ϕ U ψ))Γ such that 1 ≤ k,
u1, . . . , uk, z ∈ Γ , and t1 · · · tk ∈ LT ∗(X(ϕ U ψ)) where ti = σ(uib) for 1 ≤ i ≤ k.
For some 1 ≤ j ≤ k we have tj+1 · · · tk ∈ LT ∗(ψ) and for all 2 ≤ i ≤ j we
have ti · · · tk ∈ LT ∗(ϕ). We can write buj+1b · · ·ukbz ∈ bσ−1(ψ)Γ . Consider
a factorization u1b · · ·uj−1buj = xy such that y 6= 1. We have to show that
min(y) = b implies y ∈ bσ−1(ϕ)Γ . However this is clear, because min(y) = b
implies y = bui · · · buj for some 2 ≤ i ≤ j.
Now, let w be an element of the right–hand side. Since the factorization (Γb)�Γ is
unambiguous, there is a unique decomposition w = u1b · · ·ukbz with ui, z ∈ Γ .
For 1 ≤ i ≤ k, we let ti = σ(uib). Let 1 ≤ j ≤ k be minimal such that
buj+1b · · ·ukbz ∈ bσ−1(ψ)Γ . We must have buib · · ·ukbz ∈ bσ−1(ϕ)Γ for all
2 ≤ i ≤ j. It follows that t1 · · · tk ∈ LT ∗(X(ϕ U ψ)).

This finishes the proof of Thm. 1.

4 Kamp’s Theorem for Infinite Traces

An infinite trace is an infinite dependence graph [V,E, λ] such that for all j ∈ V
the set ↓ j = {i ∈ V | i ≤ j} is finite. A real trace is a finite or infinite trace.
The set of real traces is denoted by R(Σ, I) or simply by R. For a real trace
x = [V,E, λ] the alphabet at infinity is defined by the set of letters occurring
infinitely many times in x, i.e., alphinf(x) = {a ∈ Σ | |λ−1(a)| = ∞}. We refer
to [8] for details about infinite traces.
The aim of this section is to generalize Kamp’s theorem for infinite words (i.e.,
for ω-words) to real traces. The expressiveness result for ω-words is shown in [6].
It is worth mentioning that we do not use this fact on ω-words, which becomes
again a formal corollary.
We shall use the syntax of LTLf(Σ). The semantics of LTLf(Σ) is defined exactly
as in the finitary case. For each ϕ ∈ LTLf(Σ) there is a language LR(ϕ) and
we have LM(ϕ) = LR(ϕ) ∩ M. Moreover, we can express M as the language
LR(F ¬ X >).
Recall also that x ∈ L U K, L,K ⊆ R means that there are y, z with y ∈ M

such that z ∈ K and for all y = y0y00, y00 6= 1 we have y00z ∈ L. Clearly, as in the
finitary case LR(ϕ U ψ) = LR(ϕ) U LR(ψ).

Theorem 2. A language over real traces L ⊆ R(Σ, I) is expressible in FO(<)
if and only if it is expressible in LTLf(Σ).
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As for finite traces, we can pass from an LTLf(Σ) formula to a FO(<) formula.
It is also well-known that a language of real traces is FO(<) definable if and only
if it is aperiodic [5]. Let us recall the notions of recognizable and of aperiodic
real trace language.
Let h = M → S be a morphism into some finite monoid S. For x, y ∈ R, we say
that x and y are h-similar, denoted by x ∼h y if we can find infinite factorizations
x = x1x2 · · · and y = y1y2 · · · into finite traces such that h(xi) = h(yi) for all
i ≥ 0. A real trace language L ⊆ R is recognized by h if it is saturated by ∼h. A
real trace language L ⊆ R is aperiodic if it is recognized by some morphism into
some finite aperiodic monoid.
We denote by ≈h the transitive closure of ∼h which is therefore an equivalence
relation. It is well-known (by a Ramsey-type argument) that there are only
finitely many equivalence classes [x]≈h

= {y ∈ R | y ≈h x} and they form a
finite partition of R.

Remark 4. Working with real traces it is convenient to consider languages L
which contain simultaneously finite and infinite traces. We allow to write a finite
trace x ∈ M as an infinite product x = x1x2 · · · where xi = 1 for almost all i.
Thus, it may happen that x ∼h y where x is finite and y is infinite.
This convention is a matter of taste, but it is quite natural in the presence of
concurrency where we have independent components. Some of them may stop
and other may run forever.

The remaining of this section consists in the proof that for each aperiodic trace
language L ⊆ R, there exists a formula ϕ in LTLf(Σ) such that L = LR(ϕ).
Clearly, this will show Thm. 2. Let h = M → S be a morphism to some finite
aperiodic monoid S. We can realize S as a submonoid of some transformation
monoid Trans(Q). We show by induction on (|Q|, |Σ|) that every language L ⊆ R

recognized by h is expressible in LTLf(Σ). We use that for each s ∈ S the
language h−1(s) is expressible in LTLf(Σ) (Prop. 3, Thm. 1).

Step 1: Assume that h(a) = idQ for all a ∈ Σ (this is in particular the case
when |Q| = 1). Then h recognizes only two languages: R and ∅ which are both
expressible in LTLf(Σ) by > and ⊥ respectively.

Step 2: Assume that Σ = Σ1 ∪ Σ2 where Σ1, Σ2 are nonempty subsets of
Σ such that Σ1 × Σ2 ⊆ I. For i = 1, 2 consider Mi = M(Σi, I ∩ Σi × Σi),
Ri = R(Σi, I ∩Σi ×Σi), and hi : Mi → S the restriction of h to Mi. We claim
that L is a finite union of products of the form L1L2 where L1, L2 are recognized
by h1, h2 respectively.
Let x ∈ L, we can write x = x1x2 with x1 ∈ R1 and x2 ∈ R2. For i = 1, 2, let
Li = [xi]≈hi

. Clearly, Li is recognized by hi and x ∈ L1L2. Now, for i = 1, 2,
let yi, zi ∈ Ri be such that yi ∼hi zi. Since Σ1 × Σ2 ⊆ I, it is easy to see that
y1y2 ∼h z1z2. We deduce that L1L2 ⊆ L. The claim follows since there are only
finitely many equivalence classes under ≈h1 and ≈h2 .
Now, we can conclude the second case. Using the induction on |Σ| we know that
L1 and L2 are expressible in LTLf(Σ1) and LTLf(Σ2) respectively. We deduce
that L is expressible in LTLf(Σ) using Lemma 6.
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Lemma 6. For i = 1, 2, let Li ⊆ Ri be a trace language expressible in LTLf(Σi).
Then the language L1L2 is expressible in LTLf(Σ).

Proof. The product R1R2 is unambiguous and we have L1L2 = (L1R2)∩(R1L2).
The result follow since we can show by structural induction that for each formula
ϕ in LTLf(Σ1) we have LR(ϕ) = LR1(ϕ)R2.

Step 3: For a subset A ⊆ Σ we denote by A its complement, A = Σ \A, and for
#∈ {⊆,=}, we define (Alphinf # A) = {x ∈ R | alphinf(x) # A}. We show that
if A is a proper subset of Σ then L ∩ (Alphinf ⊆ A) is expressible in LTLf(Σ).
For s ∈ S we let L(s) = {y ∈ RA | h−1(s) · y ∩ L 6= ∅}. We first show that

L ∩ (Alphinf ⊆ A) =
⋃

s2S

(h−1(s) ∩ (Max ⊆ A))L(s).

Let z ∈ L ∩ (Alphinf ⊆ A). Using the unambiguous decomposition (Alphinf ⊆
A) = (Max ⊆ A)RA we can write z = xy with x ∈ (Max ⊆ A) and y ∈ RA. Let
s = h(x), we obtain z = xy ∈ (h−1(s) ∩ (Max ⊆ A))L(s).
Conversely, let s ∈ S, x ∈ h−1(s) ∩ (Max ⊆ A) and y ∈ L(s). Let x0 ∈ h−1(s)
be such that x0y ∈ L. Since xy ∼h x

0y and L is recognized by h we deduce that
xy ∈ L. Moreover, alphinf(xy) ⊆ alph(y) ⊆ A.
Then, we show that L(s) is recognized by the restriction hA of h to MA. Indeed,
let y, z ∈ RA be such that y ∼hA

z. Note that this implies y ∼h z. Assume that
y ∈ L(s), then there exists x ∈ h−1(s) such that xy ∈ L. Since xy ∼h xz, we
deduce that xz ∈ L and then z ∈ L(s).
From the finitary case we know that each language h−1(s) is expressible in
LTLf(Σ). So is the language (Max ⊆ A) as a finite union of max–filters. Using
the induction on |Σ|, we deduce that the language L(s) is expressible in LTLf(A).
From Lemma 7 we conclude that L ∩ (Alphinf ⊆ A) is expressible in LTLf(Σ).

Lemma 7. Let A ⊆ Σ and let K ⊆ M and L ⊆ RA be trace languages expressi-
ble in LTLf(Σ) and LTLf(A) respectively. Then the language (K ∩ (Max ⊆ A))L
is expressible in LTLf(Σ) as well.

Proof. First the product (Max ⊆ A)RA is unambiguous and we have

(K ∩ (Max ⊆ A))L = (K ∩ (Max ⊆ A))RA ∩ (Max ⊆ A)L.

The language (Max ⊆ A) is a union of max–filters. Hence, by Lemma 1, the
language (Max ⊆ A)L is expressible in LTLf(Σ).
We show now by induction on ϕ that the language (LM(ϕ) ∩ (Max ⊆ A))RA is
expressible in LTLf(Σ). The proof is similar to that of Lemma 2.
• The cases ⊥ and ϕ ∨ ψ are trivial.
• ¬ϕ : Since the product (Max ⊆ A)RA is unambiguous, we have

(LM(¬ϕ) ∩ (Max ⊆ A))RA = (Max ⊆ A)RA \ (LM(ϕ) ∩ (Max ⊆ A))RA.

Moreover (Max ⊆ A)RA is the set of traces such that the alphabet at infinity is
contained in A and is clearly expressible in LTLf(Σ).
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• 〈a〉ϕ : Follows from Lemma 1 by writing (LM(〈a〉ϕ) ∩ (Max ⊆ A))RA as
⋃

{C⊆Σ|a2A∪D(C)}
a
(
(LM(ϕ) ∩ (Max ⊆ A))RA ∩ [C,A]RA

)
.

• 〈B�〉ϕ : Similarly, we can write (LM(〈B�〉ϕ) ∩ (Max ⊆ A))RA as
⋃

B′⊆B,C⊆Σ

[B0, A ∪D(C)]
(
(LM(ϕ) ∩ (Max ⊆ A))RA ∩ [C,A]RA

)
.

• ϕ U ψ : We have

(LM(ϕUψ)∩(Max ⊆ A))RA =(LM(ϕ)∩(Max ⊆ A))RAU(LM(ψ)∩(Max ⊆ A))RA.

Step 4: We may now assume that the alphabet Σ is connected and we show
that for some language L0 expressible in LTLf(Σ) we have

L ∩ (Alphinf = Σ) ⊆ L0 ⊆ L.

We proceed as for finite traces by choosing a letter b ∈ Σ such that h(b) 6= idQ.
We know that Q0 = h(b)(Q) is a proper subset of Q. We let A = Σ \ {b},
Π = {x ∈ MA | max(x) ⊆ D(b)} and Γ = {x ∈ MA | min(x) ⊆ D(b)}. For s ∈ S
we define L(s) = {y ∈ R | h−1(s) · y ∩ L 6= ∅}. Since L is recognized by h, we
deduce easily that L(s) is recognized by h and h−1(s)L(s) ⊆ L for all s ∈ S.
Now we claim that L ∩ (Alphinf = Σ) ⊆ L0 ⊆ L with

L0 =
⋃

u,v2S

(h−1(u) ∩Π)(h−1(v) ∩ MI(b))(L(uv) ∩ (bΓ )∞).

Since Σ is connected and by the factorization (Alphinf = Σ) ⊆ ΠMI(b)(bΓ )∞

which is unambiguous, the first inclusion L ∩ (Alphinf = Σ) ⊆ L0 follows easily.
The second inclusion is clear since h−1(s)L(s) ⊆ L for all s ∈ S.

We use the definitions and notations introduced earlier for the sets T, T 0 ⊆
Trans(Q0), the morphisms e : T � → T 0 and σ : (Γb)� → T � and we extend
σ : (Γb)∞ → T∞ naturally.
For K ⊆ R recognized by h we define

K 0 = {σ(x) | bx ∈ K ∩ b(Γb)∞} ⊆ T∞.

We show that
1) K ∩ b(Γb)∞ = bσ−1(K 0)
2) K 0 is recognized by the morphism e : T � → T 0.
For the first point, one inclusion is clear. Conversely, let y = y1by2b · · · ∈ σ−1(K 0)
with yi ∈ Γ and let bx ∈ K ∩ b(Γb)∞ be such that σ(x) = σ(y). We write x =
x1bx2b · · · with xi ∈ Γ . For all i we have h(xib)�Q′= σ(xib) = σ(yib) = h(yib)�Q′

and we deduce that h(bxib) = h(byib). It follows that bx ∼h bz ∼h by with
z = x1by2bx3by4b · · ·. Since bx ∈ K and bx ≈h by, we deduce that by ∈ K and
we have proved the converse inclusion since by ∈ b(Γb)∞.
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For the second point, let u, v ∈ T∞ be such that u ∼e v. We write u = u1u2 · · ·
and v = v1v2 · · · with e(ui) = e(vi) for all i. Assume that u ∈ K 0 and let
bx = bx1bx2b · · · ∈ K with xib ∈ (Γb)� and σ(xib) = ui. Let y = y1by2b · · · with
yib ∈ (Γb)� and σ(yib) = vi. Then, for all i we have h(xib)�Q′= e(ui) = e(vi) =
h(yib)�Q′ and therefore h(bxib) = h(byib). Hence, we have bx ∼h bz ∼h by with
z = x1by2bx3by4b · · · and therefore bx ≈h by. Since bx ∈ K which is recognized
by h, it follows that by ∈ K and v = σ(y) ∈ K 0.

We have proved thatK 0 is recognized by the morphism e : T � → T 0 ⊆ Trans(Q0).
We deduce by induction on |Q| thatK 0 is expressible in LTLf(T ). Using Lemma 9
(below) we deduce that K ∩ b(Γb)∞ = bσ−1(K 0) is expressible in LTLf(Σ).
Finally, using Lemma 8, we deduce that L0 is expressible in LTLf(Σ).

Lemma 8. Let L1, L2 ⊆ M and L3 ⊆ b(Γb)∞ be expressible in LTLf(Σ). Then
the language (L1 ∩Π)(L2 ∩ MI(b))L3 is expressible in LTLf(Σ).

Proof. Similar to that of Lemma 4. We use the decomposition

(L1 ∩Π)(L2 ∩ MI(b))L3 = (L1 ∩Π)bR ∩Π(L2 ∩ MI(b))(Min = b) ∩ MAL3.

Lemma 9. Let K ⊆ T∞ be a language expressible in LTLf(T ). Then the lan-
guage σ−1(K) is expressible in LTLf(Σ).

Proof. Similar to that of Lemma 5 and therefore omitted for lack of space.
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Abstract. We propose a calculus of explicit substitutions with de Bruijn
indices for implementing objects and functions which is confluent and
preserves strong normalization. We start from Abadi and Cardelli’s ς-
calculus [1] for the object calculus and from the λυ-calculus [20] for the
functional calculus. The de Bruijn setting poses problems when encoding
the λυ-calculus within the ς-calculus following the style proposed in [1].
We introduce fields as a primitive construct in the target calculus in order
to deal with these difficulties. The solution obtained greatly simplifies the
one proposed in [17] in a named variable setting. We also eliminate the
conditional rules present in the latter calculus obtaining in this way a
full non-conditional first order system.

1 Introduction

The object oriented paradigm is heavily used in the software engineering process.
The simplicity of the underlying ideas makes it especially suited for resolving
complex tasks. However, since no widespread consensus on its theoretical foun-
dations has been reached, rigorous reasoning is difficult to achieve. In fact due
to its success in software development the rapid evolution of object oriented
languages has converted the task of formulating a formal calculus capturing the
general principals of the paradigm into an interesting problem. In this direction,
the calculi introduced by Abadi and Cardelli [1] constitute a simple yet powerful
formalism.
The core untyped calculus presented in [1] is called the ς-calculus. This cal-

culus defines objects as collections of methods and supports method update, thus
providing mecanisms for inheritance by embedding. It also captures the notion
of self, a name which allows a method to refer to its host object. These pri-
mitive constructs allow the representation of a vast amount of object oriented
features, including classes, traits, and multiple inheritance. Furthermore, it may
be extended into a typed setting.
Evaluation in the ς-calculus is accomplished by means of reduction rules and

substitution. As in the lambda calculus, substitution is defined as an atomic
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operation which does not form part of the calculus. Therefore, any implemen-
tation has to deal with its computation. This is not a trivial task, in particular
in a setting where variables are represented by names (as is usually done). Thus
inevitably, a gap arises between theory and implementation. Calculi of explicit
substitution eliminate this gap by decomposing the substitution process into
more atomical parts and incorporating the behaviour of these parts as new ope-
rators in the calculus. This has the added benefit that we obtain a finer grained
control on the computation of the substitution, providing for example tools for
studying refinement of proofs in type theory or the theory of abstract evaluation
machines.

Explicit substitution calculi arise with the study of pioneering calculus λσ
[2]. The idea is simple: the notion of substitution used to define β-reduction in
the lambda calculus takes place at a meta-level, explicit substitution calculi add
new operators, and reduction rules for these new operators, so that substituti-
ons may be computed at the object-level. Explicit substitution constructors thus
implement substitution within the calculus, drawing the theory closer to the im-
plementation level. Abadi, Cardelli, Curien and Lévy used indices, as introduced
by de Bruijn in [8], to represent variables and introduced also a typed version of
λσ. Other calculi of explicit substitutions are λσ⇑ [13], λυ[20], λs [14], λd [11],
λζ [23], λχ [21], and λx [26]. All but the last two of these calculi have been
formulated with de Bruijn indices, λχ uses de Bruijn levels and λx uses variable
names. They have all been studied in the setting of the lambda calculus. At-
tempts to study explicit substitutions in a general setting are the Explicit CRS
[5], based on the higher order rewriting formalism CRS [18], and the eXplicit
Reduction Systems [24]. These formalisms although defined in a higher order
rewriting setting deal with a fixed “built in” explicit substitution calculus (Σ in
Explicit CRS and σ⇑ in XRS). This rises naturally the question of the generality
of these formalisms as theories of explicit substitution. In particular, we shall
see below that the calculus of explicit substitutions implementing the ς object
oriented language fits in neither of these schemes.

In this paper we provide an implementation language for object oriented
programming as formalized by the ς-calculus. We introduce the untyped ςDBES -
calculus, an explicit substitution calculus in a de Bruijn indice setting which
is confluent and preserves strong normalization. Abadi and Cardelli’s ς-calcu-
lus allows the execution of lambda calculus expressions by means of an elegant
translation which requires the use of fields (see section 4). Although it does not
provide fields as primitive constructions they can be simulated. A brief analysis,
as discussed in section 5, shows that this simulation is not well adapted when
variable names are replaced by de Bruijn indices and explicit substitutions are
incorporated. The ςDBES -calculus introduces fields as primitive constructs in the
language, thus allowing to merge both the object oriented language and the
functional lambda calculus in the spirit of [1].

The use of de Bruijn indices by encoding variable names with numbers avoids
having to deal with α-conversion, thus simplifying the associated reduction re-
lation.
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Most importantly, the analysis pertaining to the merging of the object ori-
ented language and the functional lambda calculus while retaining the spirit of
the aforementioned translation revealed [17] that two different notions of substi-
tution were necessary: Ordinary Substitution and Invoke Substitution. Ordinary
Substitution is used to perform evaluation of methods and may be related to
the usual notion of substitution which is made explicit in calculi for the lambda
calculus. Whereas Invoke Substitution is used to implement functions as objects
and reports a different behaviour. Also, some interaction between both types
of substitutions must be specified. Therefore, higher order rewriting formalisms
such as CRS [18], Explicit CRS [5] or XRS [24] do not cater for this difference.
Consequently, the ςDBES -calculus is not an instance of any of these formalisms.
The work reported here is very much in the spirit of [17]. There a calculus

of explicit substitutions in a named variable setting for the ς-calculus, called
ςES , is defined. The interaction between Ordinary and Invoke substitution is
easier to express since one may specify conditions on free variables naturally.
Whereas in a de Bruijn setting the situation is more complex since conditions
on free variables imply adjustments on indices. The solution we have adopted by
incorporating field constructs allows us, in contrast to [17], to do away with the
conditions on free variables, thus obtaining a non-conditional interaction rule.
Also, the calculus obtained here is a first order calculus. No binding operators
are needed. As remarked above, just as the ςES calculus is not an instance of
Explicit CRS, the ςDBES -calculus is not an instance of an XRS.
This paper is organized as follows. Section 2 recalls the main concepts and

definitions of the ς-calculus. Section 3 introduces the ς-calculus with de Bruijn
indices, called ςDB -calculus. Section 4 is devoted to the ς-calculus with de Bruijn
indices and fields, the ς•

DB -calculus. Here we introduce the syntax, we prove con-
fluence and finally we show how it relates to the ςDB -calculus. Also the invoke
substitution is defined. Section 5 defines de ς•

DB -calculus with explicit substi-
tutions, called ςDBES -calculus. The following section deals with the encoding
of lambda calculus with explicit substitutions in the ςDBES -calculus. Section
7 proves the main properties of ςDBES : confluence and preservation of strong
normalization. Finally, we conclude and suggest future research directions.

2 The ς-Calculus

This section presents the ς-calculus as defined in [1]. We have at our disposal
an infinite list of variables denoted x, y, z, . . ., and an infinite list of labels de-
noted l, li, l

′, . . .. The labels shall be used to reference methods. An object is
represented as a collection of methods denoted li = ς(xi).ai. Each method has
a reference or method name li and a method body ς(xi).ai. The labels of an
object’s methods are assumed to be all distinct. Operations allowed on objects
are method invocation and method update. A method invocation of the method lj
in an object [li = ς(xi).a i∈1..n

i ] is represented by the term [li = ς(xi).a i∈1..n
i ].lj .

As a result of a method invocation, not only the corresponding method body is
returned but also, this method body is supplied with a copy of its host object.
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Thus method bodies are represented as ς(xi).ai where ς is a binder that binds
the variable xi in ai. This variable called self will be replaced by the host object
when the associated method is invoked. It is this notion of self captured by the
ς-calculus that makes it so versatile. The other valid operation on objects is
method update. A method lj = ς(xj).aj in an object o may be replaced by a new
method l′j = ς(x′

j).a
′
j , thus resulting in a new object o

′.
The terms of the ς-calculus, denoted Tς , is given by the following grammar

a ::= x | a.l | a ✁ 〈l = ς(x).a〉 | [li = ς(xi).a i∈1..n
i ] .

A variable convention similar to the one present in λ-calculus is adopted:
terms differing only in the names of their bound variables (i.e. α-equivalent) are
considered identical.
We say that x is a variable, a.l is a method invocation, a ✁ 〈l = ς(x).a〉 is a

method update and [li = ς(xi).a i∈1..n
i ] is an object.

In order to introduce reduction between terms the notions of free variables
and substitution are defined as in [1]. The result of substituting a free variable
x in a term a for a term b shall be denoted a{x← b}.
The semantics of the ς-calculus, referred to as the primitive semantics in [1],

is defined by the following rewrite rules:

o.lj −→ς aj{xj ← o} j ∈ 1..n
o ✁ 〈lj = ς(x).a〉 −→ς [lj = ς(x).a, li = ς(xi).a

i∈1..n,i �=j
i ] j ∈ 1..n

where o ≡ [li = ς(xi).a i∈1..n
i ].

The first rule defines the semantics of method invocation. The result of in-
voking the method lj (a “call” to method ς(xj).aj) is the body of the method
aj where the self variable has been replaced by a copy of the host object. The
second rule defines the semantics of method update. Note that the substitution
operator is not part of the ς-calculus but rather a meta-operation.
As regards the expressive power of this calculus, it is shown in [1] that lambda

terms can be encoded as objects and that β-reduction can be simulated by ς-
reduction.

Definition 1. The translation ≺≺ . 

 from λ-terms to Tς is defined as:
≺≺ x 

 =def x
≺≺ λx.a 

 =def [arg = ς(z).z.arg, val = ς(x). ≺≺ a 

 {x← x.arg}]
≺≺ ab 

 =def ≺≺ a 

 • ≺≺ b 



where c • d =def (c ✁ 〈arg = ς(y).d〉).val with y /∈ FV (d)

It is then proved for λ-terms a and b that if a−→βb then ≺≺ a 

 ∗−→ς≺≺
b 

.

3 The ς-Calculus à la de Bruijn (ςDB-Calculus)

Here we introduce the ς-calculus in a de Bruijn setting. N.G.de Bruijn in-
troduced a notation for lambda terms which deals with the problem of ha-
ving to rename bound variables when implementing mechanized provers [8].



208 E. Bonelli

Instead of labelling bound variables with names (as above) variables are la-
belled with natural numbers. This number is usually referred to as a de Bruijn
index. If a term is viewed as a tree, an index n stands for a variable bound
by the n-th binder starting from the position of the index. For example, the
term [l1 = ς(x1).[l2 = ς(y1).x1, l3 = ς(z1).z1], l4 = ς(x2).y2] is represented as
[l1 = ς([l2 = ς(2), l3 = ς(1)]), l4 = ς(2)]. Note that free variables are represented
by indices greater than the number of binders above it, thus a variable assigned
an index n that has m sigmas above it refers to the (n − m)-th free variable
(in a preestablished ordering on the set of variables). The advantage attained is
that there is no longer any need to perform renaming of bound variables. Ne-
vertheless we must take care of index adjustments: if a substitution drags a term
under a binder, its indices must be adjusted in order to avoid unwanted capture
of indices.
The terms of the ς-calculus à la de Bruijn (the ςDB -calculus), denoted TςDB ,

are characterized by the grammar a ::= p | a.l | a ✁ 〈l = ς(a)〉 | [li = ς(ai) i∈1..n]
where p is a natural number (IN) greater than zero. We shall use underlined
natural numbers for indices.

Definition 2 (Ordinary Substitution). Let a and b be pure terms and n ≥ 1.
The substitution of a by b at level n is defined as follows:

[li = ς(ai ) i∈1..m]{n← b} =def [li = ς(ai{n+ 1← b}) i∈1..m]
d.l{n← b} =def d{n← b}.l
d ✁ 〈l = ς(c)〉{n← b} =def d{n← b}✁ 〈l = ς(c{n+ 1← b})〉

p{n← b} =def




p− 1 if p > n
Un
0 (b) if p = n

p if p < n

where for every i ≥ 0 and n ≥ 1, Un
i (.) is an updating function from terms

in TςDB to terms in TςDB defined as follows:

Un
i ([li = ς(ai) i∈1..m]) =def [li = ς(Un

i+1(ai))
i∈1..m]

Un
i (a.l) =def Un

i (a).l
Un
i (a ✁ 〈l = ς(c)〉) =def Un

i (a)✁ 〈l = ς(Un
i+1(c))〉

Un
i (p) =def

{
p+ n− 1 if p > i
p if p ≤ i

We now define the appropriate reduction rules using the notion of substitu-
tion defined above.

Definition 3 (Reduction in the ςDB -calculus). Reduction in the ςDB -calcu-
lus is defined by the following rewrite rules:

[li = ς(bi) i∈1..n].lj −→ςDB bj{1← [li = ς(bi) i∈1..n]}
[li = ς(bi) i∈1..n]✁ 〈lj = ς(c)〉 −→ςDB [lj = ς(c), li = ς(bi) i∈1..n,i �=j ]

Notice that substitution is still a meta-operation in this calculus, completely
external to the reduction rules of the formalism.
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4 The ς-Calculus à la de Bruijn with Fields (ς•
DB-Calculus)

The ς•
DB -calculus is a straightforward extension of ςDB -calculus. It is formulated

in preparation for the introduction of explicit substitutions in Section 5 and shall
also be used for proving some properties of this calculus of explicit substitutions.
From a general standpoint an object may be regarded as an entity encap-

sulating state (fields) and behaviour (methods) in an object-oriented language .
These methods allow the object to modify its local state as well as interact with
other objects. Let us concentrate on fields. Consider an object calculator that
possesses a field which allows the user (another object) to store some interme-
diate result. For this the object interface includes a method save(n) where n is
the number to be stored. Also, in order to retrieve this value it includes a method
recall. Thus one would expect the equation calculator.save(n).recall=n
to be true. This is characteristic of the behaviour of fields. As mentioned in [1]
the ς-calculus does not include field contructs as primitive. Nevertheless, me-
thods that do not use the self variable may be regarded as fields. Indeed, let b
be a term in the ς-calculus such that it has no occurrence of a variable x. Then
we have [l = ς(x).b].l−→ςb{x← [l = ς(x).b]} ≡ b Thus we obtain exactly b, the
body of the method l = ς(x).b.
Now consider the setting where variables are represented no longer by variable

names but by de Bruijn indices. Then we could attempt to proceed as above.
Consider a term b in the ςDB -calculus such that 1 /∈ FV (b). Then we have,
[l = ς(b)].l−→ςDB b{1 ← [l = ς(b)]} ≡ b− where b− represents b with free indices
decremented in one unit. The result obtained is not the same as the body of the
method l = ς(b).
Thus we may simulate fields in ςDB -calculus by representing them as methods

l = ς(b+) where b+ represents b where all free indices are incremented in one unit.
Nevertheless, we shall introduce fields as primitive constructs in the language.
The reason for doing so is that when explicit substitutions are introduced into
the calculus and the translation of (an explicit substitution version of) the λ-
calculus into this extension studied, field simulation may no longer be performed
(c.f. Section 5).
Therefore in our de Bruijn setting we incorporate, as a primitive notion, that

of a field. The terms of the ς-calculus à la de Bruijn with fields (hereafter the
ς•
DB -calculus), denoted Tς•

DB
, are called pure terms and are characterized by the

following grammar:

a ::= p | a.l | a ✁ 〈m〉 | [m i∈1..n
i ]

m ::= l = g | l := a
g ::= ς(a)

where p is a natural number greater than zero.
An object is constructed by a list of methods and fields. A method is denoted

“l = g” where l is its label and g its body. A field is denoted “l := a” where l is
its label and a its body. Note that we may override a method with a field and
viceversa.
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We now define the appropriate reduction rules using the notion of substitu-
tion defined above.

Definition 4 (Reduction in the ς•
DB -calculus). Reduction in the ς

•
DB -calcu-

lus is defined adding the following rewrite rules to the rewrite rules of Definition
3:

[lj := a,m i∈1..n,i �=j
i ].lj −→ς•

DB
a

[m i∈1..n
i ]✁ 〈lj := a〉 −→ς•

DB
[lj := a, m i∈1..n,i �=j

i ]

Notice that substitution is still a meta-operation in this calculus, completely
external to the reduction rules of the formalism.
The ς•

DB -calculus is confluent. This may be proved using the proof technique
presented in [27], a variation of the Tait-and-Martin Löf technique. Also, via
a translation function that adjusts appropriately the indices of the bodies of
fields it may be proved that the ςDB -calculus can simulate the ς•

DB -calculus. For
details the reader is referred to [6].

5 Fields and Explicit Substitutions

The ς-calculus with explicit substitutions and de Bruijn indices which we shall
hereafter refer to as the ςDBES -calculus is presented in this section. This cal-
culus introduces two forms of substitution into the object language: ordinary
substitution and invoke substitution. Also, the need for using explicit fields is
explained.

5.1 The ςDBES -Calculus

The set of terms of the ςDBES -calculus, denoted TςDBES , consists of terms of sort
Term and terms of sort Subst. These are defined by the following grammar (sort
Term to the left and sort Subst to the right)

a ::= p | a.l | a ✁ 〈m〉 | [m i∈ 1..n
i ] | a[s]

m ::= l = g | l := a s ::= a/ | @l |⇑ (s) |↑
g ::= ς(a) | g[s]

where p is a natural number greater than zero.
Unless otherwise stated when we say that “a is a term in TςDBES ” we mean

“a is a term in TςDBES of sort Term”. A closure is a term of the form a[s]. A
term that does not contain occurrences of closures as subterms is called a pure
term. A term a[s] may be regarded as the term a with pending substitution
s. The substitution operator .[.] is part of the calculus (at the object-level). A
substitution s with an occurrence of a/ is called an ordinary substitution whereas
a substitution s with an occurrence of @l is called an invoke substitution. More
on invoke substitutions shall be said in Section 7. Note that if we erase the
grammar rules generating closures then we obtain the set Tς•

DB
.
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The substitution grammar (and substitution subcalculus) for ordinary sub-
stitution is based on the calculus of explicit substitution for the lambda calculus,
λυ [20].
We shall frequently use the notation ⇑i (s) and a[s]i defined inductively as:

⇑0 (s) =def s a[s]0 =def a
⇑i+1 (s) =def ⇑ (⇑i (s)) a[s]i+1 =def a[s]i[s]

The semantics of the ςDBES -calculus is defined by the following rewrite rules:

[lj = ς(a),m i∈1..n,i �=j
i ].lj −→MI a[[lj = ς(a),m i∈1..n,i �=j

i ]/]
[lj := a,m i∈1..n,i �=j

i ].lj −→FI a

[m i ∈ 1..n
i ]✁ 〈lj = g〉 −→MO [lj = g, mi∈1..n,i �=j

i ] j ∈ 1..n
[m i ∈ 1..n

i ]✁ 〈lj := a〉 −→FO [lj := a, mi∈1..n,i �=j
i ] j ∈ 1..n

(ς(c))[s] −→SM ς(c[⇑ (s)])
[m i∈ 1..n

i ][s] −→SO [mi[s] i∈ 1..n]
(l := a)[s] −→SF l := a[s]
(l = g)[s] −→SB l = g[s]
a.l[s] −→SI a[s].l
a ✁ 〈m〉[s] −→SU a[s]✁ 〈m[s]〉
1[a/] −→FVar a
p+ 1[a/] −→RVar p
1[@l] −→FInv 1.l
p+ 1[@l] −→RInv p+ 1
1[⇑ (s)] −→FVarLift 1
p+ 1[⇑ (s)] −→RVarLift p[s][↑]
p[↑] −→VarShift p+ 1
a[⇑i (@lj)][⇑i ([lj := b,m i∈1..n,i �=j

i ]/)] −→CO a[⇑i (b/)]
a[⇑i (@l)][⇑k (s)] −→SW a[⇑k (s)][⇑i (@l)] k > i

The rule MI activates a method invocation. The rule FI activates a field in-
vocation. The rules MO ,FO activate method override and field override respec-
tively. Rules SM ,SO ,SF ,SB ,SI ,SU allow the propagation of the substitution
operator through method body, object, field, method, invocation and override
constructors. Rules FVar ,RVar ,Finv ,RInv ,FVarLift ,RVarLift ,VarShift allow
the computation of substitutions on indices. Finally, the rule CO expresses a
form of interaction of substitutions, and SW expresses a (weak) form of commu-
tation or switching of substitutions. These two rules will be used in simulating
λυ in the ςDBES -calculus.
It is interesting to compare rules RVar and RInv . The creation of a substitu-

tion of the form b/ is accompanied by the elimination of a binder (see rule MI ).
Hence all “free” indices should be decremented in one unit. Whereas in the case
of the invoke substitution operator “@” no such adjustment is made.
The ςDBES -calculus without the rules MI ,MO ,FI and FO is referred to as

the ESDB rewriting system. Note that ESDB is not locally confluent since for
example the term 1[@l1][[l1 := b]/] reduces to two different terms by the rules
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FInv and CO respectively, and requires FI to close the diagram. The ESDB
rewriting system is responsible for performing or discarding the substitution
operators and additionally allows for some interaction between ordinary and
invoke substitution operators. The rewriting system obtained by eliminating
the rules for substitution interaction (rules CO and SW ) is called the BES
(Basic Explicit Substitution) rewriting system. This system suffices for executing
substitutions; the interaction rules shall be needed when simulating λυ.

5.2 The Need for Explicit Fields

In Section 4 we saw that although the ς•
DB -calculus incorporated fields as pri-

mitive constructs this is not strictly necessary as fields may be simulated in the
ςDB -calculus in a rather natural way. This situation no longer holds when explicit
substitutions are introduced and when we attempt to translate the λυ-calculus
into the ς•

DBES -calculus using the translation in [1] (recalled in Section 2) for the
λ-calculus.
Let us ignore fields as a primitive construct in the language for the moment

and return to our simulation of fields as discussed in Section 4. A field b is
represented as the method l = ς(b+). The ςDBES -calculus is then reduced to the,
say, ς•

DBES , where rules FI, FO, SF and CO have been eliminated.
Now when we attempt to translate the λυ-calculus into the ς•

DBES -calculus
in the style of ≺≺ . 

 we arrive naturally to the translation function k:

k(a/) =def k(a)/ k(p) =def p
k(⇑ (s)) =def ⇑ (k(s)) k(↑) =def ↑
k(a[s]) =def k(a)[k(s)]
k(ab) =def (k(a)✁ 〈arg = ς(k(b)+)〉).val
k(λa) =def [arg = ς(1.arg), val = ς(k(a)[@arg])]

But the meaning of k(b)+ is no longer clear since k(b) may have occurrences
of the explicit substitution operator (it is no longer a pure term). To remedy this
situation the next logical step would be to introduce an “explicit substitution
version” of the .+ operator which in fact we already have: the ↑ (shift) operator.
Indeed, it is with the aid of the shift operator that updating is implemented
explicitly (cf. Section 7 in [6]). The final clause of the definition of k is now
replaced by k(ab) =def (k(a)✁ 〈arg = ς(k(b)[↑])〉).val
So now we proceed to verify that the translation is correct (preserves λυ-

reduction). Consider for example the λυ-reduction rule (λa)b−→Betaa[b/] (cf.
Section 6). Then we must have k((λa)b) ∗−→ς•

DBES
k(a[b/]). We can go as far as:

k((λa)b) =def
([arg = ς(1.arg), val = ς(k(a)[@arg])]✁ 〈arg = ς(k(b)[↑])〉).val −→MO
[arg = ς(k(b)[↑]), val = ς(k(a)[@arg])].val −→MI
k(a)[@arg][[arg = ς(k(b)[↑]), val = ς(k(a)[@arg])]/]

Thus in order to arrive at k(a)[k(b)/] we are in need of adding to the
ς•
DBES -calculus a commutation rule of the form: a[⇑i (@lj)][⇑i ([lj = ς(b[↑
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]),m i∈1..n,i �=j
i ]/)]−→COMa[⇑i (b/)] (taking i = 0 suffices for our example). But

adding a rule like COM clearly introduces confluence problems.
A variant could be the rule a[⇑i (@lj)][⇑i ([lj = ς(b),m i∈1..n,i �=j

i ]/)]−→COM ′

a[⇑i (c/)] where b =BES c[↑]. The major drawbacks are then the fact that the
rule is conditional and (computationally) expensive checking on the equational
substitution theory is required (this resembles problems studied when dealing
with η-contraction in explicit substitution calculi ([7],[25], [16])).
These problems stem from the fact that the formulation of rules which are

subject to restrictions on the free variables in a de Bruijn index setting and in
the presence of explicit substitutions is non trivial. Here, we have solved these
issues by a minor change in the syntax so as to represent fields as primitive
operators. In fact, the rewrite rule CO of the named ςES-calculus presented in
[17] is conditional, whereas the CO rule presented in this work, in a de Bruijn
index setting, is actually simpler since no condition is present.

6 Encoding λυ-Terms in the ςDBES -Calculus

In this section we will show how to simulate the explicit substitution calculus
for the lambda calculus λυ[20] in the ςDBES -calculus. We start by augmenting
the grammar productions for the terms of the ςDBES -calculus in order to allow
abstractions and applications as legal terms. We then define a translation from
terms in the λυ-calculus into this augmented set of terms which preserves re-
duction. We recall the main definitions of the λυ-calculus. Terms are defined by
the following grammars t ::= p | tt | λt | t[s] and s ::=↑ | t/ | ⇑ (s). We recall the
rules below.

(λa)b −→Beta a[b/] p+ 1[a/] −→RVar p
(a b)[s] −→app a[s]b[s] 1[⇑ (s)] −→FVarLift 1
λa[s] −→abs λ(a[⇑ (s)]) p+ 1[⇑ (s)] −→RVarLift p[s][↑]
1[a/] −→FVar a p[↑] −→VarShift p+ 1

The mixed set of terms, which we shall call TλςDBES consists of the terms of
sort Term and terms of sort Subst (which remain unaltered). The terms of sort
Term are defined by the following grammar:

a ::= p | a.l | a ✁ 〈m〉 | [m i∈ 1..n
i ] | a[s] | λa | (a a)

m ::= l = g | l := a
g ::= ς(a) | g[s]

where p is any natural number greater than zero.
The rewrite rules of the λςDBES -calculus consists of the rewrite rules of the

ςDBES -calculus together with the rules Beta, abs and app of the λυ-calculus
(note that the remaining rules of λυ already belong to the ςDBES -calculus). The
resulting system may be proved confluent using the interpretation technique [12]
and the fact that the corresponding system with meta-level substitutions is an
orthogonal rewrite system.
The encoding of λυ-terms into λςDBES -terms makes use of the invoke explicit

substitution operator “@” and fields.



214 E. Bonelli

Definition 5 (Translation of λςDBES -terms into terms in TςDBES ). The
translation ≺ . 
 from λςDBES -terms into terms in TςDBES is defined as

≺ p 
 =def p ≺ ς(a) 
 =def ς(≺ a 
)
≺ a.l 
 =def ≺ a 
 .l ≺ a/ 
 =def ≺ a 
 /
≺ a ✁ 〈m〉 
 =def ≺ a 
 ✁〈≺ m 
〉 ≺⇑ (s) 
 =def ⇑ (≺ s 
)
≺ [m i ∈ 1..n

i ] 
 =def [≺ mi 
 i ∈ 1..n] ≺↑
 =def ↑
≺ l = g 
 =def l =≺ g 
 ≺ @l 
 =def @l
≺ l := a 
 =def l :=≺ a 
 ≺ λa 
 =def c
≺ a[s] 
 =def ≺ a 
 [≺ s 
] ≺ ab 
 =def ≺ a 
 • ≺ b 


where c is [arg = ς(1.arg), val = ς(≺ a 
 [@arg])] and p • q =def (p ✁ 〈arg :=
q〉).val
The translation interprets the lambda expressions abstraction and applica-

tion into objects leaving the rest of the constructions without modifications. The
translation of an abstraction introduces the invoke substitution. Note that the
index level 1 (to which the invoke substitution applies) is bound. This reveals
a difference as regards the behaviour of ordinary and invoke substitutions, as
discussed above. Ordinary substitution is of no use since its index adjusting
mechanism does not exhibit the desired behaviour.
The principal motivation behind the introduction of the rules describing the

interaction of ordinary substitution and invoke substitution lies in the following
proposition.

Proposition 1 (ςDBES simulates λυ). If a−→λυb then ≺ a 
 ∗−→ςDBES≺ b 
.
Proof. The proof is done by structural induction on the λυ-term. The key cases
are ≺ (λa)b 
 ∗−→ςDBES≺ a[b/] 
 (Case 1) and ≺ λa[s] 
 ∗−→ςDBES≺ λ(a[⇑ (s)]) 

(Case 2).
Case 1.
≺ (λa)b 
 =def
([arg = ς(1.arg), val = ς(≺ a 
 [@arg])]✁ 〈arg :=≺ b 
〉).val −→MO
[arg :=≺ b 
, val = ς(≺ a 
 [@arg])].val −→MI
≺ a 
 [@arg][[arg :=≺ b 
, val = ς(≺ a 
 [@arg])]/] −→CO
≺ a 
 [≺ b 
 /] =def
≺ a[b/] 

Case 2.
≺ (λa)[s] 
 =def
[arg = ς(1.arg), val = ς(≺ a 
 [@arg])][≺ s 
] −→SO

[arg = (ς(1.arg))[≺ s 
], val = (ς(≺ a 
 [@arg]))[≺ s 
]] ∗−→BES

[arg = ς(1.arg[⇑ (≺ s 
)]), val = ς(≺ a 
 [@arg][⇑ (≺ s 
)])] ∗−→BES
[arg = ς(1.arg), val = ς(≺ a 
 [@arg][⇑ (≺ s 
)])] −→SW
[arg = ς(1.arg), val = ς(≺ a 
 [⇑ (≺ s 
)][@arg])] =def
≺ λ(a[⇑ (s)]) 

Wemay therefore conclude that λυ-derivations may be translated into ςDBES -

reductions sequences, thereby implementing objects and functions at the same
time.
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7 Confluence and PSN of the ςDBES -Calculus

When dealing with calculi of explicit substitutions some basic properties have to
be considered, namely, strong normalization of the substitution calculus (ESDB),
confluence of the full calculus and preservation of strong normalization, that
is, that every strongly normalizing term in ς•

DB -calculus must also be strongly
normalizing in the ςDBES -calculus. The history of calculi of explicit substitution
has revealed that this last property is by no means trivial. One of the first calculi
of explicit substitution for the λ-calculus, called λσ [2] introduced in 1991 was
long believed to satisfy the aforementioned property. Surprisingly in 1995 Melliès
provided a counterexample [22], exhibiting a (pure typable) term that is strongly
β-normalizing yet admits an infinite λσ-reduction sequence. Since we allow some
interaction between substitutions this property is essential in our current setting.
Strong normalization of the substitution calculus is obtained by the polyno-

mial interpretation technique. As for the confluence of the ςDBES -calculus we
have the following result which is proved using the Interpretation Method [12].

Proposition 2. The ςDBES -calculus is confluent.

Proving preservation of strong normalization is more complicated. We shall
obtain the desired result by using a technique introduced by Bloo and Geuvers
in [4]. As remarked before this property is an essential ingredient in any expli-
cit substitution implementation of a calculus, more so if there is some form of
interaction between substitutions as is our case.

Definition 6 (Strongly normalising pure terms of TςDBES ). Let SNς•
DB
de-

note the set of all the ς•
DB -strongly normalizing pure terms of TςDBES . Then we

may define F as F = {a ∈ TςDBES | for all b ⊆ a of sort Term,BES (b) ∈ SNς•
DB
}.

The notation b ⊆ a is used to denote that b is a subterm of a. Next we show
that F is closed with respect to reduction in the ςDBES -calculus.

Lemma 1. Let a, b ∈ Tς•
DB
. If a ∈ F and a−→ςDBES b then b ∈ F .

Proof. We show that for every e ⊆ b we have BES (e) ∈ SNς•
DB
. The proof is by

induction on a.

Definition 7 (Labelled terms). We define the set of terms Tl over the al-
phabet A = {., ◦, ..n.,✁(., .), . < . >n, .[[.]]n, ς(.), [.],=, :=} and for n a natural
number greater or equal to zero, by the following grammar:

t ::= . | t.n◦ | t < t >n| t[[◦]]n | ✁(t, u) | [u i∈1..n
i ]

u ::= ◦ = f | ◦ := t
f ::= ς(t) | f < t >n
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Definition 8 (Translation from F to Tl). The translation S(.) : F → Tl is
defined as follows:
S(p) =def .

S([mi ∈1..n
i ]) =def [S(mi)i ∈1..n]

S(l = g) =def S(l) = S(g)
S(l := a) =def S(l) := S(a)
S(ς(a)) =def ς(S(a))
S(a.l) =def S(a).nS(l) where n = maxredς•

DB
(BES (a.l))

S(a ✁ 〈m〉) =def ✁(S(a),S(m))
S(a[⇑i (b/)]) =def S(a) < S(b) >n where n = maxredς•

DB
(BES (a[⇑i (b/)]))

S(a[⇑i (↑)]) =def S(a)
S(a[⇑i (@l)]) =def S(a)[[S(l)]]n where n = maxredς•

DB
(BES (a[⇑i (@l)]))

where S(l) = ◦.
We define a precedence (partial ordering) on the set of operators of A as fol-

lows: ..n+1. � . < . >n� .[[.]]n � ..n. � ✁(., .) � ς(.),=, :=, [], ., ◦. Then since
� is well-founded the induced Recursive Path Ordering (RPO) ‘
Tl

’ defined
below is well-founded on Tl [10].
Lemma 2. Let a ∈ F . Then a−→Ra

′ implies S(a) 
Tl
S(a′) where R =

{MI,FI,MO,FO} and S(a) �Tl
S(a′) if R = ςDBES − {MI,FI,MO,FO}.

Proof. The proof is by structural induction on a using lemmas 1 and additional
technical lemmata (see [6]).

We may now prove the main proposition of this section, namely, the propo-
sition of preservation of strong normalization for the ςDBES -calculus.

Proposition 3 (PSN of the ςDBES -calculus). The ςDBES -calculus preserves
strong normalization.

Proof. Suppose that the ςDBES -calculus does not preserve strong normalization.
Thus there is a pure term a which is strongly ς•

DB -normalizing but which pos-
sesses an infinite reduction sequence in the ςDBES -calculus. Since the rewriting
system S ≡ ESDB ∪{MO ,FO ,FI } is strongly normalizing [6] this reduction se-
quence must have the form a ≡ a1

∗−→S a2−→MI a3
∗−→S a4−→MI a5 . . . where

the reductions a2k−→MI a2k+1 for k ≥ 1 occur infinitely many times. Now since
a is in F , and since by lemma 1 the set F is closed under reduction in ς•

DB we
obtain an infinite sequence

S(a) ≡ S(a1) �Tl
S(a2) 
Tl

S(a3) �Tl
S(a4) 
Tl

S(a5) . . .
This contradicts the well-foundedness of the recusive path ordering 
Tl

.

8 Conclusions and Future Work

We have proposed a first order calculus based on de Bruijn indices and explicit
substitutions for implementing objects and functions. The encoding of functions
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as objects in the spirit of [1] has led us to consider fields as primitive constructs
in the language. The resulting calculus has been shown to correctly simulate the
object calculus (ς) and the function calculus (λυ), and also that it satisfies the
properties of confluence and preservation of strong normalization. As in [17] two
different forms of substitution are present in the calculus: ordinary substitution
and invoke substitution. In the named variable calculus presented in [17], called
ςES , this distinction is based on constraints associated with types (in an invoke
substitution the type of the method invocation x.l to be substituted for x differ)
and the free variable property. In fact, since ςES is untyped the type constraint
may be minimized. In contrast, and as already hinted in [17], in the ςDBES -cal-
culus this distinction is based on different index adjusting mecanisms, thus fully
justifying the need for different substitution operators.
Interaction between substitutions such as composition or permutation of sub-

stitutions usually renders the property of preservation of strong normalization
non trivial. Indeed since a weak form of interaction between both forms of substi-
tutions is present in the ςDBES -calculus the proof of the property of preservation
of strong normalization has resulted a key issue.
Finally, rules possessing conditions on free variables in a named variable

setting generally pose problems when expressed in a de Bruijn indice setting
as may be seen for example when dealing with η-reduction ([7], [25], [16]). The
use of fields as a primitive construct has allowed us to replace the conditional
rules present in the ςES with non-conditional rules, thus simplifying the resulting
calculus.
As already discussed the ςDBES -calculus is not an instance of the de Bruijn

index based higher order rewriting formalism XRS1 [24]. XRSs provide a fixed
substitution calculus (σ⇑) for computing ordinary substitutions. Thus an inte-
resting approach is to generalize this framework to a formalism where various
forms of substitution may be defined with possible interaction between them.
Also, in view of the importance of the typing discipline the consideration of

type systems for the ςDBES -calculus is required.
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Abstract. Closed reductions in the λ-calculus is a strategy for a calculus
of explicit substitutions which overcomes many of the usual syntactical
problems of substitution. This is achieved by only moving closed sub-
stitutions through certain constructs, which gives a weak form of reduc-
tion, but is rich enough to capture the usual strategies in the λ-calculus
(call-by-value, call-by-need, etc.) and is adequate for the evaluation of
programs. An interesting point is that the calculus permits substitu-
tions to move through abstractions, and reductions are allowed under
abstractions, if certain conditions hold. The calculus naturally provides
an efficient notion of reduction (with a high degree of sharing), which
can easily be implemented.

1 Introduction

It is well known that substitution in the λ-calculus is a meta-operation, defined
outside of the syntax of the system. Equally, it is well known that the substitution
process is a very delicate operation that may require the use of α-conversion, and
it may cause terms, redexes and potential redexes to be duplicated or erased.

In recent years a whole range of explicit substitution calculi have been pro-
posed, starting from the λσ-calculus [1], with the general aim of making the
substitution process exist at the same level as β-reduction. In general, the main
motivation for such calculi is to have a handle on the process of substitution,
and to be able to control it in various ways. There are however two distinct
applications for these calculi. First, from a term rewriting perspective, the goal
is to capture β-reduction as a first order term rewriting system. Here simulation
of β-reduction, preservation of termination and confluence seem to be the main
issues. Secondly, from an implementation perspective, the goal is to explain in
low level terms the process of β-reduction which can provide a basis for abstract
machines and implementations of functional programming languages. Although
the second point is used as a motivating factor in most studies of explicit substi-
tutions, we find that the first point has had the most attention. In this paper we

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 220–234, 1999.
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focus on the second aspect. In particular we are not directly interested in simulat-
ing β-reduction in full generality, but rather to use the substitution mechanism
to provide a simple and efficient form of reduction.

Our point of departure is a calculus of explicit substitutions with names,
which simply adds the meta-level operation as a collection of conditional rewrite
rules. We then proceed in a thorough-going fashion to systematically remove
all the problematic and expensive rules of this system by giving a strategy for
reduction. It turns out that this can be achieved by permitting certain reductions
to take place only when a sub-term is closed (no free variables). In particular,
this eliminates variable clash and capture problems, and removes the necessity
of generating fresh variable names during reduction, which overcomes the main
objection for explicit substitution calculi with names.

Almost all evaluators for the λ-calculus are based on reduction to weak head
normal form, which is characterized by rejecting reduction under an abstraction.
There are many ways to obtain such normal forms, the most common are call-
by-need and call-by-value reduction. In the language of explicit substitutions,
this weak form of reduction is often interpreted as not pushing substitutions
through an abstraction [3]. This form of weak reduction has the convenience
that the most awkward part of the substitution process is removed from the
system (prohibiting substitution through an abstraction avoids name clashes and
α-conversions). However this benefit is achieved at a price because terms with
substitutions (closures) may be copied, which can cause redexes to be duplicated.
In our calculus we address this problem by allowing closed substitutions to be
made, and moreover we never copy a term (or closure) which contains a free
variable.

The λ-calculus, in addition to substitution, lacks explicit information about
sharing and evaluation orders. This point becomes more subtle when one con-
siders it in the framework of explicit substitutions, since the order in which
substitutions are performed can have dramatic consequences on the efficiency of
the reduction process. To ensure that we have a tight control over the way sub-
stitutions are performed, we also make explicit the copying and erasing phases
of substitution, which are inspired by various calculi for linear logic. This will
also allow us to control (and avoid) the issues of duplicating and erasing free
variables in the substitution process.

In summary, we present a calculus of explicit substitutions with explicit re-
source management, where the emphasis is on obtaining answers in a simple
and efficient way. The key aspect of the reduction strategy used is that of closed
reduction, which provides a mechanism to allow easily: reduction under, and sub-
stitution through, an abstraction; avoidance of duplication of free variables; and
clean garbage collection. An implementation of closed reduction using interac-
tion nets is presented in [8] together with benchmarks and empirical comparisons
with some other implementations of the λ-calculus.

Related Work. Our work builds upon the use of explicit substitutions for control-
ling substitutions in the λ-calculus, with an emphasis on implementation, for in-
stance the call-by-need λ-calculus of Ariola et al. [2] and calculi with shared envi-
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ronments of Yoshida [13]. Also oriented towards implementation are [5] and [12].
The notion of closed reduction for the λ-calculus was inspired by a strategy for
cut-elimination in linear logic, used in a proof of soundness of the geometry of
interaction by Girard [4].

Overview. In the following section we motivate our work by looking at the
problematic issues in explicit substitution calculi. In Section 3 we present the
closed reduction calculus, called λc. In Section 4 we study several properties of
the calculus. Section 5 gives a type system for the calculus and we show subject
reduction and termination. The relation with β-reduction and strategies in the
λ-calculus is given in Section 6. Section 7 gives an alternative presentation of
our calculus inspired by director strings. We conclude the paper in Section 8.

2 Motivation: Calculi and Strategies

The first version of the calculus is obtained by simply making the meta-operation
of substitution part of the syntax, and adding explicit conditional rules for the
propagation of substitutions. These rules are inspired by the original definition
of substitution given by Church. By analyzing these rules for substitution from
a very syntactic perspective we will identify a series of refinements that will lead
to the final calculus that we call λc. We shall use explicit substitution calculi
with names throughout, but most of what we have to say can be formulated in
terms of the de Bruijn notation.

Definition 1 (λ-calculus with names and explicit substitutions). Terms
are built from the grammar: t ::= x | λx.t | (tt) | t[t/x] with x, y, z ranging
over variables, and t, u, v ranging over terms. We have the following conditional
reduction rules:

Name Reduction Condition
Beta (λx.t)u � t[u/x]
Var1 x[v/x] � v
Var2 y[v/x] � y x �= y
App (tu)[v/x] � (t[v/x])(u[v/x])
Lam1 (λy.t)[v/y] � (λy.t)
Lam2 (λy.t)[v/x] � λy.t[v/x] x �∈ fv(t) ∨ y �∈ fv(v), x �= y
Lam3 (λy.t)[v/x] � λz.(t[z/y])[v/x] x ∈ fv(t), y ∈ fv(v), x �= y, z fresh
Comp (t[u/x])[v/y]� (t[v/y])[u[v/y]/x]

Five rules cause the real computational work: Var2 and Lam1 discard the
term v, App and Comp duplicate the term v, and Lam3 requires an additional
substitution (renaming) to avoid variable capture and variable clash. We now
look at ways of reducing these overheads.

Our first improvement is to direct substitutions so that terms are only prop-
agated to the places where they are actually required, avoiding making copies
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that will later be discarded. For instance, the App rule can be replaced by the
rules:

(tu)[v/x]� (t[v/x])u x ∈ fv(t), x �∈ fv(u)
(tu)[v/x]� t(u[v/x]) x ∈ fv(u), x �∈ fv(t)
(tu)[v/x]� (tu) x �∈ fv(tu)
(tu)[v/x]� (t[v/x])(u[v/x]) x ∈ fv(u), x ∈ fv(u)

Factoring out the linear and the non-linear occurrences of the variables can
be done at the syntactical level, which eliminates the last two rules. If x �∈ fv(t),
then we can make this explicit using the erase construct: Ex(t). The associated
reduction rule must preserve this notation, by erasing the substitution, and cre-
ating explicit erasing constructs for each of the free variables of the substitution:

Ex(t)[v/x]� E�x(t)

where �x = fv(v), and the notation E�x(t) can be thought of as an abbrevia-
tion of Ex1(· · ·Exn(t) · · ·). Remark that if fv(v) = ∅ then the rule is simply:
Ex(t)[v/x]� t.

If x occurs twice in a term u, then renaming one occurrence to y and the
other to z and using the Cy,z

x (u) construct makes the copying explicit, as given
by the following associated rule:

Cy,z
x (t)[v/x]� C�y,�z

�x ((t[v[�y/�x]/y])[v[�z/�x]/z])

where �x = fv(v), and renamings of the free variables of each copy of v are
introduced to preserve the notation. Remark that if fv(v) = ∅ then the rule
is simply: Cy,z

x (t)[v/x] � (t[v/y])[v/z]. Copying terms with free variables can
cause the duplication of redexes that might be created later during reduction.
An obvious solution to this would simply be to only copy closed terms (i.e.
without free variables), which avoids the renaming substitutions in the rule.
Note that we no longer need the rules Var2 and Lam1 with these constructs.

Similarly to the App rule, the Comp rule now splits into:

(t[u/x])[v/y]� t[u[v/y]/x] y ∈ fv(u)
(t[u/x])[v/y]� (t[v/y])[u/x] y ∈ fv(t)

The first rule is useful, since it allows the substitution process to move towards
completion. However, the second rule is a clear candidate for non-termination
and is not essential in the calculus. We drop it from the system, thus eliminating
the usual termination problems of explicit substitution calculi, which we refer
the reader to [9] for examples.

There is an important issue with respect to the order of the application
of the revised Comp rule. Consider the term: t0[t1/x0][t2/x1] · · · [tn/xn−1] with
fv(ti) = {xi}, i < n, and fv(tn) = ∅. There is a choice between innermost and

outermost application of this rule. Working innermost requires
∑n

i=0 i = n(n+1)
2

applications of the rule, which is O(n2), whereas the outermost sequence requires
exactly n steps. A sufficient condition to get an outermost strategy is to require
the substitution to be closed in the Comp rule.
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Our next refinement is motivated by pushing substitutions through an ab-
straction efficiently. This operation is quite a complex task, as indicated by the
Lam3 rule: variables must be renamed to avoid variable capture, and thus the
operation requires an additional substitution. Avoiding substitution through an
abstraction is one solution to this problem, but may also cause duplication of
work later. To obtain more sharing, substitution (and reduction) under an ab-
straction should be allowed. To overcome this clash of interests, one can remark
that the rule Lam3 can be eliminated if the substitution v is closed. In this way
there is no risk of variable clash or variable capture: (λx.t)[v/y] � λx.t[v/y], if
fv(v) = ∅. Note that the Comp rule is essential to group substitutions together
so that a single closed substitution can be pushed through an abstraction. Not
only does this give the shortest reduction path, but at the same time eliminates
the problems of variable capture and clash.

Our last rule of study is the Beta rule. Consider the term ((λy.t)u)[v/x],
where x ∈ fv(t), and fv(v) = ∅. If we first perform the Beta rule we obtain
(t[u/y])[v/x], however if we perform the Comp rule first we obtain (t[v/x])[u/y].
Since we have eliminated one of the cases for the Comp rule there is a potential
confluence problem. We can avoid it by only allowing β-reduction to take place
when the function is closed: (λx.t)u � t[u/x], if fv(λx.t) = ∅. This resolves the
above problem by cutting out the possibility of performing the Beta rule first.
In other work on explicit substitutions it is interesting to note that it is the
application of the Comp rule first that is ruled out, see for instance [10].

This completes our refinements, we can now clean up the rules that we have
discussed up until now, obtaining what we call closed reduction.

3 Closed Reduction

Putting the previous ideas together suggests a strategy for implementing the
λ-calculus. The strategy is clearly a weak one since it will not always be the
case that substitutions will be closed, but we show that it is adequate for the
evaluation of programs (i.e. closed terms of base type). The following is the
definition of the λc-calculus which we use for the rest of this paper.

Definition 2 (λc-terms). The following table summarizes the terms, variable
constraints and the free variables of the terms.

Name Term Variable Constraint Free Variables
Variable x − {x}
Abstraction λx.t x ∈ fv(t) fv(t) − {x}
Application (tu) fv(t) ∩ fv(u) = ∅ fv(t) ∪ fv(u)
Erase Ex(t) x �∈ fv(t) fv(t) ∪ {x}
Copy Cy,z

x (t) x �∈ fv(t), y �= z, {y, z} ⊆ fv(t) fv(t) − {y, z} ∪ {x}
Substitution t[u/x] x ∈ fv(t), fv(t) − {x} ∩ fv(u) = ∅ fv(t) − {x} ∪ fv(u)

Definition 3 (Closed Reduction). Let t, u be λc-terms, t �w u is called a
closed reduction and given by the following conditional rewrite system (variables
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of λc-terms are treated as constants in the rewrite system, thus x �= x′, etc.).

Name Reduction Condition
Beta (λx.t)u �w t[u/x] fv(λx.t) = ∅
Var x[v/x] �w v −
App1 (tu)[v/x] �w (t[v/x])u x ∈ fv(t)
App2 (tu)[v/x] �w t(u[v/x]) x ∈ fv(u)
Lam (λy.t)[v/x] �w λy.t[v/x] fv(v) = ∅
Copy1 Cy,z

x (t)[v/x] �w (t[v/y])[v/z] fv(v) = ∅
Copy2 Cy,z

x′ (t)[v/x] �w Cy,z
x′ (t[v/x]) fv(v) = ∅

Erase1 Ex(t)[v/x] �w t fv(v) = ∅
Erase2 Ex′(t)[v/x] �w Ex′(t[v/x]) −
Comp (t[w/y])[v/x]�w t[w[v/x]/y] x ∈ fv(w)

As usual, we write�∗
w as the transitive reflexive closure of �w. The subscript w

is used to indicate that it is a weak calculus. These reduction steps can be applied
in every context, in particular within substitutions and under abstractions.

The conditions on the rules are motivated from both an efficiency point of
view with respect to minimizing the number of β-reduction and substitution
steps, and from a simplification point of view for the substitution calculus.

Remark 1. There are a number of variants of the reduction rules, which do not
change the basic results of this paper. For instance, in a simply typed framework,
the Copy1 rule can reduce the substituted term v to normal form before copying,
thus avoiding redex duplication. The App1, App2 and Comp rules could also
require v to be closed, giving a weaker but more directed strategy (with the
shortest reduction paths). We shall make use of this variant in Section 7.

Note that since we only do closed reductions, we do not need to represent
substitutions by lists, as it is done in most calculi of explicit substitutions. In
this way we avoid the introduction of constructors for lists and the operation of
concatenation with associativity.

Definition 4 (Compilation). Let t be a λ-term with fv(t) = {x1, . . . , xn}.
Then compilation into λc is defined as: [x1] . . . [xn]t◦ with (·)◦ given by: x◦ = x,
(tu)◦ = t◦u◦, and (λx.t)◦ = λx.[x]t◦ if x ∈ fv(t), otherwise (λx.t)◦ = λx.Ex(t◦).
We define [·]· as:

[x]x = x
[x](λy.t) = λy.[x]t

[x](tu) = Cx′,x′′

x ([x′ ](t{x �→x′})[x′′ ](u{x �→x′′})) x ∈ fv(t), x ∈ fv(u)
= ([x]t)u x ∈ fv(t), x �∈ fv(u)
= t([x]u) x ∈ fv(u), x �∈ fv(t)

[x]Ey(t) = Ey([x]t)

[x]Cy′,y′′

y (t) = Cy′,y′′

y ([x]t)

where the substitution t{x �→u} is the usual (implicit) notion, and the variables x′

and x′′ above are assumed to be fresh.
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Remark 2. Terms built from the compilation are pure terms (they do not contain
substitutions). The compilation functions are simply counting variables, placing
erasing operations outermost, and copying operations innermost. In particular,
remark that the compilation only introduces an erasing construct immediately
after an abstraction: λx.Ex(t). If we are only interested in terms arising from
the compilation, we can abbreviate this to λ .t, together with a new reduction
rule BetaErase: (λ .t)u�w t, if fv(u) = ∅ in place of the rules Erase1, Erase2.

Proposition 1. If t is a λ-term with free variables fv(t) = {x1, . . . , xn}, then:

1. fv([x1] · · · [xn]t◦) = fv(t).
2. [x1] · · · [xn]t◦ is a valid λc-term (satisfying the variable constraints).

There are valid λc-terms which are not derived from the translation of λ-
terms, such as: λy.((xy)[λx.x/x]). Here a Beta rule must have been applied
when the function was not closed. In this paper we will always assume that
we are dealing with λc-terms derived from the translation and their reducts,
and as shown below, reduction preserves the variable constraints. Some of the
constraints of the rewriting system can be eliminated with these assumptions,
but we keep them for clarity. We can recover a λ-term from a λc-term by simply
erasing the additional constructs and completing the substitutions:

Definition 5 (Read-back).

x∗ = x (Ex(t))∗ = t∗

(tu)∗ = t∗u∗ (Cy,z
x (t))∗ = t∗{y �→x}{z �→x}

(λx.t)∗ = λx.t∗ (t[u/x])∗ = t∗{x �→u∗}

One can easily show that if fv(t) = {x1, . . . , xn}, then ([x1] · · · [xn]t◦)∗ = t.

Example 1. We give several example terms in this calculus:

I = (λx.x)◦ = λx.x
K = (λxy.x)◦ = λxy.Ey(x)

S = (λxyz.xz(yz))◦ = λxyz.Cz′,z′′

z ((xz′)(yz′′))
2 = (λfx.f(fx))◦ = λfx.Cf ′,f ′′

f (f ′(f ′′x))

Y = (λf.(λx.f(xx))(λx.f(xx)))◦ = λf.Cf ′,f ′′

f (λx.f ′(Cx′,x′′

x (x′x′′)))
(λx.f ′′(Cx′,x′′

x (x′x′′)))

and a reduction sequence to normal form:

22 = (λfx.Cf ′,f ′′

f (f ′(f ′′x)))2

�w (λx.Cf ′,f ′′

f (f ′(f ′′x)))[2/f ]

�
∗
w λx.2(2x)

�w λx.(λx.Cf ′ ,f ′′

f (f ′(f ′′x)))[2x/f ]

�w λx.(λx.Cf ′ ,f ′′

f (f ′(f ′′x)))[(λx.Cf ′ ,f ′′

f (f ′(f ′′x)))[x/f ]/f ]
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Remark that it is impossible to duplicate the variable x in the last line — we
must wait for a closing substitution before continuing. If we apply this to a closed
term, for instance I, then reduction can continue:

22I�∗
w ((λx.Cf ′ ,f ′′

f (f ′(f ′′x)))[(λx.Cf ′ ,f ′′

f (f ′(f ′′x)))[x/f ]/f ])[I/x]

�
∗
w (λx.Cf ′,f ′′

f (f ′(f ′′x)))[(λx.Cf ′,f ′′

f (f ′(f ′′x)))[I/f ]/f ]

�
∗
w (λx.Cf ′,f ′′

f (f ′(f ′′x)))[(λx.I(Ix))/f ]

�
∗
w (λx.Cf ′,f ′′

f (f ′(f ′′x)))[I/f ]

�
∗
w (λx.I(Ix))
�

∗
w λx.x

If one studies in detail this example, there are several strategies of evaluation
possible. The best (shortest) route to take is always to push closed substitutions
through an application, and reduce terms to normal form before copying.

In the λ-calculus, Y is a term which has a weak head normal form, but no
head normal form. However, even though we reduce under abstractions there is
no infinite sequence of reductions in λc since the only redex (shown underlined)
has a free variable f ′:

λf.Cf ′,f ′′

f ((λx.f ′(Cx′,x′′

x (x′x′′)))(λx.f ′′(Cx′,x′′

x (x′x′′))))

However, the term YI does generate a non-terminating sequence.
Note that we never need any α-conversions during the reductions, although

the same variable can appear several times in the term being reduced.

4 Properties

In this section we show some basic properties of the rewrite system �w which
we use to reduce λc-terms, i.e. ground terms with respect to the rewrite system.

Proposition 2 (Correctness of �w).

1. If t�w u then fv(t) = fv(u).
2. If t is a λc-term and t �w u, then u is a λc-term (i.e. the relation �w

preserves the variable constraints).

Proposition 3 (Local Confluence). If t �w u and t �w v then there is a
term s such that u�∗

w s and v �∗
w s.

Proof. There are five critical pairs to consider, since all the other potential super-
positions are eliminated from the system because of the free variable constraints.
In all the cases the critical pair converges. �	

To prove the termination of the rules for substitution we define the distance
|t|x from the root of the term t to the unique occurrence of the free variable x
as: |x|x = 1, |λy.t|x = 1 + |t|x, |tu|x = 1 + |t|x (if x ∈ fv(t)), |tu|x = 1 + |u|x
(if x ∈ fv(u)), |Ex(t)|x = 1, |Ey(t)|x = 1 + |t|x, |Cy,z

x (t)|x = 1 + |t|y + |t|z,
|Cy,z

x′ (t)|x = 1 + |t|x, and |t[v/y]|x = 1 + |v|x (if x ∈ fv(v)) otherwise |t[v/y]|x =
1 + |t|x (if x ∈ fv(t)).
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Proposition 4 (Termination of substitutions). There are no infinite re-
duction sequences starting from t[v/x] using only the rules for substitution.

Proof. We define an interpretation that associates to each term a multiset with
one element for each sub-term w[s/x] occurring in t, which is |w|x. Each appli-
cation of a substitution rule decreases the interpretation of the term, since we
always apply a substitution to a sub-term of t or erase it, and the distance is
reduced. �	

We now look at the problem of preservation of strong normalization (a cal-
culus of explicit substitutions preserves strong normalization if the compilation
of a strongly normalizable λ-term is strongly normalizable).

Our proof is inspired from that of λυ [7]. We first define a notion of minimal
infinite derivation. Intuitively, a derivation is minimal if we always reduce the
lowest possible redex to keep non termination. We denote by →∗

E a sequence
of reductions in λc that does not use the Beta rule, and by →Beta,p a Beta
reduction at position p.

Definition 6 (Minimal derivation). An infinite λc derivation

a1 →Beta,p1 a′
1 →∗

E · · · ai →Beta,pi a′
i →∗

E . . .

is minimal if for any other infinite derivation

a1 →Beta,p1 a′
1 →∗

E · · · ai →Beta,q b →∗
E · · ·

we have q �= pip
′ for every p′.

In other words, in any other infinite derivation, pi and q are disjoint or q is above
pi, which means that the Beta-redex we reduce is a lowest one.

Lemma 1. 1. If u →∗
E u′ then u∗ = u′∗.

2. If u →Beta u′ is a step in a minimal derivation starting from the translation
of a λ-term then u∗ →+

β u′∗.

Proof. 1. Straightforward inspection of the rules for substitution.
2. The term u contains a Beta redex, and the minimality assumption for the

derivation ensures that in the translation to u∗ this redex is not erased (but
it can of course be copied). Hence u∗ →+

β u′∗ . �	
Proposition 5 (Preservation of Strong Normalization). If t is the trans-
lation of a strongly normalizable λ-term then t is strongly normalizable.

Proof. Assuming that there is an infinite reduction sequence starting from t =
[x1] · · · [xn]s◦ in λc, we will show that there is an infinite derivation for the
strongly normalizable λ-term s (contradiction). For this we consider an infinite
minimal reduction sequence out of t. Since the rules for substitution are termi-
nating, it contains an infinite number of applications of Beta.

t →∗
E t1 →Beta t2 →∗

E t3 →Beta t4 · · ·

Since t∗ = s, we obtain an infinite derivation for s, by Lemma 1 (contradiction):

s = t∗ = t∗1 →+
β t∗2 = t∗3 →+

β t∗4 · · · �	
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5 A Type System for λc

There is also a typed version of the calculus, which is given by the following
rules. We remark that many of the syntactical constraints are now captured by
the type rules.

Γ, x : A, y : B, ∆ � t : C
(X)

Γ, y : B, x : A, ∆ � t : C

(VAR)
x : A � x : A

Γ, x : A � t : B ∆ � v : A
(SUB)

Γ, ∆ � t[v/x] : B

Γ, x : A � t : B
(ABS)

Γ � λx.t : A → B

Γ � t : A → B ∆ � u : A
(APP)

Γ, ∆ � tu : B

Γ � t : B
(WEAK)

Γ, x : A � Ex(t) : B

Γ, x : A, y : A � t : B
(CONT)

Γ, z : A � Cx,y
z (t) : B

Lemma 2 (Subject Reduction). If Γ � t : A and t�w u then Γ � u : A.

We extend λc (and the λ-calculus) to include a generic constant � : I, with
the following axiom: � � : I, where the type I represents a generic base type.
This extension gives us a very minimalistic functional programming language.
There are no additional reduction rules for this constant, and the above subject
reduction theorem can easily be seen to hold with the addition of this axiom.
Obviously, fv(�) = ∅.

Lemma 3. Let t be a λ-term and s its compilation in λc. t is simply typable if
and only if s is typable.

We now look at the problem of termination of typable terms, keeping with
the philosophy of only considering terms that are derived from λ-terms. This is
an assumption in all the following results.

Since simply typable λ-terms are strongly normalizable, as a direct conse-
quence of Lemma 3 and Proposition 5 we obtain:

Proposition 6 (Termination). If Γ � t : A in λc then t is strongly normaliz-
able.

Proposition 7 (Confluence). If Γ � t : A, t �∗
w u and t �∗

w v then there is
a term s such that u�∗

w s and v �∗
w s.

Definition 7 (Programs). A program is a closed term of type I.

We can show that in our calculus programs can be reduced to values which
are pure terms. This can be understood as for all closed terms of type I, there
are enough closed substitutions so that they can all complete. For that we need
a lemma.
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Lemma 4 (Completion of closed substitutions). If v is a closed term, then
t[v/x] is not a normal form.

Proof. The compilation function gives a term that satisfies the variable con-
straints, and reduction preserves the constraints (Proposition 2). Therefore x
occurs in t. If t is a variable, application, abstraction, erasing or copying, then
we can apply one of the rules for substitution. If t = u[w/y] then x occurs free
in w (it cannot occur free in u since the Beta rule that created the substitution
could not be applied with an open function), therefore we can apply the Comp
rule. �	

Theorem 1 (Adequacy). If t is a program, then t�∗
w �.

Proof. By Subject Reduction, the type of the term is preserved under reduction.
Assume for a contradiction that the program t is in normal form, and it is not
�. Since t is closed, it cannot be a variable, an erasing construct or a copying
construct. Since it is of type I, it cannot be an abstraction either. If t = u[v/x]
then v is closed (since t is closed), and therefore one of the rules for substitution
would apply by Lemma 4. Hence t is an application.

Let t = u1u2 . . . un, n ≥ 2, such that u1 is not an application. Since t is closed,
so are u1, . . . , un. Hence u1 is not a variable, a copying or an erasing. Since t is
a normal form, u1 cannot be an abstraction either (the Beta rule would apply).
Therefore u1 is a term of the form s[s′/x] where s′ is closed and x is the only free
variable of s. But then u1 is not a normal form (Lemma 4), which contradicts
our assumption. �	

Note that this result also holds even if we take a weaker calculus with closed
substitutions for the application and variable rules. The type system and the
notion of a program can be regarded as a simplification of the usual notion from
the language PCF [11], where we have just one constant, and no arithmetic
functions or recursion. There are no difficulties in extending this calculus to the
full language of PCF.

6 Relation with β-reduction

In this section we compare closed reduction with several common evaluation
strategies for the λ-calculus. In most functional programming languages closed
terms are reduced to weak head normal form (WHNF). There are three main
strategies of reduction to WHNF: Call-by-name — leftmost outermost (normal
order); Call-by-value — leftmost innermost (applicative order); and Call-by-need
— call-by-name + sharing.

We will show that we can simulate the three strategies in λc. Let t be a
closed λ-term and u its WHNF obtained using one of these strategies. We will
show that t◦ �∗

w u◦, by induction on the length of the derivation t →∗ u. If t is
already a WHNF the result is trivial. We assume there is a non-empty reduction
to WHNF. The following lemma will be useful to establish the connection with
β-reduction in the λ-calculus.
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Lemma 5. Let P and Q be λ-terms such that fv(P ) = {x1, . . . , xn}, n ≥ 1, and
fv(Q) = ∅, then ([x1] . . . [xn]P ◦)[Q◦/x1]�

∗
w [x2] . . . [xn](P {x1 �→Q})◦ .

Proof. By Proposition 1 (Part 1), fv(Q◦) = ∅, and x1 ∈ fv([x1] . . . [xn]P ◦). The
result is obtained by induction on P . We show just one case when P ≡ λy.t,
y ∈ fv(t). Assume w.l.o.g. that x is the only free variable of P .

([x](λy.t)◦)[Q◦/x] = ([x](λy.[y]t◦))[Q◦/x]
= (λy.[x][y]t◦)[Q◦/x]
�w λy.([x][y]t◦)[Q◦/x]

�w (IH) λy.[y](t{x �→Q})◦

= (λy.t{x �→Q})◦ �	

Call-by-name Let t → u be the first step in a call-by-name reduction to WHNF
in the λ-calculus. Then let t = (λx.P )Q, with fv(Q) = ∅ and u = P {x �→Q} . There
are two cases to consider. If x ∈ fv(P ) then

t◦ = (λx.P )◦Q◦ = (λx.[x]P ◦)Q◦
�w ([x]P ◦)[Q◦/x]�∗

w (P {x �→Q})◦

using Lemma 5. Otherwise

t◦ = (λx.P )◦Q◦ = (λx.Ex(P ◦))Q◦
�w (Ex(P ◦))[Q◦/x]�w P ◦ = (P {x �→Q})◦

Call-by-value Let t = (λx.P )Q be a closed λ-term and u its WHNF using call-
by-value, then there is a sequence of reductions:

(λx.P )Q →∗ (λx.P )V → P {x �→V } →∗ u

where V is a value (WHNF for closed terms). Using induction and Lemma 5:

t◦ = (λx.P )◦Q◦
�

∗
w (λx.P )◦V ◦

�

∗
w (P {x �→V })◦ �∗

w u◦

Call-by-need Let t be a closed term and u its WHNF using call-by-need. To simu-
late call-by-need it is enough to reduce a substitution to WHNF before applying
it when it is needed (i.e. not in Ex(t)[u/x]). We can simulate the reductions
in the call-by-need λ-calculus of Ariola and Felleisen [2], by using the explicit
substitutions construction instead of let, and using the erasing rule to erase
the substitutions that are not needed. Consider the following example, which is
taken from [2] and adapted to our notation:

(λf.Cf ′,f ′′

f (f ′I(f ′′I)))((λzw.zw)(II)) �w Cf ′,f ′′

f (f ′I(f ′′I))[(λzw.zw)(II)/f ]

�w Cf ′,f ′′

f (f ′I(f ′′I))[(λw.zw)[II/z]/f ]

�
∗
w Cf ′,f ′′

f (f ′I(f ′′I))[(λw.Iw)/f ]

�
∗
w Cf ′,f ′′

f (f ′I(f ′′I))[(λw.w)/f ]

�
∗
w (λw.w)I((λw.w)I)
�

∗
w I
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Remark 3. Note that for reduction of closed terms to WHNF we do not need
composition of substitutions (all arguments will be closed), however, having this
rule in the system allows additional reductions under abstractions. Although
we can reduce open terms (e.g. (λx.x)y �∗

w y), we cannot in general simulate
reduction to WHNF on open terms, for instance: (λx.xy)(λx.x) ��w is not a
WHNF. We cannot in general simulate reduction to head normal form (HNF),
even for closed terms, for example: λx.(λy.Ey(x))t ��w. However the calculus is
stronger than reduction to WHNF, since we can reduce under abstractions:

λx.(λy.y)x�w λx.y[x/y]�w λx.x

To obtain HNF in general, we can define a different version of the calculus,
which requires that the substitution is closed when pushed into an argument
of a function, rather than the abstraction, thus a dual version of this calculus
which we leave for future study.

7 Alternative Presentation: Director Strings

In this section it will be shown how to present the calculus by using the concept
of directors strings [6], which can be seen as a way to internalize some of the
conditions on the rewriting system. The calculus that we are left with is a gener-
alization of the director strings system of [6] (which corresponds to combinator
reduction) where we allow reduction under an abstraction.

To make the presentation more concise, we adopt the version of the calculus
where the rules App1, App2 and Comp also require that the substitution is
closed. We shall also adopt the alternative syntax of λ .t rather than λx.Ex(t)
for this section, which is equivalent, but more compact, as discussed in Section 3.

The elements −, �, �, �, called directors, will be used to annotate binary
constructors to indicate that a substitution [t/x] is not required, used in both,
or just the left or right argument respectively. Unary constructors will have the
annotation �, which just means that the substitution is required in the sub-term.
ε will denote the empty string, which annotates closed terms. We will often drop
the outermost ε string, except if it is needed to express a rule.

Working with annotated terms, we no longer need the erasing and copying
constructs, since they are captured by the directors. Moreover, variables will
always be labeled as x�, and therefore the name of the variable is not important,
since only the correct substitution will reach a variable. Thus we will abbreviate
x� as �. Now substitutions and abstraction will no longer need to hold the name
of the variable, so we will write λx.t as λt, λ .t as λ− t and [t/x] simply as [t].

In the following we use the notation |s| for the length of the string s, and
if d is a director, then dn is a string of d’s of length n. Let t be a λ-term with
fv(t) = {x1, . . . , xn}, its compilation is now defined as: [x1] . . . [xn]t◦ with (·)◦
given by: x◦ = x, (tu)◦ = t◦u◦ , and (λx.t)◦ = λ[x]t◦ if x ∈ fv(t), otherwise
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(λx.t)◦ = λ− t◦ . We define [·]· as:

[x]x = �

[x](λt)s = (λ[x]t)�s

[x](tu)s = ([x]t)([x]u)�s x ∈ fv(t), x ∈ fv(u)
= (([x]t)u)�s x ∈ fv(t), x �∈ fv(u)
= (t([x]u))�s x ∈ fv(u), x �∈ fv(t)

For example, S = (λxyz.(xz)(yz))◦ = λ(λ(λ((��)��(��)��)���)��)�, K =
(λxy.x)◦ = (λ(λ− �)�), I = (λx.x)◦ = (λ �).

The reduction rules for this calculus are now given as follows:

Name Reduction
Beta ((λt)εu)s

�w (t[u])s

BetaErase ((λ− t)εuε)ε
�w t

Var (� [vs1 ])s
�w vs1

App1 ((ts2u)�s1 [vε])s
�w ((ts2 [vε])�

|s2|
u)s1

App2 ((tus2)�s1 [vε])s
�w (t(us2 [vε])�

|s2|
)s1

App3 ((ts2us3)�s1 [vε])s
�w ((ts2 [vε])�

|s2|
(us3 [vε])�

|s3|
)s1

Lam ((λt)�s1 [vε])s
�w (λ(t[vε])�

|s1|
)s1

Comp ((t[ws2 ])�s1 [vε])s
�w (t[(ws2 [vε])�

|s2|
])s1

We complete this excursion with a simple example reduction sequence to show
that we can reduce under abstractions.

(λx.(λy.y)x)◦ = (λ((λ �)ε �)�)ε
�w λ(� [�])� �w λ �= (λx.x)◦

The idea is that the director strings describe a path from the root of the term
to the occurrence of a variable. Our calculus allows reductions in the term such
that the path is preserved under these reductions, which makes it a more general
reduction system than director strings. It remains to be seen if these ideas can
in fact be extended to the whole of the λ-calculus, thus generalizing further than
closed reductions.

8 Conclusions

In this paper we have proposed a strategy for reduction in the λ-calculus with
explicit substitutions. The essential principle is that the reduction process should
be simple, and capture the shortest reduction paths.

An implementation of a slight variant of this calculus exists as a system of
interaction nets [8], and surprisingly is more efficient in terms of reduction steps
than interaction net implementations of optimal reduction. However, it remains
to compare in more detail the relationship between optimal reduction and closed
reduction.
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Abstract. The λΛ-calculus is a dependent type theory with both linear and intui-
tionistic dependent function spaces. It can be seen to arise in two ways. Firstly, in
logical frameworks, where it is the language of the RLF logical framework and
can uniformly represent linear and other relevant logics. Secondly, it is a presen-
tation of the proof-objects of BI, the logic of bunched implications. BI is a logic
which directly combines linear and intuitionistic implication and, in its predicate
version, has both linear and intuitionistic quantifiers. The λΛ-calculus is the de-
pendent type theory which generalizes both implications and quantifiers. In this
paper, we describe the categorical semantics of the λΛ-calculus. This is given
by Kripke resource models, which are monoid-indexed sets of functorial Kripke
models, the monoid giving an account of resource consumption. We describe a
class of concrete, set-theoretic models. The models are given by the category of
families of sets, parametrized over a small monoidal category, in which the in-
tuitionistic dependent function space is described in the established way, but the
linear dependent function space is described using Day’s tensor product.

1 Introduction

A long-standing problem has been to combine type-dependency and linearity. In [13],
we introduced the λΛ-calculus, a first-order dependent type theory with a full linear
dependent function space, as well as the usual intuitionistic dependent function space.
The λΛ-calculus can be seen to arise in two ways. Firstly, in logical frameworks [9,18],
in which it provides a language that is a suitable basis for a framework capable of pro-
perly representing linear and other relevant logics. Secondly, from the logic of bunched
implications, BI [15,19], in which the antecedents of sequents are structured not as lists
but as bunches, which have two combining operations, “;”, which admits Weakening and
Contraction, and “,”, which does not. The λΛ-calculus stands in propositions-as-types
correspondence with a fragment of BI [13,12].

The purpose of this paper is to present the categorical semantics of the λΛ-calculus.
This is given by Kripke resource models, which are monoid-indexed sets of functorial
Kripke models. The indexing element can be seen as the resource able to realize the
structure it indexes. We work with indexed categories rather than, for example, with
Cartmell’s contextual categories [4], as the indexed approach allows a better separation
of the evident conceptual issues.
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Kripke resource models generalize, as we might expect, the functorial Kripke models
of the λΠ-calculus [18]. These consist of a functor J:[W, [Cop,Cat]], where W is a
Kripke world structure, C is a category with a (×,1) cartesian monoidal structure on it
and [Cop,Cat] is a strict indexed category. The intuitionistic dependent function spaceΠ
is modelled as right adjoint to the weakening functor p∗:J(W )(D) →J(W )(D×A).

In the λΛ-calculus, we have two kinds of context extension operators, so we require
C to have two kinds of monoidal structure on it, (⊗, I) and (×,1). The intuitionistic
dependent function space Π can be modelled, as usual, using the right adjoint to pro-
jection. However, there is no similar projection functor corresponding to Λ. For this,
we must require the existence of the natural isomorphismHomJr+r′ (W )(D⊗A)(1,B)∼=
HomJr(W )(D)(1,Λx:A.B), where D⊗A is defined in the r+r′-indexed model. This
is sufficient to define the function space.

While the λΛ-calculus has familiar soundness and, via a term model, completeness
theorems, it is important to ask if there is a natural class of models. For the λΠ-calculus,
for instance, the most intuitive concrete model is that of families of sets, Fam. This
can be viewed as an indexed category Fam:[Ctxop,Cat]. The base, Ctx, is a small
set-theoretic category whose objects are sets and morphisms are set-theoretic functions.
For each D ∈ obj(Fam), Fam(D) = {y ∈ B(x) | x ∈D}. The fibre is just a discrete
category whose objects are the elements of B(x). If f ∈ Fam(C,D), then Fam(f)
just re-indexes the set over D to one over C. As there is little structure required in
the fibre, the description of families of sets can also be given sheaf-theoretically, as
Fam:[Ctxop,Set], each Fam(D) being considered as a discrete category. Using Day’s
construction [7], we obtain a corresponding class of set-theoretic models, parametrized
on a small monoidal category, for the λΛ-calculus. That is, we describe a families of
sets model in BIFam:[C, [Ctxop,Set]], where C is some small monoidal category.

2 The λΛ-Calculus

A detailed account of the λΛ-calculus and the RLF logical framework is given in [13].
The work there develops ideas originally presented in [17].

The λΛ-calculus is a first-order dependent type theory with both linear and intui-
tionistic function types. The calculus is used for deriving typing judgements. There are
three entities in the λΛ-calculus: objects, types and families of types, and kinds. Objects
(denoted by M , N ) are classified by types. Families of types (denoted by A, B) may
be thought of as functions which map objects to types. Kinds (denoted by K) classify
families. In particular, there is a kind Type which classifies the types. We will use U ,
V to denote any of the entities. The abstract syntax of the λΛ-calculus is given by the
following grammar:

K ::= Type | Λx:A.K | Λx!A.K
A ::= a | Λx:A.B | Λx!A.B | λx:A.B | λx!A.B | AM | A&B
M ::= c | x | λx:A.M | λx!A.M |MN | 〈M,N〉 | π0(M) | π1(M)

We write x∈A to range over both linear (x:A) and intuitionistic (x!A) variable decla-
rations. The λ and Λ bind the variable x. The object λx:A.M is an inhabitant of the
linear dependent function type Λx:A.B. The object λx!A.M is an inhabitant of the
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type Λx!A.B (which can also be written as Πx:A.B). The notion of linear free- and
bound-variables (LFV, LBV) and substitution may be defined accordingly. When x is
not free in B we write A�B for Λx:A.B and A→B for Λx!A.B).

We can define the notion of linear occurrence by extending the general idea of
occurrence for theλ-calculus [2], although we note that other definitions may be possible.

Definition 1. 1. x linearly occurs in x;
2. If x linearly occurs in U or V (or both), then x linearly occurs in λy∈U .V , in

Λy∈U .V , and in UV , where x �= y ;
3. If x linearly occurs in both U and V , then x linearly occurs in 〈U,V 〉, U&V and

πi(U).

The definition of occurrence is extended to an inhabited type and kind by stating
that x occurs in U :V if it occurs in U , in V , or in both. These notions are useful in the
proof of the subject reduction property of the type theory. We remark, though, that these
definitions are not “linear” in Girard’s sense [3,1]. However, they seem quite natural in
the bunched setting. O’Hearn and Pym give examples of BI terms — the λΛ-calculus is
in propositions-as-types correspondence with a non-trivial fragment of BI — in which
linear variables appear more than once or not at all [15].

Example 1. The linear variable x occurs in the terms cx:Bx (assuming c : Λx:A.Bx),
fx:d (assuming f :a� d) and λy:Cx.y : Cx� Cx (assuming C:A� Type).

We refer informally to the concept of a linearity constraint. Essentially this means
that all linear variables declared in the context are used. Given this, the judgement
x:A,y:cx �Σ y:cx in which the linear x is consumed by the (type of) y declared after it
and the y itself is consumed in the succedent, is a valid one.

In the λΛ-calculus, signatures are used to keep track of the types and kinds assigned
to constants. Contexts are used to keep track of the types, both linear and intuitionistic,
assigned to variables. The abstract syntax for signatures and contexts is given by the
following grammar:

Σ ::= 〈〉 | Σ,a!K | Σ,c!A Γ ::= 〈〉 | Γ,x:A | Γ,x!A

The λΛ-calculus is a formal system for deriving the following judgements:

�Σ sig Σ is a valid signature
�Σ Γ context Γ is a valid context in Σ

Γ �Σ K Kind K is a valid kind in Σ and Γ
Γ �Σ A:K A has a kind K in Σ and Γ
Γ �Σ M :A M has a type A in Σ and Γ

The definition of the type theory depends crucially on several notions to do with the
joining and maintenance of contexts; these are the notions of context joining, variable
sharing and multiple occurrences. These notions are crucial in allowing the formation
of sufficiently complex linear dependent types and we discuss some of the rules of the
type theory which exhibit them. The rules for extending contexts are as follows:

Γ,
�Σ Γ context Γ �Σ A:Type

�Σ Γ,x:A context
Γ !

�Σ Γ context Γ �Σ A:Type

�Σ Γ,x!A context
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The main point about these rules is that a context can be extended with either linear
or intuitionistic variables. There is no zone or “stoup” separating the linear from the
intuitionistic parts of the context.

Some of the interesting type formation rules are given next. The C rule exports
type constants from the signature. This can only be allowed in an entirely intuitionistic
context.

C
�Σ !Γ sig a!K ∈ Σ

!Γ �Σ a:K
ΛI2

Γ �Σ A:Type ∆ �Σ B:Type
[Ξ′;Γ ;∆]

Ξ = Ξ′\((lin(Γ )∩ lin(∆))
Ξ �Σ A � B:Type

ΛI1
Γ,x:A �Σ B:Type

Γ �Σ Λx:A.B : Type
Λ!I

Γ,x!A �Σ B:Type

Γ �Σ Λx!A.B : Type

The ΛI1 and ΛI2 rules form linear types. The second of these introduces the notion of
context joining for binary multiplicative rules. The join must respect the ordering of the
premiss contexts and the type of linear–intuitionistic variables. A method to join Γ and
∆ to formΞ , denoted by [Ξ;Γ ;∆], is defined in § 2.1 below. (The second side-condition
is explained in Example 2 below.)

Some of the interesting object-level rules are given next. The two variable declaration
rules, V ar and V ar!, declare linear and intuitionistic variables, respectively. These rules
should not be seen as weakening in the context Γ as, by induction, the variables declared
in Γ are “used” in the construction of the type A. In the rules for abstraction, λI and
λ!I , the type of extension determines the type of function formed, just as in BI.

V ar
Γ �Σ A:Type

Γ,x:A �Σ x:A
V ar!

Γ �Σ A:Type

Γ,x!A �Σ x:A
λI

Γ,x:A �Σ M :B

Γ �Σ λx:A.M : Λx:A.B

λ!I
Γ,x!A �Σ M :B

Γ �Σ λx!A.M : Λx!A.B

Before we give the rules for object-level application, we would like to motivate the
notions of variable sharing and multiple occurrences. Consider the following example
of a non-derivation:

Example 2. Let A!Type, c!A� Type ∈ Σ and note that the argument type, cx, is a
dependent one; the linear x is free in it:

x:A �Σ cx:Type

x:A,z:cx �Σ z:cx

x:A �Σ λz:cx.z : Λz:cx.cx

x:A �Σ cx:Type

x:A,y:cx �Σ y:cx

x:A,x:A,y:cx �Σ (λz:cx.z)y : cx

The problem is that an excess of linear xs now appears in the combined context after the
application step. This is due to the fact that an x each is needed for the well-formedness
of each premiss type but only one x is needed for the well-formedness of the conclusion
type. Our solution is to recognize the two xs as two distinct occurrences of the same
variable, the one occurring in the argument type cx, and to allow a notion of sharing of
this variable. One implication of this solution is that repeated declarations of the same
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variable are allowed in contexts; there are side-conditions on the context formation rules
which reflect this (but, for reasons of simplicity, were omitted before). It is now necessary
to formally define a binding strategy for multiple occurrences; this we do in § 2.2 below.
The sharing aspect is implemented via the κ function, defined in § 2.3.

We can now give the rules for function application. The side-condition on these
is as follows: first, join the premiss contexts; then, apply κ to maintain the linearity
constraint. It can be seen that these side-conditions are type-theoretically and, via the
propositions-as-types correspondence, logically natural:

λE

Γ �Σ M : Λx:A.B ∆ �Σ N :A
[Ξ′;Γ ;∆]

Ξ = Ξ′\κ(Γ,∆)
Ξ �Σ MN : B[N/x]

λ!E
Γ �Σ M : Λx!A.B !∆ �Σ N :A

[Ξ;Γ ; !∆]
Ξ �Σ MN : B[N/x]

An essential difference between linear and intuitionistic function application is that,
for the latter, the context for the argument N :A is an entirely intuitionistic one (!∆),
which allows the function to use N as many times as it likes.

The definitional equality relation that we consider for the λΛ-calculus is the β-
conversion of terms at all three levels. The definitional equality relation, ≡, between
terms at each respective level is defined to be the symmetric and transitive closure of
the parallel nested reduction relation. There is little difficulty (other than that for the
λΠ-calculus [6,20]) in strengthening the definitional equality relation by the η-rule.

2.1 Context Joining

The method of joining two contexts is a ternary relation [Ξ;Γ ;∆] defined as follows:

(JOIN)
[〈〉;〈〉;〈〉]

[Ξ;Γ ;∆]
(JOIN-!)

[Ξ,x!A;Γ,x!A;∆,x!A]

[Ξ;Γ ;∆]
(JOIN-L)

[Ξ,x:A;Γ,x:A;∆]
[Ξ;Γ ;∆]

(JOIN-R)
[Ξ,x:A;Γ ;∆,x:A]

2.2 Multiple Occurrences

The type theory allows multiple occurrences of variables. For example, if c:A�A�B
and x:A, then cxx is a valid term. The two occurrences of x can be seen as different
“colourings” of x. For the purposes of binding, we must be able to pick out the first
occurrence of x from the second. We define the left-most free occurrence of x in U and
a corresponding binding strategy for it.

The left-most linear occurrence of x in U is, basically, the first x, syntactically, in
the body ofU ; e.g., ifU = VM , then the left-most occurrence of x is defined as follows:

lmx(@M) = lmx(M) x,@ distinct
lmx(xM) = {x} lmx(VM) =

{
lmx(V ) x ∈ LFV (V )
lmx(M) otherwise

where @ ranges over atoms (constants or variables).
The left-most occurrence of x∈A in a context Γ is the first declaration of x∈A in

Γ . Similarly, the right-most occurrence of x∈A in Γ is the last such declaration. The
following binding strategy now formalizes the concept of linearity constraint:
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Definition 2. Assume Γ,x:A,∆ �Σ U :V and that x:A is the right-most occurrence of
x in the context. Then x binds:

1. The first left-most occurrence of x in the types in ∆, if there is such a declaration;
2. The unbound left-most linear occurrences of x in U :V .

There is no linearity constraint for intuitionistic variables: the right-most occurrence of
x!A in the context binds all the unbound xs used in the type of a declaration in ∆ and
all the occurrences of x in U :V .

The rules for deriving judgements are now read according to the strategy in place.
For example, in the λI rule, the λ(Λ) binds the left-most occurrence of x in M(B).
Similarly, in the (admissible) cut rule, the term N :A cuts with the left-most occurrence
of x:A in the context ∆,x:A,∆′. In the corresponding intuitionistic rules, the λ!(Λ!)
binds all occurrences of x in M(B) and N :A cuts all occurrences of x!A in the context
∆,x!A,∆′.
Example 3. Let c!A�A�B ∈Σ. Then we can construct a derivation of the judge-
ment x:A,x:A �Σ cxx:B in which the bindings are coloured with the numbers 1 and 2
as follows: x2:A,x1:A �Σ cx1x2:B.

2.3 Variable Sharing

Sharing occurs when linear variables are needed for the well-formedness of the premiss
types but not necessarily for the well-formedness of the conclusion type. This require-
ment is regulated by a function κ. We define κ by considering the situation when either
of the two contexts Γ or ∆ are of the form . . . ,x:A or . . . ,x:A,y:Bx. The only case
when the two declarations of x:A are not identified with each other is when both Γ and
∆ are of the form . . . ,x:A,y:Bx.

The function κ is defined for the binary, multiplicative rules as follows: For each
x:A occurring in the premiss contexts Γ and ∆, construct from right to left as follows:

κ(Γ,∆) = {} if lin(Γ )∩ lin(∆) = ∅

κ(Γ,∆) = {x:A | either (i) there is no y:B(x) to the right of x:A in Γ
or (ii) there is no y:B(x) to the right of x:A in ∆
or both (i) and (ii)} otherwise

In the absence of sharing of variables, when the first clause only applies, we still
obtain a useful linear dependent type theory, with a linear dependent function space but
without the dependency of the abstracting Ais on the previously abstracted variables.

Example 4. We can now correct Example 2. Suppose A!Type, c!A� Type ∈Σ. Then
we construct the following:

x:A �Σ cx:Type

x:A,z:cx �Σ z:cx

x:A �Σ λz:cx.z : Λz:cx.cx

x:A �Σ cx:Type

x:A,y:cx �Σ y:cx
†

x:A,y:cx �Σ (λz:cx.z)y : cx

The † denotes the following action. First, the premiss contexts are joined together to get
x:A,x:A, y:cx. Then, κ removes the extra occurrence of x:A and so restores linearity.
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The function κ is not required, i.e., its use is vacuous, when certain restrictions of
the λΛ-calculus type theory are considered. For instance, if we restrict type-formation
to be entirely intuitionistic so that type judgements are of the form !Γ �Σ A:Type, then
we get the {Π,�,&}-fragment of Cervesato and Pfenning’s λΠ�&� type theory [5].

A summary of the major meta-theorems, proved in [13], pertaining to the type theory
and its reduction properties, is given by the following (other properties include admis-
sibilities of structurals, unicities of types and subject reduction):

Theorem 1. 1. All well-typed terms are Church-Rosser.
2. If Γ �Σ U :V , then U is strongly normalizing.
3. All assertions of the λΛ-calculus are decidable. ��

3 Kripke Resource Semantics

The semantics of BI, a fragment of which corresponds to the internal logic of the λΛ-
calculus, can be understood, categorically, by a single category which carries two monoi-
dal structures. It can also be understood, model-theoretically, by a unique combination
of two familiar ideas: a Kripke-style possible worlds semantics and an Urquhart-style re-
source semantics. We will use the internal logic and its semantics to motivate an indexed
categorical semantics for the type theory: indeed, we require that our models provide a
semantics for both the λΛ-calculus as a presentation of its internal logic and as a theory
of functions.

3.1 Kripke Resource λΛ-Structure

The key issue in the syntax concerns the co-existing linear and intuitionistic function
spaces and quantifiers. This distinction can be explained by reference to a resource
semantics. The notion of resource, such as time and space, is a primitive in informatics.
Essential aspects of a resource include our ability to identify elements (including the
null element) of the resource and their combinations. Thus we work with a resource
monoid (R,+,0). We can also imagine a partial order � between resources, indicating
when one resource is better than another, in that it may prove more propositions.

A resource semantics elegantly explains the difference between the linear and intui-
tionistic connectives in that the action, or computation, of the linear connectives can be
seen to consume resources. We consider this for the internal logic judgement (X)∆ � φ.
Let M = (M, ·,e,�) be a Kripke resource monoid. The forcing relation for the two
implications can be defined as follows:

1. r |= φ→ ψ iff for all s ∈M , if r � s then s |= ψ
2. r |= φ� ψ iff for all s ∈M , if s |= φ then r ·s |= ψ

A similar pair of clauses defines the forcing relation for BI’s two quantifiers. Here
D:Mop → Set is a domain of individuals and u ∈ �X�r is an environment appropriate
to the bunch of variables X at world r, where �X� is the interpretation of the bunch of
variables X in SetM

op
:
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1. (X)u,r |= ∀x.φ iff for all r � s and all d ∈Ds, (X;x)(�X�(r � s)u,d),s |= φ
2. (X)u,r |= ∀newx.φ iff for all s and all d ∈Ds, (X,x)[u,d], r ·s |= φ

Here (−,−) is cartesian pairing and [−,−] is the pairing operation defined by Day’s
tensor product construction in SetM

op
. The resource semantics can be seen to combine

Kripke’s semantics for intuitionistic logic and Urquhart’s semantics for relevant logic
[14,22]; see [15,19].

Suppose we have a category E where the propositions will be interpreted. Then we
will index E in two ways for the purposes of interpreting the type theory. First, we index
it by a Kripke world structure W . This is to let the functor category [W,E ] have enough
strength to model the {→,∀}-fragment of the internal logic and so correspond to Kripke-
style models for intuitionistic logic. Second, we index [W,E ] by a resource monoid R.
Thus, we obtainR-indexed sets of Kripke functors {Jr:[W,E ] | r ∈R}. We remark that
the separation of worlds from resources considered in this structure emphasizes a sort
of “phase shift” [8,11]. We reconsider this choice in § 4.

We now consider how to model the propositions and so explicate the structure of E .
The basic judgement of the internal logic is (X)∆ � φ, that φ is a proposition in the
context ∆ over the context X . One reading of this judgement, and perhaps the most
natural, is to see X as an index for the propositional judgement ∆ � φ. This reading
can be extended to the type theory, where, in the basic judgement Γ �Σ M :A, Γ can
be seen as an index for M :A or that M :A depends on Γ for its meaning. Thus we are
led to using the technology of indexed category theory. More specifically, in the case of

the type theory, the judgement Γ �Σ M :A is modelled as the arrow 1
�M�→ �A� in the

fibre over �Γ � in the strict indexed category E :Cop → Cat. Alternative approaches to
the semantics of (intuitionistic) dependent types are presented in, for example, Cartmell
[4], Pitts [16]. These presentations lack the conceptual distinction provided by indexed
categories.

We need the base category C to account for the structural features of the type theory
and its internal logic, hence the following definition:

Definition 3. A doubly monoidal category is a category C equipped with two monoidal
structures, (⊗, I) and (×,1). C is called cartesian doubly monoidal if × is cartesian. We
will use • to range over both products.

There are a couple of comments we need to make about the monoidal structure on
C. Firstly, there is no requirement that the bifunctors ⊗ and × be symmetric, as the
contexts that the objects are intended to model are (ordered) lists. Secondly, the use of
the symbol × as one of the context extension operators suggests that × is a cartesian
product. This is indeed the case when {Jr | r ∈R} is a model of the internal logic, where
there are no dependencies within the variable context X , but not when {Jr | r ∈R} is
a model of the type theory, where there are dependencies within Γ . In the latter case,
we have the property that for each object D extended by ×, there is a first projection
map pD,A:D×A→D. There is no second projection map qD,A:D×A→A in C, as
A by itself may not correspond to a well-formed type. For modelling the judgement
Γ,x∈A �Σ x:A, we do, however, require the existence of a map 1

q→ �A� in the fibre
over �Γ � • �A�.

A doubly monoidal category C with both exponentials or, alternatively, C equipped
with two monoidal closed structures (×,→,1) and (⊗,�, I), is called a cartesian doubly
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closed category (DCC) in O’Hearn and Pym [15,19]. Cartesian DCCs provide a class of
models of BI in which both function spaces are modelled within C. We will work with
the barer doubly monoidal category, requiring some extra structure on the fibres to model
the function space. This can be seen as a natural extension to the semantics of bunches
to account for dependency. It can be contrasted to the Barber–Plotkin model of DILL
[1], which uses a pair of categories, a monoidal one and a cartesian one, together with
a monoidal adjunction between them. But this forces too much of a separation between
the linear and intuitionistic parts of a context to be of use to us.

We now consider how the function spaces are modelled. In the intuitionistic case, the
weakening functor p∗

D,A has a right adjoint ΠD,A which satisfies the Beck-Chevalley
condition. In fact, this amounts to the existence of a natural isomorphism

curW :HomJr(W )(D×A)(p∗
D,A(C),B) ∼=HomJr(W )(D)(C,ΠD,A(B))

The absence of weakening for the linear context extension operator means that we
can’t model Λ in the same way. But the structure displayed above suggests a way to
proceed. It is sufficient to require the existence of a natural isomorphism

ΛD,A :HomJr+r′ (W )(D•A)(1,B) ∼=HomJr(W )(D)(1,Λx∈A.B)

in the indexed category. There are a couple of remarks that need to be made about
the isomorphism. Firstly, it refers only to those hom-sets in the fibre whose source
is 1. This restriction, which avoids the need to establish the well-foundedness of an
arbitrary object over both D and D •A, suffices to model the judgement Γ �Σ M :A as

an arrow 1
�M�→ �A� in the fibre over �Γ �: examples are provided by both the term and

set-theoretic models that we will present later. The second remark we wish to make is
that the extended context is defined in the r+ r′-indexed structure. The reason for this
can be seen by observing the form of the forcing clause for application in BI. Given
these two remarks, the above isomorphism allows the formation of function spaces.

Definition 4. Let (R,+,0) be a commutative monoid (of “resources”). A Kripke re-
source λΛ-structure is an R-indexed set of functors {Jr:[W, [Cop,Cat]] | r ∈R} where
〈W,≤〉 is a poset, Cop = I I W∈WCopW , where W ∈W and each CW is a small doubly
monoidal category with 1 ∼= I , and Cat is the category of small categories and functors
such that:

1. Each Jr(W )(D) has a terminal object, 1Jr(W )(D), preserved on the nose by each
f∗ = Jr(W )(f)), where f :E →D ∈ CW ;

2. For each W ∈ W , D ∈ CW and object A ∈ Jr(W )(D), there is a D •A ∈ CW .

For the cartesian extension, there are canonical first projections D×A
pD,A→ D

and canonical pullbacks
E × f

∗(A)
f × 1A✲ D × A

E

pE,f∗A ❄
f

✲ D

pD,A❄
. The pullback indicates, for the

cartesian case, how to interpret realizations as tuples. In particular, for each 1 M→
Jr(W )(D), there exists a unique arrow D

〈1×M〉→ D×A. It does not cover the
case for the monoidal extension. For that, we require there to exist a unique D(=

D⊗ I)
〈1⊗M〉→ D⊗A, the tuples being given by the bifunctoriality of ⊗. For both

extensions, there is a canonical second projection 1
qD,A→ A in the fibre over D •A.
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These maps are required to satisfy the strictness conditions that (1D)∗(A) = A
and 1D • 1A = 1D•A for each A ∈ Jr(W )(D); g∗(f∗(A)) = (g;f)∗(A) and (g •
f∗(A));f •A= (g;f)•A for each F

g→E and E
f→D in CW . Moreover, for each

W and D, D •1Jr(W )(D) =D ;
3. For each D, A, there is a natural isomorphism ΛD,A

ΛD,A :HomJr+r′ (W )(D•A)(1,B) ∼=HomJr(W )(D)(1,Λx∈A.B)

where the extended context is defined in the r+ r′-indexed functor. This natural

isomorphism is required to satisfy the Beck-Chevalley condition: For each E
f→D

in CW and each B in Jr(W )(D •A), f∗(ΛD,AB) = ΛE,f∗A((f • idA)∗B);
4. Each category Jr(W )(D) has cartesian products.

Our approach is modular enough to also provide a categorical semantics for the
intuitionistic fragment of the λΛ-calculus, the λΠ-calculus. Basically, we work with a
single functor J:[W, [Dop,Cat]], where D is a category with only the cartesian structure
(×,1) on it. The definition of Π as right adjoint to weakening can be recovered from
the natural isomorphism. We see this in the following lemma, which is motivated by the
propositions-as-types correspondence that we gave earlier:

Lemma 1. The natural iso HomJ(W )(D×A)(p∗
D,A(1),B) ∼=HomJ(W )(D)(1,ΠD,A(B))

in the Kripke λΠ-structure J is just the ΛD,A natural isomorphism in the D×A case
in the Kripke resource λΛ-structure. ��

For the proof, we provide a translation from a Kripke resource λΛ-structure to a
Kripke λΠ-structure which forgets the linear–intuitionistic distinction, translating both
⊗ and × in C to × in D. The translation has some similarity with Girard’s translation of
−→− into !− � − [8]. Under the translation, the object Λx!A.B (in a particular Jr)
ends up as Πx:A.B (in J). If we uncurry this, we get the corresponding translation, as
pD,A:D×A→D always exists in C.

3.2 Kripke Resource Σ-λΛ-Models

We will restrict our discussion of semantics to the M :A-fragment. The treatment of the
A:K-fragment is undertaken analogously — in a sense, theA:K-fragment has the same
logical structure as the M :A-fragment but needs some extra structure. To interpret the
kind Type, for instance, we must require the existence of a chosen object which obeys
some equations regarding substitution and quantification.A treatment of the intuitionistic
case is in Streicher [21].

A Kripke resource model is a Kripke resource structure that has enough points to
interpret not only the constants of Σ but also the λΛ-calculus terms defined over Σ and
a given context Γ . Formally, a Kripke resource model is made up of five components:
a Kripke resource structure that has Σ-operations, an interpretation function, two C-
functors, and a satisfaction relation. Except for the structure, the components are defined,
due to inter-dependences, simultaneously by induction on raw syntax.
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Ignoring these inter-dependencies for a moment, we explain the purpose of each
component of the model. First, the Kripke resource structure provides the abstract domain
where the type theory is interpreted in. The Σ-operations provide the points to interpret
constants in the signature. Second, the interpretation �−� is a partial function, mapping
raw (that is, not necessary well-formed) contexts Γ to objects of C, types over raw
contexts AΓ to objects in the category indexed by the interpretation of Γ , and terms
over raw contexts MΓ to arrows in the category indexed by the interpretation of Γ .
Types and terms are interpreted up to βη-equivalence. Fourth, the C-functors maintain
the well-formedness of contexts with regard to joining and sharing. The model also
needs to be constrained so that multiple occurrences of variables in the context get the
same interpretation. Fifth, satisfaction is a relation on worlds and sequents axiomatizing
the desired properties of the model. In stronger logics, such as intuitionistic logic, the
abstract definition of the model is sufficient to derive the properties of the satisfaction
relation. In our case, the definition has to be given more directly. We give only part of
the definition of the model below, the actual definition being long and complex.

Definition 5. Let Σ be a λΛ-calculus signature. A Kripke resource Σ-λΛ model is
a 5-tuple 〈{Jr:[W, [Cop,Cat]] | r ∈R},�−�, join,share, |=Σ〉 defined by simultaneous
induction on the raw structure of the syntax as follows (we omit most of the clauses for
reasons of brevity):

1. {Jr:[W, [Cop,Cat]] | r∈R} is a Kripke resourceλΛ-structure that hasΣ-operations.
That is, for all W in W there is, corresponding to each constant in the signature,
an operation or arrow in each fibre Jr(W )(D) that denotes the constant;

2. An interpretation �−�−
Jr

from the raw syntax of the λΛ-calculus to components of
the structure satisfies, at each W , at least the following clauses:

(a) �Γ,x:A�WJr+r′ � �Γ �WJr
⊗ �AΓ �WJr′ ; (b) �Γ,x!A�WJr

� �Γ �WJr
× �AΓ �WJr

;

(c) �c!Γ �WJr
� Λm(opc) ; (d) �xΓ,x:A�WJr

� q�Γ,x:A�W
Jr

;

(e) �λx:A.MΓ �WJr
� Λ�Γ �W

Jr
,�AΓ �W

Jr
(�MΓ,x:A�WJr

);

(f) �MNΞ�WJt
� (〈1�Γ �W

Jr
,�N∆�WJs

〉∗(Λ(�MΓ �WJr
))), where �Ξ′�WJr+s

= join〈�Γ �WJr
,�∆�WJs

〉
and �Ξ�WJt

= share(�Ξ′�WJr+s
),

where, in (c), the arity of c is m and Λm denotes m applications of Λ.
3. join and share are two C-functors that maintain context well-formedness;
4. Satisfaction in the model is a relation over worlds and sequents such that at least

the following holds: Jr,W |=Σ (M : Λx:A.B) [Γ ] iff for all W ≤W ′ and for
all r′ ∈ R, if Js,W

′ |=Σ (N :A) [∆], then Jt,W
′ |=Σ (MN :B[N/x]) [Ξ], where

�Ξ�W
′

Jr+s
= join〈�Γ �W

′
Jr
,�∆�W

′
Js

〉 and �Ξ�W
′

Jt
= share(�Ξ ′�W

′
Jr+s

), and analogously
for the intuitionistic case.

We require two conditions on the model: syntactic monotonicity (ifX is defined, then
so are sub-terms of X) and Kripke accessibility (the interpretation of X , if defined, is
the same in all accessible worlds — there is no “relativization”).

Given an appropriate notion of validity in the model, we obtain:
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Theorem 2. Soundness and completeness: Γ �Σ M :A iff Γ |=Σ M :A. ��
We sketch the argument for completeness, first giving an algebraic presentation of

the type theory.

Definition 6. LetΣ be a signature. The base category C(Σ) of contexts and realizations
is defined as follows:

– Objects: contexts Γ such that N proves �Σ Γ context;

– Arrows: realizationsΓ
〈M1,...,Mn〉−→ ∆ such that N provesΓ �Σ (Mi:Ai)[Mj/xj ]

i−1
j=1,

where ∆= x1∈A1, . . . ,xn∈An.

– Identities are x1∈A1, . . . ,xn∈An
〈x1,...,xn〉−→ x1∈A1, . . . ,xn∈An. We will write

the identity arrow on Γ as 1Γ ;

– Composition is given by substitution. Iff =Γ
〈M1,...,Mn〉−→ ∆andg=∆

〈N1,...,Np〉−→
Θ, then f ;g = Γ

〈N1[Mj/yj ]n
j=1,...,Np[Mj/yj ]n

j=1〉
−→ Θ.

C(Σ) is doubly monoidal because of the two ways of extending the context.

Definition 7. We inductively define a strict indexed category E(Σ):C(Σ)op → Cat over
the base category C(Σ) as follows:

– For each Γ in C(Σ), the category E(Σ)(Γ ) is defined as follows:
– Objects: Types A such that N proves Γ �Σ A:Type;

– Morphisms: A
M→ B where the object M is such that Γ,x:A M→ y:B in C(Σ).

Composition is given by substitution;
– For each f :Γ →∆ in C(Σ), E(Σ)(f) is a functor f∗:E(Σ)(∆) →E(Σ)(Γ ) given

by f∗(A) def= A[f ] and f∗(M) def= M [f ].

We remark that each C(Σ)(Γ ) is a category. Note that the identity arrow A
1→ A

over Γ is given by the term λx:A.x, corresponding to the definition of morphisms
above. To see that this construction is correct, consider that the axiom sequent is form
Γ,x:A �Σ x:A, with the side-condition that Γ �Σ A:Type, thereby using the variables
in Γ .

Returning to the discussion about the completeness theorem, the syntactic category
of contexts, C(Σ), is used to define other components of the term structure too. The
indexing monoid (R,+,0) consists of the objects of C(Σ) combined with the joining
relation [−;−;−]. The empty context is the monoid unit. The world structure P(Σ) is
C(Σ) restricted to only intuitionistic extension.

We can then give an appropriate model existence lemma. The Kripke resource struc-
ture{T (Σ)∆:[P(Σ), [C(Σ)op,Cat]] |∆∈ obj(C(Σ))}hasC(Σ)op = I I W∈C(Σ)C(Σ)opW .
T (Σ)∆(Θ)(Γ ) is the category consisting of those types and terms which can be defined
over the sharing-sensitive join of ∆, Θ and Γ . The Σ-operations of the model are given
by the constants declared in the signature Σ. The functors join and share are defined
by [−;−;−] and κ, respectively. The interpretation function is the obvious one in which
a term (type) is interpreted by the class of terms (types) definitionally equivalent to the
term (type) in the appropriate component of the structure. The satisfaction relation is
given by provability in the type theory. Details of the proof are in [12].
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4 A Class of Set-Theoretic Models

We describe a class of set-theoretic Kripke resource models, in which the Kripke resource
λΛ-structure {Jr:[W, [Cop,Cat]] | r ∈R} is given by BIFam:[C, [Ctxop,Set]], where C
is a small monoidal category andCtx is a small set-theoretic category of “contexts”. The
model is a construction on the category of families of sets and exploits Day’s construction
to define the linear dependent function space.

We begin with the indexed category of families of sets, Fam:[Ctxop,Cat]. The base,
Ctx, is a small set-theoretic category defined inductively as follows. The objects of
Ctx, called “contexts”, are (i.e., their denotations are) sets and the arrows ofCtx, called
“realizations”, are set-theoretic functions. For each D ∈ obj(Ctx), Fam(D) = {y ∈
B(x) | x ∈ D}. The fibre can be described as a discrete category whose objects are
the ys and whose arrows are the maps 1y:y→ y corresponding to the identity functions

id:{y}→ {y} on y considered as a singleton set. If E
f→ D is an arrow in Ctx, then

Fam(f) = f∗:Fam(D) → Fam(E) re-indexes the set {y ∈ B(x) | x ∈ D} over D to
the set {f(z) ∈ B(f(z)) | z ∈ E} over E. We are viewing Set within Cat; each object
of Set is seen as an object, a discrete category, in Cat. Because of this, the category of
families of sets can just be considered as a presheaf Fam:[Ctxop,Set], rather than as an
indexed category; we will adopt this view in the sequel.

We can explicate the structure of Ctx by describing Fam as a contextual category
[4]. The following definition is from Streicher [21]:

Definition 8. The contextual category Fam, along with its denotation DEN:Fam → Set
and length, is described as follows: (1) 1 is the unique context of length 0 and DEN(1) =
{∅}; (2) If D is a context of length n and A:DEN(D) → Set is a family of sets indexed
by elements of DEN(D), then D×A is a context of length n+1 and DEN(D×A) =
{〈x,y〉 | x ∈ DEN(D), y ∈ A(x)}. If D and E are objects of the contextual category
Fam, then the morphisms between them are simply the functions between DEN(D) and
DEN(E).

The codomain of the denotation, Set, allows the definition of an extensional context
extension ×. But Set does not have enough structure to define an intensional context
extension ⊗. In order to be able to define both × and ⊗, we denote Fam not in Set but
in a presheaf SetC

op
, where C is a monoidal category. We emphasize that, in general, C

can be any monoidal category and, therefore, we are actually going to describe a class of
set-theoretic models. For simplicity, we take Cop to be a partially ordered commutative
monoid M= (M, ·,e,�). The cartesian structure on the presheaf gives us the × context
extension and a restriction of Day’s tensor product [7] gives us the ⊗ context extension.

We remark that the restriction of Day’s tensor product we consider is merely this:
consider the set-theoretic characterization of Day’s tensor product as tuples 〈x,y,f〉 and,
of all such tuples, consider only those where the y is an element of the family of sets
in x. This is quite concrete, in the spirit of the Cartmell–Streicher models, and is not a
general construction for a fibred Day product.

Within the contextual setting, we then have the following definition:

Definition 9. The contextual category BIFam, together with its denotation
DEN:BIFam → SetM and length, is described as follows:
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1. 1 is a context of length 0 and DEN(1)(Z) = {∅};
2. I is a context of length 0 and DEN(I)(−) = M[−, I];
3. If D is a context of length n and A:DEN(D)(X) → SetM is a family of M-sets

indexed by elements of DEN(D)(X), then
a) D×A is a context of length n+1 and

DEN(D×A)(X) = {〈x,y〉 | x ∈ DEN(D)(X), y ∈ (A(x))(X)}

b) D⊗A is a context of length n+1 and

DEN(D⊗A)(Z) = {〈x,y,f〉 ∈ ∫ X,Y DEN(D)(X)× (A(x))(Y )×M[Z,X⊗Y ]}

If D and E are objects of BIFam, then the morphisms between them are the fun-
ctions between DEN(D)(X) and DEN(E)(Y ). BIFam is Fam parametrized by
M; objects that were interpreted in Set are now interpreted in SetM.

Now, by our earlier argument relating the indexed and contextual presentations of
families of sets, BIFam can be seen as a functor category BIFam:[Ctxop,SetM]. This
is not quite the presheaf setting we require. However, if we calculate [Ctxop, [SetM]] ∼=
[Ctxop×M,Set]∼= [M×Ctxop,Set]∼= [M, [Ctxop,Set]] then this restores the indexed
setting and also reiterates the idea that M parameterizes Fam. The right-adjoint to
⊗, given by Day’s construction, provides the isomorphism needed to define the linear
dependent function space.

Lastly, we say what the R and W components of the concrete model are. Define
(R,+,0) = (M, ·,e) and define (W,≤) = (M/∼,�), where the quotient of M by the
relation w ∼ w ·w is necessary because of the separation of worlds from resources
(cf. BI’s semantics [22,15,19]). This allows us to define Jr(w) = BIFam(r ·w). The
quotiented M maintains the required properties of monotonicity and bifunctoriality of
the internal logic forcing relation.We then check that BIFam(r ·w) does simulateJr(w),
and that BIFam is a Kripke resource λΛ-structure [12].

Theorem 3. BIFam:[M, [Ctxop,Set]] is a Kripke resource λΛ-structure and can be
extended to a Kripke resource model. ��

Definition 9 above comprises the main part of the proof that BIFam is a Kripke
resource structure. It describes how Ctx can have two kinds of extension. These exten-
sions are then used to describe two kinds of function space in BIFam. For the linear
case, for instance, Λx:A.B is defined as the following set

{f : BIFam(Y )(A(x))→ ∪y{BIFam(X⊗Y )(B(x,y)) | y ∈ BIFam(Y )(A(x))} |
∀a ∈ BIFam(Y )(A(x)) f(a) ∈ BIFam(X⊗Y )(B(x,a))}

where x ∈ BIFam(X)(D). The intuitionistic function space is defined analogously,
with the “resource” X over which the sets are defined staying the same. The natural
isomorphism is given by abstraction and application in this setting.

In order to extend BIFam to a model, the structure must have enough points to inter-
pret the constants of the signature. We can work with an arbitrary signature and interpret
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constants and variables as the functors Const:M→ Set and D:M→ Set respectively.
The interpretation function �−�XBIFam is parametrized over worlds–resources X . The in-
terpretation of contexts is defined using the same idea as the construction of the category
Ctx:

1. �Γ,x:A�X⊗Y
BIFam � �Γ �XBIFam⊗ �AΓ �YBIFam ; 2. �Γ,x!A�XBIFam � �Γ �XBIFam× �AΓ �XBIFam

.

The interpretation of functions is defined using abstraction and application. We must
also define instances of the functors join and share for this setting; these are defined
along the same lines as those for the term model. Finally, satisfaction is a relation over
M and [Ctxop,Set] with the clauses reflecting the properties — in particular, those of
application — of the example model:

1. X |=Σ f :Λx:A.B [D] iff Y � a:A [E] implies X⊗Y |=Σ f(a):B[a/x] [D⊗E];
2. X |=Σ f :Πx:A.B [D] if and only if X |=Σ a:A [E] implies X |=Σ f(a):B[a/x] [D×E].
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Abstract. The notion of isomorphisms of types has many theoretical
as well as practical consequences, and isomorphisms of types have been
investigated at length over the past years. Isomorphisms in weak system
(like linear lambda calculus) have recently been investigated due to their
practical interest in library search. In this paper we give a remarkably
simple and elegant characterization of linear isomorphisms in the setting
of Multiplicative Linear Logic (MLL), by making an essential use of the
correctness criterion for Proof Nets due to Girard.

1 Introduction and Survey

The interest in building models satisfying specific isomorphisms of types (or
domain equations) is a long standing one, as it is a crucial problem in the de-
notational semantics of programming languages. In the 1980s, though, some
interest started to develop around the dual problem of finding the domain equa-
tions (type isomorphisms) that must hold in every model of a given language.
Alternatively, one could say that we are looking for those objects that can be
encoded into one-another by means of conversion functions f and g without loss
of information, i.e. such that the following diagram commutes

��������A
f

��
idA ��

��������B
g

�� idB

��

The seminal paper by Bruce and Longo [5] addressed the case of pure first
and second order typed λ-calculus with essentially model-theoretic motivations,
but due to the connections between typed λ-calculus, cartesian closed categories,
proof theory and functional programming, the notion of isomorphism of types
showed up as a central idea that translates easily in each of those different but
related settings. In the framework of category theory, Soloviev already studied
the problem of characterizing types (objects) that are isomorphic in every car-
tesian closed category, providing a model theoretic proof of completeness for the
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theory Th1×T in Table 1 (actually [21] is based on techniques used originally
in [15], while another different proof can be found in [16]). A treatment of this
same problem by means of purely syntactic methods for a λ-calculus extended
with surjective pairing and unit type was developed in [4], where the relations
between these settings, category theory and proof theory, originally suggested
by Mints, have been studied, and pursued further on in [11]. Finally, [7] provi-
des a complete characterization of valid isomorphisms of types for second order
λ-calculus with surjective pairing and terminal object type, that includes all the
previously studied systems (see table 1).

(swap) A→ (B → C) = B → (A→ C)
}
Th1

1. A×B = B ×A
2. A× (B × C) = (A×B)× C
3. (A×B)→ C = A→ (B → C)
4. A→ (B × C) = (A→ B)× (A→ C)
5. A×T = A
6. A→ T = T
7. T→ A = A



Th1

×T

8. ∀X.∀Y.A = ∀Y.∀X.A
9. ∀X.A = ∀Y.A[Y/X] 1

10. ∀X.(A→ B) = A→ ∀X.B 2

}
+ swap = Th2

11. ∀X.A×B = ∀X.A× ∀X.B
12. ∀X.T = T




Th2
×T

split ∀X.A×B = ∀X.∀Y.A× (B[Y/X])




− 10, 11 = ThML

A,B,C stand for any type, while T is a constant for the terminal type unit.
Axiom swap in Th1 is derivable in Th1

×T via 1 and 3.
Table 1. Theories of isomorphisms for some type lambda calculi.

These results have found their applications in the area of Functional Pro-
gramming, where they provide a means to search functions by type (see [18,19,
17,20,9,8,10]) and to match modules by specifications [2]. Also, they are used in
proof assistant to find proofs in libraries up to irrelevant syntactical details [6].

Linear isomorphisms of types Recently, some weaker variants of isomorphism of
types showed to be of practical interest, linear isomorphism of types in particular
(e.g. , for library search in databases), which correspond to the isomorphism of
objects in Symmetric Monoidal Categories, and can be also described as the
1 Provided X is free for Y in A, and Y �∈ FTV (A)
2 Provided X �∈ FTV (A)
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isomorphism of types in the system of lambda calculus which corresponds to
intuitionistic multiplicative linear logic. (A description of this system can be
found in [22]).

In [22] it was shown that the axiom system consisting of the axioms 1, 2, 3,
5, and 7 defines an equivalence relation on types that coincides with the relation
of linear isomorphism of types, and in [1] a very efficient algorithm for deciding
equality of linear isomorphisms is provided; also, [12] provides a model theoretic
proof of the result in [22].

In this paper, instead of studying linear isomorphisms of intuitionistic for-
mulae, as is done when considering directly linear λ-terms, we focus on linear
isomorphisms of types inside the multiplicative fragment (MLL) of Linear Logic
[13], which is the natural settings for investigating the effect of linearity. We
should stress that isomorphisms in MLL are not the same as in linear lambda
calculus: MLL is a richer system, allowing formulae, like A⊥⊗A, and proofs that
have no correspondence in linear lambda calculus, so we are investigating a fi-
ner world. But a particularly nice result of this change of point of view is that
the axioms for linear isomorphisms are reduced to a remarkably simple form,
namely, to associativity and commutativity of the logical connectives tensor and
par of MLL, plus the obvious axioms for the identities.

For example, if we interpret implication A→ B in linear lambda calculus
as linear implication A−◦B in Linear Logic, which in turn is equivalent to
A⊥�B, the isomorphisms T→ A = A becomes the simple identity isomor-
phism ⊥�A = A. Similarly, currying ((A×B)→ C = A→ (B → C)) becomes
just associativity of the par connective (A⊥�B⊥)�C = A⊥(�B⊥�C) and Swap
(A→ (B → C) = B → (A→ C)) becomes just A⊥(�B⊥�C) = B⊥(�A⊥�C),
which is a consequence of associativity and commutativity of par.

Formally, isomorphisms of formulae in MLL is defined as follows:

Definition 1 (Linear isomorphism) Two formulae A and B are isomorphic
iff

– A and B are linearly equivalent, i.e. �A⊥, B and �B⊥, A
– there exists proofs of �A⊥, B and �B⊥, A that reduce, when composed by a

cut rule to obtain a proof of �A⊥, A (resp. �B⊥, B)), to the expansion of
the axiom �A⊥, A (resp �B⊥, B) after cut elimination3.

We show in this paper that two formulae A and B are linearly isomor-
phic if and only if AC(⊗,�)�A = B in the case of MLL without units, and
ACI(⊗,�)�A = B in the case of MLL with units, where AC(⊗,�) and ACI(⊗,�)
are defined in the following way:

3 That is to say, to the proof of �A⊥, A obtained by allowing only atomic axioms.
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Definition 2 (AC(⊗,�)) Let AC(⊗,�) denote the set constituted by the four
following equations:

X⊗Y = Y⊗X (X�Y )�Z = X�(Y�Z)
X�Y = Y�X (X⊗Y )⊗Z = X⊗(Y⊗Z)

AC(⊗,�)�A = B means that A = B belongs to the equational theory generated
by AC(⊗,�) over the set of linear logic formulae; in other words, it means that
the formulae are equal modulo associativity and commutativity of � and ⊗.

Definition 3 (ACI(⊗,�)) Let ACI(⊗,�) denote the set constituted by the
equations of AC(⊗,�) plus:

X⊗1 = X X�⊥ = X

ACI(⊗,�)�A = B means that A = B belongs to the equational theory generated
by ACI(⊗,�).

As always, in the investigation of theories of isomorphic objects, the so-
undness part is easy to prove:

Theorem 4 (Isos soundness). If ACI(⊗,�)�A = B, then A and B are
linearly isomorphic

Proof. By exhibiting the simple nets for the axioms and showing context closure.

All the difficulty really lies in the proof of the other implication, completeness:
the rest of the article focuses on its proof. To do that, we use in an essential way
the proof-nets of Girard.

Let’s now recall some preliminary definitions from linear logic (but we refer
to [13] for a complete introduction):

Definition 5 (proof nets) A proof net is a structure inductively obtained star-

ting from axiom links A A?
ax

via the three construction rules

A B
A�B

Γ ∆ A B
AOB

Γ A A?

cut

Γ ∆

Definition 6 (simple nets) A proof net is simple if it contains only atomic
axiom links (i.e. axiom links involving only atomic formulae).

It is quite simple to show that

Proposition 1 (η-expansion of proof nets). For any (possibly not simple)
proof net S, there is a simple proof net with the same conclusions, which we call
η(S).
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Proof. This is done by iterating a simple procedure of η − expansion of non
atomic axiom links, which can be replaced by two axiom links plus one par and
one times link.

This means that, as far as provability is concerned, one can restrict our at-
tention to simple nets. We will show that also as far as isomorphism is concerned
we can make this assumption.

We first characterize isomorphic formulae in MLL without units, by reducing
isomorphism to the existence of two particular proof-nets called simple bipartite
proof-nets. Then we show that we can restrict to non-ambiguous formulae (that
is, formulae in which atoms occurs at most once positive and at most once
negative). This characterization in term of nets allows to prove completeness
of AC(⊗,�) for MLL (without units) by a simple induction on the size of the
proof-net.

In the presence of units, we first simplify the formulae by removing all the
nodes of the shape ⊥�A and 1⊗A. Then we remark that isomorphisms for
simplified formulae are very similar to the case without units. By showing a
remarkable property of proof-nets for simplified formulae, we can indeed reduce
the completeness proof to the case without units.

The paper is organized as follows: reduction to simple bipartite proof-nets
and non-ambiguous formulae will be detailed in sections 2 and 3. Then we will
show the final result in section 4 before extending it to the case with units in
section 5.

2 Reduction to Simple Bipartite Proof Nets

First of all, we formalize the reduction to simple nets hinted at in the introduc-
tion.

Definition 7 (tree of a formula, identity simple net) A cut-free simple
proof net S proving A is actually composed of the tree of A, (named T (A)),
and a set of axiom links over atomic formulae. We call identity simple net of A
the simple cut-free proof net obtained by a full η-expansion of the (generally not
simple) net A A⊥. This net is made up of T (A), T (A⊥) and a set of axiom
links that connect atoms in T (A) with atoms in T (A⊥).
Notice that, in simple nets, the identity axiom for A is interpreted by the identity
simple net of A.

A first remark, which is important for a simple treatment of linear isomor-
phisms, is that we can focus, w.l.o.g., on witnesses of isomorphisms which are
simple proof nets.

Lemma 1 (Simple vs. non-simple nets). If a (non-simple) net S reduces
via cut-elimination to S′, then the simple net η(S) reduces to η(S′).
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Proof. It is sufficient to show that if S�1S′ (one step reduction), then η(S)�∗η(S′)
(arbitrary long reduction). If the redex R reduced in S does not contain any
axiom link, then exactly the same redex appears in η(S) that can therefore be
reduced in one step to η(S′). Otherwise R contains an axiom link, that may be
non atomic (if the axiom link is atomic, then the considered redex is exactly
the same in S and η(S) and the property is obvious). If F is non atomic and
F F⊥ is the cut link of R, let n be the number of atoms of F (counted with
multiplicity). Then n − 1 is the number of connectives in F , and η(S) can be
reduced to η(S′) in 2n− 1 steps (n− 1 steps to propagate the cut link to atomic
formulae, and n steps to reduce every atomic axiom link produced this way).

Theorem 8 (Reduction to simple proof nets). Two formulae A and B are
isomorphic iff there are two simple nets S with conclusions A⊥, B and S′ with
conclusions B⊥, A that when composed using a cut rule over B (resp. A) yield
after cut elimination the identity simple net of A (resp. B).

Proof. The ‘if’ direction is trivial, since a proof net represents a proof and cut
elimination in proof nets correspond to cut elimination over proofs.
For the ‘only if’ direction, take the two proofs giving the isomorphism and build
the associated proof nets S and S′. These nets have as conclusions A⊥, B (resp.
B⊥, A), and we know that after composing them via cut over B (resp. A) and
performing cut elimination, one obtains the axiom net of A (resp. B). Now take
the full η-expansions of S and S′ as the required simple nets: by lemma 1, they
reduce by composition over B (resp. A) to the identity simple net of A (resp.
B).

We will show now that if two formulae are isomorphic then the isomorphism
can be given by means of proof nets whose structure is particularly simple.

Definition 9 (bipartite simple proof-nets) A cut-free simple proof net is
bipartite if it has exactly two conclusions A and B, and it consists of T (A),
T (B) and a set of axiom links connecting atoms of A to atoms of B, but not
atoms of A between them or atoms of B between them (an example is shown in
figure 1).

Lemma 2 (cuts and trees). Let S be a simple net (not a proof net) without
conclusions built out of just T (A) and T (A⊥), with no axiom link, and the cut
A A⊥. Then cut-elimination on S yields as a result just a set of atomic cut
links pi p⊥

i between atoms of A and atoms of A⊥.

Proof. This is a simple induction on the size of the net.

Theorem 10 (Isomorphisms are bipartite). Let S be a cut-free simple proof
net with conclusions A⊥ and B, and S′ be a cut-free simple proof net with con-
clusions B⊥ and A. If their composition by cut gives respectively the identity
simple net of A and B, then S and S′ are bipartite.
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atomic axiom links

T(A) T(B)

BA

Fig. 1. The shape of a bipartite proof net.

Proof. We actually show the contrapositive: if S or S′ is not bipartite, then
their composition by cut is not bipartite, hence is not an identity proof net. By
symmetry, we can assume w.l.o.g. that S is not bipartite, and contains an axiom
link between two atoms of A⊥. We claim that the composition of S and S′ by
cut over B is not bipartite.
Since S and S′ are cut-free, their composition only contains a single cut link
(between B and B⊥). Since S and S′ are simple, every axiom link of their
composition is atomic. Hence every (atomic) axiom link of the net S S′ that is
reduced by cut elimination is connected to an atom of B or B⊥. In particular,
the axiom link of S only connected to atoms of A is not reduced. This proves
that cut elimination in S S′ does not lead to a bipartite net.
As a consequence, the theorem holds.

3 Reduction to Non-ambiguous Formulae

To prove the correctness theorem, we first show that one can restrict our study
to non-ambiguous formulae, i.e. to formulae where each atom appears only once
positive and one negated.

Definition 11 (non-ambiguous formulae) We say that a formula A is non-
ambiguous if each atom in A occurs at most once positive and at most once
negative. For example, A⊗B and A⊗A⊥ are non-ambiguous, while A⊗A is not.

In the following, we will call substitution the usual operation [G1/A1, ...Gn/An]
of replacement of the propositional atoms Ai of a formula by the formulae Gi.
A substitution will be denoted by greek letter σ, τ, ..., and we will also consider
substitutions extended to full proof nets, i.e. if R is a proof net, σ(R) will be
the proof net obtained from R by replacing all formulae Fj appearing in it by
σ(Fj).

But we will also need a weaker notion, renaming, that may replace different
occurrences of the same atom by different formulae in a net.
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Definition 12 (renaming) An application α from the set of occurrences of
atoms in a proof net R to a set of atoms is a renaming if α(R) (the net obtained
by substitution of each occurrence p of an atom of R by α(p)) is a correct proof
net.

Note that if R is simple, the definition of α only on the occurrences of atoms
in axiom links is sufficient to define α on every occurrence in R. If R is simple
and bipartite, then the definition of α only on the occurrences of atoms in one
conclusion of R is sufficient to define α on every occurrence in R.
Note also that, if the conclusions of R are ambiguous formulae, then two different
occurrences of the same atom can be renamed differently, unlike what happens
in the case of substitutions.

As expected, a non-ambiguous formula can only be isomorphic to another
non-ambiguous formula.

Lemma 3 (non-ambiguous isomorphic formulae). Let A and B be isomor-
phic formulae, and α a renaming such that α(A) is non-ambiguous, then α(B⊥)
is non-ambiguous.

Proof. If A and B are isomorphic formulae, then (by theorem 10) there exist a
bipartite proof net with conclusions A, B⊥. Since α is a renaming, there also
exists a bipartite proof net with conclusions α(A), α(B⊥). Then, α(A) and α(B⊥)
have exactly the same atoms. And since α(A) is non-ambiguous, α(B⊥) is also
non-ambiguous.

We now prove that isomorphism is invariant by renaming.

Theorem 13 (renaming preserve isomorphisms). If A and B are linearly
isomorphic, let R and R′ be the associated simple proof nets (with conclusions
A⊥, B and B⊥, A respectively). If α is a renaming of (the occurrences of) the
atoms of R, then there exists α′, a renaming of the atoms of R′ such that α′(A)
and α(B) are isomorphic, i.e.:

– α′(R′) is a correct proof net.
– α(A⊥) ≡ (α′(A))⊥ and α′(B⊥) ≡ (α(B))⊥
– The composition of α(R) and α′(R′) by cut over α(B) (resp. α′(A)) gives

the identity simple net of α′(A) (resp. α(B)).

Proof. We first have to define α′. Since (by theorem 10) R′ is bipartite, it is
sufficient to define α′ only on the occurrences of B⊥, i.e. to define α′(B⊥). So one
can define: α′(B⊥) ≡ (α(B))⊥. Then the composition of α(R) and α′(R′) by cut
over B is a correct proof net. And since reduction of proof nets does not depend
on labels, this composition reduces to an identity net with conclusions α(A⊥)
and α′(A). An easy induction (on the number of connectives of α(A)) shows that
η-reduction in this net gives an axiom link. One then has α(A⊥) ≡ (α′(A))⊥.
But then, the composition of α′(R′) with α(R) by cut over α′(A) is a correct
proof net, that reduces to an identity net (since reduction of proof nets does not
depend on labels) that is the identity simple net of α(B).
Hence, α′(A) and α(B) are isomorphic.
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We are finally in a position to show that we can restrict attention to non-
ambiguous formulae.

Lemma 4 (ambiguous isomorphic formulae). Let A and B be isomorphic
formulae such that A is ambiguous, then there exists a substitution σ and for-
mulae A′ and B′ non-ambiguous such that A′ and B′ are isomorphic formulae,
and A ≡ σ(A′) and B ≡ σ(B′).

Proof. Let R and R′ be bipartite proof nets with conclusions B⊥, A and A⊥, B
respectively associated to the isomorphism between A and B. Since it is sufficient
here to define α only on occurrences of atoms of A, one can define a renaming
α such that α(A) has only distinct atoms (i.e. no atom of α(A) occurs twice
in α(A), even once positively and once negatively). In particular, α(A) is non-
ambiguous. Then, theorem 13 gives an algorithm for defining a renaming α′

such that α(A) and α′(B) are isomorphic: in particular α′(A⊥) ≡ (α(A))⊥ and
α(B⊥) ≡ (α′(B))⊥.

Let A′ ≡ α(A) and B′ ≡ α′(B). By theorem 13, A′ and B′ are isomorphic
and α(R) has conclusions A′ and B′⊥.

On α(R) one can define a renaming α−1 such that α−1(A′) ≡ A, and hence
α−1(B′⊥) ≡ B⊥.

Since α(R) is bipartite, it is equivalent to define α−1 on occurrences of R,
or only on occurrences of atoms of A′. But since all atoms of A′ are distinct,
two distinct occurrences of atoms of A′ correspond to distinct atoms of A′. One
can then define a substitution σ on atoms of A′ by: σ(p) ≡ α−1(Occ(p)) where
Occ(p) is the single occurrence of the atom p in A′.

Thus, R ≡ α−1(α(R)) ≡ σ(α(R)): in particular σ(A′) ≡ A and σ(B′⊥) ≡
σ(α(B⊥)) ≡ α−1(α(B⊥)) ≡ B⊥, so σ(B′) ≡ B.

Finally, A′ and B′ are isomorphic non-ambiguous formulae such that σ(A′) ≡
A and σ(B′) ≡ B.

Corollary 1 (reduction to non-ambiguous formulae). The set of couples
of isomorphic formulae is the set of instances (by a substitution on atoms) of
couples of isomorphic non-ambiguous formulae.

Proof. We show each inclusion separately.
Let A and B be two isomorphic formulae. By lemma 4, A and B are instances
of two non-ambiguous isomorphic formulae A′ and B′ (eventually A ≡ A′ and
B ≡ B′).

Conversely let C and D be isomorphic formulae and σ be a substitution
on atoms of C (and then also on atoms of D). Let R and R′ be two bipartite
proof nets associated to C and D. The substitution σ defines on R a renaming
α (any substitution can be seen as a renaming). Let α′ be the renaming defined
on R′, associated to α as in theorem 13. Since σ(C⊥) ≡ α(C⊥) ≡ (α′(C))⊥, α′

is also the renaming induced by σ on R′. By theorem 13, α(C) and α(D) are
isomorphic. Hence σ(C) and σ(D) are isomorphic.
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Hence, in what follows, we can focus only on non-ambiguous formulae.
We are now able to show that for non-ambiguous formulae the very existence

of bipartite simple nets implies isomorphism.

Theorem 14 (bipartite simple nets for non-ambiguous formulae). Let
S be a bipartite simple proof net over A⊥ and B, and S′ a bipartite simple proof
net over B⊥ and A. Then their composition by cut over B reduces to the identity
simple net of A (resp. their composition by cut over A reduces to the identity
simple net over B).

atomic axiom links atomic axiom links

A⊥

cut link

T (B?)T (B)T (A?) T (A)

AB B⊥

Proof. Consider the composition of S and S′ by cut over B (see figure).
By lemma 2, cut elimination in the subnet T (B) T (B⊥) gives a set of atomic

cut links between atoms of B and atoms of B⊥. Since S and S′ are bipartite,
each such atomic cut link

is connected to an atomic axiom link between an atom of A⊥ and an atom
of B, and to an atomic axiom link between an atom of B⊥ and an atom of A.
Now, the net only contains atomic redex composed of cut and axiom links. The
reduction of these redex gives the identity tree of A (since there is no axiom link
connecting atoms of A —resp. (⊥A) between them).

atomic cut links

atomic axiom links atomic axiom links

A⊥

T (A?) T (A)

A

Atoms of  B Atoms of B⊥

Theorems 14 and 10 have the following fundamental consequence.
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Corollary 2. Two linear non-ambiguous formulae A and B are isomorphic iff
and only if there exists simple bipartite proof nets having conclusions A⊥, B, and
B⊥, A.

4 Completeness for Isomorphisms in MLL

Using the result of the above section, and the following simple lemma, we can
prove our main result, i.e. completeness of AC(⊗,�) for MLL without constants.

Lemma 5 (isomorphic formulae). If A and B are linearly isomorphic, then
they are both, either �-formulae, or ⊗-formulae.

Proof. Actually, one �-formula and one ⊗-formula can not be isomorphic. If
A1�A2 and A3⊗A4 were isomorphic, then there would exist a simple bipartite
proof-net with conclusion (A⊥

1 ⊗A⊥
2 ), (A3⊗A4), which is impossible because such

a net does not have a splitting (terminal) tensor, since removing one of both
terminal tensor links does not give two disconnected graphs (by bipartiteness).
Hence two isomorphic formulae must be both, either �-formulae, or ⊗-formulae.

Theorem 15 (Isos completeness). If A and B are linearly isomorphic, then:
AC(⊗,�)�A = B.

Proof. By induction on the size of the simple bipartite proof net, given by the
isomorphism, with conclusions A⊥, B.
If A and B are atomic, then the property is obvious.
Else the formulae A⊥ and B are both non atomic (since the net is bipartite,
they must contain the same number of atoms). Moreover, (by lemma 5) since A
and B are isomorphic, one of the formulae A⊥, B is a �-formula and the other
one a ⊗-formula. One can assume, w.l.o.g., that B is a ⊗-formula, and A⊥ a
�-formula.

Now, removing all dangling � nodes in the proof net with conclusions A⊥,
B gives a correct proofs net with conclusions of the form A⊥

1 , . . . , A
⊥
k , B1⊗B2. If

one of the formulae A⊥
1 , . . . , A

⊥
k contains a tensor node, removing it does not lead

to two disconnected graphs, since (by bipartiteness) every atom of A⊥
1 , . . . , A

⊥
k

is connected to the formula B1⊗B2.

B
O

⊗

B1 B2 OO

A⊥
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The splitting tensor node (that must exist due to Girard’s correctness crite-
rion) is necessarily the B1⊗B2 node. Removing it yields, due to the correctness
criterion, two disconnected proof nets, which are still simple since the axiom
links were not modified.

We can recover from these nets two bipartite simple proof nets (a bipartite
proof net must have exactly two conclusions) by adding �-links under the Ai
(because of AC(⊗,�), the order of the Ai does not matter). This constructs
two formulae A′

1
⊥ (connected with B1) and A′

2
⊥ (connected with B2). The nets

that we obtain contain at least one link less than the original net, and thus, are
strictly smaller. It only remains to verify that B1 and A′

1 are isomorphic, and
that B2 and A′

2 are isomorphic, so that we can apply the induction hypothesis.

B
O

⊗
A′⊥

B1 B2 OO

To do that, we use the fact that the two initial formulae are isomorphic.
If we put the initial � and ⊗ back, we obtain two formulae A′ and B, that
are isomorphic (by theorem 4). There exists a simple bipartite proof-nets with
conclusions A′ and B⊥. Since the formulae are non-ambiguous, we can extract
from this proof-net to simple bipartite proof-nets; one with conclusions A′

1 and
B⊥
1 , the other with conclusions A′

2 and B⊥
2 . Hence, by theorem 14, A′

1 and B1
are isomorphic, and A′

2 and B2 are isomorphic.

O

A′⊥

OO

B
⊗

B1 B2

B⊥
O⊗

A′

⊗ B⊥
2B⊥

1⊗

By induction hypothesis, AC(⊗,�)�A′
1 = B1 and AC(⊗,�)�A′

2 = B2, and
thus AC(⊗,�)�A′ = B. We can conclude using the fact that AC(⊗,�)�A =
A′.

5 Handling the Units

We have shown above soundness and completeness result for the theory of iso-
morphisms given in the introduction w.r.t. provable isomorphisms in MLL. This
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essentially corresponds to isomorphisms in all *-autonomous categories, which
is a superset of all Symmetric Monoidal Closed Categories (SMCC’s ) without
units. Nevertheless, if we want to get an interesting result also in terms of mo-
dels, and handle then also SMCC’s in their full form, we need to be able to add
units to our treatment.

5.1 Expansions of Axioms with Units: Identity Simple Nets
Revisited

In the presence of the units 1 and especially ⊥, proof nets in general get more
involved, as ⊥ forces the introduction of the notion of box for which we refer the
interested reader to [13], where a detailed explanation is presented.

For our purpose, it will suffice to recall here the proof-net formation rules for
the units:

1

...
Γ

Γ ⊥
Now, the expansion of an axiom can contain boxes, if the axiom formula involves
units; for example, the axiom � (A⊗1)⊥, (A⊗1) gets fully η-expanded into:

A
1

1

O ⊗

⊥
A⊥

5.2 Reduction of Isomorphisms to Simplified Formulae

First notice that a formula of the shape 1⊗A is always isomorphic to A, and
⊥�A is isomorphic to A.

Definition 16 (simplified formulae) A formula is called simplified if it has
no sub-formula of the shape 1⊗A or ⊥�A (where A is any formula). To each
formula A, we associate the formula s(A) obtained by normalizing A w.r.t the
following canonical (confluent and strongly normalizing) rewriting system:

1⊗A→ A A⊗1→ A ⊥�A→ A A�⊥ → A

We can restrict our attention to simplified formulae using the following theorem:

Theorem 17. Two formulae A and B are linearly isomorphic if and only if
s(A) and s(B) are linearly isomorphic.

Proof. We first show that 1⊗A is isomorphic to A, and ⊥�A is isomorphic to
A, and conclude using the fact that linear isomorphism is a congruence.
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5.3 Completeness with Units

For simplified formulae, the proof of completeness is very similar than in the
case without units. We just have to extent the definition of bipartite simple
proof-nets:

Definition 18 (bipartite simple proof-nets) A cut-free simple proof-net is
bipartite if it has exactly two conclusions A and B, and it consists of

– T (A), T (B)
– a set of axiom links connecting atoms of A to atoms of B, but not atoms of
A between them or atoms of B between them

– and boxes with at least one conclusion in T (A) and at least one conclusion
in T (B).

Theorem 19. Let A and B be two simplified formulae. Let S be a cut-free
simple proof net with conclusions A⊥ and B, and S′ be a cut-free proof net with
conclusions B⊥ and A. All the boxes in S and S′ are boxes containing only the
constant 1.

Proof. In this proof, let nX1 and nX⊥ denote respectively the number of 1 and the
number of ⊥ in the proof-net X.

– The case where A or B is a constant is obvious.
– Otherwise, all the occurrences of the constant 1 in the two proof-nets are one

of the two sub-terms of a �-link. The only way to have these two sub-terms
connected (which is necessary to make a proof-net) is to put the 1 in a box.
Each of these boxes correspond to a distinct ⊥. From there we deduce that
nS⊥ ≥ nS1 , and nS

′
⊥ ≥ nS

′
1 .

– But nS⊥ = nS
′

1 , nS
′

⊥ = nS1 . Hence nS⊥ = nS1 . Thus there is no box with
somewhat else than an 1 in S. Idem for S′.

It is easy to show that boxes of that kind behave like axiom links for cut-
elimination. It suffices to remark that the only possible case of cut-elimination
involving boxes in such a proof-net is the following one:

1

1 ⊥
1

1 ⊥

that reduces to
1

1 ⊥
Thus units can be viewed exactly as atoms in this case, and we can proceed

precisely as in the case without units to prove that

Theorem 20. If A and B are linearly isomorphic, then AC(⊗,�)� s(A) =
s(B).
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Hence

Theorem 21 (Isos completeness with units). If A and B are linearly iso-
morphic, then ACI(⊗,�)�A = B.

6 Conclusions

We have shown that in MLL the only isomorphisms of formulae are given by
the most intuitive axioms, namely associativity and commutativity, only. Besi-
des the interest of the result on its own, this gives a very elegant symmetrical
interpretation of linear isomorphism in linear lambda calculus, and provides a
justification of the fact, observed several times in the past, that currying in fun-
ctional programming correspond to “a sort of” associativity (this happens in
the implementation of abstract machines, as well as in the coding of lambda
terms into Berry’s CDS [3]). Our result confirms once more that Linear Logic
is a looking glass through which fundamental properties of functional compu-
tation appear symetrized and simplified. It should also be remarked that the
axiom links from Linear Logic play a similar role to the formula links originally
introduced by Lambek in his study of SMC objects [14], and that proof nets
were really the missing tool to understand linearity. In proving the result, we
used essentially the topological properties of the proof nets of linear logic, which
simplified enormously our task (for example, the reduction to non ambiguous
formulae when working directly with lambda terms is far more complex than
here, where the axiom links allows us to give an elegant proof).
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[19] M. Rittri. Using types as search keys in function libraries. Journal of Functional
Programming, 1(1):71–89, 1991.

[20] C. Runciman and I. Toyn. Retrieving re-usable software components by polymor-
phic type. Journal of Functional Programming, 1(2):191–211, 1991.

[21] S. V. Soloviev. The category of finite sets and cartesian closed categories. Journal
of Soviet Mathematics, 22(3):1387–1400, 1983.

[22] S. V. Soloviev. A complete axiom system for isomorphism of types in closed
categories. In A. Voronkov, editor, Logic Programming and Automated Reaso-
ning, 4th International Conference, volume 698 of Lecture Notes in Artificial
Intelligence (subseries of LNCS), pages 360–371, St. Petersburg, Russia, 1993.
Springer-Verlag.



Choice Logic Programs and Nash Equilibria in Strategic
Games

Marina De Vos�1 and Dirk Vermeir1

Dept. of Computer Science
Free University of Brussels, VUB

Pleinlaan 2, Brussels 1050, Belgium
Tel: +32 2 6293308
Fax: +32 2 6293525

{marinadv,dvermeir}@tinf1.vub.ac.be
http://tinf1.vub.ac.be

Abstract. We define choice logic programs as negation-free datalog programs
that allow rules to have exclusive-only disjunctions in the head. We show that
choice programs are equivalent to semi-negative datalog programs, at least as far
as stable models are concerned. We also discuss an application where strategic
games can be naturally formulated as choice programs; it turns out that the stable
models of such programs capture exactly the set of Nash equilibria.
Keywords: nondeterminism, choice, logic programs, stable model semantics,
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1 Introduction

Stable model semantics[2] can be regarded as introducing nondeterminism into logic
programs, as has been convincingly argued in [11,9]. E.g. a program such as

p← ¬q
q ← ¬p

has no (unique) total well-founded model but it has two total stable models, namely
{p,¬q} and {¬p, q}, representing a choice between p and q. This nondeterminism may
not show up in the actual models, as in the program

p← ¬q
q ← ¬p
p← ¬p

where only the choice {p,¬q} turns out to be acceptable (the alternative leading to a
contradiction).

In this paper, we simplify matters by providing for explicit choice sets in the head
of a rule. Using p ⊕ q to denote a choice between p and q, the first example above can

� Wishes to thank the FWO for their support.

J. Flum and M. Rodrı́guez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 266–276, 1999.
c© Springer-Verlag Berlin Heidelberg 1999



Choice Logic Programs and Nash Equilibria in Strategic Games 267

be rewritten as1.
p⊕ q ←

Intuitively, ⊕ is interpreted as “exclusive or”, i.e. either p or q, but not both, should be
accepted in the above program.

It turns out that such choice programs, which do not use negation in the body, can
meaningfully simulate arbitrary semi-negative logic programs, at least as far as their
(total) stable model semantics are concerned. Since also the converse holds, we can
conclude that, in a sense, choice is equivalent to negation.

Providing explicit choice as the conclusion of a rule allows for the natural expression
of several interesting problems. In this paper, we show e.g. that strategic games[6] can be
conveniently represented using choice programs. Moreover, the stable models of such a
program characterize exactly the pure Nash equilibria of the game.

2 Choice Logic Programs

In this paper, we identify a program with its grounded version, i.e. the set of all ground
instances of its clauses. This keeps the program finite as we do not allow function symbols
(i.e. we stick to datalog).

Definition 1. A choice logic program is a finite set of rules of the form A← B where
A and B are finite sets of atoms.

Intuitively, atoms in A are assumed to be xor’ed together while B is read as a conjun-
ction. In examples, we often use ⊕ to denote exclusive or, while “,” is used to denote
conjunction.

Example 1 (Prisoner’s Dilemma). The following simple choice logic program models
the well-known prisoner’s dilemma where di means “player i does not confess” and ci
stands for “player i confesses”.

d1 ⊕ c1 ←
d2 ⊕ c2 ←

c1 ← d2
c1 ← c2
c2 ← d1
c2 ← c1

The semantics of choice logic programs can be defined very simply.

Definition 2. Let P be an choice logic program. The Herbrand base of P , denoted BP ,
is the set of all atoms occurring in the rules of P . An interpretation is any subset of BP .
An interpretation I is a model of P if for every ruleA← B,B ⊆ I implies that I ∩A is
a singleton. A model of P which is minimal (according to set inclusion) is called stable.

Example 2 (Graph 3-colorability). Given the graph depicted in Fig. 2 assign each node
one of three-colors such that no two adjacent nodes have the same color.

1 Also the second example can be turned into a negation-free “choice” program, see theorem 2
below.



268 M. De Vos and D. Vermeir

a c

d

e

b

Fig. 1. Example graph which is 3-colorable.

This problem is know as graph 3-colorability and can be easily transformed in the
following choice program:

color(N, b)⊕ color(N, y)⊕ color(N, r)← node(N)
← edge(N, J), color(N,C), color(J,C)

node(a)←
node(b)←
node(c)←
node(d)←
node(e)←

edge(a, b)←
edge(a, c)←
edge(a, d)←
edge(b, c)←
edge(b, e)←
edge(c, d)←
edge(d, e)←

The first rule states that every node should take one and only one of the three available
colors: black (b), yellow (y) or red (r). The second demands that two adjacent nodes
have different colors. All the other rules are facts describing the depicted graph.

The stable models for this program reflect the possible solutions for this graph’s
3-colorability:

N1 = F ∪ {color(a, b), color(b, r), color(c, y), color(d, r), color(e, b)}
N2 = F ∪ {color(a, b), color(b, r), color(c, y), color(d, r), color(e, y)}
N3 = F ∪ {color(a, b), color(b, y), color(c, y), color(d, y), color(e, b)}
N4 = F ∪ {color(a, b), color(b, y), color(c, r), color(d, y), color(e, r)}
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N5 = F ∪ {color(a, r), color(b, y), color(c, b), color(d, y), color(e, b)}
N6 = F ∪ {color(a, r), color(b, b), color(c, y), color(d, b), color(e, y)}
N7 = F ∪ {color(a, r), color(b, b), color(c, y), color(d, b), color(e, r)}
N8 = F ∪ {color(a, r), color(b, y), color(c, b), color(d, y), color(e, r)}
N9 = F ∪ {color(a, y), color(b, r), color(c, b), color(d, r), color(e, b)}
N10 = F ∪ {color(a, y), color(b, r), color(c, b), color(d, r), color(e, b)}
N11 = F ∪ {color(a, y), color(b, b), color(c, r), color(d, b), color(e, r)}
N12 = F ∪ {color(a, y), color(b, b), color(c, r), color(d, b), color(e, y)}

where F stands for the sets of facts from the program.

It turns out that choice logic programs can simulate semi-negative datalog programs,
using the following transformation, which resembles the one used in [10] for the trans-
formation of general disjunctive programs into negation-free disjunctive programs.

Definition 3. Let P be a semi-negative logic program. The corresponding choice logic
program P⊕ can be obtained from P by replacing each rule r : a← B,¬C from P with
B ∪ C ⊆ BP and C 
= ∅, by

ar ⊕KC ← B (r′
1)

a← ar (r′
2)

∀c ∈ C ·KC ← c (r′
3)

where ar and KC are new atoms that are uniquely associated with the rule r.

Intuitively,KC is an “epistemic” atom which stands for “the (non-exclusive) disjun-
ction of atoms from C is believed”. If the positive part of a rule in the original program
P is true, P⊕ will choose (rules r′

1) between accepting the conclusion and KC where C
is the negative part of the body; the latter preventing rule application. Each conclusion
is tagged with the corresponding rule (r′

2), so that rules for the same conclusion can be
processed independently. Finally, the truth of any member of C implies the truth of KC

(rules r′
3).

Definition 4. Let P be a semi-negative logic program and let P⊕ be the corresponding
choice logic program. An interpretation I for P⊕ is called rational iff:

∀KC ∈ I · I ∩ C 
= ∅

Intuitively, a rational interpretation contains a justification for every accepted KC .

Theorem 1. Let P be a semi-negative datalog program. M is a rational stable model
of P⊕ iff M ∩ BP is a (total) stable model of P .

The rationality restriction is necessary to prevent KC from being accepted without
any of the elements of C being true. For positive-acyclic programs, we can get rid of
this restriction.
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Definition 5. A semi-negative logic program P is called positive-acyclic iff there is an
assignment of positive integers to each element ofBP such that the number of the head of
any rule is greater than any of the numbers assigned to any non-negated atom appearing
in the body.

Note that, obviously, all stratified[8] programs are positive-acyclic. Still, many other
“nondeterministic” programs such as

p← ¬q
q ← ¬p

are also positive-acyclic.

Theorem 2. Let P be a semi-negative positive-acyclic datalog program. There exists a
choice logic program Pc such that M is a stable model of Pc iff M ∩ BP is a stable
model of P .

We illustrate the construction underlying theorem 2 on the following program.

p← ¬q
p← ¬p
q ← ¬p

The equivalent choice logic program is

p⊕ p− ←
q ⊕ q− ←

p− ← p, q
q− ← p
p← q−

p← p−

q ← p−

Intuitively, p stands for “there is a proof for p” while p− stands for “there is no proof
for p”. The first two rules force the program to choose between these alternatives for
every atom in the program. The rules concluding p− (or q−) are constructed in such a
way that the truth of the body effectively blocks all possible proofs for p (resp. q). Note
that the example has a single stable model {p, q−} which corresponds to the original’s
stable model {p,¬q}.

Choice programs can be trivially simulated by semi-negative datalog programs.

Theorem 3. LetP⊕ be a choice program. There exists a semi-negative datalog program
P such that M is a stable model of P⊕ iff M is a stable model of P .

3 Computing Stable Models

Stable models for choice logic programs can be computed by a simple “backtracking
fixpoint” procedure. Essentially, one extends an interpretation by applying an imme-
diate consequence operation, then makes a choice for every applicable rule2 which is

2 A rule A← B is applicable w.r.t. an interpretation I iff B ⊆ I .
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not actually applied3, backtracking if this leads to an inconsistency (i.e. the current
interpretation cannot be extended to a model).

function fix(set<atom> N ): set<atom>
{
set<atom>M = ∅;
repeat

for each (A← B) ∈ P do
if B ⊆M ∧ ∃a ∈ A · a /∈M ∪N ∧ (A \ {a}) ⊆ N then

M = M ∪ {a}
until no change in M
return M
}

Fig. 2. fix is an auxiliary function for BF.

Figure 3 on page 272 presents such a fixpoint computation procedure BF which is
called by the main program using

BF(fix(∅),∅).

We believe this procedure to be simpler than a similar one presented in [11] for semi-
negative logic programs. BF uses an auxiliary function fix depicted in Fig. 2 on page 271.
Fix is a variation on the immediate consequence operator: it computes the least fixpoint
of this operator given a fixed set N of atoms that are considered to be false. Note that
fix is deterministic since it only draws tentative conclusions from an applicable rule if
there is but one possible choice for an atom in the head that will be true.

The main procedure BF in Fig. 3 takes two sets of atoms, M and N , containing the
atoms that already have been determined to be true and false, respectively. Note that,
because M = fix(N) upon entry, there are no applicable rules in P that have but one
undefined atom in the head. The procedure BF works by first verifying that no rules are
violated w.r.t. the current M and N (see the definition of V in Fig. 3). It then computes
the set C of applicable (but unapplied) rules for which a choice can be made as to the
atom from the head that needs to be true in order to apply the rule. If there are no such
rules, we have a model. Otherwise, the algorithm successively selects a rule r from C
and a possible choice c from the head of r that would make it applied. This choice is
“propagated” using fix, after which BF is called recursively using the new versions of
M and N 4.

Theorem 4. Let P be a choice logic program. Then BF(fix(∅),∅), where BF is described
in Fig. 3 terminates and computes exactly the set of stable models of P .

Note that, because of theorem 1, BF can be easily modified to compute the stable
models of any semi-negative logic program through its equivalent choice logic program.

3 An applicable (w.r.t. an interpretation I) rule is applied iff A ∩ I is a singleton.
4 Clearly, the algorithm can be made more efficient, e.g. by memoizing more intermediate results.
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procedure BF(M,N :set<atom>)
{
set<rule> V = {(A← B) ∈ P | B ⊆M ∧ (#(A ∩M) > 1 ∨A ⊆ N)}
if (V �= ∅)

return /* because some rules are violated */
set<rule> C = {(A← B) ∈ P | B ⊆M ∧#(A \ (M ∪N)) > 1}
if (C = ∅)

output M
else

for each ((A← B) ∈ C) {
set<atom> c = A \ (M ∪N)
for each (a ∈ C) {

N = N ∪ (c \ {a})
BF(fix(N ),N )
}

}
}

Fig. 3. The BF (backtracking fixpoint) procedure for Choice Logic Programs.

Bach Stravinsky
Bach 2, 1 0, 0

Stravinsky 0, 0 1, 2

Fig. 4. Bach or Stravinsky (BoS)

4 An Application to Strategic Games

A strategic game models a situation where several agents (called players) independently
make a decision about which action to take, out of a limited set of possibilities. The
result of the actions is determined by the combined effect of the choices made by each
player. Players have a preference for certain outcomes over others. Often, preferences
are modeled indirectly using the concept of payoff where players are assumed to prefer
outcomes where they receive a higher payoff.

Example 3 (Bach or Stravinsky). Two people wish to go out together to a music concert.
They can choose for Bach in one theater or for Stravinsky in another one. Their main
concern is to be together, but one person prefers Bach and the other prefers Stravinsky.
If they both choose Bach then the person who preferred Bach gets a payoff of 2 and the
other one a payoff of 1. If both go for Stravinsky, it is the other way around. If they pick
different concerts, they both get a payoff of zero.
The game is represented in Fig. 4. One player’s actions are identified with the rows and
the other player’s with the columns. The two numbers in the box formed by row r and
column c are the players’ payoffs when the row player chooses r and the column player
chooses c, the first component being the payoff of the row player.

Definition 6 ([6]). A strategic game is a tuple 〈N, (Ai)i∈N , (≥i)i∈N 〉 where

– N is a finite set of players;
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– for each player i ∈ N ,Ai is a nonempty set of actions that are available to her (we
assume that Ai ∩Aj = ∅ whenever i 
= j) and,

– for each player i ∈ N , ≥i is a preference relation on A = ×j∈NAj
An element a ∈ A is called a profile. For a profile a we use ai to denote the component
of a in Ai. For any player i ∈ N , we define A−i = ×j∈N\{i}Aj . Similarly, an element
of A−i will often be denoted as a−i. For a−i ∈ A−i and ai ∈ Ai we will abbreviate as
(a−i, ai) the profile a′ ∈ A which is such that a′

i = ai and a′
j = aj for all j 
= i.

Playing a game 〈N, (Ai)i∈N , (≥i)i∈N 〉 consists of each player i ∈ N selecting a
single action from the set of actions Ai available to her. Since players are thought to
be rational, it is assumed that a player will select an action that leads to a “preferred”
profile. The problem, of course, is that a player needs to make a decision not knowing
what the other players will choose.

The notion of Nash equilibrium shows that, in many cases, it is still possible to limit
the possible outcomes (profiles) of the game.

Definition 7. A Nash equilibrium of a strategic game 〈N, (Ai)i∈N , (≥i)i∈N 〉 is a pro-
file a∗ satisfying

∀ai ∈ Ai · (a∗
−i,a

∗
i ) ≥i (a∗

−i, ai)

Intuitively, a profile a∗ is a Nash equilibrium if no player can unilaterally improve
upon his choice. Put in another way, given the other players’ actions a∗

−i, a
∗
i is the best

player i can do5.
Given a strategic game, it is natural to consider those moves that are best for player

i, given the other players’ choices.

Definition 8. Let 〈N, (Ai)i∈N , (≥i)i∈N 〉 be a strategic game. The best response func-
tion Bi for player i ∈ N is defined by

Bi(a−i) = {ai ∈ Ai | ∀a′
i ∈ Ai · (a−i, ai) ≥i (a−i, a′

i)}

The following definition shows how games allow an intuitive representation as choice
logic programs.

Definition 9. Let G = 〈N, (Ai)i∈N , (≥i)i∈N 〉 be a strategic game. The choice logic
program PG associated with G contains the following rules:

– For each player i, PG contains the rule Ai ←. This rule ensures that each player i
chooses exactly one action from Ai.

– For each player i and for each profile a ∈ A−i, PG contains a rule6 Bi(a)← a. It
models the fact that a player will select a “best response”, given the other players’
choices.

Essentially, PG simply forces players to choose an action. Moreover, the action
chosen should be a “best response” to the other players’ actual choices.

5 Note that the actions of the other players are not actually known to i.
6 We abuse notation by writing a for the set of components of a.
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Theorem 5. For every strategic game G = 〈N, (Ai)i∈N , (≥i)i∈N 〉 there exists a choi-
ce logic program PG such that the set of stable models of PG coincides with the set of
Nash equilibria of G.

Example 4. Let us reconsider the Bach or Stravinsky game of example 3. This game has
two Nash equilibria, namely:

(Bach1,Bach2) and (Stravinsky1,Stravinsky2)

The corresponding choice logic program is:

b1 ⊕ s1 ←
b1 ⊕ s2 ←

b1 ← b2
s1 ← s2
b2 ← b1
s2 ← s1

where bi and si are shorthands for player i choosing respectively Bach or Stravinsky .
This program has two stable models, namely {s1, s2} and {b1, b2} that correspond to
the Nash equilibria of the game.

Example 5. The program in example 1 is the choice logic program corresponding to
the strategic game depicted in Fig. 5. Here two prisoners are interrogated in separate

Do not confess Confess
Do not confess 3, 3 0, 4

Confess 4, 0 1, 1

Fig. 5. Prisoner’s Dilemma

rooms. Each one must decide whether or not to confess. Confessing implicates the other
prisoner and may result in a lighter sentence, provided the other prisoner did not confess.
This game has one Nash equilibrium

{Confess1,Confess2}
corresponding the single stable model of the program of example 1.

Note that the construction of PG can be regarded as an encoding of the fact that the
rationality and preferences of the players are common knowledge, as all rules interact
and “cooperate” to verify atoms. This observation opens the possibility of extending the
present approach to one where players may not be fully aware of each other’s beliefs. This
could be done, e.g. by considering a “choice” variation of “ordered logic programs”[3,
4,5].

Another interesting aspect of theorem 5 is that, in combination with theorem 4, it
provides a systematic method for the computation of Nash equilibria for (finite) strategic
games.
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Corollary 1. For every strategic gameG = 〈N, (Ai)i∈N , (≥i)i∈N 〉 there exists a semi-
negative datalog program programPG such that the set of stable models ofPG coincides
with the set of Nash equilibria of G.

5 Relationship to Other Approaches and Directions for Further
Research

The logical foundations of game theory have been studied for a long time in the confines
of epistemic logic, see e.g. [1] for a good overview. However, to the best of our knowledge,
very little has been done on using logic programming-like formalisms to model game-
theoretic concepts.

An important exception is [7] which introduces a formalism called “Independent
Choice Logic” (ICL) which uses (acyclic) logic programs to deterministically model
the consequences of choices made by agents. Since choices are external to the logic
program, [7] restricts the programs further to not only be deterministic (i.e. each choice
leads to a unique stable model) but also independent in the sense that literals representing
alternatives may not influence each other, e.g. they may not appear in the head of rules.
ICL is further extended to reconstruct much of classical game theory and other related
fields.

The main difference with our approach is that we do not go outside of the realm of
logic programming to recover the notion of Nash equilibria. Contrary to ICL, we rely
on nondeterminism to represent alternatives, and on the properties of stable semantics
to obtain Nash equilibria. As for the consequences of choices, these are represented in
choice logic programs, much as they would be in ICL.

The present paper succeeded in recovering Nash equilibria without adding any fun-
damentally new features to logic programs (on the contrary, we got rid of negation in
the body). However, the results are restricted to so-called “pure” equilibria where each
participant must choose a single response. We would like to extend the formalism furt-
her to cover, in a similar way, also other game-theoretic notions. E.g. we are presently
working on extending our approach to represent mixed equilibria (which are probability
distributions over alternatives) as well. Finally, as mentioned in Sec. 4, using (an ex-
tension of) ordered logic could simplify the introduction of epistemic features into the
formalism.
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Abstract. The modal logic KW with finite temporal frames (i.e. well-founded
frames) can be used for verifying the properties where system termination is as-
sumed, such as partial correctness of a system. This paper presents an unification-
based proof method for the modal logic KW. In order to certify that a formula
does not have a model of a well-founded frame, it is necessary to examine the
fact if it has a model, then the model contains infinite transitions. It is, however,
difficult to examine with unification-based proof methods. This paper introduces
the concept of non-iterative frames. The satisfiability of a formula in non-iterative
frames agrees with the one in well-founded frames. The size of the evidence of
the fact that a formula does not have a model of non-iterative frame is finite.
Based on this property, we have constructed a unification-based prover to check
unsatisfiability of a formula in KW.

1 Introduction

The modal logic KW, frame of which is restricted to finite temporal structures (i.e. well-
founded frame), can be used for the verification of properties where system termination
is assumed, such as partial correctness of a system (e.g. “ the termination of the system
is always normal termination ”).

Let us consider the following example of a client server system. Let the server be
a beer shop and the client be its customer. The specification of the server is “the shop
serves a beer for the customer’s request”. The specifications of the client are “first, the
customer requests a beer” and “after the customer finish drinking the beer, he becomes
satisfied or requests one more beer”. The property we want to verify is “if the interaction
between the shop and its customer terminates, the customer is satisfied”.

This example can be specified by the logic KW as follows. The specification of
the serverServerSpec is written as “✷(Req → ✸Beer)” and the specification of the client
ClientSpec is “✸Req∧✷(Beer →✸Satisfied∨✸Req)”, the propertyCorrectness we will ver-
ify is “ ✸Satisfied”. ✷ and✸ are modal operators expressing “always” and “sometimes”.
Req, Beer andSatisfied are propositions expressing “the customer requests the beer”, “the
shop serves a beer (the customer drinks a beer) ” and “the customer is satisfied ”. We
can verify the property by proving the formulaServerSpec∧ClientSpec → Correctness in
the logic KW.

We can also verify the property by using temporal logics with frames restricted to
infinite linear discrete temporal structures (e.g. natural number frame). These logics
are not so appropriate as KW for this type of specification, because we can omit the
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 Springer-Verlag Berlin Heidelberg 1999



formula representing the assumption of system termination. Since the logic KW treats
the finite temporal structures only, it is sufficient to write the conclusion part of the
property, i.e. “the system terminates normally” in KW. On the other hand, we have to
specify the formula representing assumption of system termination (the assumption part
of the property), i.e. “if the system terminates”, if the infinite linear discrete temporal
logics are used. For example, to describe the propertyCorrectness in the example using
the infinite linear discrete temporal logic, we have to write the assumption part “the
customer does not request forever” like¬✷✸Req → ✸Satisfied, although✸Satisfied is
enough for KW.

Among various methods of proving modal formula[1][2] [10][11], unification-based
proof methods [12] are efficient and have ability of adaptation to the various modal log-
ics, since the modal unification[9] absorbs a difference of the modal systems. Although
such provers are adaptable to basic modal logics K,K4,D,D4,T,S4,etc. they do not deal
with the modal logic KW.

Resolution methods using the translation from a modal formula into a formula of
clausal normal form of predicate logic were proposed in [6] and [8]. They have advan-
tages of making full use of proof strategies in resolution methods of predicate logic.
They can adapt to the modal logics with first-order definable frames. However, they can
not deal with the modal logic KW since well-foundedness is not first-order definable.

Proof methods for the modal logics with first-order undefinable frames are sug-
gested in [7] and [3]. The method proposed in [7] uses a combination of Hilbert style
reasoning and semantical reasoning. Although it can deal with the logic KW, it is not so
efficient because it uses Hilbert style reasoning. On the other hand, the method proposed
in [3] uses translation from a modal formula into a formula of set theory. Although it
can adapt to the logic KW, it requires the process of translation.

In this paper, we present a unification-based resolution method for KW using clausal
normal form of modal formula. Its special feature is that it does not treat well-founded
frames directly but uses Herbrand non-iterative frames, introduced in this paper, as a
basis. A refutation in the method corresponds to showing unsatisfiability in the class
of the Herbrand non-iterative frames, instead of well-founded frames. The Herbrand
non-iterative frame is the frame where the same transition never repeats. Intuitively,
the Herbrand non-iterative frame can be considered well-founded frame since a for-
mula has only finite number of positive occurrences of✸ operators, which correspond
to transitions and the same transition never repeats. The satisfiability of a formula in
Herbrand non-iterative frames agrees with the one in well-founded frames. In order to
show that it does not have a model of a well-founded frame, we have to examine the
fact if a formula has a model then the model should contain infinite transitions. It is,
however, difficult to examine with unification-based proof methods. The size of the ev-
idence of the fact that a formula does not have a model of Herbrand non-iterative frame
is finite. Based on this property, we have constructed a unification-based proof method
of checking unsatisfiability of a formula in KW.

This paper is organized as follows. In Sect.2, we introduce the well-founded frames
and the modal logic KW. In Sect.3, we define clausal normal form and give the resolu-
tion method for KW. Section 4 shows the soundness and completeness of the resolution
method by using Herbrand non-iterative frames.
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2 Modal Logic KW

The syntax of the modal logic KW is defined normally[4]. The axiomatic system of
KW is the system obtained by adding the formula✷(✷A → A) → ✷A as an axiom to
the system K. Letf be a formula,�KW f denotes thatf is a theorem in KW.

A frame is a tuple〈W,R〉 and a model is a triple〈W,R,V 〉, whereW is a set of
worlds, R is a binary relation onW (which is sometimes called reachability relation)
andV is an assignment which gives a set of worlds to a proposition symbol.

A well-founded frame〈W,R〉 and a well-founded model〈W,R,V 〉 satisfy transitivity
and well-foundedness.

Transitivity: ∀xyz(xRy∧ yRz → xRz)

Well-foundedness: There is no infinite sequencex0x1x2 . . . wherex0Rx1,x1Rx2, . . . .

Example 1. Let N be a set of natural numbers andQ be a set of rational numbers, then
〈N,>〉 is a well-founded frame. Neither〈Q,>〉 nor 〈N,<〉 is a well-founded frame.

M,w |= f denotes that a formulaf is true at a worldw ∈ W in a modelM =
〈W,R,V 〉. The truth condition is defined as usual. A formulaf is valid (unsatisfi-
able) in the class of well-founded frames if and only if for every well-founded model
M = 〈W,R,V 〉 and for every worldw ∈W , M,w |= f (M,w �|= f ).

The following property holds between the system KW and well-founded frames[4].
�KW f iff f is valid in the class of well-founded frames.

3 Resolution Method

In this section, we define the clausal normal form of modal formulas and a unification-
based resolution method for KW.

3.1 Labeled Formula, Clausal Normal Form

We assume that all¬ operators in a formula occur in front of proposition symbols. This
restriction keeps generality because the following rules can transform any formula to
an equivalent formula of the form.

f → g ⇒ ¬ f ∨ g, ¬( f ∧ g) ⇒¬ f ∨¬g, ¬( f ∨ g) ⇒¬ f ∧¬g, ¬¬ f ⇒ f , ¬✷ f ⇒
✸¬ f , ¬✸ f ⇒ ✷¬ f .

Let f be a formula. The formula obtained by assigning different variable-labels to
each occurrence of✷ operator and different constant-labels to each occurrence of✸

operator inf is called labeled formula, denoted byf ∗. We use✷x as the modal operator
✷ associated with the variable-labelx, and✸a as✸ associated with the constant-labela.
The formula obtained by distributing modal operators according to the following rules,
and then transforming to conjunctive normal form is called clausal normal form. We
write the clausal normal form off as f c.

✷x( f ∧g) ⇒ ✷x f ∧✷xg, ✷x( f ∨g) ⇒ ✷x f ∨✷xg,
✸a( f ∧g) ⇒ ✸a f ∧✸ag, ✸a( f ∨g) ⇒ ✸a f ∨✸ag
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The clausal normal form is a formula of the form

Γ1∧ . . .∧Γn

where eachΓi is a formula of the form

αi1Li1∨ . . .∨αimLim

eachLi j is a literal and eachαi j is a sequence of modal operators associated with labels.

Remark 1. Although the formula✷( f ∨g)→ (✷ f ∨✷g) is not valid in the modal logic
KW, the rule✷x( f ∨ g) ⇒ ✷x f ∨✷xg is admissible because common labelx is used
in the labeled formula✷x f ∨✷xg. The labeled formulas✷x( f ∨g) and✷x f ∨✷xg are
equivalent in Herbrand model defined in Sect.4.1.

3.2 Resolution Method

The resolution method is a refutation system. First, we transform a formulaf to f c.
Then we apply the following resolution rules tof c. We say f or f c is refutable if the
empty clause⊥ is derived fromf c.

1.

αL∨Γ βL̄∨Γ′

(α⊥∨Γ ∨Γ′)σ(α,β),

2.

αγL∨Γ βδL′ ∨Γ′

(αγL∨Γ ∨Γ′)σ(α,β),

3.
α⊥∨Γ

Γ (there is no✷ in α.),

4.
αγL∨Γ

Γ (there is no✷ in α and there are✸s associated with the same constant-
labels inα.),

whereL and L′, L̄ are literals,L and L̄ are complementary literals,α,β,γ and δ are
sequences of modal operators associated with labels,σ(α,β) is a substitution which
unifiesα andβ, and(α⊥∨Γ ∨Γ′)σ(α,β) and(αγL∨Γ ∨Γ′)σ(α,β) are the formulas ob-
tained by replacing modal operators inα⊥∨Γ∨Γ′ andαγL∨Γ∨Γ′ by the substitution
σ(α,β) respectively. Each substitution is a set of assignments from a modal operator
✷ associated with variable-label to a sequence of labeled modal operators{✸,✷}+,
length of which is more than 0. If the same variable-labels appear in different clauses,
we deal with them as different variable-labels.

The resolution rules 1 and 3 are usual rules. The resolution rule 2 is used for re-
placingα by usingσ(α,β). The resolution rule 4 is obtained from the characteristic of
well-founded frames. The rules 1, 2 and 3 are resolution rules for resolution method for
the modal logic K4, frame of which is restricted to transitive frames.

Example 2. A refutation of the following formulaf is as follows.

f : ✸P∧✷(¬P∨✸P∨✸Q)∧✷¬Q
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The labeled formulaf ∗ and the clausal normal formf c are as follows.

f ∗ : ✸aP∧✷x(¬P∨✸bP∨✸cQ)∧✷y¬Q

f c : ✸aP∧ (✷x¬P∨✷x✸bP∨✷x✸cQ)∧✷y¬Q

Figure 1 shows a refutation off c.

✷x¬P∨✷x✸bP∨✷x✸cQ ✷y¬Q✸aP

✷x¬P∨✷x✸bP∨✷x✸c⊥

✸a⊥∨✸a✸bP∨✸a✸c⊥

✸a✸bP

✸a✸b✸bP

⊥

rule3× 2

rule3× 2

✸a✸b⊥∨✸a✸b✸bP∨✸a✸b✸c⊥

rule4

rule1σ = {✷x✸c/✷y}

rule1σ = {✸a✸b/✷x′ }

rule1σ = {✸a/✷x}

Fig. 1. A refutation of✸P∧✷(¬P∨✸P∨✸Q)∧✷¬Q

Example 3. A refutation of the formulag : ✸P∧✷✸Q is as follows.g∗ and gc are
✸aP∧✷x✸bQ. Figure 2 shows a refutation ofgc.

✸aP

✸a✸bQ

✸a✸b✸bQ

✷x✸bQ

rule4

⊥

rule2σ = {✸a✸b/✷x′ }

rule2σ = {✸a/✷x}

Fig. 2. A refutation of✸P∧✷✸Q
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4 Soundness and Completeness of Resolution Method

In this section, we show the soundness and the completeness of the resolution method.
First, we propose Herbrand non-iterative model which can interpret clausal normal
forms in Sect.4.1. In Sect.4.2, we define a tableau methodT∗

KW for a labeled formula.
In Sect.4.3, we show the property that the satisfiability of a formulaf in well-founded
frames agrees with the satisfiability off c in Herbrand non-iterative frames, and the
property that the tableau methodT∗

KW judges whether a formula is unsatisfiable in the
class of well-founded frames. In Sect.4.4, we show the soundness of the resolution
method by using Herbrand non-iterative frames. In Sect.4.5, we show the completeness
by using the tableau methodT∗

KW .

4.1 Herbrand Non-iterative Model

A frame〈W,R〉 is a Herbrand non-iterative frame forf ∗ if the following conditions are
satisfied:

(1) W is a set of terms which consist of the special constant symbol◦ and unary func-
tion symbols corresponding to constant labels inf ∗. For example, leta,b be con-
stant labels inf ∗. W is {◦,a◦,b◦,aa◦,ab◦,ba◦,bb◦,aaa◦, . . .}. 1

(2) R is a reachability relation onW which satisfies transitivity and non-iterativity.
Transitivity: ∀xyz(xRy∧ yRz → xRz)
Non-iterativity: For every constant labela,

∀x(xRax∧axRaax →⊥)
∀xy(xRax∧axRy∧ yRay→⊥)

Let 〈W,R〉 be a Herbrand non-iterative frame andV be an assignment which gives
a set of worlds to a proposition symbol. We say〈W,R,V 〉 is a Herbrand non-iterative
model.

The truth condition of a labeled formula is defined by a Herbrand non-iterative
modelHM = 〈W,R,V 〉 as follows:

– HM,s |= P ⇔ s ∈V (P),
– HM,s |= ¬P ⇔ ¬(HM,s |= P),
– HM,s |= f ∧g ⇔ (HM,s |= f )∧ (HM,s |= g),
– HM,s |= f ∨g ⇔ (HM,s |= f )∨ (HM,s |= g),
– HM,s |= ✷x f ⇔ ¬sRx∨ (HM,x |= f ),
– HM,s |= ✸a f ⇔ sRas∧ (HM,as |= f ).

We writes |= f instead ofHM,s |= f , whenHM is obvious from the context.
Obviously, a labeled formulaf ∗ and its clausal normal formf c is equivalent in a

Herbrand non-iterative model.

Example 4. The labeled formulas✷x( f ∨g) and✷x f ∨✷xg are equivalent in a Herbrand
non-iterative model as follows.

s |= ✷x( f ∨g)

⇔ ¬sRx∨ (x |= ( f ∨g))

1 In this paper, we omit brackets. we writea◦,ab◦,ay instead ofa(◦),a(b(◦)),a(y).
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⇔ ¬sRx∨ (x |= f ∨ x |= g)

⇔ (¬sRx∨ x |= f )∨ (s |= ¬sRx∨ x |= g)

⇔ s |= ✷x f ∨✷xg

Example 5. The labeled formulag : ✸aP∧✷x(¬P∨✸bP) does not have a Herbrand
non-iterative model. Because, ifg is true in a worlds in a Herbrand non-iterative model,
then the following contradiction occurs. (Underlined formulas are used for the deriva-
tion to the next line.)

s |= ✸aP∧✷x(¬P∨✸bP)

⇒ (s |= ✸aP)∧ (s |= ✷x(¬P∨✸bP))

⇒ sRas∧ (as |= P)∧ (¬sRx∨ x |= (¬P∨✸bP))

⇒ sRas∧ (as |= P)∧ (¬sRx∨ x |= (¬P∨✸bP))∧ (as |= (¬P∨✸bP))

⇒ sRas∧ (as |= P)∧ (¬sRx∨ x |= (¬P∨✸bP))∧ (¬(as |= P)∨ (as |= ✸bP))

⇒ sRas∧ (as |= P)∧ (¬sRx∨ x |= (¬P∨✸bP))∧ (as |= ✸bP)

⇒ sRas∧ (as |= P)∧ (¬sRx∨ x |= (¬P∨✸bP))∧asRbas∧ (bas |= P)

⇒ sRas∧ (as |= P)∧ (¬sRx∨ x |= (¬P∨✸bP))∧asRbas∧ (bas |= P)∧ sRbas (transitivity)
⇒ sRas∧ (as |= P)∧ (bas |= (¬P∨✸bP))∧asRbas∧ (bas |= P)∧ sRbas
⇒ sRas∧ (as |= P)∧ (¬(bas |= P)∨ (bas |= ✸bP))∧asRbas∧ (bas |= P)∧ sRbas
⇒ sRas∧ (as |= P)∧ (bas |= ✸bP)∧asRbas∧ (bas |= P)∧ sRbas
⇒ sRas∧ (as |= P)∧basRbbas∧ (bbas |= P)∧asRbas∧ (bas |= P)∧ sRbas
⇒ ⊥ (non-iterativity)

Original formula ofg is actually unsatisfiable in the class of well-founded frames.

4.2 Tableau Method for Labeled Formula

In this section, we define the tableau methodT∗
KW for a labeled formula.

In the tableau methodT∗
KW , we assign the singleton of a labeled formula{ f ∗} to

root node, make a tree by applying the following three expansion rules to the nodes and
judge the satisfiability off in the class of well-founded frames according to whether
the root node is closed or not. We say the tree with the root node assigned to{ f ∗} is
a tableau off ∗. A tableau is said to be closed if its root node is closed. In this paper,
FS(n) is an abbreviation of the set of formulas to which a noden is assigned.

– α-rule:
Γ ∪{ f ∧g}
Γ ∪{ f ,g} ,

– β-rule:
Γ ∪{ f ∨g}

Γ ∪{ f} Γ ∪{g},

– π-rule:

{✷x1 f1, . . . ,✷xn fn,✸a1g1, . . . ,✸amgm,h1, . . . ,hl}
{ f1, . . . , fn,✷x1 f1, . . . ,✷xn fn,gi} (1≤ i ≤ m)

π rule generatesm sons.
Let n be a node generated byπ-rule, n′ be the parent node ofn, gi ∈ FS(n) and

✸aigi ∈ FS(n′). Then we sayn is ai-son ofn′. Let n be a node. Whenπrules are applied
and generatebi-sons in the expansions from the root node ton successively, we say a
sequence of labels✸b1 . . .✸bm is a path ofn.

A noden is closed if the following conditions are satisfied.

1. FS(n) has complementary literals, or
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2. Let✸b1 . . .✸bm be a path ofn. For some constant labela and somei, bi = bm = a.
3. α-rule orβ-rule is applied ton and alln’s sons are closed, orπ-rule is applied ton

and at least one ofn’s sons is closed.

A node is open if it is not closed.
Expansions inT∗

KW terminate in finite steps because a labeled formula has only finite
labels andπ-rules cannot generate nodes of the same label iteratively. Therefore, we can
decide whether the tableau is closed or open.

Example 6. TheT∗
KW tableau of the formulag : ✸aP∧✷x(¬P∨✸bP) is closed as shown

in Fig.3.n1, . . . ,n9 are nodes.n3 is a-son ofn2, n6 is b-son ofn5, n9 is b-son ofn8. The
path ofn4 is ✸a, the path ofn7 is ✸a✸b, and the path ofn9 is ✸a✸b✸b. n4 andn7 are
closed by condition 1.n9 is closed by condition 2. As a result,n1 is closed by condition
3.

n6

n5

n2

π-rule

π-rule

n1
α-rule

β-rule

β-rule

π-rule

n3

n7 n8

n9

n4

{✸aP∧✷x(¬P∨✸bP)}

{P,¬P∨✸bP,✷x(¬P∨✸bP)}

{P,¬P,✷x(¬P∨✸bP)} {P,✸bP,✷x(¬P∨✸bP)}

{P,¬P∨✸bP,✷x(¬P∨✸bP)}

{P,¬P,✷x(¬P∨✸bP)} {P,✸bP,✷x(¬P∨✸bP)}
{P,¬P∨✸bP,✷x(¬P∨✸bP)}

{✸aP,✷x(¬P∨✸bP)}

Fig. 3. T∗
KW tableau of✸aP∧✷x(¬P∨✸bP)

4.3 Relation between Herbrand Non-iterative Model and Well-Founded Model

Satisfiability of a formulaf in the class of well-founded frames coincides with that of
f c in the class of Herbrand non-iterative frames by the following theorem.

Theorem 1. Let f be a formula and f c be its clausal normal form. f is unsatisfiable in
the class of well-founded frames iff f c has no Herbrand non-iterative model.

Theorem 2 shows thatT∗
KW judges whether a formula is unsatisfiable in the class of

well-founded frames or not.

Theorem 2. The T∗
KW tableau of labeled formula f ∗ is closed iff f is unsatisfiable in

the class of well-founded frames.

In order to prove theorem 1, we have to prove lemma 1. The lemma shows that
T∗

KW properly judges whether a formula has a Herbrand non-iterative model. Next, we
prove theorem 2. Finally, we prove theorem 1 by using lemma 1 and theorem 2.
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Lemma 1. Let f ∗ be a labeled formula. The T∗
KW tableau of f ∗ is closed iff f ∗ has no

Herbrand non-iterative model.

(proof of the only-if-part)
We get a subtreeT ′ from closedT∗

KW tableauT of f ∗ as follows.

– The root node ofT ′ is the root node ofT .
– If n is T ′’s node to whichα-rule is applied,T ′ includesn’s sonn1.
– If n is T ′’s node to whichβ-rule is applied,T ′ includesn’s two sonsn1,n2.
– If n is T ′’s node to whichπ-rule is applied andn′ is n’s closed son,T ′ includesn′.

We prove the following proposition by induction on the construction ofT ′. FS(n)
is an abbreviation of the conjunction of all the formulas inFS(n).

From the proposition, we automatically get the result.

Proposition 1. Let n be a node of T ′ and α = ✸b1 . . .✸bm be a path of n. Then, αFS(n)
has no Herbrand non-iterative model.

C(s,b1b2 . . .bm) is an abbreviation ofsRb1s∧b1sRb2b1s∧. . .∧bm−1 . . .b1Rbmbm−1 . . .b1.

– n is closed by condition 1. Suppose some worlds satisfiesαFS(n). This contradicts
the truth condition of a labeled formula as follows.
s |= αFS(n)⇒ (bm . . .b1s |= L)∧(bm . . .b1s |= L̄)⇒ (bm . . .b1s |= L)∧(bm . . .b1s �|=
L)

– n is closed by condition 2. Suppose some worlds satisfiesαFS(n),
then,C(s,b1b2 . . .bm) holds andbm and bi (1 ≤ i ≤ m− 1) are the same labels.
These contradict transitivity or non-iterativity ofR.

– Whenα-rule orβ-rule is applied ton, the proposition holds evidently.
– π-rule is applied ton. FS(n) = {✷x1 f1, . . . ,✷xn fn,✸a1g1, . . . ,✸amgm,h1, . . . ,hl}.

FS(n′) = { f1, . . . , fn,✷x1 f1, . . . ,✷xn fn,gi}. The path ofn′ is α✸ai . The induction
hypothesis is thatα✸aiFS(n′) has no Herbrand non-iterative model.
Suppose some worlds satisfiesαFS(n). This contradicts the induction hypothesis
as follows.
s |= αFS(n)

⇒C(s,α)∧bm . . .b1s |= FS(n)
⇒C(s,α)∧(

V
j(bm . . .b1s |= ✷x j f j)∧V j(bm . . .b1s |= ✸a jg j)∧V j bm . . .b1s |= h j)

⇒C(s,α)∧ (
V

j(¬bm . . .b1sRx j ∨ x j |= f j)
∧V j(bm . . .b1sRb jbm . . .b1s∧a jbm . . .b1s |= g j)∧V j bm . . .b1s |= h j)
⇒C(s,α)∧(

V
j(¬bm . . .b1sRx′j ∨¬x′jRx j ∨x j |= f j)∧V j(¬bm . . .b1sRx j ∨x j |= f j)

∧(bm . . .b1sRaibm . . .b1s∧aibm . . .b1s |= gi)∧V j bm . . .b1s |= h j)
⇒C(s,α)∧ (

V
j(¬aibm . . .b1sRx j ∨ x j |= f j)∧V j(aibm . . .b1s |= f j)

∧(bm . . .b1sRaibm . . .b1s∧aibm . . .b1s |= gi)
⇒C(s,α)∧bm . . .b1sRaibm . . .b1s∧ (

V
j(¬aibm . . .b1sRx j ∨ x j |= f j)

∧V j(aibm . . .b1s |= f j)∧aibm . . .b1s |= gi

⇒ s |= α✸aiFS(n′)

(proof of the if-part)
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We make a Herbrand non-iterative model and its world which satisfiesf ∗ from the
openT∗

KW tableau off ∗.
Since expansions ofT∗

KW tableau terminates in finite steps, there exists a finite sub-
treeT of the tableau off ∗ such that{ f ∗} is assigned to the root node ofT and each
noden of T is open and satisfies one of the following conditions.

I. No rules can be applied ton, or
II. α-rule orβ-rule is applied ton andn has an open sonn′, or

III. π-rule is applied ton, FS(n) = {✷x1 f1, . . . ,✷xn fn,✸a1g1, . . . ,✸amgm,h1, . . . ,hl}
andn has openai-sonsna1, . . . ,nam .

By using the subtreeT , we construct the Herbrand non-iterative model〈W,R,V 〉
which satisfiesf ∗. W is defined by the definition of a Herbrand non-iterative model in
Sect.4.1. In order to defineR andV , we assign each node ofT to a world inW by the
following rules.

– The root node ofT is assigned to◦.
– If α-rule orβ-rule is applied to a noden andn is assigned to a worldw, the son of

n is also assigned tow.
– If π-rule is applied ton andn is assigned to a worldw, eachai-son ofn is assigned

to the worldaiw respectively.

R andV are defined as follows.

– wRw′ iff w �= w′ and some node assigned to the worldw is an ancestor of some
node assigned to the worldw′.

– w ∈V (p) iff some noden is assigned to the worldw andp ∈ FS(n).

〈W,R〉 satisfies transitivity and non-iterativity evidently.
From the following proposition, we automatically get the result.

Proposition 2. For any node n in T , every labeled formula g ∈ FS(n) is true at the
world to which n is assigned.

We prove this proposition by induction on the construction ofT . Let n be a node inT ,
w be a world to whichn is assigned.

1. n satisfies condition I.
(a) By the definition ofV , it is obvious that for anyp (w.r.t¬p ) in FS(n), w∈V (p)

(w.r.t w �∈V (p)).
(b) Every formula of the form✷x f in FS(n) is true atw becausen is a leaf node

and there is no reachable world fromw.
(c) There is none off ∧g, f ∨g and✸ag in FS(n).

2. n satisfies condition II.
Let f ∧g (w.r.t. f ∨g) be a formula to whichα-rule (w.r.t.β-rule) is applied andn′
ben’s son. Induction hypothesis is that every formula inFS(n′) is true atw.

– f andg (w.r.t. f or g) are true atw, because the induction hypothesis holds and
FS(n′) containsf andg (w.r.t. f or g). Hence,f ∧g (w.r.t f ∨g) is true atw.

– Every formula f ′ besidesf ∧g (w.r.t f ∨g) in FS(n) is true atw because the
induction hypothesis holds andf ′ ∈ FS(n′).

286 S. Hagihara and N. Yonezaki



3. n satisfies condition III.
By induction hypothesis, for anyn’s descendantn′, every formula inFS(n′) is true
at the world to whichn′ is assigned. —(*)
(a) The case ofp,¬p in FS(n) is similar to the case 1a.
(b) Every formula of the form✷x f in FS(n) is true atw because of the following

two reasons.
– For anyn’s descendantn′, f ∈ FS(n′) and the property (*) holds. There-

fore, f is true at the world to whichn′ is assigned.
– Only the worlds to whichn’s descendants are assigned are reachable from

w.
(c) Every formula of the form✸aig in FS(n) is true atw because of the following

two reasons.
– g ∈ FS(nai) and the property (*) holds. Therefore,g is true ataiw.
– nai is a son ofn andnai is assigned toaiw. Hence,aiw is reachable fromw.

(d) FS(n) contains neitherf ∧g nor f ∨g.
��

Next, in order to prove theorem 2, we define a tableau method for KW presented in
[5]. We call it TKW in this paper.

In the tableau methodTKW , expansion rules are as follows.

– α-rule andβ-rule are the same rules as defined in the tableau methodT∗
KW .

– π-rule:

{✷ f1, . . . ,✷ fn,✸g1, . . . ,✸gm,h1, . . . ,hl}
{ f1, . . . , fn,✷ f1, . . . ,✷ fn,gi,✷¬gi} (1≤ i ≤ m).

π-rule is based on the property that in the well-founded frame if there is a world
wheregi is true, then there exists also a last world wheregi is true.

A noden is closed ifn satisfies condition 1 or 3 in the definition ofT∗
KW .

The following property holds betweenTKW and well-founded frames:

f is unsatisfiable in the class of well-founded frames iffTKW tableau off is closed[5].

Now, we prove theorem 2.
(proof of the only-if-part)

We show that for any closedT∗
KW tableau off ∗, there exists closedTKW tableau of

f .
Let T be a closed tableau off ∗. We construct aTKW tableau off using the same rule

as used in the expansion ofT . Let T ′ be the result. Then, for every noden of T , there is
a corresponding noden′ of T ′ such thatFS(n) ⊆ FS(n′).

If n is closed by condition 1,FS(n′) also has complementary literals becauseFS(n)⊆
FS(n′). Thereforen′ is also closed.

Supposen is closed by condition 2, i.e. some constant labela occurs in the path of
n twice. Then, the following properties hold.

– Let n1 ben’s parent. Then,n is a-son ofn1, ✸ag ∈ FS(n1) andg ∈ FS(n).
– For some ancestorn2 of n, the following property holds. Letn3 be n2’s parent.

Then,n2 is a-son ofn3, ✸ag ∈ FS(n3) andg ∈ FS(n2).
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Let n′,n′1,n′2,n′3 be nodes inT ′ corresponding ton,n1,n2,n3 in T respectively. Then,
✷¬g ∈ FS(n′2) holds becausen′2 is n′3’s son expanded byπ-rule. Hence,✷¬g ∈ FS(n′1)
and¬g ∈ FS(n′). Now,g ∈ FS(n′) holds sinceg ∈ FS(n) andFS(n) ⊆ FS(n′). Hence,
n′ is also closed.

TKW tableau have the same condition 3 asT∗
KW tableau. Hence,T ′ is closed.

(proof of the if-part)
The Herbrand non-iterative model generated in the proof of the if-part of lemma

1 is a well-founded model because it satisfies well-foundedness. Moreover, it satisfies
f . Hence, for any openT∗

KW tableau of f ∗, there exists a well-founded model which
satisfiesf . ��

By lemma 1 and theorem 2, a formulaf is unsatisfiable in the class of well-founded
frames if and only if the labeled formulaf ∗ does not have a Herbrand non-iterative
model. Moreover,f ∗ and clausal normal formf c are equivalent in the Herbrand non-
iterative model. Hence, theorem 1 holds. ��

4.4 Soundness of Resolution Method

Theorem 3. If a formula f is refutable, then f is unsatisfiable in the class of well-
founded frames.

Proof. By theorem 1, it is enough to show that for every resolution rule, if the premises
is true in a world in a Herbrand non-iterative model, then the conclusion is also true.

Let Γ be α1L1 ∨ . . .∨ αmLm andγ be a sequence of modal operators with labels.
Then, we useγΓ as an abbreviation ofγα1L1∨ . . .∨γαmLm.
resolution rule1

By induction on the construction of the unification, we show that if(αL∨Γ)∧ (βL̄∨
Γ′) is true in a world in a Herbrand non-iterative model, then(α⊥∨Γ∨Γ′)σ is also true.

– In the case of the unification of two empty sequences, immediate from the fact
s |= ((L∨Γ)∧ (L̄∨Γ′)) ⇒ s |= (⊥∨Γ∨Γ′) .

– In the case of the unification of✷xα2 andγβ2, by induction on the length ofγ, we
show that if(✷xα2L∨✷xΓ1∨Γ2)∧(γβ2L̄∨γΓ′1∨Γ′

2) is true in a worlds of a Herbrand
non-iterative model, then(✷xα2⊥∨✷xΓ1∨Γ2∨γΓ′1∨Γ′

2)
(γ/✷x)·σ′

is also true ins.
• The length ofγ is 1.

If γ is ✸a,
s |= ((✷xα2L∨✷xΓ1∨Γ2)∧ (✸aβ2L̄∨✸aΓ′

1∨Γ′
2))

⇔ ((¬sRx ∨ (x |= α2L)) ∨ (¬sRx ∨ (x |= Γ1))∨ (s |= Γ2))∧ ((sRas∧ (as |= β2L̄))∨
(sRas∧ (as |= Γ′

1))∨ (s |= Γ′
2))

⇒ (sRas∧ (as |= ((α2L∨Γ1)∧ (β2L̄∧Γ′
1))))∨ (s |= Γ2)∨ (s |= Γ′

2) · · ·(∗) .
By induction hypothesis,as |= ((α2L∨Γ1)∧ (β2L̄∨Γ′

1)) ⇒ as |= (α2⊥∨Γ1∨Γ′
1)

σ′

.
Hence,(∗)⇒ (sRas∧as |= (α2⊥∨Γ1∨Γ′

1)
σ′

)∨(s |= Γ2)∨(s |= Γ′
2) ⇒ s |= (✷xα2⊥∨

✷xΓ1∨✸aΓ′
1∨Γ2∨Γ′

2)
✸a/✷x·σ′

.
Similarly, we can show a proof of the case thatγ is ✷y.

• The length ofγ is k > 1.
If γ is ✸aγ′,
s |= ((✷xα2L∨✷xΓ1∨Γ2)∧ (✸aγ′β2L̄∨✸aγ′Γ′

1∨Γ′
2))
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⇔ ((¬sRx∨ (x |= α2L))∨ (¬sRx∨ (x |= Γ1))∨ (s |= Γ2))∧ ((sRas∧ (as |= γ′β2L̄))∨
(sRas∧ (as |= γ′Γ′

1))∨ (s |= Γ′
2))

⇒ ((¬sRx′ ∨¬x′Rx∨ (x |= α2L))∨ (¬sRx′ ∨¬x′Rx∨ (x |= Γ1))∨ (s |= Γ2))∧ ((sRas∧
(as |= γ′β2L̄))∨ (sRas∧ (as |= γ′Γ′

1))∨ (s |= Γ′
2))

⇒ (sRas∧as |= ((✷xα2L∨✷xΓ1)∧ (γ′β2L̄∨γ′Γ′
1)))∨ (s |= Γ2)∨ (s |= Γ′

2) · · ·(∗) .
By induction hypothesis,as |=((✷xα2L∨✷xΓ1)∧(γ′β2L̄∨γ′Γ′

1))⇒ as |= (✷xα2⊥∨
✷xΓ1∨γ′Γ′

1)
γ′/✷x·σ′

.
Hence,(∗) ⇒ (sRas∧as |= (✷xα2⊥∨✷xΓ1∨γ′Γ′

1)
γ′/✷x·σ′

)∨ (s |= Γ2)∨ (s |= Γ′
2) ⇒

s |= (✷xα2⊥∨✷xΓ1∨✸aγ′Γ′
1∨Γ′

2)
✸aγ′/✷x·σ′

.
Similarly, We can show a proof of the case thatγ is ✷yγ′.

– we can prove the case of the unification of✸aα2 and✸aβ2 similarly.

resolution rule2, resolution rule3
We can show the proof in the case of the resolution rule2 in the same way as used

in the proof in the case of resolution rule1. The proof in the case of the resolution rule3
is trivial.
resolution rule4

Suppose that there exists a Herbrand non-iterative model and its worlds in which
αγL is true, whereα is ✸a1 . . .✸am and ai and a j are the same labels for somei, j.
Then,ai−1 . . .a1sRaiai−1 . . .a1s must hold for anyi (1≤ i ≤ m). Therefore, one of the
following is satisfied by transitivity of reachability of the worlds in the Herbrand non-
iterative model.

– i = j−1 andai−1 . . .a1sRai . . .a1s∧a j−1 . . .a1sRa j . . .a1s
– i > j−1 andai−1 . . .a1sRai . . .a1s∧ai . . .a1sRa j−1 . . .a1s∧a j−1 . . .a1sRa j . . .a1s

However, both cannot hold because of non-iterativity of reachability of the worlds in
the Herbrand non-iterative model. Hence, there is no worlds in Herbrand non-iterative
model whereαγL is true. Therefore, ifαγL∨Γ is true in a world in a Herbrand non-
iterative model, thenΓ is true. ��

4.5 Completeness of Resolution Method

Theorem 4. If a formula f is unsatisfiable in the class of well-founded frames, then f
is refutable.

Proof. By theorem 2, it is enough to show thatf c is refutable ifT∗
KW tableau off ∗ is

closed.
We get a subtreeT ′ from closedT∗

KW tableauT of f ∗ by the same way as used in
the proof of the only-if-part of lemma 1. We shall prove the following proposition by
induction on the construction ofT ′. From this proposition, we automatically get the
result.

Proposition 3. Let n be a node of T ′ and α be a path of n. Then, αFS(n) is refutable.

– n is closed by condition 1. SinceL, L̄ ∈ FS(n), there are clausesαL andαL̄ in the
clausal normal form(αFS(n))c. Hence, we can refute it by the resolution rules 1
and 3.
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– n is closed by condition 2. Let
V

j
W

k γjkL jk be(FS(n))c. Then,(αFS(n))c is
V

j
W

k αγ jkL jk. We choose a clauseΓ =
W

1≤k≤m αγ jkαLjk from (αFS(n))c. We can
refuteΓ by applying the resolution rule4m times.

– Whenα-rule orβ-rule is applied ton, the proposition holds evidently.
– π-rule is applied ton. Let {✷x1 f1, . . . ,✷xn fn,✸a1g1, . . . ,✸amgm, h1, . . . ,hm′} be

FS(n) andnl ben’s al-son. ThenFS(nl) is { f1, . . . , fn,✷y1 f1, . . . ,✷yn fn,gl}.
Let
V

j
W

k γjk
i L jk

i be f c
i and

V
j
W

1≤k≤ki j
γ′ jk

i L′ jk
i begc

i . Then,(αFS(n))c is
V

1≤i≤n
V

j
W

k α✷x j
i
γjk

i L jk
i ∧V1≤i≤m

V
j
W

1≤k≤ki j
α✸ai γ′

jk
i L′ jk

i ∧V1≤i≤m′ hc
i

and(α✸al FS(nl))
c is

V
1≤i≤n

V
j
W

k α✸al γ
jk
i L jk

i ∧V1≤i≤n
V

j
W

k α✸al ✷y j
i
γjk

i L jk
i ∧V j

W
1≤k≤kl j

α✸al γ′
jk
l L′ jk

l .

Induction hypothesis is that(α✸al FS(nl))
c is refutable.

Then, we can refute∆ =
V

1≤i≤n
V

j
W

k α✷
x j

i
γjk

i L jk
i ∧V j

W
1≤k≤kl j

α✸al γ
′ jk
l L′ jk

l as

follows.
1. We deduce the clause

W
k α✸al γ

jk
i L jk

i for any i, j from ∆. We can deduce it by
applying the resolution rule2 to the clauses

W
k α✷x j

i
γjk

i L jk
i and

W
1≤k≤kl1

α✸al γ′
1k
l L′1k

l

with the substitution{✸al/✷x j
i
} kl1 times for anyi, j.

2. We obtained the clauses
V

1≤i≤n
V

j
W

k α✸al γ
jk
i L jk

i at 1. Therefore, we refute

Γ =
V

1≤i≤n
V

j
W

k α✸al γ
jk
i L jk

i ∧∆
=
V

1≤i≤n
V

j
W

k α✸al γ
jk
i L jk

i ∧V1≤i≤n
V

j
W

k α✷x j
i
γjk

i L jk
i ∧V j

W
1≤k≤kl j

α✸al γ′
jk
l L′ jk

l as
follows.
We define the relation� between the clause which appears in the refutation of
(α✸al n̄l)

c and the clause which appears in the refutation ofΓ and define type
of a clause as follows.

typeclause in(α✸al n̄l)
c � clause inΓ

A
_

k

α✸al γ
jk
i L jk

i �
_

k

α✸al γ
jk
i L jk

i

B
_

k

α✸al ✷y j
i
γjk

i L jk
i �

_

k

α✷
x j

i
γjk

i L jk
i

A
_

k

α✸al γ
′ jk
l L′ jk

l �
_

k

α✸al γ
′ jk
l L′ jk

l

Γ3 � Γ′
3 if Γ1 � Γ′

1,Γ2 � Γ′
2 and

Γ1 Γ2

Γ3 ,

Γ′
1 Γ′

2

Γ′
3 .

For any resolution rules,
• if there is a premise of typeA, the conclusion has typeA, and
• if all the premises have typeB, the conclusion has typeB.

We can refuteΓ by using the corresponding clauses as used in the refutation of
(α✸al n̄l)

c. Letσ be a substitution used by the resolution rule1 or the resolution
rule2 in the refutation of(α✸al n̄l)

c. Then, we use the following substitutionσ′
in the refutation ofΓ.
• The resolution rule applied to clauses of typeB

σ′ = (the substitution by replacing✷
y j

i
with ✷

x j
i

in σ)

• The resolution rule applied to clause of typeB and clause of typeA
σ′ = (σ−{β/✷

y j
i
})∪{✸alβ/✷x j

i
}
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• The resolution rule applied to clauses of typeA
σ′ = σ

Now, each clause in∆ appears in(αFS(n))c. Therefore,(αFS(n))c is refutable.
��

5 Conclusion

In this paper, we have introduced Herbrand non-iterative frames and constructed an
unification-based prover which checks unsatisfiability of the modal logic KW. The sat-
isfiability of a labeled formula in the Herbrand non-iterative frames coincides with the
one of its original formula in the well-founded frames.

The main idea introduced in this paper is that the restriction on frames with infinite
sequence of reachable worlds can be reformed into the restriction on Herbrand frames
with iterations of the transition. Many temporal structures, such as time structure iso-
morphic to the natural number’s structure, satisfy the restrictions on infinite sequences
of reachable worlds. Therefore, the idea is applicable to many temporal structures, and
unification-based resolution method can be adapted to wider range of (and more practi-
cal system of) modal logic.
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Abstract. We examine the complexity and expressivity of the combi-
nation of the Description Logic ALCQI with a terminological formalism
based on cardinality restrictions on concepts. This combination can na-
turally be embedded into c2, the two variable fragment of predicate logic
with counting quantifiers. We prove that ALCQI has the same comple-
xity as c2 but does not reach its expressive power.

Keywords. Description Logic, Counting, Complexity, Expressivity

1 Introduction

Description Logic (DL) systems can be used in knowledge based systems to
represent and reason about taxonomical knowledge of problem domain in a se-
mantically well-defined manner [WS92]. These systems usually consist at least
of the following three components: a DL, a terminological component, and a
reasoning service.
Description logics allow the definition of complex concepts (unary predicates)

and roles (binary relations) to be built from atomic ones by the application of
a given set of constructors; for example the following concept describes those
fathers having at least two daughters:

Parent � Male � (≥ 2 hasChild Female)

The terminological component (TBox) allows for the organisation of defined
concepts and roles. The TBox formalisms studied in the DL context range from
weak ones allowing only for the introduction of abbreviations for complex con-
cepts, over TBoxes capable of expressing various forms of axioms, to cardinality
restrictions that can express restrictions on the number of elements a concept
may have. Consider the following three TBox expressions:

BusyParent = Parent � (≥ 2 hasChild Toddler)

Male � Female = Person � (= 2 hasChild−1 Parent)

(≤ 2 Person � (≤ 0 hasChild−1 Parent))

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 292–306, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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The first introduces BusyParent as an abbreviation for a more complex concept,
the second is an axiom stating that Male and Female are exactly those persons
having two parents, the third is a cardinality restriction expressing that in the
domain of discourse there are at most two earliest ancestors.
The reasoning service performs task like subsumption or consistency test for

the knowledge stored in the TBox. There exist sound and complete algorithms
for reasoning in a large number of DLs and different TBox formalisms that
meet the known worst-case complexity of these problems (see [DLNN97] for an
overview). Generally, reasoning for DLs can be performed in four different ways:

– by structural comparison of syntactical normal forms of concepts [BPS94].
– by tableaux algorithms that are hand-tailored to suit the necessities of the
operators used to form the DL and the TBox formalism. Initially, these algo-
rithms were designed to decide inference problems only for the DL without
taking into account TBoxes, but it is possible to generalise these algorithms
to deal with different TBox formalisms. Most DLs handled this way are at
most PSpace complete but additional complexity may arise from the TBox.
The complexity of the tableaux approach usually meets the known worst-case
complexity of the problem [SSS91,DLNN97].

– by perceiving the DL as a (fragment of a) modal logic such as PDL [GL96]; for
many DLs handled in this manner already concept satisfiability is ExpTime-
complete, but axioms can be “internalised” [Baa91] into the concepts and
hence do not increase the complexity.

– by translation of the problem into a fragment or first order other logic with
a decidable decision problem [Bor96,OSH96].

From the fragments of predicate logic that are studied in the second context,
only C2, the two variable fragment of first order predicate logic augmented with
counting quantifiers, is capable of dealing with counting expressions that are
commonly used in DLs; similarly it is able to express cardinality restrictions.
Another thing that comes “for free” when translating DLs into first order logic
is the ability to deal with inverse roles.
Combining all these parts into a single DL, one obtains the DL ALCQI—the

well-known DL ALC [SSS91] augmented by qualifying number restrictions (Q)
and inverse roles (I). In this work we study both complexity and expressivity of
ALCQI combined with TBoxes based on cardinality restrictions.
Regarding the complexity we show that ALCQI with cardinality restrictions

already is NExpTime-hard and hence has the same complexity as C2 [PST97]1.
To our knowledge this is the first DL for which NExpTime-completeness has
formally been proved. Since ALCQI with TBoxes consisting of axioms is still in
ExpTime, this indicates that cardinality restrictions are algorithmically hard to
handle.

1 The NExpTime-result is valid only if we assume unary coding of numbers in the
counting quantifiers. This is the standard assumption made by most results concer-
ning the complexity of DLs.
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Despite the fact that both ALCQI and C2 have the same worst-case comple-
xity we show that ALCQI lacks some of the expressive power of C2. Properties
of binary predicates (e.g. reflexivity) that are easily expressible in C2 can not be
expressed in ALCQI. We establish our result by giving an Ehrenfeucht-Fräıssé
game that exactly captures the expressivity of ALCQI with cardinality restric-
tions. This is the first time in the area of DL that a game-theoretic characte-
risation is used to prove an expressivity result involving TBox formalisms. The
game as it is presented here is not only applicable to ALCQI with cardinality
restrictions; straightforward modifications make it applicable to both ALCQ as
well as to weaker TBox formalisms such as terminological axioms.
In [Bor96] a DL is presented that has the same expressivity as C2. This

expressivity result is one of the main results of that paper and the DL combi-
nes a large number of constructs; the paper does not study the computational
complexity of the presented logics. Our motivation is of a different nature: we
study the complexity and expressivity of a DL consisting of only a minimal set
of constructs that seem sensible when a reduction of that DL to C2 is to be
considered.

2 The Logic ALCQI
Definition 1. A signature is a pair τ = (NC , NR) where NC is a finite set of
concepts names and NR is a finite set of role names. Concepts in ALCQI are
built inductively from these using the following rules: All A ∈ NC are concepts,
and, if C, C1, and C2 are concepts, then also ¬C, C1 � C2, and (≥ n S C)
with n ∈ N, and S = R or S = R−1 for some R ∈ NR are concepts. We
define C1 � C2 as an abbreviation for ¬(¬C1 � ¬C2) and (≤ n S C) as an
abbreviation for ¬(≥ (n+ 1) S C). We also use (= n S C) as an abbreviation
for (≤ n S C) � (≥ n S C).

A cardinality restriction of ALCQI is an expression of the form (≥ n C) or
(≤ n C) where C is a concept and n ∈ N; a TBox T of ALCQI is a finite set
of cardinality restrictions.

The semantics of a concept is defined relative to an interpretation I =
(∆I , ·I), which consists of a domain ∆I and a valuation (·I) which maps each
concept name A to a subset AI of ∆I and each role name R to a subset RI of
∆I ×∆I . This valuation is inductively extended to arbitrary concept definitions
using the following rules, where �M denotes the cardinality of a set M :

(¬C)I := ∆I \ CI , (C1 � C2)I := CI
1 ∩ CI

2 ,

(≥ n R C)I := {a ∈ ∆I | �{b ∈ ∆I | (a, b) ∈ RI ∧ b ∈ CI} ≥ n},
(≥ n R−1 C)I := {a ∈ ∆I | �{b ∈ ∆I | (b, a) ∈ RI ∧ b ∈ CI} ≥ n}.

An interpretation I satisfies a cardinality restriction (≥ n C) iff �(CI) ≥ n
and it satisfies (≤ n C) iff �(CI) ≤ n. It satisfies a TBox T iff it satisfies all
cardinality restrictions in T ; in this case, I is called a model of T and we will
denote this fact by I |= T . A TBox that has a model is called consistent.
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Ψx(A) := Ax for A ∈ NC

Ψx(¬C) := ¬Ψx(C)
Ψx(C1 � C2) := Ψx(C1) ∧ Ψx(C2)
Ψx(≥ n R C) := ∃≥ny.(Rxy ∧ Ψy(C))
Ψx(≥ n R−1 C) := ∃≥ny.(Ryx ∧ Ψy(C))

Ψ(�� n C) := ∃��nx.Ψx(C) for �� ∈ {�,�}
Ψ(T ) :=

∧{Ψ(�� n C) | (�� n C) ∈ T}

Fig. 1. The translation from ALCQI into C2 adopted from [Bor96]

With ALCQ we denote the fragment of ALCQI that does not contain any
inverse roles R−1.

TBoxes consisting of cardinality restrictions have first been studied for the DL
ALCQ in [BBH96]. They can express terminological axioms of the form C = D
that are the most expressive TBox formalisms usually studied in the DL context
[GL96] as follows: obviously, two concepts C,D have the same extension in an
interpretation iff it satisfies the cardinality restriction (≤ 0 (C�¬D)�(¬C�D)).
One standard inference service for DL systems is satisfiability of a concept C
with respect to a TBox T (i.e., is there an interpretation I such that I |= T and
CI �= ∅). For a TBox formalism based on cardinality restrictions this is easily
reduced to TBox consistency, because obviously C is satisfiable with respect to
T iff T ∪ {(≥ 1 C)} is a consistent TBox. To this the reason we will restrict
our attention to TBox consistency; other standard inferences such as concept
subsumption can be reduced to consistency as well.
Until now there does not exist a tableaux based decision procedure for

ALCQI TBox consistency. Nevertheless this problem can be decided with the
help of a well-known translation of ALCQI-TBoxes to C2 [Bor96] given in Fig. 1.
The logic C2 is fragment of predicate logic that allows only two variables but is
enriched with counting quantifiers of the form ∃≥l. The translation Ψ yields a
satisfiable sentence of C2 if and only if the translated TBox is consistent. Since
the translation from ALCQI to C2 can be performed in linear time, the NEx-
pTime upper bound [GOR97,PST97] for satisfiability of C2 directly carries over
to ALCQI-TBox consistency:
Lemma 1. Consistency of an ALCQI-TBox T can be decided in NExpTime.

Please note that the NExpTime-completeness result from [PST97] is only
valid if we assume unary coding of numbers in the input; this implies that a large
number like 1000 may not be stored in logarithmic space in some k-ary repre-
sentation but consumes 1000 units of storage. This is the standard assumption
made by most results concerning the complexity of DLs. We will come back to
this issue later in this paper.
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3 ALCQI Is NExpTime-Complete

To show that NExpTime is also the lower bound for the complexity of TBox
consistency we use a bounded version of the domino problem. Domino problems
[Wan63,Ber66] have successfully been employed to establish undecidability and
complexity results for various description and modal logics [Spa93,BS99].

3.1 Domino Systems

Definition 2. For an n ∈ N let Zn denote the set {0, . . . , n− 1} and ⊕n denote
the addition modulo n. A domino system is a triple D = (D,H, V ), where D
is a finite set (of tiles) and H,V ⊆ D × D are relations expressing horizontal
and vertical compatibility constraints between the tiles. For s, t ∈ N let U(s, t)
be the torus Zs × Zt and w = w0, . . . , wn−1 be an n-tuple of tiles (with n ≤ s).
We say that D tiles U(s, t) with initial condition w iff there exists a mapping
τ : U(s, t)→ D such that, for all (x, y) ∈ U(s, t),
– if τ(x, y) = d and τ(x⊕s 1, y) = d′ then (d, d′) ∈ H (horizontal constraint);
– if τ(x, y) = d and τ(x, y ⊕t 1) = d′ then (d, d′) ∈ V (vertical constraint);
– τ(i, 0) = wi for 0 ≤ i < n (initial condition).

Bounded domino systems are capable of expressing the computational beha-
viour of restricted, so called simple, Turing Machines (TM). This restriction is
non-essential in the following sense: Every language accepted in time T (n) and
space S(n) by some one-tape TM is accepted within the same time and space
bounds by a simple TM, as long as S(n), T (n) ≥ 2n [BGG97].
Theorem 1 ([BGG97], Theorem 6.1.2). Let M be a simple TM with input
alphabet Σ. Then there exists a domino system D = (D,H, V ) and a linear time
reduction which takes any input x ∈ Σ∗ to a word w ∈ D∗ with |x| = |w| such
that

– If M accepts x in time t0 with space s0, then D tiles U(s, t) with initial
condition w for all s ≥ s0 + 2, t ≥ t0 + 2;

– if M does not accept x, then D does not tile U(s, t) with initial condition w
for any s, t ≥ 2.

Corollary 1. Let M be a (w.l.o.g. simple) non-deterministic TM with time-
(and hence space-) bound 2n

d

(d constant) deciding an arbitrary NExpTime-
complete language L(M) over the alphabet Σ. Let D be the according domino sy-
stem and and trans the reduction from Theorem 1. The following is a NExpTime-
hard problem:

Given an initial condition w = w0, . . . , wn−1 of length n. Does D tile
U(2n

d+1, 2n
d+1) with initial condition w?

Proof. The function trans is a linear reduction from L(M) to the problem above:
For v ∈ Σ∗ with |v| = n it holds that v ∈ L(M) iff M accepts v in time and
space 2|v|d iff D tiles U(2nd+1, 2n

d+1) with initial condition trans(v). ��
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3.2 Defining a Torus of Exponential Size

Just as defining infinite grids is the key problem in proving undecidability by
reduction of unbounded domino problems, defining a torus of exponential size is
the key to obtaining a NExpTime-completeness proof by reduction of bounded
domino problems.
To be able to apply Corollary 1 to TBox consistency for ALCQI we must

characterise the torus Z2n×Z2n with a TBox of polynomial size. To characterise
this torus we will use 2n concepts X0, . . . , Xn−1 and Y0, . . . , Yn−1, where Xi
codes the ith bit of the binary representation of the X-coordinate of an element
a:
For an interpretation I and an element a ∈ ∆I , we define pos(a) by

pos(a) := (xpos(a), ypos(a)) :=
(n−1∑
i=0

xi · 2i,
n−1∑
i=0

yi · 2i
)
, where

xi =

{
0, if a �∈ XI

i

1, otherwise
yi =

{
0, if a �∈ Y I

i

1, otherwise
.

We use a well-known characterisation of binary addition (e.g. [BGG97]) to
relate the positions of the elements in the torus:

Lemma 2. Let x, x′ be natural numbers with binary representations

x =
n−1∑
i=0

xi · 2i and x′ =
n−1∑
i=0

x′
i · 2i.

This implies:

x′ ≡ x+ 1 (mod 2n) iff
n−1∧
k=0

(
k−1∧
j=0

xj = 1)→ (xk = 1↔ x′
k = 0)

∧
n−1∧
k=0

(
k−1∨
j=0

xj = 0)→ (xk = x′
k)

where the empty conjunction and disjunction are interpreted as true and false
respectively.

We define the TBox Tn to consist of the following cardinality restrictions:

(∀ (≥ 1 east  )), (∀ (≥ 1 north  )),
(∀ (= 1 east−1  )), (∀ (= 1 north−1  )),

(≥ 1 C(0,0)), (≥ 1 C(2n−1,2n−1)), (≤ 1 C(2n−1,2n−1)), (∀ Deast �Dnorth),

where we use the following abbreviations: the expression (∀ C) is an abbre-
viation for the cardinality restriction (≤ 0 ¬C), the concept ∀R.C stands for
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(≤ 0 R ¬C), and  stands for an arbitrary concept that is satisfied in all
interpretations (e.g. A � ¬A).
The concept C(0,0) is satisfied by all elements a of the domain for which

pos(a) = (0, 0) holds. C(2n−1,2n−1) is a similar concept, which is satisfied if
pos(a) = (2n − 1, 2n − 1):

C(0,0) =
n−1

⊔

k=0

¬Xk �
n−1

⊔

k=0

¬Yk, C(2n−1,2n−1) =
n−1

⊔

k=0

Xk �
n−1

⊔

k=0

Yk.

The conceptDeast (resp.Dnorth) enforces that along the role east (resp. north)
the value of xpos (resp. ypos) increases by one while the value of ypos (resp. xpos)
stays the same. They exactly resemble the formula from Lemma 2:

Deast =
n−1

⊔

k=0

(
k−1

⊔

j=0

Xj)→ ((Xk → ∀east.¬Xk) � (¬Xk → ∀east.Xk))

�
n−1

⊔

k=0

(
k−1⊔
j=0

¬Xj)→ ((Xk → ∀east.Xk) � (¬Xk → ∀east.¬Xk))

�
n−1

⊔

k=0

((Yk → ∀east.Yk) � (¬Yk → ∀east.¬Yk)).

The concept Dnorth is similar to Deast where the role north has been substituted
for east and variables Xi and Yi have been swapped.
The following lemma is a consequence of the definition of pos and Lemma 2.

Lemma 3. Let I = (∆I , ·I) be an interpretation and a, b ∈ ∆I .

(a, b) ∈ eastI and a ∈ DI
east implies: xpos(b) ≡ xpos(a) + 1 (mod 2n)

ypos(b) = ypos(a)

(a, b) ∈ northI and a ∈ DI
north implies: xpos(b) = xpos(a)

ypos(b) ≡ ypos(a) + 1 (mod 2n)

The TBox Tn defines a torus of exponential size in the following sense:

Lemma 4. Let Tn be the TBox as introduced above. Let I = (∆I , ·I) be an
interpretation such that I |= Tn. This implies

(∆I , eastI ,northI) ∼= (U(2n, 2n), S1, S2)

where U(2n, 2n) is the torus Z2n×Z2n and S1, S2 are the horizontal and vertical
successor relations on the torus.

Proof. We will only sketch the proof of this lemma. It is established by showing
that the function pos is an isomorphism from ∆I to U(2n, 2n). That pos is a
homomorphism follows immediately from Lemma 3. Injectivity of pos is esta-
blished by showing that each element (x, y) ∈ U(2n, 2n) is the image of at most
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one element of ∆I by induction over the Manhattan distance of (x, y) to the up-
per right corner (2n − 1, 2n − 1) of the torus. The base case is trivially satisfied
because Tn contains the cardinality restrictions (≤ 1 C(2n−1,2n−1)). The induc-
tion step follows from the fact that each element a ∈ ∆I has exactly one east-
and north-predecessor (since (∀ (= 1 east−1  )), (∀ (= 1 north−1  )) ∈ Tn) and
Lemma 3. Surjectivity is established similarly starting from the corner (0, 0). ��
It is interesting to note that we need inverse roles only to guarantee that pos is

injective. The same can be achieved by adding the cardinality restriction (≤ (2n ·
2n)  ) to Tn, from which the injectivity of pos follows from its surjectivity and
simple cardinality considerations. Of course the size of this cardinality restriction
would only be polynomial in n if we allow binary coding of numbers. Also note
that we have made explicit use of the special expressive power of cardinality
restrictions by stating that, in any model of Tn, the extension of C(2n−1,2n−1)
must have at most one element. This can not be expressed with a TBox consisting
of terminological axioms.

3.3 Reducing Domino Problems to TBox Consistency

Once Lemma 4 has been proved, it is easy to reduce the bounded domino problem
to TBox consistency. We use the standard reduction that has been applied in
the DL context, e.g., in [BS99].

Lemma 5. Let D = (D,V,H) be a domino system. Let w = w0, . . . , wn−1 ∈ D∗.
There is a TBox T (n,D, w) such that:

– T (n,D, w) is consistent iff D tiles U(2n, 2n) with initial condition w.
– T (n,D, w) can be computed in time polynomial in n.

Proof. We define T (n,D, w) := Tn ∪ TD ∪ Tw, where Tn is defined as above,
TD captures the vertical and horizontal compatibility constraints of the domino
system D, and Tw enforces the initial condition. We use an atomic concept Cd
for each tile d ∈ D. TD consists of the following cardinality restrictions:

(∀
⊔
d∈D
Cd), (∀ ⊔

d∈D

⊔

d′∈D\{d}
¬(Cd � Cd′)),

(∀ ⊔

d∈D
(Dd → (∀east.

⊔
(d,d′)∈H

Cd′))), (∀ ⊔

d∈D
(Dd → (∀north.

⊔
(d,d′)∈V

Cd′))).

Tw consists of the cardinality restrictions
(∀ (C(0,0) → Cw0)), . . . , (∀ (C(n−1,0) → Cwn−1)

where, for each x, y, C(x,y) is a concept that is satisfied by an element a iff
pos(a) = (x, y), similar to C(0,0) and C(2n−1,2n−1).
From the definition of T (n,D, w) and Theorem 4, it follows that each model

of T (n,D, w) immediately induces a tiling of U(2n, 2n) and vice versa. Also, for
a fixed domino system D, T (n,D, w) is obviously polynomially computable. ��
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The next theorem is an immediate consequence of Lemma 5 and Corollary 1:

Theorem 2. Consistency of ALCQI-TBoxes is NExpTime-hard, even if un-
ary coding of numbers is used in the input.

Recalling the note below Lemma 4, we see that the same argument also
applies to ALCQ if we allow binary coding of numbers.
Corollary 2. Consistency of ALCQ-TBoxes is NExpTime-hard, if binary co-
ding is used to represent numbers in cardinality restrictions.

Note that for unary coding we needed both inverse roles and cardinality re-
strictions for the reduction. This is consistent with the fact that satisfiability for
ALCQI concepts with respect to TBoxes consisting of terminological axioms is
still in ExpTime, which can be shown by a reduction to Converse-PDL [GM99].
This shows that cardinality restrictions on concepts are an additional source of
complexity; one reason for this might be that ALCQI with cardinality restric-
tions no longer has a tree-model property in the modal logic sense.

4 Expressiveness of ALCQI
Since reasoning for ALCQI has the same (worst-case) complexity as for C2,
naturally the question arises how the two logics are related with respect to their
expressivity. We show that ALCQI is strictly less expressive than C2.

4.1 A Definition of Expressiveness

There are different approaches to define the expressivity of Description Logics
[Baa96,Bor96,AdR98], but only the one presented in [Baa96] is capable of hand-
ling TBoxes. We will use a definition that is equivalent to the one given in [Baa96]
restricted to a special case. It bases the notion of expressivity on the classes of
interpretations definable by a sentence (or TBox).

Definition 3. Let τ = (NC , NR) be a finite signature. A class C of τ -interpre-
tations is called characterisable by a logic L iff there is a sentence ϕC over τ
such that C = {I | I |= ϕC}.

The class C is called projectively characterisable iff there is a sentence ϕ′
C

over a signature τ ′ ⊇ τ such that C = {I|τ | I |= ϕ′
C}, where I|τ denotes the

τ -reduct of I.
A logic L1 is called as expressive as another logic L2 (L1 ≥ L2) iff, for any

finite signature τ , any L2-characterisable class C can be projectively characterised
in L1.

Since C2 is usually restricted to a relational signature with relation symbols
of arity at most two, this definition is appropriate to relate the expressiveness
of ALCQI and C2. It is worth noting that ALCQI is strictly more expressive
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than ALCQ, because ALCQ has the finite model property [BBH96], while the
following ALCQI TBox has no finite models:

Tinf = {(∀ (≥ 1 R  )), (∀ (≤ 1 R−1  )), (≥ 1 (= 0 R−1  ))}.

The first cardinality restriction requires an outgoing R-edge for every element
of a model and thus each R-path in the model in infinite. The second and third
restriction require the existence of an R-path in the model that contains no cycle,
which implies the existence of infinitely many elements in the model. SinceALCQ
has the finite model property, the class Cinf := {I | I |= Tinf}, which contains
only models with infinitely many elements, can not be projectively characterised
by an ALCQ-TBox.
The translation Ψ from ALCQI-TBoxes to C2 sentences given in Fig. 1 not

only preserves satisfiability, but the translation also has exactly the same models
as the initial TBox. This implies that ALCQI ≤ C2.

4.2 A Game for ALCQI

Usually, the separation of two logics with respect to their expressivity is a hard
task and not as easily accomplished as we have just done with ALCQ and
ALCQI. Even for logics of very restricted expressivity, proofs of separation re-
sults may become involved and complex [Baa96] and usually require a detailed
analysis of the classes of models a logic is able to characterise. Valuable tools
for these analyses are Ehrenfeucht-Fräıssé games. In this section we present an
Ehrenfeucht-Fräıssé game that exactly captures the expressivity of ALCQI.
Definition 4. For an ALCQI concept C, the role depth rd(C) counts the maxi-
mum number of nested cardinality restrictions. Formally we define rd as follows:

rd(A) := 0 for A ∈ NC
rd(¬C) := rd(C)

rd(C1 � C2) := max{rd(C1), rd(C2)}
rd(≥ n R C) := 1 + rd(C)

The set Cnm is defined to consist of exactly those ALCQI concepts that have a
role depth of at most m, and in which the numbers appearing in number restric-
tions are bounded by n; the set Lnm is defined to consist of all ALCQI-TBoxes
T that contain only cardinality restrictions of the form ('( k C) with k ≤ n and
C ∈ Cnm.

Two interpretations I and J are called n-m-equivalent (I≡nmJ ) iff, for all
TBoxes T in Lnm, it holds that I |= T iff J |= T . Similarly, for x ∈ ∆I and
y ∈ ∆J we say that I, x and J , y are n-m-equivalent (I, x ≡nm J , y) iff, for all
C ∈ Cnm it holds that, x ∈ CI iff y ∈ CJ .

Two elements x ∈ ∆I and y ∈ ∆J are called locally equivalent (I, x ≡l
J , y), iff for all A ∈ NC : x ∈ AI iff y ∈ AJ .
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Note that, since we assume τ to be finite, there are only finitely many pairwise
inequivalent concepts in each class Cnm.
We will now define an Ehrenfeucht-Fraisse game for ALCQI to capture the

expressivity of concepts in the classes Cnm: The game is played by two players.
Player I is called the spoiler while Player II is called the duplicator. The spoiler’s
aim is to prove two structures not to be n-m-equivalent, while Player II tries
to prove the contrary. The game consists of a number of rounds in which the
players move pebbles on the elements of the two structures.

Definition 5. Let ∆ be a nonempty set. Let x be an element of ∆ and X a
subset of ∆. For any binary relation R ⊆ ∆ ×∆ we write xRX to denote the
fact that (x, x′) ∈ R holds for all x′ ∈ X. For the set NR of role names let NR
be the union of NR and {R−1 | R ∈ NR}.

A configuration captures the state of a game in progress. It is of the form
Gnm(I, x,J , y), where n ∈ N is a limit on the size of set that may be chosen
during the game, m denotes the number of moves which still have to be played,
and x and y are the elements of ∆I resp. ∆J on which the pebbles are placed.

For the configuration Gnm(I, x,J , y) the rules are as follows:

1. If I, x �≡l J , y, then Player II loses; if m = 0 and I, x ≡l J , y, then Player
II wins.

2. If m > 0, then Player I selects one of the interpretations; assume this is I
(the case J is handled dually). He then picks a role S ∈ NR and a number
l ≤ n. He picks a set X ⊆ ∆I such that xSIX and �X = l. The duplicator
has to answer with a set Y ⊆ ∆J with ySJ Y and �Y = l. If there is no such
set, then she loses.

3. If Player II was able to pick such a set Y , then Player I picks an element
y′ ∈ Y . Player II has to answer with an element x′ ∈ X.

4. The game continues with Gnm−1(I, x′,J , y′).

We say that Player II has a winning strategy for Gnm(I, x,J , y) iff she can
always reach a winning position no matter which moves Player I plays. We write
I, x ∼=nm J , y to denote this fact.

Theorem 3. For two structures I,J and two elements x ∈ ∆I , y ∈ ∆J it holds
that I, x ∼=n+1

m J , y iff I, x ≡nm J , y.
We omit the proof of this and the next theorem. These employ the same

techniques that are used to show the appropriateness of the known Ehrenfeucht-
Fräıssé games for C2 and for modal logics, please refer to [Tob99] for details.
The game as it has been presented so far is suitable only if we have already

placed pebbles on the interpretations. To obtain a game that characterises ≡nm
as a relation between interpretations, we have to introduce an additional rule
that governs the placement of the first pebbles. Since a TBox consists of cardi-
nality restrictions which solely talk about concept membership, we introduce an
unconstrained set move as the first move of the game Gnm(I,J ).
Definition 6. For two interpretations I,J , Gnm(I,J ) is played as follows:
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1. Player I picks one of the structures; assume he picks I (the case J is handled
dually). He then picks a set X ⊆ ∆I with �X = l where l ≤ n. Player II
must pick a set Y ⊆ ∆J of equal size. If this is impossible then she loses.

2. Player I picks an element y ∈ Y , Player II must answer with an x ∈ X.
3. The game continues with Gnm(I, x, I, y).

Again we say that Player II has a winning strategy for Gnm(I,J ) iff she can
always reach a winning positions no matter which moves Player I chooses. We
write I ∼=nm J do denote this fact.

Theorem 4. For two structures I,J it holds that I ≡nm J iff I ∼=n+1
m J .

Similarly, it would be possible to define a game that captures the expressivity
of ALCQI with TBoxes consisting of terminological axioms by replacing the
unconstrained set move from Def. 6 by a move where Player I picks a structure
and one element from that structure; Player II then has to answer accordingly
and the game continues as described in Def. 5.

4.3 The Expressivity Result

We will now use this characterisation of the expressivity of ALCQI to prove
that ALCQI is less expressive than C2. Even though we have introduced the
powerful tool of Ehrenfeucht-Fräıssé games, the proof is still rather complicated.
This is mainly due to the fact that we use a general definition of expressiveness
that allows for the introduction of arbitrary additional role- and concept-names
into the signature.

Theorem 5. ALCQI is not as expressive as C2.

Proof. To prove this theorem we have to show that there is a class C that is
characterisable in C2 but that cannot be projectively characterised in ALCQI:
Claim 1: For an arbitrary R ∈ NR the class CR := {I | RI is reflexive} is not
projectively characterisable in ALCQI. Obviously, CR is characterisable in C2.
Proof of Claim 1: Assume Claim 1 does not hold and that CR is projectively
characterised by the TBox TR ∈ Lnm over an arbitrary (but finite) signature
τ = (NC , NR) with R ∈ NR. We will have derived a contradiction once we have
shown that there are two τ -interpretations A,B such that A ∈ CR, B �∈ CR, but
A ≡nm B. In fact, A ≡nm B implies B |= TR and hence B ∈ CR, a contradiction.
In particular, CR contains all interpretations A with RA = {(x, x) | x ∈ ∆A},

i.e. interpretations in which R is interpreted as equality. Since Cnm contains only
finitely many pairwise inequivalent concepts and CR contains interpretations of
arbitrary size, there is also such an A such that there are two elements x1, x2 ∈
∆A with x1 �= x2 and A, x1 ≡nm A, x2. We define B from A as follows:

∆B := ∆A,

AB := AA for each A ∈ NC ,
SB := SA for each S ∈ NR \ {R},
RB := (RA \ {(x1, x1), (x2, x2)}) ∪ {(x1, x2), (x2, x1)}.
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Since RB is no longer reflexive, as desired B �∈ CR holds. It remains to be shown
that A ≡nm B holds. We prove this by showing that A ∼=n+1

m B holds, which is
equivalent to A ≡nm B by Theorem 4.
Any opening move of Player I can be answered by Player II in a way that

leads to the configuration Gn+1
m (A, x,B, x), where x depends on the choices of

Player I. We have to show that, for any configuration of this type, Player II has
a winning strategy. Since certainly A, x ∼=n+1

m A, x this follows from Claim 2:
Claim 2: For all k ≤ m: If A, x ∼=n+1

k A, y then A, x ∼=n+1
k B, y.

Proof of Claim 2: We prove Claim 2 by induction over k. Denote Player II’s
strategy for the configuration Gn+1

k (A, x,A, y) by S.
For k = 0, Claim 2 follows immediately from the construction of B: A, x ∼=n+1

0
A, y implies A, x ≡l A, y and A, y ≡l B, y since B agrees with A on the inter-
pretation of all atomic concepts. It follows that A, x ≡l B, y, which means that
Player II wins the game Gn+1

0 (A, x,B, y). For 0 < k ≤ m, assume that Player I
selects an arbitrary structure and a legal subset of the respective domain. Player
II tries to answer that move according to S which provides her with a move for
the game Gn+1

k (A, x,A, y). There are two possibilities:
– The move provided by S is a valid move also for the game Gn+1

k (A, x,B, y):
Player II can answer the choice of Player I according to S without violating
the rules, which yields a configuration Gn+1

k−1(A, x′,B, y′) such that for x′, y′

it holds that A, x′ ∼=n+1
k−1 A, y′ (because Player II moved according to S).

From the induction hypothesis it follows that A, x′ ∼=n+1
k−1 B, y′.

– The move provided by S is not a valid move for the game Gn+1
k (A, x,B, y)

This requires a more detailed analysis: Assume Player I has chosen to move
in A and has chosen an S ∈ NR and a set X of size l ≤ n + 1 such that
xSAX. Let Y be the set that Player II would choose according S. This
implies that Y has also l elements and that ySAY . That this choice is not
valid in the game Gn+1

k (A, x,B, y) implies that there is an element z ∈ Y
such that (y, z) �∈ SB. This implies y ∈ {x1, x2} and S ∈ {R,R−1}, because
these are the only elements and relations that are different in A and B.
W.l.o.g. assume y = x1 and S = R. Then also z = x1 must hold, because
this is the only element such that (x1, z) ∈ RA and (x1, z) �∈ RB. Thus,
the choice Y ′ := (Y \ {x1}) ∪ {x2} is a valid one for Player II in the game
Gn+1
m (A, x,B, y): x1R

BY ′ and |Y ′| = l because (x1, x2) �∈ RA.
There are two possibilities for Player I to choose an element y′ ∈ Y ′:
1. y′ �= x2: Player II chooses x′ ∈ X according to S. This yields a configu-
ration Gn+1

k−1(A, x′,B, y′) such that A, x′ ∼=n+1
k−1 A, y′.

2. y′ = x2: Player II answers with the x′ ∈ X that is the answer to
the move x1 of Player I according to S. For the obtained configura-
tion Gn+1

k−1(A, x′,B, y′) also A, x′ ∼=n+1
k−1 A, y′ holds: By the choice of

x1, x2, A, x1 ≡nm A, x2 is satisfied and since k − 1 < m also A, x1 ≡nk−1
A, x2 holds which implies A, x1 ∼=n+1

k−1 A, x2 by Theorem 4. Since Player
II chose x′ according to S it holds that A, x′ ∼=n+1

k−1 A, x1 and hence
A, x′ ∼=n+1

k−1 A, x2 since ∼=n+1
k−1 is transitive.
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In both cases we can apply the induction hypothesis which yields A, x′ ∼=n+1
k−1

B, y′ and hence Player II has a winning strategy for Gn+1
k (A, x,B, y). The

case that Player I chooses from B instead of A can be handled dually. ��
By adding constructs to ALCQI that allow to form more complex role ex-

pressions one can obtain a DL that has the same expressive power as C2, such
a DL is presented in [Bor96]. The logic presented there has the ability to ex-
press a universal role that makes it possible to internalise both TBoxes based
on terminological axioms and cardinality restrictions on concepts.

5 Conclusion

We have shown that, with a rather limited set of constructors, one can define a
DL whose reasoning problems are as hard as those of C2 without reaching the
expressive power of the latter. This shows that cardinality restrictions, although
interesting for knowledge representation, are inherently hard to handle algorith-
mically. At a first glance, this makes ALCQI with cardinality restrictions on
concepts obsolete for knowledge representation, because C2 delivers more ex-
pressive power at the same computational price. Yet, is is likely that a dedicated
algorithm for ALCQI may have better average complexity than the C2 algo-
rithm; such an algorithm has yet to be developed. An interesting question lies
in the coding of numbers: If we allow binary coding of numbers, the transla-
tion approach together with the result from [PST97] leads to a 2-NExpTime
algorithm. As for C2, it is an open question whether this additional exponential
blow-up is necessary. A positive answer would settle the same question for C2

while a proof of the negative answer might give hints how the result for C2 might
be improved.
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Abstract. Hybrid languages are extended modal languages which can
refer to (or even quantify over) states. Such languages are better behaved
proof theoretically than ordinary modal languages for they internalize
the apparatus of labeled deduction. Moreover, they arise naturally in a
variety of applications, including description logic and temporal reason-
ing. Thus it would be useful to have a map of their complexity-theoretic
properties, and this paper provides one.
Our work falls into two parts. We first examine the basic hybrid lan-
guage and its multi-modal and tense logical cousins. We show that the
basic hybrid language (and indeed, multi-modal hybrid languages) are no
more complex than ordinary uni-modal logic: all have pspace-complete
K-satisfiability problems. We then show that adding even one nominal to
tense logic raises complexity from pspace to exptime. In the second part
we turn to stronger hybrid languages in which it is possible to bind nom-
inals. We prove a general expressivity result showing that even the weak
form of binding offered by the ↓ operator easily leads to undecidability.

Keywords. Computational Complexity, Modal and Temporal Logic, Description
Logic, Labeled Deduction.

1 Introduction

Hybrid languages are modal languages which use atomic formulas called nomi-
nals to name states. Nominals are true at exactly one state in any model; they
“name” this state by being true there and nowhere else. Although a wide range
of hybrid languages have been studied, including hybrid languages in which it is
possible to bind nominals in various ways, little is known about their computa-
tional complexity. This paper is an attempt to fill the gap.

Before going further, let’s be precise about the syntax and semantics of the
basic hybrid language H(@), the weakest language we shall consider in the paper.

Definition 1 (Syntax). Let PROP = {p, q, r, . . .} be a countable set of propo-
sitional variables and NOM = {i, j, k, . . .} a countable set of nominals, disjoint
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from PROP. We call ATOM = PROP ∪ NOM the set of atoms. The well-formed
formulas of the hybrid language (over ATOM) are

ϕ := a | ¬ϕ | ϕ ∧ ϕ′ | �ϕ | @iϕ

where a ∈ ATOM, and i ∈ NOM. As usual,�ϕ is defined to be ¬�¬ϕ. A formula
which contains no symbols from PROP is called pure.

Thus, syntactically speaking, the basic hybrid language is a two-sorted uni-modal
language which contains a NOM indexed collection of operators @i. Now for the
semantics.

Definition 2 (Semantics). A (hybrid) model � is a triple � = 〈M,R, V 〉
such that M is a non-empty set, R is a binary relation on M , and V : ATOM
→ Pow(M) is such that for all i ∈ NOM, V (i) is a singleton subset of M . We
usually call the elements of M states, R is the transition relation, and V is the
valuation. A frame is a pair � = 〈M,R〉, that is, a model without a valuation.

Let � = 〈M,R, V 〉 be a model and m ∈ M . Then the satisfaction relation
is defined by:

�,m � a iff m ∈ V (a), a ∈ ATOM
�,m � ¬ϕ iff�,m �� ϕ
�,m � ϕ ∧ ψ iff�,m � ϕ and �,m � ψ
�,m � �ϕ iff ∀m′(Rmm′ ⇒�,m′ � ϕ)
�,m � @iϕ iff�,m′ � ϕ, where V (i) = {m′}, i ∈ NOM.

A formula ϕ is satisfiable if there is a model �, and a state m ∈ M such that
�,m � ϕ. We write � |= ϕ iff for all m ∈ M , �,m � ϕ. If � is a frame, and
for all valuations V on � we have 〈�, V 〉 |= ϕ, we say ϕ is valid on � and write
� |= ϕ.

Because valuations assign singletons to nominals, it is clear that each nominal
is satisfied at exactly one state in any model. And the clause for formulas of the
form @iϕ simply says: to evaluate @iϕ, jump to the unique state named by i
and evaluate ϕ there.

There are at least two reasons for being interested in hybrid languages. First,
they can be seen as modal languages which internalize the ideas underlying
labeled deduction systems. Second, hybrid languages arise naturally in many
applications.

Hybrid languages and labeled deduction Labeled deduction (see [Gab96]) is built
around the notation l :ϕ. Here the meta linguistic symbol : associates the meta
linguistic label l with the formula ϕ. This has a natural modal interpretation:
regard labels as names for states and read l :ϕ as asserting that ϕ is satisfied at
l. Labeled deduction proceeds by manipulating such labels to guide proof search;
the approach has become an important way of handling modal proof theory.

The basic hybrid language places the apparatus of labeled deduction in the
object language: nominals are essentially object-level labels, and the formula @iϕ
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asserts in the object language what i :ϕ asserts in the metalanguage. And indeed,
hybrid languages turn out to be proof-theoretically well behaved. For a start,
the basic hybrid language enables us to directly “internalize” labeled deduction
(see [Bla98]), and to define sequent calculi and natural deduction systems (see
[Sel97]). In fact, even if @ is dropped from the language, elegant Fitting-style
systems which exploit the presence of nominals can be defined (see [Tza98]).

Furthermore, such calculi automatically handle the logics of a wide range of
frame classes, including many that are awkward for ordinary modal logic. To
give a simple example, no ordinary modal formula defines irreflexivity (that is,
no ordinary modal formula is valid on precisely the irreflexive frames). But the
(pure) formula @i¬�i does so, as the reader can easily check. Moreover, when
used as an additional axiom, this formula (and indeed, any pure formula) is
complete with respect to the class of frames it defines. For a full discussion of
these issues, see [Bla98,BT99].

Hybrid languages and applied logic Modal logicians like to claim that notational
variants of modal logics are often reinvented by workers in artificial intelligence,
computational linguistics, and other fields — in this case, it would be more
accurate to say that it is hybrid languages which are reinvented in this way.
For example, it is well known that the description language ALC (see [SSS91])
is a notational variant of multi-modal logic (see [Sch91]). But this relation is
established at the level of what is called the TBox reasoning. TBox reasoning
is complemented with ABox assertions, which corresponds to the addition of
nominals (see [AdR99,BS98]). Moreover, many authors have pointed out how
natural hybrid languages are for temporal reasoning (see [Bul70,Gor96,BT99]).
Among other things, hybrid languages make it possible to introduce specific
times (days, dates, etc.), and to define many temporally relevant frame properties
(such as irreflexivity, asymmetry, trichotomy, and directedness) that ordinary
modal languages cannot handle. Furthermore, if one starts with a modal interval
language and adds nominals and @, one obtains variants of the Holds(t, ϕ)-driven
interval logics discussed in [All84] (with @ playing the role of Holds).

The emergence of hybrid languages in applied logic is not particularly sur-
prising. Modal languages offer a simple notation for modeling many problems
— but the ability to reason about what happens at a particular state is often
important and this is precisely what orthodox modal languages lack. This seems
to have encouraged a drift (often implicit) towards hybrid languages.

Our work falls into two parts. We first examine the basic hybrid language and
its multi-modal and tense logical variants. We show that the basic and even the
multi-modal hybrid languages are no more complex than ordinary uni-modal
logic: all have pspace-complete K-satisfiability problems. We also show that
adding even one nominal to tense logic raises complexity from pspace to exp-
time. In the second part of the paper we turn to stronger hybrid languages in
which it is possible to bind nominals. We shall show, via a general expressiv-
ity result called the Spypoint Theorem, that even the restricted form of binding
offered by the ↓ operator easily leads to undecidability.
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2 Complexity of the basic hybrid language

We begin with a positive result. We know from [Lad77] that ordinary propo-
sitional uni-modal logic has a pspace-complete K-satisfaction problem (the K
meaning that no restrictions are placed on the transition relation R). What
happens when we add nominals and @ to form the basic hybrid language? The
answer (up to a polynomial) is: nothing.

Theorem 1. The K-satisfaction problem for the basic hybrid language is
pspace-complete.

Proof. The lower bound follows from [Lad77]. We show the upper bound by
defining the notion of a ξ-game between two players. We will show that the exis-
tential player has a winning strategy for the ξ-game if and only if ξ is satisfiable.
Moreover every ξ-game stops after at most as many rounds as the modal depth
of ξ and the information on the playing board is polynomial in the length of ξ.
Using the close correspondence between Alternating Turing Machines (ATM’s)
and two player games [Chl86], it is straightforward to implement the problem of
whether the existential player has a winning strategy in the ξ-game on a ptime
ATM. Because any ptime ATM algorithm can be turned into a pspace Turing
Machine program, we obtain our desired result. We present the proof only for
uni-modal H(@); it can be straightforwardly extended to the multi-modal case.

Fix a formula ξ. A ξ-Hintikka set is a maximal consistent set of subformulas
of ξ. We denote the set of subformulas of ξ by SF (ξ). The ξ-game is played as
follows. There are two players, ∀belard (male) and ∃loise (female). She starts
the game by playing a collection {X0, . . . , Xk} of Hintikka sets and specifying a
relation R on them.

∃loise loses immediately if one of the following conditions is false:

1. X0 contains ξ, and all others Xl contain at least one nominal occurring in ξ.
2. no nominal occurs in two different Hintikka sets.
3. for all Xl, for all @iϕ ∈ SF (ξ), @iϕ ∈ Xl iff {i, ϕ} ⊆ Xk, for some k.
4. for all �ϕ ∈ SF (ξ), if RXlXk and �ϕ �∈ Xl, then ϕ �∈ Xk.

Now ∀belard may choose an Xl and a “defect-formula” �ϕ ∈ Xl. ∃loise must
respond with a Hintikka set Y such that

1. ϕ ∈ Y and for all �ψ ∈ SF (ξ), �ψ �∈ Xl implies that ψ �∈ Y .
2. for all @iϕ ∈ SF (ξ), @iϕ ∈ Y iff {i, ϕ} ⊆ Xk, for some k.
3. if i ∈ Y for some nominal i, then Y is one of the Hintikka sets she played at

the start. In this case the game stops and ∃loise wins.

If ∃loise cannot find a suitable Y , the game stops and ∀belard wins. If ∃loise
does find a suitable Y (one that is not covered by the halting clause in item 3
above) then Y is added to the list of played sets, and play continues.

∀belard must now choose a defect �ϕ from the last played Hintikka set with
the following restriction: in round k he can only choose defects �ϕ such that
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the modal depth of �ϕ is less than or equal to the modal depth of ξ minus k.
∃loise must respond as before. She wins if she can survive all his challenges (in
other words, he loses if he reaches a situation where he can’t choose any more
defects).

It is clear that the ξ-game stops after at most modal depth of ξ many rounds.
The size of the information on the board is at any stage of the game polynomial
in the length of ξ, as Hintikka sets are polynomial in the length of ξ and ξ can
only contain polynomially many nominals. We claim that ∃loise has a winning
strategy iff ξ is satisfiable.

Now the right-to-left direction is clear: ∃loise has a winning strategy if ξ
is satisfiable, for she need simply play by reading the required Hintikka sets
off the model. The other direction requires more work. Suppose ∃loise has a
winning strategy for the ξ-game. We shall create a model � for ξ as follows.
The domain M is build in steps by following her winning strategy. M0 consists
of her initial move {X0, . . . , Xn}. Suppose Mj is defined. Then Mj+1 consists of
a copy of those Hintikka sets she plays when using her winning strategy for each
of ∀belard’s possible moves played in the Hintikka sets from Mj (except when
she plays a Hintikka set from her initial move, then of course we do not make
a copy). Let M be the disjoint union of all Mj for j smaller than the modal
depth of ξ. Set Rmm′ iff for all �ϕ ∈ SF (ξ), �ϕ �∈ m ⇒ ϕ �∈ m′ holds, and
set V (p) = {m ∈ M | p ∈ m}. Note that the rules of the game guarantee that
nominals are interpreted as singletons.

We claim that the following truth-lemma holds. For all m ∈ M which she
plays in round j (i.e., m ∈ Mj), for all ϕ of modal depth less than or equal to
the modal depth of ξ minus j, �,m � ϕ if and only if ϕ ∈ m.

Proof of Claim. By induction on the structure of formulas. For atoms, the
booleans and @ the proof is easy. For �, if �ϕ ∈ m, then ∀belard challenged
this defect, so ∃loise could respond with an m′ containing ϕ. Since for all �ϕ ∈
SF (ξ), �ϕ �∈ m ⇒ ϕ �∈ m′ holds, we have Rmm′ and by induction hypothesis
�,m � �ϕ. If �ϕ �∈ m but Rmm′ holds, then by our definition of R, ϕ �∈ m′,
so again �,m �� �ϕ.

Since she plays a Hintikka set containing ξ in the first round, � satisfies ξ.

This result generalizes to the multi-modal case. Recall that in a multi-modal
language we have an indexed collection of modalities [α], each interpreted by
some relation Rα. From [HM92] we know that the K-satisfaction problem for
multi-modal languages is pspace-complete (here the K means that no restrictions
are placed on the individual Rα, or on the way they are inter-related). If we add
nominals and @ to such a language, the previous proof straightforwardly extends
to show that we are still pspace-complete.

We have already mentioned that the description language ALC with asser-
tional axioms is a restriction of multi-modal logic enriched with nominals an @:
nominals cannot be freely used in formulas and can only act as subindices of
the @ operator. The logic ALCO [Sch94] moves closer to H(@) by allowing the
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formation of concepts by means of sets of nominals. Eliminating the restrictions
on @ from such a language in effect would give us an equational calculus for
reasoning about individuals, and make it possible to specify additional frame
properties.

3 Hybrid Tense Logic

The language of tense logic is a bimodal language; its �-modalities are written G
and H and the respective �-modalities F and P. But these modalities are inter-
related: while G and F look forward along the transition relation R, the H and P
modalities look backwards along this relation (that is, H and P are interpreted
using the converse of R). Now, we know from [Spa93b] that the K-satisfaction
problem for tense logic is pspace-complete. However because G and H are inter-
related the results of the previous section are not applicable. And in fact, adding
even one nominal to tense logic causes a jump in complexity from pspace to
exptime, and we don’t need to add @ to obtain this result. Our proof uses the
spy-point technique from [BS95]; we will be exploring this technique in great
detail in the following section when we discuss undecidable systems.

Theorem 2. The K-satisfaction problem for a language of tense logic containing
at least one nominal is exptime-hard.

Proof. We shall reduce the exptime-complete global K-satisfaction problem for
uni-modal languages to the (local) K-satisfaction problem for a basic tense lan-
guage that contains at least one nominal. The global K-satisfaction problem for
uni-modal languages is this: given a formula ϕ in the uni-modal language, does
there exist a Kripke model � such that � |= ϕ (in other words, where ϕ is true
in all states)? The exptime-completeness of this problem is an easy consequence
of (the proof of) the exptime-completeness of modal logic K expanded with the
universal modality in [Spa93a].

Define the following translation function (·)t from ordinary uni-modal for-
mulas to formulas in a tense language that contains at least one nominal i: pt

= p, (¬ϕ)t = ¬ϕt, (ϕ ∧ ψ)t = ϕt ∧ ψt, (�ϕ)t = F(Pi ∧ ϕt). Note that i is a
fixed nominal in this translation. Clearly (·)t is a linear reduction. We claim
that for any formula ϕ, ϕ is globally K-satisfiable if and only if i ∧ G(Pi → ϕt)
is K-satisfiable.

For the left to right direction, let� |= ϕ, where� = 〈M,R, V 〉 is a ordinary
Kripke model. Define �∗ as follows: M ∗ = M ∪ {i}, R∗ = R ∪ {(i,m) | m ∈
M}, V ∗ = V ∪ {(n, {i}) | for all nominals n}. �∗ is a hybrid model where all
nominals (including i) are interpreted by the singleton set {i}, our spy-point. We
claim that for all m ∈M , for all ψ, we have�,m � ψ if and only if�∗ ,m � ψt.
This follows by a simple induction. The only interesting step is for �:

�,m � �ψ
⇐⇒ (∃m′ ∈M) : Rmm′ &�,m′ � ψ
⇐⇒ (∃m′ ∈M ∗) : R∗mm′ &�∗ ,m′ � ψt & R∗im′ (by IH and def. of R∗)
⇐⇒ �∗ ,m � F(Pi ∧ ψt)
⇐⇒ �∗ ,m � (�ψ)t.
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It follows that �∗ , i � i ∧ G(Pi → ϕt), as desired.
For the other direction, let �, w � i ∧ G(Pi → ϕt), where � = 〈M,R, V 〉

is a hybrid model. Define �∗ as follows: M ∗ = {m ∈ M | Rwm}, R∗ = R�M∗ ,
V ∗ = V�M∗ . We claim that for all m ∈ M ∗ , for all ψ, �,m � ψt if and only if
�∗ ,m � ψ. Again we only present the inductive step for �:

�,m � F(Pi ∧ ψt)
⇐⇒ (∃m′ ∈M) : Rmm′ & Rwm′ &�,m′ � ψt

⇐⇒ (∃m′ ∈M ∗) : Rmm′ & Rwm′ &�,m′ � ψt

⇐⇒ (∃m′ ∈M ∗) : R∗mm′ &�∗ ,m′ � ψ (by IH and definition of M ∗)
⇐⇒ �∗ ,m � �ψ.

For all m ∈ M ∗ , Rwm holds, whence for all m ∈ M ∗, �,m � Pi. So, since
�, w � G(Pi → ϕt), for all m ∈ M ∗ , �,m � ϕt. Hence by our last claim
�∗ |= ϕ, which is what we needed to show.

A matching upper bound can be obtained by interpreting the fragment in
the guarded fragment with two variables [Grä97].

4 Binding nominals

Once we are used to treating labels as formulas, it is easy to obtain further
expressivity. For example, instead of viewing nominals as names , we could think
of them as variables over states and bind them with quantifiers. That is, we
could form expressions like

∃x.�(x ∧ ∀y.�(y ∧�y ∧ p)).
This sentence is satisfied at a state w if and only if there is some state x ac-
cessible from w such that all states y accessible from x are reflexive and satisfy
p. Historically, hybrid languages offering quantification over states were the first
to be explored ([Bul70,PT85]). In their multi-modal version, they are essentially
description languages which offer full first-order expressivity (see [BS98]). If the
underlying modal language is taken to be the modal interval logic described in
[Ben83a], the resulting system is essentially the full version of Allen’s Holds(t, ϕ)-
based interval logic in which quantification over t is permitted (see [All84]). But
because they offer full first-order expressivity over states, such hybrid languages
are obviously undecidable.

More recently, there has been interest in hybrid languages which use a weaker
binder called ↓ (see [Gor96,BS95]). Unlike ∃ and ∀, this is not a quantifier: it
is simply a device which binds a nominal to the state where evaluation is being
performed (that is, the current state). For example, the interplay between ↓ and
@ allows us to define the Until operator:

Until(ϕ, ψ) := ↓x.� ↓y.@x(�(y ∧ ϕ) ∧�(�y → ψ)).

This works as follows: we name the current state x, use� to move to an accessible
state, which we name y, and then use @ to jump us back to x. We then use �
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to insist that ϕ holds at the state named y, while ψ holds at all successors of
the current state that precede this y-labeled state.

H(↓,@), the extension of H(@) with the ↓ binder, is proof theoretically well
behaved, and completeness results for a wide class of frames can be obtained
automatically (see [BT99,Bla98,Tza98]). But ↓ turns out to be extremely pow-
erful: not only is H(↓,@) undecidable, the sublanguage H(↓) containing only
the ↓ binder is too. However the only published undecidability result for H(↓)
is the one in [BS95], and this makes use of ↓ over a modal language with four
modalities. In unpublished work, Valentin Goranko, and Blackburn and Selig-
man have proved undecidability in the uni-modal case, but these proofs make use
of propositional variables to carry out the encoding. We are now going to prove
the sharpest undecidability result yet for H(↓) through a general expressivity
result called the Spypoint Theorem. Roughly speaking, the Spypoint Theorem
shows that ↓ is powerful enough to encode modal satisfaction over a wide range
of Kripke models, and that it doesn’t need the help of propositional variables or
multiple modalities to do this.

4.1 The language H(↓, @)

Let’s first make the syntax and semantics of H(↓,@) precise.

Definition 3 (Syntax). As in Definition 1, PROP = {p, q, r, . . .} is a countable
set of propositional variables, and NOM = {i, j, k, . . .} is a countable set of
nominals. To this we add SVAR = {x1, x2, . . .} a countable set of state variables.
We assume that PROP, NOM and SVAR are pairwise disjoint. We call SSYM =
NOM ∪ SVAR the set of state symbols, and ATOM = PROP ∪ NOM ∪ SVAR
the set of atoms. The well-formed formulas of H(↓,@) (over ATOM) are

ϕ := a | ¬ϕ | ϕ ∧ ϕ′ | �ϕ | @sϕ | ↓v.ϕ

where a ∈ ATOM, v ∈ SVAR and s ∈ SSYM.

The difference between nominals and state variables is simply this: nominals
cannot be bound by ↓ whereas state variables can. The notions of free and
bound state variable are defined as in first-order logic, with ↓ the only binding
operator. A sentence is a formula containing no free state variables. A formula
is pure if it contains no propositional variables, and nominal-free if it contains
no nominals. In what follows we assume that some choice of PROP, NOM, and
SVAR has been fixed.

Definition 4 (Semantics). Hybrid models � are defined as in Definition 2.
An assignment g for � is a mapping g : SVAR → M . Given an assignment g,
we define the assignment gvm by gvm(v′) = g(v′) for v′ �= v and gvm(v) = m. We
say that gvm is a v-variant of g.

Let � = 〈M,R, V 〉 be a model, m ∈M , and g an assignment. For any atom
a, let [V, g](a) = {g(a)} if a is a state variable, and V (a) otherwise. Then:



A Road-Map on Complexity for Hybrid Logics 315

�, g,m � a iff m ∈ [V, g](a), a ∈ ATOM
�, g,m � ¬ϕ iff�, g,m �� ϕ
�, g,m � ϕ ∧ ψ iff�, g,m � ϕ and �, g,m � ψ
�, g,m � �ϕ iff ∀m′(Rmm′ ⇒�, g,m′ � ϕ)
�, g,m �↓v.ϕ iff�, gvm,m � ϕ
�, g,m � @sϕ iff�, g,m′ � ϕ, where [V, g](s) = {m′}, s ∈ SSYM.

We write �, g � ϕ iff for all m ∈ M , �, g,m � ϕ, and � |= ϕ iff for all g,
�, g � ϕ.

Thus, as promised, ↓ enables us to bind a state variables to the current state.
Note that, just as in first-order logic, if ϕ is a sentence it is irrelevant which
assignment g is used to perform evaluation. Hence for sentences the relativiza-
tion to assignments of the satisfaction relation can be dropped. A formula ϕ is
satisfiable if there is a model �, an assignment g on �, and a state m ∈ M
such that �, g,m � ϕ.

We can now get down to business. First, we shall present a fragment of first-
order logic (the bounded fragment) which is precisely as expressive as H(↓,@)
and provide explicit translations between these two languages. Secondly, we shall
give an easy proof that (uni-modal) H(↓,@) is undecidable. Third, we shall
show how the dependency in this proof on @ and propositional variables can
be systematically eliminated (in particular, we will show how to encode the
valuation V so that the use of propositional variables can be simulated) and
how we can encode any frame-condition expressible inside the pure fragment of
H(↓). This leads directly to the Spypoint Theorem and our undecidability result.

4.2 H(↓, @) and the bounded fragment

We first relate H(↓,@) to a certain bounded fragment of first-order logic. We
shall work with a first-order language which contains a binary relation symbol
R, a unary relation symbol Pj for each pj ∈ PROP, and whose constants are the
elements of NOM. Obviously any hybrid model � = 〈M,R, V 〉 can be regarded
as a first-order model for this language: the domain of the model is M , the acces-
sibility relation R is used to interpret the binary predicate R, unary predicates
are interpreted by the subsets that V assigns to propositional variables, and con-
stants are interpreted by the states that nominals name. Conversely, any model
for our first-order language can be regarded as a hybrid model. So we shall let
context determine whether we are referring to first-order or hybrid models, and
continue to use the notation � = 〈M,R, V 〉 for models.

First the easy part: we extend the well-known standard translation ST of
modal correspondence theory (see [Ben83b]) to H(↓,@). We assume that the
first-order variables are SVAR∪{x, y} (where x and y are distinct new variables)
and define the required translation by mutual recursion between two functions
STx and STy. Here ϕ[x/y] means “replace all free instances of x by y in ϕ.”
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STx(pj) = Pj(x), pj ∈ PROP. ST y(pj) = Pj(y), pj ∈ PROP.
STx(ij) = x = ij , ij ∈ NOM. ST y(ij) = y = ij , ij ∈ NOM.
STx(xj) = x = xj , xj ∈ SVAR. ST y(xj) = y = xj , xj ∈ SVAR.
STx(¬ϕ) = ¬ST x(ϕ). ST y(¬ϕ) = ¬ST y(ϕ).
STx(ϕ ∧ ψ) = STx(ϕ) ∧ STx(ψ). ST y(ϕ ∧ ψ) = ST y(ϕ) ∧ ST y(ψ).
STx(�ϕ) = ∃y.(Rxy ∧ ST y(ϕ)). ST y(�ϕ) = ∃x.(Ryx ∧ STx(ϕ)).
STx(↓xj .ϕ) = (ST x(ϕ))[xj/x]. ST y(↓xj .ϕ) = (ST y(ϕ))[xj/y].
STx(@sϕ) = (ST x(ϕ))[x/s]. ST y(@sϕ) = (ST y(ϕ))[y/s].

Proposition 1. Let ϕ be a hybrid formula, then for all hybrid models �, m ∈
M and assignments g, �, g,m � ϕ iff � � STx(ϕ)[gxm].

Proof. Induction on the structure of ϕ.

Now for the interesting question: what is the range of ST ? In fact it belongs
to a bounded fragment of our first-order language. This fragment consists of the
formulas generated as follows:

ϕ := Rtt′ | Pjt | t = t′ | ¬ϕ | ϕ ∧ ϕ′ | ∃xi.(Rtxi ∧ ϕ) (for xi �= t).

where xi is a variable and t, t′ are either variables or constants.

Clearly ST generates formulas in the bounded fragment. Crucially, however, we
can also translate any formula in the bounded fragment into H(↓,@) as follows:

HT (Rtt′) = @t�t
′.

HT (Pjt) = @tpj .
HT (t = t′) = @tt

′.
HT (¬ϕ) = ¬HT (ϕ).
HT (ϕ ∧ ψ) = HT (ϕ) ∧HT (ψ).
HT (∃v.(Rtv ∧ ϕ)) = @t� ↓v.HT (ϕ).

By construction, HT (ϕ) is a hybrid formula, but furthermore it is a boolean
combination of @-formulas (formulas whose main operator is @). We can now
prove the following strong truth preservation result.

Proposition 2. Let ϕ be a bounded formula. Then for every first-order model
� and for every assignment g, � � ϕ[g] iff �, g � HT (ϕ).

Proof. Induction on the structure of ϕ.

To summarize, there are effective translations between H(↓,@) and the bounded
fragment.

4.3 Undecidability of H(↓, @)

We are now ready to discuss undecidability. The result we want to prove is this:

The fragment of H(↓) consisting of pure nominal-free sentences has an
undecidable satisfaction problem.
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However we begin by quickly sketching an easy undecidability proof for the
full language H(↓,@). The proof uses the spypoint technique from the previous
section together with results from [Spa93a]. By generalizing the methods used in
this simple proof, we will be lead to the Spypoint Theorem and the undecidability
result just stated.

Hemaspaandra shows in [Spa93a] that the global satisfaction problem of the
uni-modal logic of the class K23 of frames is undecidable. K23 consists of all
modal frames 〈W,R〉 in which every state has at most 2 R-successors and at
most 3 two-step R-successors. We will show that we can reduce the satisfiability
problem of this logic to H(↓,@).

Let Grid be the conjunction of the following formulas:

G1 @s¬�s
G2 @s��
G3 @s(�� ↓x.@s�x)
G4 @s(� ↓y.� ↓x1.@y� ↓x2.@y� ↓x3.(@x1x2 ∨ @x1x3 ∨ @x2x3))
G5 @s(� ↓y.�� ↓x1.@y�� ↓x2.@y�� ↓x3.@y�� ↓x4.(

∨
1≤i�=j≤4 @xixj)).

What does Grid express? Suppose it is satisfied in a model� on a frame (W,R).
Then there exists a state which is named by s (the spypoint). By G1, s is not
related to itself. By G2, s is related to some state, and by G3, every state which
can be reached from s in two steps can also be reached from s in one step.
This means that in �s —the submodel of � generated by s— every state is
reachable from s in one step. NowG4 and G5 express precisely the two conditions
characterizing the class K23 on successors of s. Instead of spelling out this proof
we show that the similar formula @s� ↓y.� ↓x1.@y� ↓x2.@x1x2 expresses that
every successor of s in�s has at most one R-successor. As G4 and G5 follow the
same pattern, it is easy to extend the argument below to verify their meaning.

�, g, s � � ↓y.� ↓x1.@y� ↓x2.@x1x2

⇐⇒ (∀w : sRw) :�, gyw, w � � ↓x1.@y� ↓x2.@x1x2

⇐⇒ (∀u : wRu) :�, (gyw)x1
u , u � @y� ↓x2.@x1x2

⇐⇒ �, (gyw)x1
u , w � � ↓x2.@x1x2

⇐⇒ (∀v : wRv) :�, ((gyw)x1
u )x2

v , v � .@x1x2

⇐⇒ (∀w : sRw)(∀u : wRu)(∀v : wRv) : u = v.

Now we are ready to complete the proof. We claim that for every formula ϕ,

ϕ is globally satisfiable on a K23-frame iff Grid ∧ @s�ϕ is satisfiable.

The proof of the claim is a simple copy of the two constructions given in the
proof of Theorem 2.

4.4 Undecidability of pure nominal-free sentences of H(↓)

We are ready to prove our main result. We do so by analysing the previous proofs
and generalizing the underlying ideas. The models used in the proof of Theorem 2
and the undecidability proof just given both had a certain characteristic form.
Let’s pin this down:
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Definition 5. A model � = (W,R, V ) is called a spypoint model if there is an
element s ∈W (the spypoint) such that

i. ¬sRs;
ii. For all w ∈ W , if w �= s, then sRw and wRs.

Notice that by ii above, any spypoint model is generated by its spy point. We will
now show that with ↓we can easily create spypoint models. On these models we
can create for every variable x introduced by ↓x, a formula which has precisely
the meaning of @x.

Proposition 3. Let � = 〈M,R, V 〉 and s ∈ M be such that �, s �↓s.(¬�s ∧
�� ↓x.�(s ∧�x) ∧��s). Then,

i. �s, the submodel of � generated by s, is a spypoint model with s the
spypoint.

ii. @sϕ is definable on �s by (s ∧ ϕ) ∨�(s ∧ ϕ).
iii. Let g be any assignment. Then for all u ∈ M , �s, g, u � @xϕ iff

�s, g, u � @s(ϕ ∨�(x∧ ϕ)).

Proof. i is immediate. ii and iii follow from the properties of a spypoint model.

Now, spypoint models are very powerful: we can encode lots of information
about Kripke models (for finitely many propositional variables) inside a spypoint
model. More precisely, for each Kripke model �, we define the notion of a
spypoint model of �.

Definition 6. Let � = 〈M,R, V 〉 be a Kripke model in which the domain of
V is a finite set {p1, . . . , pn} of propositional variables. The spypoint model of
� (notation Spy[�]) is the structure 〈M ′, R′, V ′〉 in which

i. M ′ = M ∪ {s} ∪ {wp1 , . . . , wpn}, for s, wp1 , . . . , wpn �∈M
ii. R′ = R ∪ {(s, x), (x, s) | x ∈M ′\{s}} ∪ {(x,wpi ) | x ∈M and x ∈ V (pi)}
iii. V ′ = ∅.

Let {s, xp1 , . . . , xpn} be a set of state variables. A spypoint assignment for this
set is an assignment g which sends s to the spypoint s and xpi to wpi . We use m
as an abbreviation for ¬s ∧ ¬xp1 ∧ . . . ∧ ¬xpn . Note that when evaluated under
the spypoint assignment, the denotation of m in Spy[�] is precisely M .

Spy[�] encodes the valuation on � and we can take advantage of this fact.
Define the following translation from uni-modal formulas to hybrid formulas:

IT (pi) = �(xpi)
IT (¬ϕ) = ¬IT (ϕ)
IT (ϕ ∧ ψ) = IT (ϕ) ∧ IT (ψ)
IT (�ϕ) = �(m ∧ IT (ϕ)).

Proposition 4. Let � be a Kripke model and ϕ a uni-modal formula. Then for
any spypoint assignment g,

� |= ϕ if and only if Spy[�], g, s � �(m → IT (ϕ)).
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Proof. Immediate by the fact that the spypoint is R-related to all states in the
domain of �, and the interpretation of m under any spypoint assignment g.

We modify the hybrid translation HT to its relativized version HTm which also
defines away occurrences of @. Define HTm(∃v.(Rtv ∧ ϕ)) as @t� ↓ v.(m ∧
HTmϕ) and replace all @ symbols by their definition as indicated in Propos-
tion 3.ii and 3.iii.

The crucial step is now the fact that ↓ is strong enough to encode many
frame-conditions.

Proposition 5. Let � = 〈M,R, V 〉 be a Kripke model. Let C(y) be a formula
in the bounded fragment in the signature {R,=}. Then for any assignment g,

〈M,R〉 |= ∀y.C(y) if and only if Spy[�], g, s � � ↓y.(m → HTm(C(y))).

Proof. Immediate by the properties of HT , Proposition 3, and the fact that the
spypoint is R-related to all states in the domain of �.

Theorem 3 (Spypoint theorem).Let ϕ be a uni-modal formula in {p1, . . . , pn}
and ∀y.C(y) a first-order frame condition in {R,=} with C(y) in the bounded
fragment. The following are equivalent.

i. There exists a Kripke model � = 〈M,R, V 〉 such that 〈M,R〉 |= ∀y.C(y)
and � |= ϕ.

ii. The pure hybrid sentence F in the language H(↓) is satisfiable. F is

↓s.(SPY ∧� ↓xp1 .@s� ↓xp2@s . . .� ↓xpn .@s(DIS ∧ VAL ∧ FR)),

where
SPY = ¬�s ∧ �� ↓x.�(s ∧�x) ∧ ��s
DIS = �(

∧
1≤i≤n(xpi →

∧{¬xpj | 1 ≤ j �= i ≤ n}))
VAL = �(m → IT (ϕ))
FR = � ↓y.(m → HTm(C(y)).

Proof. The way we have written it, F contains occurrences of @s; but this does
not matter, by Proposition 3 all these occurrences can be term-defined. So let’s
check that F works as claimed.

For the implication from i to ii, let � be a Kripke model as in i. We claim
that Spy[�], s � F . The first conjunct of F is true in Spy[�] at s by Proposi-
tion 3. The diamond part of the second disjunct can be satisfied using any spy-
point assignment g. In the spypoint model all wpi are pairwise disjoint, whence
Spy[�], g, s � DIS . By Propositions 4 and 5, also Spy[�], g, s � VAL ∧ FR.

For the other direction, let �, s � F . By Proposition 3, the submodel �s =
〈Ms, Rs, Vs〉 generated by s is a spypoint model. Let g be the assignment such
that �, g, s � DIS ∧ VAL ∧ FR. By DIS , g(xpi) �= g(xpj ) for all i �= j, and
(since ¬sRs) also g(xpi) �= s, for all i. Define the following Kripke model �′ =
〈M ′, R′, V ′〉, where

M ′ = M \ {g(s), g(xp1), . . . , g(xpn)}
R′ = R �M ′

V ′(pi) = {w | wRg(xpi )}.
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Note that Spy[�′] is precisely �s, and g is a spypoint assignment. But then by
Propositions 4 and 5 and the fact that �s, g, s � VAL ∧ FR, we obtain �′ |= ϕ
and 〈M ′ , R′〉 |= ∀y.C(y).

The proof of the claimed undecidability result is now straightforward.

Corollary 1. The fragment of H(↓) consisting of all pure nominal-free sen-
tences has an undecidable satisfaction problem.

Proof. We will reduce the undecidable global satisfaction problem in the uni-
modal language over the class K23, just as we did in our easy undecidability
result for H(↓,@). The first-order frame conditions defining K23 are of the form
∀y.C(y) with C(y) in the bounded fragment. (This is easy to check. For instance,
y has at most two successors can be written as ∀x1.(yRx1 → ∀x2.(→ ∀x3. →
(x1 = x2∨x1 = x3∨x2 = x3))).) Now apply the Spypoint Theorem. The formula
F (after all occurrences of @s have been term-defined) is a pure nominal-free
sentence of H(↓), and the result follows.

Because of the generality of the Spypoint Theorem, it seems unlikely that even
restricted forms of label binding will lead to decidable systems. For this reason,
much of our ongoing research is focusing on binder free systems, such as Un-
til -based languages enriched with nominals and @, and modal languages with
counting modalities (these are widely used in description logic) enriched in the
same way.

5 Concluding remarks

In this paper we have examined the complexity of a number of hybrid languages.
Our results have been both positive and negative and we sum them up here:

1. Adding nominals and @ to the uni-modal language, or even the multi-modal
language, does not lead to an increase in complexity: K-satisfiability remains
pspace-complete.

2. On the other hand, adding even one nominal to the language of tense logic
takes the complexity from pspace-complete to exptime-complete.

3. We provide a simple proof of the known fact that H(↓,@) is undecidable.
Furthermore, we prove that very restricted use of ↓ leads already to unde-
cidability. In fact, undecidability strikes even in the sentential fragment of
the uni-modal language without @ or propositional variables.

Furthermore, a simple extension of the undecidability proof provided in this
paper shows that this last fragment is even a conservative reduction class in the
sense of [BGG97].

Needless to say, the results we presented conform just a preliminary sketch of
the complexity-theoretic territory occupied by hybrid languages. The spectrum
of plausible directions for further work is huge. As an example, we have only
considered logics with full Boolean expressive power. In the description logic
community fragments which restrict negation or dissallow disjuctions (aiming to
obtain good computational behavior) are standard. Again, the generality of the
Spypoint Theorem will be of much help in mapping this new variations.
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Abstract. We define a monadic logic MonadicNLIN which is a frag-
ment of Grandjean’s logic for the class NLIN of problems solvable in lin-
ear time on nondeterministic random–access machines. This logic oper-
ates on functional rather than the usual relational structures of finite
model theory, and we adapt the notions of quantifier–free interpretation
and reduction to this functional setting. We also introduce the notion of
compatible successor function, which, in our setting, replaces the built–
in linear order relations used in logical characterisations of complex-
ity classes. We show that MonadicNLIN is closed under quantifier–free
functional reductions, that CNF–SAT is complete for MonadicNLIN
under these reductions, and that MonadicNLIN contains a large num-
ber of NP–complete problems, but not the set of connected graphs.

Keywords: descriptional complexity, computational complexity, functional str-
uctures, linear time

1 Introduction

Following Fagin’s seminal paper [Fag74], logical characterisations of complexity
classes have become a very active research area, and today, for most major
classes of computational complexity such characterisations have been found (cf.
[Imm99]). Apart from providing a static, syntactic description of a dynamic,
semantic notion, one main aspect of most of these characterisations is that they
are in terms of relational structures, without any explicit reference to string
encodings. For instance, by Fagin’s theorem, the class of graph problems in NP
is the class of those sets of graphs that can be defined in existential second–order
logic, Σ1

1 , on graphs, i.e., over a signature containing one single binary predicate
symbol (for the edge relation). This is possible where complexity classes are
insensitive to the precise nature of input encodings; for most classes, this can
vary in length within a polynomial without affecting the class. The situation is
quite different if we consider more fine–grained complexity classes, e.g., linear
time. Although frequently used in algorithm design, this notion is far from having
a generally accepted, precise definition. It seems to depend too strongly on details
of both, the computational model, and the input representation. For instance,
in the case of graph algorithms, linear usually means linear in |V |+|E|. This
calls for a different high–level representation of graphs, with a universe which
consists of both, vertices and edges. Although such representations had been used

J. Flum and M. Rodríguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 322−337, 1999.
 Springer-Verlag Berlin Heidelberg 1999



before, with the graph structure given by the incidence relation (cf. [Cou94]), one
further idea was needed in order to model linear time on graphs: in [GO94,GO96],
Grandjean and Olive gave a logical characterisation of the class NLIN (linear
time on nondeterministic random–access machines) on functional structures.
In this setting, a graph is represented by two functions, head and tail, which
map edges to their endpoints. This representation corresponds rather closely to
the adjacency lists used in algorithm design, and Grandjean and Olive showed,
building on an earlier logical characterisation over strings, given by Grandjean
([Gra94b,Gra94a,Gra96]), that NLIN contains precisely those sets of functional
structures which can be defined by formulae of the form ∃f̄∀xϕ, where f̄ is a
list of unary function symbols, and ϕ is a quantifier–free first–order formula.

One central motivation for studying logical characterisations of complexity classes
is the hope that it might be possible to bring tools from logic to bear on complex-
ity theoretic problems. In an attempt to shed light on theNP vs. coNP problem,
Fagin investigated the class MonadicNP of those problems which are defined by
sentences in the logic MonadicΣ1

1 , the restriction of Σ1
1 in which second–order

quantifiers range only over sets, instead of arbitrary relations ([Fag75]). This
class still contains NP–complete problems, but Fagin showed that it does not
contain the set of connected graphs (hence is not closed under complement).

In this paper we pursue a similar programme for NLIN. By restricting the scope
of the second–order quantifiers in the above formula to sets rather than func-
tions, we define the class MonadicNLIN, a subclass of NLIN which possesses
a number of interesting properties: it contains a large number of NP–complete
problems and consists of precisely those problems which are reducible to CNF–
SAT by quantifier–free reductions. On the other hand there are computationally
simple problems not contained in it, notably, as in the case of monadicNP, the
set of connected graphs.

In the course of our investigations we have to adapt notions and methods from
the realm of relational to that of functional structures. This concerns the notions
of (quantifier–free) interpretation and reduction, which, mainly due to the pos-
sibility of nested terms, become more complicated in our setting.
More importantly, however, we also have to deal with the problem of input rep-
resentation, which cannot be ignored in the context of linear time. In order to
model the sequentiality of computation, logics which are intended to characterise
complexity classes, have to make use of some kind of order or successor on the
input data. If the logic is expressive enough, as in the case of Σ1

1 , or Grandjean’s
logic, such an order can be quantified. In the case of weaker logics, however, one
has to assume the structures to be given with a built–in order. Since we want to
express properties of structures which are independent of the particular choice
of an order, in this situation, we usually restrict the logic to order–independent
formulae: such a formula holds either for all orderings of the structure, or for
none (cf., e.g., [Imm99]). In our context order–independence is quite a delicate
notion, since subclasses of linear time are not necessarily entirely independent
of the input order. When designing an algorithm, we usually assume the input
graph to be given in some systematic way, e.g., in form of an adjacency list.
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However, the order in which vertices appear in this input should be irrelevant,
as long as this systematic form is retained – in the case of adjacency lists this
means that edges adjacent to one vertex appear in direct succession. We model
this restriction on the input order with the notion of a compatible successor func-
tion and require the validity of formulae to be invariant under different choices
of compatible successors.

2 MonadicNLIN

In this section we first specify the signatures σ of our logic. Then, we describe
extensions σ′ of these signatures with additional symbols interpreted “compati-
bly” with the original ones and specify the syntax of a MonadicNLIN formula.

Definition 1 (unary functional structure).

• A unary functional signature a finite set of function symbols of arity1 ≤ 1.
• A unary functional structure is a finite structure over a unary functional
signature.

In the following “functional signature (structure)” will always mean “unary func-
tional signature (structure)”. We presume that in every functional signature
there is at least one constant symbol, nil, and one unary function symbol. If
there is more than one constant we will use the symbols 0, 1, . . . , n, with 0 as a
synonym for nil.

Examples 1
1. We view a directed graph as a functional structure whose universe can be
partitioned into vertices, edges and an element nil, with functions head and tail
mapping edges to vertices: tail maps an edge to its starting vertex and head
maps it to its target vertex. Vertices are characterised by the fact that they are
mapped by head and tail to the constant nil, which we assume to be a fix-
point of both head and tail. Hence, a directed graph is a σG–structure G – with
σG := {head, tail, nil} consisting of unary function symbols head and tail and
constant symbol nil – in which the universe is partitioned by the predicates
NIL(x) :↔ head(x)=tail(x)=x=nil, E(x) :↔ V (head(x)) ∧ V (tail(x)), and
V (x) :↔ ¬NIL(x) ∧NIL(head(x)) ∧NIL(tail(x)).

2. We view a Boolean formula in CNF as a functional structure whose universe
can be partitioned into clauses, occurrences, variables and elements 0 and 1 and
where a function junction maps clauses to 0, variables to 1 and occurences
to clauses, a function var maps occurrences to variables or to 0 (FALSE) or
1 (TRUE) and a function neg maps occurrences to {0, 1} (positive or nega-
tive occurrence). Thus, a Boolean formula in CNF is a σCNF –structure B, with
σCNF := {junction, var, neg, 0, 1}, where the partition of the universe into zero,
one, variables, occurrences, and clauses can easily be expressed in first order by
predicates ZERO, ONE, V , C, O.
1 By “function symbol of arity 0” we mean a constant symbol.
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a b

d c

nil

a c d b

(a, b) (a, d) (d, c) (d, b) (b, c)

Fig. 1. A graph, and its function graph of tail.

(¬x1 ∨ x2) ∧ (¬x3 ∨ 1) ∧ (x1 ∨ ¬x2 ∨ x3)

0

c1 c2 c3

o1 o2 o3 o4 o5 o6 o7

x1 x2 x3

1

Fig. 2. A CNF–formula and its function graph. The function junction is represented
by solid, var by dotted, and neg by dashed lines. Function values not shown are all 0.

3. Boolean formulae in k–CNF, i.e., with precisely k literals per clause, can be
represented more easily: Here the universe consists of 0, 1, a set C of clauses and
a set V of variables, and we have k functions f1 . . . , fk : C → V to indicate the
variable for each literal, and k functions neg1, . . . , negk : C → {0, 1} to indicate
which variables occur negated. Thus these formulas are σkCNF –structures, with
signature σkCNF := {f1, . . . , fk, neg1, . . . , negk, 0, 1}.

We want to define sets of functional structures by syntactic restrictions on
Grandjean’s logic – which already is quite restrictive. In order to obtain some-
thing computationally meaningful, we have to provide some means of expressing
a systematic exploration of the structure. In other contexts, this is usually done
by a built–in linear order relation; in our functional setting, we use successor
functions instead. However, not every successor will be equally useful: in order
to explain our choice of successor, let us look at the example of graphs. Algo-
rithms on graphs often assume the input to be given in the form of an adjacency
list, i.e. an array (or a linked list) of pairs 〈v, l(v)〉, where each v ∈ V appears
precisely once, and l(v) is a linked list of all the edges leaving v. Such an adja-
cency list induces the successor function which starts with the first vertex in
the main list, after each vertex v enumerates all of l(v) and at the end of l(v)
continues with the vertex which succeeds v in the main list. If we transfer this
successor function onto our functional representation of the graph we see that
it corresponds to the preorder generated by a depth-first traversal of the rooted
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a a b a d

c

d d b d c

b b c

Fig. 3. An adjacency list representation of the graph of Figure 1

tree given by the function tail: such a traversal starts at nil, next it will visit
a vertex, after each vertex v all edges e with tail(e) = v are visited before the
traversal moves on to some other vertex, and so on. Over graphs, the compati-
ble successor functions on V ∪ E will be just those derived in this way from an
adjacency list representation of G.
Now the correctness of an algorithm on adjacency lists should not depend on
the order in which the vertices appear in the main list, nor on the order of any
of the edge lists. Correspondingly, when describing a graph property by a logical
formula φ containing a successor function symbol s we want
• s to be interpreted by a successor function which corresponds to an adjacency

list representation
• φ’s validity on a given graph G to be independent of which adjacency list

representation of G is modeled by s.
When dealing with general functional structures, there is no distinguished func-
tion - even on graphs we might as well use head instead of tail, which would give
us a successor corresponding to the dual adjacency list with lists of incoming
rather than outgoing edges. A further complication arises from the fact that, in
general, function graphs are not trees but unions of components each of which
consists of a set of trees whose roots are connected in a cycle.
The following definitions take this into account.

Definition 2 (compatible successors).
Let U be a finite set and let f : U → U be a function.

• Let f define a connected graph F = {(u, f(u)) | u ∈ U}. Since there is
exactly one cycle C in F , deleting one pair (u′, f(u′)) in C leaves a tree,
which we denote by Fu′ .
A successor function spref on U is pre–compatible with f if there is a u′ such
that spref is obtained by a preorder traversal of Fu′ , i.e., a depth first traversal
of Fu′ which lists the elements of U the first time they are encountered during
the traversal.
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• For general f a successor function spref on U is pre–compatible with f , if
it is pre–compatible with f on every connected component of F = {(u, f(u)) |
u ∈ U}.

• Analogously, a successor function spostf is post–compatible with f if, for
some u′, it is obtained by a depth first traversal of Fu′ which lists the elements
of U the last time they are encountered during the traversal.

Examples 2
1. A successor function on the graph of Figure 1 precompatible with tail is drawn
in Figure 4.

nil

a c d b

(a, b) (a, d) (d, c) (d, b) (b, c)

Fig. 4. The successor function is shown by solid arcs.

2. Let B be a {junction, var, neg, 0, 1}–structure representing a Boolean formula
in CNF. A successor function s pre–compatible with junction starts with one of
the elements 0 and 1. If it starts with 1, this element is followed by a list of the
variables followed by the element 0; then the clauses follow but with a list of all
its occurrences inserted immediately after each clause. If s starts with 0 then the
parts (1, variables)(0, clause, occurrences, clause ...) are interchanged.

Definition 3 (MonadicNLIN). Let σ be a unary functional signature.
1. Set σsucc :=
σ ∪ {spref , spostf ,minpref ,maxpref ,minpostf ,maxpostf | f ∈ σ, f has arity 1} where
the spref , spostf ,minpref ,maxpref ,minpostf ,maxpostf are function symbols of arities
1,1,0,0,0 and 0, respectively. Let σ ⊆ σ′ ⊆ σsucc and set σs := σ′ \ σ. We say
that a σ′-structure A′ is a compatible σ′-extension of a σ-structure A if

• UA′
= UA and fA′

= fA for f ∈ σ and
• the symbols spref resp. spostf in σ′ are interpreted in A′ as successor func-
tions pre–compatible resp. post–compatible with f and the constant symbols
minpref ,maxpref ,minpostf ,maxpostf as the respective minima and maxima.

Let B be a functional structure over the signature σ representing a relational
structure A as in Example 1.1. We will call (cf. Section 4) any compatible σ′–
extension B′ of B an admissible representation of A.
2. A σ–property P (i.e. a class P of σ–structures which is closed under σ–
isomorphisms) is a MonadicNLINσ,σ′–property, if σ ⊆ σ′ ⊆ σsucc and there is
a second–order formula Φ[σ′] such that
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• Φ is of the form ∃X̄∀xφ where X̄ is a tupel of unary second–order variables
and φ is a quantifier–free σ′–formula in the Xi and in one first–order variable
x and

• for any σ–structure A and any compatible σ′–extension A′ of A we have

A ∈ P ⇐⇒ A′ |= Φ.

3. We write
• P ∈ MonadicNLINσ,σ′ if P is a MonadicNLINσ,σ′–property,
• P ∈ MonadicNLINσ if P is a MonadicNLINσ,σ′–property for some σ′

and
• P ∈ MonadicNLIN if P ∈ MonadicNLINσ for some σ.

The name MonadicNLIN and the syntax of our formulae are motivated by the
logic ∃f̄∀x φ, with unary function variables f̄ , which on functional structures
characterises NLIN, i.e. non-deterministic linear time on Grandjean’s RAM–
model, [GO96]. The restriction to linear time is reflected both by the restricted
first-order syntax and the use of unary functional structures. We give some evi-
dence that our restriction to monadic second-order quantification still defines an
expressive class.

Proposition 1.
The following problems are in MonadicNLIN: 3COL, KERNEL, CNF–SAT,
2PPM 2.

Proof: To illustrate the use of the successors, we sketch the proof for CNF–SAT:
Let F be a Boolean formula in CNF. Denote an assignment of truth values by
a partition of the variables into sets P (truth value 1) and ¬P (truth value 0).
Given a successor function on the occurrences, F ∈ CNF − SAT iff there is P
and a predicate R(x) (“Red”) on the occurrences such that
1. in each clause, the first occurrence is red if and only if it is satisfying;
2. the successor of an occurence o is red if and only if it is satisfying or o is red;
3. the last occurrence in each clause is red.
We can express that x is a satisfying occurrence wrt P by a formula satP (x).
Hence, with a junction-precompatible successor s we can express 1.–3.:
1. by φ1(x) = [C(x) ∧O(s(x))] → [R(s(x)) ↔ satP (s(x))],
2. by φ2(x) = O(x) → [R(s(x)) ↔ (satP (s(x)) ∨R(x))],
3. by φ3(x) = [(O(x) ∧ C(s(x))) ∨ x = max] → R(x). ✷

3 Quantifier–free reductions and the completeness of
CNF–SAT

In this section we define a way to interpret one functional signature τ in terms
of another functional signature σ in analogy to the relational interpretations of
[Cos93]. We derive natural notions of reduction and of MonadicNLIN–completeness,

2 2–partition into perfect matchings, cf. [Cre95]
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and show that MonadicNLIN is closed under these reductions and that CNF–
SAT is MonadicNLIN–complete.
We sketch the idea behind our notion of interpretation first: Basically an inter-
pretation I associates to every function symbol g in τ a σ–term t. Evaluated
in a given σ–structure A with universe A, t(a) defines the value of g(a) for any
a ∈ A.3 Thus an interpretation I of τ in σ associates to every σ–structure a
τ–structure I(A). We use two generalisations: 1. The values of g in I(A) will be
defined by a case–distinction expressed by σ–formulae φr: If for a ∈ A we have
A |= φr(a) then we will evaluate a corresponding σ–term tr(a) to obtain g(a).4

2. We will allow interpretations for which the universe of I(A) consists of c copies
of the universe of A, i.e. consists of elements (a, i), k = 1, ..., c where the constant
c is given by the interpretation5. In such a case we have to define g on each of
the c “levels” of the universe of I(A) and want to be able to express that (a, k)
is mapped to (a′, l) on a possibly different level l. Such a definition is formalized
by σ–formulae φkl and σ–terms tkl describing that g(a, k) = (tkl(a), l) whenever
A |= φkl(a).6

Definition 4 (qffi). Let σ and τ be functional signatures. A 1–dimensional
quantifier–free functional interpretation of τ in σ or qffi of τ in σ, for short, is
a tupel I = (c, c̄, φ̄, t̄) where
• c is a natural number, the length of I • c̄ is a |τ |c2–tupel of natural numbers
cgkl (g ∈ τ , k, l = 1, . . . , c), • φ̄ is a tuple of quantifier–free σ–formulae φrgkl
(g ∈ τ ; k, l = 1, . . . , c; r = 1, . . . , cgkl)
- if g has arity 0, i.e. if g is a constant, then the φrgkl are variable-free for-
mulae and for any σ–structure A exactly one of the φrgkk, k = 1, . . . , c,
r = 1, . . . , cgkk is true, and
- if g has arity 1, then the φrgkl have one variable and for fixed k and for
any σ–structure A, the φrgkl, l = 1, . . . , c, r = 1, . . . , cgkl define a partition
on the universe of A, i.e. exactly one φrgkl holds for any one element in the
universe of A7,

• t̄ is a tupel of σ–terms trgkl (g ∈ τ , k, l = 1, . . . , c; r = 1, . . . , cgkl).

A 1–dimensional quantifier–free functional interpretation defines for every σ–
structure A a τ–structure B := I(A) where UB := {(a, i) | a ∈ UA, 1 ≤ i ≤ c},
a constant symbol g ∈ τ is interpreted by gB = (a′, k) iff (A |= φrgkk and
A |= a′ = trgkk(a)) and a function symbol g by gB((a, k)) = (a′, l) iff (A |= φrgkl(a)
and A |= a′ = trgkl(a)).

3 If g has arity 0, t is a closed term.
4 We will stipulate, of course, that the φr define a partition on the universe of A, i.e.

that every a ∈ A satisfies precisely one of the φr.
5 Cosmadakis introduced this generalisation in the relational setting when studying

Monadic NP, [Cos93].
6 Again, we have to stipulate that for a given k the φr

kk′ define a partition on the
universe of A.

7 As for the constants, this condition is not meant to contradict the syntactical char-
acter of the definition: think of the φi as of a sequence φi ∧∧

i′<i ¬φi′ with a final
catch–all formula

∨
i<imax

¬φi.
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Example 1. Consider the well–known reduction from 2–SAT to graphs which
do not contain certain cycles. Given a formula in 2–CNF, a graph is con-
structed as follows: For every variable v, there are two vertices, (v, 1), (v, 0),
(representing v and ¬v, respectively), and for every clause c which contains vari-
ables v, w, there are two edges (c, 0), (c, 1): if both variables occur unnegated
in c, then (c, 0) = 〈(v, 0), (w, 1)〉, (c, 1) = 〈(w, 0), (v, 1)〉, if v occurs negated, w
unnegated, then (c, 0) = 〈(v, 1), (w, 1)〉, (c, 1) = 〈(w, 0), (v, 0)〉, etc. (just view
these edges as the representation of the two implications equivalent to c). The

clause c = (v ∨ ¬w), for instance, is modeled by the subgraph:
(v,0) (w,1)

(v,1) (w,0)
This construction is easily modeled as a qffi of length 2 of σG in σ2CNF , (cf.
Example 1). We let φnil,0,0(x) = (x=0), and define the functions head and tail
in such a way that, in accordance with the above construction, if both variables
in c are unnegated then tail(c, 0) = (f1(c), 0), head(c, 0) = (f2(c), 1), etc. More
precisely, our formulae and terms for tail are as follows: (the ones for head are
formed analogously):
φ1
tail,0,0 = C(x)∧ neg1(x)=0, t1tail,0,0(x) = f1(x), φ2

tail,0,0 = ¬C(x), t2tail,0,0(x) =
0, φ1

tail,0,1 = C(x)∧neg1(x)=1, t1tail,0,1(x) = f1(x), φ1
tail,1,0 = C(x)∧neg2(x)=0,

t1tail,0,1(x) = f2(x), φ2
tail,1,0 = ¬C(x), t1tail,1,0(x) = 0, φ1

tail,1,1 = C(x)∧neg2(x)=1,
t1tail,1,1(x) = f2(x).

Definition 5 (qffr(σ′, τ ′)).
1. Let P be a property of σ–structures, Q a property of τ–structures and I a qffi
of τ ′ in σ′.
I is a 1–dimensional quantifier–free functional (σ′, τ ′)–reduction compatible with
successors (qffr(σ′, τ ′)) from P to Q if for every σ–structure A and each com-
patible σ′–extension A′

• the τ ′–structure B′ := I(A′) is a compatible τ ′–extension of some τ–structure
B and
• A ∈ P iff B ∈ Q.

2. P is qffr(σ′, τ ′)–reducible to Q (P ≤qffr
σ′,τ ′ Q) if there is a qffr(σ′, τ ′) from P

to Q.

Example 2 (continued). In order to obtain the mentioned reduction from 2–
SAT, we extend our graph signature σG by an additional function symbol pair,
and consider graphs on which pair maps vertices pairwise onto each other,
i.e., pair(pair(v)) = v, for all vertices v. Interpreting pair(v) by φ1

pair,0,1(x) =
φ1
pair,1,0(x) = V (x), t1pair,0,1(x) = t1pair,1,0(x) = x, pair maps corresponding ver-

tices onto each other, and setting φ2
pair,1,0(x) = φ2

pair,0,0(x) = ¬V (x) t2pair,1,0(x) =
t2pair,0,0(x) = 0, we make sure that pair maps all other objects onto nil. This
extends our interpretation to a reduction from the set of satisfiable formulas in
2–CNF to the set of those graphs with pairing function, in which no pair of
vertices lies on one cycle.

Next we want to prove a closure property of MonadicNLIN wrt qffrs.
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Proposition 4 Let I = (c, c̄, (φrgjk), (t
r
gjk)) be a qffi of τ in σ, and let Φ =

∃X1 · · · ∃Xn ∀xϕ be a τ–formula, where ϕ is quantifier–free. Then there is a
σ–formula ΦI = ∃Y ∀ y ψ, with quantifier–free ψ, such that for every σ–structure
A it holds that A |= ΦI ⇐⇒ I(A) |= Φ.

Before proving the proposition, we derive the closure property from it:

Theorem 1. If Q ∈ MonadicNLINτ,τ ′ and P is a σ–property such that P ≤qffr
σ′,τ ′

Q then P ∈ MonadicNLINσ,σ′ .

Proof of Theorem 1: Let I be a qffi of τ ′ in σ′ and let Φ be a τ ′–formula which
proves Q ∈ MonadicNLIN. Let A be a σ–structure and A′ be a compatible σ′–
extension of A. Then I(A′) is a compatible τ ′–extension of some τ–structure B,
and it holds that

A ∈ P ⇐⇒ B ∈ Q ⇐⇒ I(A′) |= Φ ⇐⇒ A′ |= ΦI .

Thus ΦI characterises P, hence P ∈ MonadicNLINσ,σ′ . ��
Proof of Proposition 4:
We want ΦI to hold in A iff Φ holds in I(A), whose universe consists of c copies
of A, the universe of A. Therefore, we replace the first–order part of Φ, ∀xϕ, by

the formula ∀ y
c∧

j=1

ψj , with the intention that ψj(a) holds in A iff ϕ(a, j) holds

in I(A). In order to construct ψj from ϕ, we replace every atom by the formula
which interprets it according to I. Let us first consider an atom without nested
terms. This can be of one of the following forms.

– Xi(x). We want to express that (a, j) ∈ Xi. To this end we replace the
variable Xi by c variables Yi,1, . . . , Yi,c with the intended interpretation
(a, j) ∈ Xi ⇐⇒ a ∈ Yi,j . Therefore the atom Xi(x) is replaced by Yi,j(y).

Thus our formula ΦI is of the form ∃Y1,1 · · · ∃Yc,n ∀ y
c∧

j=1

ψj .

– Xi(fx), for some f ∈ τ . We want to express that f(a, j) ∈ Xi. Since f(a, j)
may reside on any level k of I(A), we have to consider all these cases. The
formulae φrfjk, where k = 1, . . . , c, r = 1, . . . , cfjk, partition A, so we can

write
c∨

k=1

cfjk∨
r=1

(φrfjk(y) ∧ Yik(trfjk(y))).

– fx = x. This can be true for (a, j) only if f(a, j) also lies on level j, i.e., if
one of φ1

fjj , . . . , φ
cfjj

fjj holds for a. Thus we replace the atom fx = x by the

formula
cfjj∨
r=1

(φrfjj(y) ∧ y=trfjj(y)).

– fx = gx. This is replaced by
c∨

k=1

cfjk∨
r=1

cgjk∨
s=1

(φrfjk(y) ∧ φsgjk(y) ∧ trfjk(y)=tsgjk(y)).
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For atoms containing nested terms, the formulae are similar, although more com-
plex, due to the necessary iteration of case distinctions: e.g., in order to express
that e(f(a, j)) = g(h(a, j)), we will have to consider all possible combinations of
intermediate levels, i.e., of the levels of f(a, j) and h(a, j), as well as all possible
target levels. The following lemma (proof omitted) handles all this.

Lemma 5. For every τ–term t and every j, k ≤ c there are a finite index
set Rtjk, σ–formulae χrtjk and σ–terms srtjk, r ∈ Rtjk, such that for every σ–
structure A and every τ–term t:

1. for every j ≤ c, the sets ({a ∈ A | A |= χrtjk(a)})r,k form a partition of A,
and

2. for every a ∈ A, every r, k
if A |= χrtjk(a) then I(A) |= t((a, j)) = (srtjk(a), k).

We can now derive Proposition 4: for each atom which contains t(x), we proceed
in the same way as in the corresponding atom for fx, but instead of {1, . . . , cfjk},
φrfjk, and trfjk, we use Rtjk, χrtjk, and srtjk, as given by the lemma. ��
Next, we introduce a notion of completeness for MonadicNLIN.

Definition 6 (MonadicNLIN–completeness).
Let Q be a τ–property. Q is MonadicNLIN–complete wrt qffrs if there is τ ⊆
τ ′ ⊆ τ succ such that

• Q ∈ MonadicNLINτ,τ ′ and
• for any σ-property P ∈ MonadicNLIN it holds that P ≤qffr

σsucc,τ ′ Q.
The existence of complete problems allows a succinct characterisation ofMonadicNLIN:
denote by Clτ ′(Q) := {P | P ≤qffr

σsucc,τ ′ Q} the τ ′-closure of a τ -property Q.

Proposition 6 Let Q be MonadicNLIN–complete wrt qffrs, the completeness
testified by a signature τ ′. Then

MonadicNLIN = Clτ ′(Q).

Proof: Directly from Definition 6 and Theorem 1. ��
Theorem 2.

1. CNF–SAT is MonadicNLIN–complete wrt qffrs.
2. This can be testified by σ′

CNF := σCNF ∪ {sprejunction,maxprejunction}.
Proof:By Proposition 1, CNF–SAT is in MonadicNLINσCNF ,σ′

CNF
. For the

reductions, we follow the standard method of reducing the model class of an
arbitrary Σ1

1–formula Ψ = ∃X̄Q1x1 · · ·Qnxn ψ(X̄, x̄) (with Qi ∈ {∃,∀} and
quantifier–free ψ) in a relational signature σ to SAT: there, to any σ–structure
A is associated a Boolean formula ψA,Ψ = J1

a∈UA · · ·Jn
a∈UAψ(X̄iā, ā) where

J i ∈ {∨,
∧}, the Xiā are understood to be Boolean variables and the remaining

atoms are assigned truth values according to the evaluation in A. Here, we have
to show that, if Ψ is a MonadicNLIN–formula, an analogous mapping from A′
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to ψA′,Ψ can be given as a qffr(σsucc, τ ′), which means in particular that this
qffr defines a junction–compatible successor function on ψA′,Ψ .
Let P be defined by Ψ = ∃X1 · · · ∃Xl∀xψ(X̄, x). We view Ψ as a formula in σsucc,
even if not all symbols from σsucc appear in Ψ . Wlog we assume that ψ(X̄, x)

is given in CNF, i.e. ψ(X̄, x) =
s∧

i=1

ψi(X̄, x) =
s∧

i=1

pi∨
j=1

ψij(X̄, x) with clauses

ψi(X̄, x) and atomic or negated atomic formulae ψij(X̄, x). To define ψA′,Ψ , we
have to specify its universe and to define the signature {junction, var, neg, 0, 1}∪
{sprejunction,maxprejunction} in terms of σsucc; the particulars of this qffi will depend,
of course, on Ψ .
For each element a ∈ A, the target CNF–formula ψA′,Ψ will have a Boolean
variable vq(a) for every set variable Xq, and a clause ci(a) for every disjunction
ψi. A clause ci(a) has pi occurences, one for each ψij . Furthermore, there will
be elements 0 and 1. We therefore take c := l + s + 2 +

∑s
i=1 pi copies of the

universe. We now have to provide formulae and terms defining the functions: we
only give two examples here, one for the function var and one for the successor
sprejunction:
In the target structure, an occurrence o is represented as a pair (a, h), where h
encodes the pair (i, j) such that o corresponds to ψij(a). This occurrence can be
a Boolean variable xq(b), represented by a pair (b, g). This is the case if ψij(x)
is Xq(t(x)), and t(a) = b. For those pairs ij and the appropriate g, we thus
can write tvar,h,g(x) = t(x) without any further case distinction expressed by a
quantifier–free formula. On the other hand, if ψij(x) is of the form t1(x) = t2(x),
the case distinction ”t1(x) = t2(x) or t1(x)  = t2(x) controls if var maps (a, h)
to 0 or to 1.
This example illustrates that for the elements (a, h) of the target structure,
the index h encodes the syntactical structure of the matrix of Ψ . Accordingly,
tspre

junction,h,g
(x) depends on h and g: if, for example, h encodes (i, pi−1) g encodes

(i, pi) then the occurrence (a, g) is the direct successor of the occurrence (a, h)
and, therefore, tspre

junction,h,g
(x) = x. If, however, h encodes (s, ps) and g encodes

1 then tspre
junction,h,g

(x) = suc(x), for some suc ∈ σsucc \ σ. ��
We close this section with a result on the transitivity of qffrs.

Proposition 7

1. Let σ, τ and ρ be functional signatures and I1 be a qffi of τ in σ and I2
be a qffi of ρ in τ . Then the composition of I1 and I2 can be given as a qffi,
i.e. there is a qffi I3 from ρ in σ such that for any σ-structure A it holds
that I3(A) = I2(I1(A)).
2. Let P, Q and R be σ–,τ– and ρ–properties respectively.
If P ≤qffr

σ′,τ ′ Q and Q ≤qffr
τ ′′,ρ′ R and τ ′ ⊆ τ ′′ then P ≤qffr

σ′,ρ′ R.

Proof: 1. can be checked using Lemma 5, 2. follows easily from 1. ��
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4 Nonexpressibility results

In this section, we will show that neither the class of connected graphs nor the
class of Hamiltonian graphs are in MonadicNLIN. For the proof we will make
use of Schwentick’s result that, for relationally represented graphs, connectivity
cannot be defined in monadicΣ1

1 , even in the presence of a built–in linear order
relation [Sch96]. We have to translate this result into our setting, which differs
from the one of [Sch96] mainly in that here, graphs are represented as func-
tional structures, in particular, quantification over (sets of) edges is possible.
Therefore, we will use Schwentick’s result in a more specific form: no formula
of monadicΣ1

1(<,E) can distinguish the set of all (directed) cycles from the set
of all disjoint unions of (directed) cycles ([Sch96], Corollary 19).8 In a cycle, we
can represent each edge by its starting point, so quantification over edges can
be replaced by quantification over vertices.9

Theorem 3. There is no set of directed graphs in MonadicNLIN which con-
tains all cycles, but no disjoint union of more than one cycle.

Proof (sketch): Let σ be the functional signature for graphs (cf. Example 1.1).
Given a formula Φ = ∃M1 · · · ∃Mr ∀xϕ(x) over σsucc, we construct a monadicΣ1

1–
formula Φ̂ over the relational signature {E,<}, such that the following holds:
for every cycle graph, i.e. every graph G which is the disjoint union of simple
cycles, and for every order relation < on the vertices of G, there is an admissible
functional representation G′ of G, such that G′ |= Φ iff 〈G,<〉 |= Φ̂. It follows
from [Sch96] that Φ̂ cannot distinguish cycles from unions of cycles, hence neither
can Φ.
Given an order relation < on a cycle graph G we take as functional representation
of G the unique structure G′, in which all successor functions are in accordance
with <, i.e., they all induce the order < on the vertices of G.
When interpreting Φ over functionally represented graphs, the variable x can
be instantiated by vertices and edges (or by nil, but we will ignore this special
case here). In the target formula (which is to be interpreted over relationally
represented graphs), we have to express both, the properties expressed by ϕ for
vertices, and those for edges. We will use each vertex to represent the egde leaving
it – which in a cycle graph is unique. Accordingly, we develop two formulas, ϕV (y)
and ϕE(y) from ϕ(x). In the former, we assume y to represent a vertex, in the
latter an edge. For every set variableMi we introduce two set variables,MV

i ,ME
i ,

where MV
i (y) is intended to indicate that the vertex represented by y is in the set

Mi, similarly, ME
i (y) for the egde represented by y. For the construction of ϕV

and ϕE from ϕ we form, for every atom α which occurs in ϕ(x), two formulae,
αV and αE , which, when interpreted in 〈G,<〉 express the same property as
α does over G′. It will then hold that 〈G,<〉 |= ∃M1 · · · ∃Mr∀xϕ(x) iff G′ |=
∃MV

1 · · · ∃MV
r ∃ME

1 · · · ∃ME
r ∀y(ϕV (y) ∧ ϕE(y)).

8 Although the results in [Sch96] are stated for undirected graphs, the proofs also work
in the directed setting.

9 This is the reason why we don’t use the inexpressibility result for built–in successor
[dR87]: the graphs there are more complicated.
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The construction of αV and αE from α is not difficult, but, due to the many
different possibilities for α, rather tedious. We therefore only demonstrate the
idea by way of a few simple examples. We will make free use of abbreviations,
such as max or <•, the latter denoting the direct successor relation relative to <.
• Let α be the atom Mi(tail(x)). If x is a vertex then tail(x) = nil. Since we
can assume, without loss of generality, that nil  ∈ Mi, for any i, Mi(tail(x)) is
false, and we set αV = ⊥. If x is an edge, then we want αE(y) to hold for the
vertex y representing x iff α holds for x. Since an edge is represented by its tail
vertex, we can choose αE(y) as ME

i (y).
• Let α(x) be sposthead(s

pre
tail(x))=maxprehead. Note that all successor functions alter-

nate between vertices and edges, the preorder successors start with a vertex and
end with an edge. Since all successors are compatible with <, maxprehead is the
edge arriving at the <–maximal vertex, max. Furthermore, in order for α(x) to
be true, x must be an edge, and then spretail(x) is the vertex b following tail(x)
in <. sposthead(b) is the edge arriving at b’s direct successor in <, it follows that
b <•max. Altogether, α(x) expresses that the edge x leaves the predecessor of the
predecessor of max, and we obtain αE(y) = ∃ z y <•z <•max (and αV (y) = ⊥).
• For our most complex example, let α(x) be sposthead(s

pre
tail(x))=sposttail (s

pre
head(x)).

Again, if x is a vertex, sposthead(s
pre
tail(x)) is the next vertex in the cycle. sprehead(x)

is the edge e = (u, x) which arrives at x, and sposttail (e) is u, the vertex preceding
x in the cycle. Thus αV (y) = ∃u∃v(E(u, y) ∧ E(y, v) ∧ u=v). If x is an edge
(y, v1) then spretail(x) is the successor z1 of y in the order <, sposthead(s

post
head(z1)) is

z2, the successor of z1 in <, therefore sposthead(z1) is the edge (z3, z2). s
pre
head(x) is

the successor v2 of v1 in <, sposttail (v2) is the edge starting from v2’s successor in
<, v3. Thus αE(y) can be chosen as the formula
∃z1∃z2∃z3∃v1∃v2∃v3 E(y, v1) ∧ y<•z1<•z2 ∧ E(z3, z2) ∧ v1<•v2<•v3 ∧ z3=v3. ��
Corollary 1. The following sets are not in MonadicNLIN:

• CONN, the set of all connected graphs.
• HAM, the set of all Hamiltonian graphs,
• EULER, the set of all Eulerian graphs.

5 Discussion

Functional structures seem a appropriate representation of pointer structures
as used in algorithm design: Every object has a finite number of pointers to
other objects; this can conveniently be modeled by a corresponding number of
functions. This representation of structures is abstract enough to allow reasoning
in terms of combinatorial or algebraic structures. On the other hand, it is explicit
enough to allow algorithmic reasoning without going down to the level of string
encodings.
With the notion of a compatible successor we developed a way of ordering the ele-
ments of a functional structure in a meaningful way, without overspecifying the
order. Similar to, but somewhat stronger than, the local order on the neighbours
of a vertex, as used, e.g., in [Cou97], compatible successors enable us to express
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the systematic exploration of a structure and thus to model algorithms even
in logics which are too weak to express order. Since some algorithms may use
several different orders (e.g., adjacency lists according to tail vertices and adja-
cency lists according to head vertices), we equipped our structures with several
such successors. Of course, we could have defined MonadicNLIN equivalently
as MonadicNLINσsucc , however, we have several reasons for the introduction of
intermediate signatures σ′:
• Although we have no concrete example, we expect that there are problems

which can only be expressed in MonadicNLIN with both, pre– and post–
compatible successor functions over structures in which the function trees
have unbounded width and depth.

• The multitude of choices of successor functions (and associated min and
max constants), for every signature σ, reflects the situation in algorithm
design, where the input representation may vary according to the suitability
for particular algorithms. Since we have no reason to prefer one successor to
the other, we leave the choice to the “user”, i.e., to whoever writes a formula.

• The introduction of σ′ is suggested by the proof of the closure property 1. It
means that we only have to interpret those successors which are really used
in the MonadicNLIN–formula defining the target property.

• With τ succ instead of τ ′ in the definition of completeness, we would not have
been able to prove CNF–SAT complete, since it seems that not all successor
functions for CNF–formulas can always be interpreted in a quantifier–free
way.

Our notion of quantifier–free functional interpretation and reduction should be of
use also in other contexts. Being quantifier–free, these reductions are efficiently
computable, and thus can be used within low–complexity classes, such as DLIN,
in fact, they are very closely related to the affine reductions of [GS99]. On
the other hand, they seem powerful enough to simulate most of the sort–lin–
reductions presented in [Cre95]. Thus our class MonadicNLIN is a logically
defined analogon to the class of SAT–easy problems investigated there.
MonadicNLIN is a computationally meaningful class. This is shown by the com-
pleteness of CNF–SAT, as well as by the definition: MonadicNLIN–algorithms
have a certain locality, their only means of exploring the structure are the succes-
sor functions, whereas generalNLIN–algorithms can guess arbitrary unary func-
tions, thus potentially accessing every object from every other object. Beyond
that, the study of MonadicNLIN suggests notions and methods which seem to
be of general interest in the logical investigation of functional structures and
linear time.
Our negative result in Section 4 shows that, e.g., Hamiltonian graphs are strictly
harder than satisfiable CNF–formulas: they are not in MonadicNLIN, hence
not quantifier–free reducible to CNF–SAT. The method used in the proof can
be generalised into a notion of reduction between sets of relational and sets of
functional structures.
We conclude the paper by listing just a few questions that arise directly from
our work.
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1. What is the precise computational meaning of the class MonadicNLIN?
Does it coincide with the closure of CNF-SAT under other, computationally
defined, reductions?

2. What is the relation of MonadicNLIN to other monadic logics such as
MonadicΣ1

1?
3. What about the expressibility of other logics over functional structures with

compatible successors?
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Abstract

In 1974 Ronald Fagin proved that properties of structures which are in NP are
exactly the same as those expressible by existential second order sentences, that
is sentences of the form ∃�Pφ, where �P is a tuple of relation symbols. and φ is a
first order formula. Fagin was also the first to study monadic NP: the class of
properties expressible by existential second order sentences where all quantified
relations are unary. In their very difficult paper [AF90] Ajtai and Fagin show
that directed reachability is not in monadic NP.

In [AFS97] Ajtai, Fagin and Stockmeyer introduce closed monadic NP: the
class of properties which can be expressed by a kind of monadic second order
existential formula, where the second order quantifiers can interleave with first
order quantifiers. Among other results they show that directed reachability is
expressible by a formula of the form ∃P∀x∃P1 φ, where P and P1 are unary
relation symbols and φ is first order. They state the question if this property is
in the positive first order closure of monadic NP, that is if it is expressible by a
sentence of the form �Qx∃�Pφ, where �Qx is a tuple of first order quantifiers and
�P is a tuple of unary relation symbols.

In this paper we give a negative solution to the problem.

1 Introduction

In 1974 Ronald Fagin proved that the properties of structures which are in NP
are exactly the same as those expressible by existential second order sentences,
known also as Σ1

1 sentences. Such a sentence has the form ∃�Pφ, where �P is a
tuple of relation symbols and φ is a first order formula.

Fagin was also the first to study monadic NP: the class of properties expres-
sible by an existential second order sentence where all the quantified relations
are unary. The first reason to study this class was the belief that it could serve
as a training ground for attacking the ”real problems” like whether NP equals
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co-NP: it is not hard to show ([S95]) that monadic NP is different than monadic
co-NP. But despite of its simple syntax monadicNP contains alsoNP-complete
problems, including 3-colorability.

A big part of the research in the area of monadic NP is devoted to the pos-
sibility of expressing different variations of graph connectivity. Already Fagin’s
proof that monadic NP is different from monadic co-NP is based on the fact
that connectivity of undirected graphs is not expressible by a sentence in mona-
dic Σ1

1 , while non-connectivity obviously is. Then de Rougemont [dR87], Fagin,
Stockmeyer and Vardi [FSV95] and Schwentick [S95] proved that connectivity is
not in monadic NP even in the presence of various built-in relations. A closely
related topic is reachability: Consider a graph with two constants source and
sink. Then it has the property of reachability if there is a path from the source
to the sink. As observed by Kanellakis this property for undirected graphs is
expressible in monadic Σ1

1 . But, as Ajtai and Fagin show in their very difficult
paper [AF90] directed reachability is not in monadic NP (their proof was then
simplified in [AF97]).

As we said, connectivity is not in monadic NP. But since reachability is in
this class, connectivity is expressible by a formula of the form ∀x∀y∃�Pφ. This
observation leads to the study of closed monadic NP: the class of properties
expressible by a sentence of the form �Qφ where φ is quantifier free, and �Q is a
quantifier prenex, containing alternating first order and monadic second order
existential quantifiers.

In [AFS97] and [AFS98] Ajtai, Fagin and Stockmeyer argue that the closed
monadic NP is at least as interesting object of study as monadic NP: it is
still a subclass of NP, is defined by simple syntax, and is closed with respect
to first order quantification. They consider a hierarchy inside closed monadic
NP, with respect to the number of alternations between first order and second
order quantification, and define positive first order closure of monadic NP, as
the class of properties expressible by a sentence of the form �Qx∃�Pφ, where �Qx is
a tuple of first order quantifiers and �P is a tuple of unary relation symbols. They
show a (very artificial) graph property which is expressible by a sentence of the
form ∃�P1 �Qx∃�P2φ, but neither is not in positive first order closure of monadic
NP nor is expressible as a Boolean combination of properties from this class.
They also show that directed reachability is expressible by a formula of the form
∃P∀x∃P1φ, and state a question whether it is in the positive first order closure
of monadic NP.

In this paper we show how to modify the argument from [AF90] to answer
the last question negatively.

2 Ajtai-Fagin Graphs

In this section we give a very brief sketch of Ajtai-Fagin’s proof of:

Theorem 1. [AF90] Directed reachability is not expressible by a formula in
monadic Σ1

1 .
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Let Ψ = ∃�Pφ be a formula of monadic Σ1
1 , where �P is a tuple of r̄ unary

relations. We assume that φ is a first order formula in the prenex form and that
this prenex contains r quantifiers.

In order to show that Ψ does not express directed reachability the authors
consider, for a given natural number n, a directed graph G defined by the follo-
wing probabilistic procedure. The set of vertices of G will be V = {v1, v2 . . . vn},
with v1 being the source and vn being the sink. For each 1 ≤ i ≤ n − 1 there
is an edge in G from vi to vi+1. Such edges are called forward edges. For each
pair 1 ≤ i < j ≤ n there exists, with probability p, an edge in G leading from
vj to vi. The probability p depends only on n and on r. Such edges are called
backedges.

It is clear that there exists a directed path from the source to the sink in
G. Call Gk the graph being the result of removing from G the forward edge
from vk to vk+1. Obviously none of the graphs Gk has the property of directed
reachability.

Ajtai and Fagin give a very difficult proof of the following:

Theorem 2. For every ε > 0 and r̄ there exists n such that, with probability at
least 1− ε the constructed above graph G has the following property (*):

(*) For every coloring of G with r̄ colors, there exists a number k such that
if we color Gk in the same way as G, then the duplicator has a winning strategy
in the r-round Ehrenfeucht-Fräıssé game on G and Gk.

See the next Section for a brief introduction to Ehrenfeucht-Fräıssé games.
Notice, that G and Gk have the same set of vertices so it makes sense to

talk about ”the same way of coloring”. Notice also that it follows from the last
theorem that a graph G with the property (*) exists. From now on we will treat
G as fixed.

Once Theorem 2 is proved it is straightforward to show Theorem 1. Suppose
there is a formula Ψ in monadic Σ1

1 expressing directed reachability. Since Ψ
is valid in G there exists a coloring of G satisfying φ. Take Gk given by the
property (*) and color it as G is colored. To get a contradiction we only need to
show that φ is valid in the (colored) Gk. But since φ is in a prenex form with r
quantifiers this follows from Theorem 2 and Theorem 3. 	


3 The Games

The most standard tool in proving results about non-expressibility of properties
of structures in various logics are Ehrenfeucht-Fräıssé games. The simplest of
them corresponds to formulae of first order logic.

Definition 1. Consider the following r-round first order Ehrenfeucht-Fräıssé
game.

It is played by two players, the spoiler and the duplicator, on two structures
G0 and G1 (it is good to think that G0 and G1 are colored graphs, possibly with
constants c1, c2 . . . cl). There are r rounds. In the i-th round the spoiler selects
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one point in one of the graphs, and calls this point pi if it is selected from G0
or qi if it is selected from G1. Then, still in the i-th round, the duplicator selects
one point in the other graph and calls it qi, or pi, respectively.

We say that the duplicator wins, if after r rounds the structures
G0 ∩ {p1, p2 . . . pr, c

0
1, c

0
2, . . . c

0
l } and G1 ∩ {q1, q2 . . . qr, c

1
1, c

1
2, . . . c

1
l }

where c0
i (c

1
i ) is the interpretation of the constant ci in G0 (G1) are isomorphic

under the function that maps each pi onto qi. This means that:
(i) qi = qj (qi = c1

j or c1
i = c1

j) if and only if pi = pj (respectively pi = c0
j or

c0
i = c0

j) for each i, j,
(ii) for each i the color of pi is the same as the color of qi, and the color of

c0
i is the same as the color of c

1
i ,

(iii) for each i, j, there is an edge from pi to pj (from pi to c0
j and so on) in

G0 if and only if there is an edge from qi to qj (respectively from pi to c0
j and so

on) in G1.
We say that the duplicator has a winning strategy if he can guarantee that

he will win, no matter how the spoiler plays. Otherwise we say that the spoiler
has a winning strategy.

Theorem 3. The property P is expressible by a first order formula φ, with
quantifier depth r if and only if, for each choice of structures G0 and G1, such
that G0 has the property P and G1 does not have, the spoiler has a winning
strategy in an r-round first order Ehrenfeucht-Fräıssé game on G0 and G1.

Definition 1 and Theorem 3 come from [E61] and [Fr54].
The strategy of the Ajtai-Fagin’s proof above is based on the idea of Ajtai-

Fagin game: The duplicator selects a graphH with the property P and the spoiler
colors it with some fixed number r̄ of colors. In his next move the duplicator
provides a graph F , without the property P and colors it. Then they play an
r-round first order Ehrenfeucht-Fräıssé game on the colored graphs H and F .
The winner of the game is the winner of the final Ehrenfeucht-Fräıssé game.

Lemma 1 is a simple consequence of Theorem 3:

Lemma 1. A property P is expressible by a formula in monadic Σ1
1 if and only

if there is a number r̄ of colors and a number r of rounds such that the spoiler
has a winning strategy in the Ajtai-Fagin game with r̄ colors and r rounds.

Of course there exists also a version of Ehrenfeucht-Fräıssé game good for
monadic Σ1

1 . In such a game on structures H and F the spoiler colors H, the
duplicator colors F and then they play the standard first order Ehrenfeucht-
Fräıssé game. With the use of Theorem 3 it is easy to prove the Lemma, which
comes from [F75]:

Lemma 2. A property P in expressible by a formula in monadic Σ1
1 if and only

if there is a number r̄ of colors and a number r of rounds such that for each
choice of structures F and H such that H has the property P and F does not
have it the spoiler has a winning strategy in the Ehrenfeucht-Fräıssé game on H
and F with r̄ colors and r rounds.
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Notice that the last game, unlike the first order Ehrenfeucht-Fräıssé game,
is not symmetric: in the game on H and F it is only the structure H that the
spoiler is allowed to color.

Since in the Ajtai-Fagin game the spoiler colors the structure H before he
learns what is F it is much easier to show that duplicator has a winning strategy
in Ajtai-Fagin game than in Ehrenfeucht-Fräıssé game. In particular it is very
easy to see that for every k it is rather the spoiler than the duplicator who has
a winning strategy in the Ehrenfeucht-Fräıssé game on the graphs G and Gk.
But the disadvantage of the Ajtai-Fagin game is that it is unclear how it can be
extended to the situation where the second order existential quantifiers alternate
with first order quantifiers. In particular the technique of [AF90] and [AF97]
cannot be used directly even for the proof of the fact that directed reachability
cannot be expressed by a sentence of the form ∀x∃�Pφ, where φ is first order.

We will show how to modify the technique of [AF90] so that it can be used to-
gether with the following Lemma 3, which is a variation of lemmas from [AFS97].

Definition 2. By a l − r̄ − r−Ehrenfeucht-Fräıssé game on structures H and
F we will mean the following game. First there are l rounds, almost like in
the first order Ehrenfeucht-Fräıssé game, with the only difference that for future
convenience we assume that the spoiler selects points in H in odd rounds and
points in F in even rounds. Then the spoiler colors H with r̄ colors and the
duplicator responds by coloring F with r̄ colors. Finally they play an r-round
first order game on colored H and F , where the points picked in the first l
rounds are understood as constants. The winner is the winner of the final first
order game.

Lemma 3. A property P is expressible in first order closure of monadic Σ1
1 if

and only if there are l, r̄ and r such that for each choice of structures F and H
such that H has the property P and F does not have it, the spoiler has a winning
strategy in the l − r̄ − r−Ehrenfeucht-Fräıssé game on H and F .

4 Ehrenfeucht-Fräıssé Game for Directed Reachability

In this section we will show how to prove that directed reachability is not ex-
pressible by a formula in monadic Σ1

1 using Ehrenfeucht-Fräıssé game instead of
Ajtai-Fagin game. In fact we are going to prove a little bit more:

Lemma 4. Directed reachability is not expressible by a sentence of the form
∀z∃x∀y∃�Pφ, where φ is first order. We assume here that �P is a tuple of r̄ unary
relations and φ is in prenex form, with quantifier depth r.

There are two reasons why we need the Lemma. First is that it will be used in
Section 5 as the first step of induction (see also Section 6). But for this it would
be enough to prove the result for sentences of the form ∀y∃�Pφ. The second
reason is that this restricted case can be considered as an example of almost all
the tricks needed in Section 5. There we will combine the proof of Lemma 4 with
induction to prove Theorem 4, the main result of this paper.

In order to prove Lemma 4 it is enough to show:
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Lemma 5. For every r̄, r there exist two graphs E1 and F1 such that E1 has
the property of directed reachability, F1 does not have this property, and the
duplicator has a winning strategy in the 3− r̄− r−Ehrenfeucht-Fräıssé game on
E1 and F1.

Let us define some notations:

Definition 3. Let H and I be two graphs, each of them with specified source
and sink. Let c be a natural number.

1. H + I is the graph being a union of disjoint copies of H and I, where the
source of H and the source of I are identified and the sink of H and the sink
of I are identified. The source of H + I is the common source of H and I
and the sink of H + I is the common sink of H and I.

2. cH is H +H + . . .+H, where c copies are added.
3. HI is the graph being a union of disjoint copies of H and I, where the sink

of H and the source of I are identified. The source of HI is the source of H
and the sink of HI is the sink of I.

Now we are ready to define the graphs F and E, the bricks of all our future
constructions:

Definition 4. F = c(G1 +G2 + . . . Gn) where c is huge enough with respect to
n, r and r̄ (it will soon be clear how huge it must be) and E = F +G.

G and Gi are the graphs from Section 2.

Clearly, E has the property of directed reachability while F does not. Notice
our mnemonic notation: the letter E is F with an additional edge. One should
remember that the graph G (and so the graphs Gi and graphs E and F ) depends
on the choice of r̄ and r.

To explain what are E and F good for we will prove:

Lemma 6. The duplicator has a winning strategy in the 0− r̄−r−Ehrenfeucht-
Fräıssé game on E and F .

This Lemma gives a translation of the original proof of the Ajtai-Fagin result
into the language of Ehrenfeucht-Fräıssé games.

Proof:
We describe the strategy of the duplicator. In the first round the spoiler

colors the graph E. The duplicator analyzes the colored copy of G in E, and
finds k whose existence is guaranteed by Theorem 2. He takes one of the copies
of Gk in F and copies on it the coloring of G in E. Then for each copy of Gi in
E such that i �= k, he copies its coloring to F . Now he still has many copies of
Gk to be colored in F . He cannot just copy the coloring of the respective copies
of Gk in H1 because he has one of them less in F than in E: we mean the one
that is already colored as G.

To overcome this problem the duplicator finds the coloring which is the most
common among the copies of Gk in E. There are some m > r copies of Gk
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colored like this (here one can compute c). He colors m − 1 copies of Gk in F
with this most common color. Then for each copy of Gk colored in E in a way
different than the most common one he creates one copy of it in F .

It is now simple to show (with the use of Theorem 2) that the duplicator
has a winning strategy in the r-round Ehrenfeucht-Fräıssé game on the colored
graphs F and E. 	


Now we define the graphs whose existence is claimed in Lemma 5:

Definition 5. Let F1 be c1(FE + EF ) and let E1 be F1 + EE. Again c1 is a
constant which is ”huge enough” with respect to n, r and r̄ .

Clearly, E1 has the property of directed reachability and F1 does not. We
will need names to call parts of E1 and F1:

Definition 6. Each copy of EF , or FE or EE in E1 or F1 will be called seg-
ment. In each segment its first half, and second half are defined in the natural
way. The point which is the sink of the first half and the source of the second
half will be called middle of the segment.

It is time now for:

Proof of Lemma 5. We will show a winning strategy for the duplicator in
the 3− r̄ − r−Ehrenfeucht-Fräıssé game on E1 and F1. The first to move is the
spoiler. He picks a point q0 ∈ F1. By symmetry we may think that it is in one
of the segments of the form EF . The duplicator finds the same point in E1 and
names it p0. Here we use the fact that F1 is a subset of E1, so he can take ”the
same” point.

Now the spoiler picks the point p1 in E1. There are three cases:
case 1. The spoiler picks an element p1 in the segment EE of E1.
case 2. The spoiler picks an element p1 in one of the segments EF or in one of
the segments FE of E1, but not in the one where p0 is located.
case 3. The spoiler picks an element p1 in the same segment where p0 is located.

We only consider the case 1 which seems to be the most difficult one for the
duplicator. No new arguments are needed for case 2. Also case 3 is easy for the
duplicator: he takes a proper q1 in the same segment where q0 is.

There are two (almost symmetric) subcases of case 1: either p1 is in the first
half (including the middle) of EE, or in the second half. Let us consider the
situation when p1 is in the first half of EE. Since p1 is an element of a copy of
graph E the duplicator wants q1 to be also an element of some copy of E. So he
takes one of the segments in F1 which is of the form EF and chooses q1 to be
an element of the first half of it. More precisely, the duplicator chooses q1 to be
the same element of (this another copy of) E as p1 is.

Now the spoiler picks a point q2 in F1. There are three subsubcases: either
he takes a point in the same segment where q0 was picked, or in the one where
q1 is, or in still another one. In the last case the duplicator finds in E1 a new
copy of the segment where q2 was taken from, and chooses p2 to be the same



Directed Reachability: From Ajtai-Fagin to Ehrenfeucht-Fräıssé Games 345

as q2 element of (different copy of) the segment. In the first (subsub) case the
duplicator chooses as q2 a proper element of the copy of EF where q0 is located.
In the second (subsub)case there are again two possibilities. First is that q2 is
in the first half (including the middle) of the segment. So q2 is an element of
the same copy of E as q1 is. Then the duplicator chooses as p2 the same as q2
element of the copy of E in which p1 was picked. The second possibility is that
q2 is taken by the spoiler from the second half of the segment where q1 is. Since
q1 and q2 are in the same segment the duplicator would like to keep p2 in the
same segment as p1. So he must pick a point in the second half of the segment
where p1 is located. The half where q2 is picked is a copy of F and the half where
the duplicator wants to place p2 is a copy of E. Since F is a subset of E it makes
sense to say that duplicator chooses p2 to be the same point in this half as q2 is.

Now the coloring round. All the (sub)cases are similar. We show how the
duplicator can win if p1 and p2 are in two halves of the segment EE. The first to
move is the spoiler who colors the graph E1. Now the duplicator colors F1. First,
he copies to the segment of F1 where q0 is located the coloring of the segment
in E1 where p0 is. It is easy since the two segments are isomorphic. Also, he
copies to F1 the coloring of the segments of the form FE in E1 (one copy for
each of them). Then he colors the copy of E where q1 is, in the same way as
the copy of E in which p1 is located is colored in E1. To color the second half
of the segment with q1, q2 he needs something different than just copying: this
is because this second half is F in F1 and E in E1. He starts from copying the
coloring of the copy of Gk where p2 is located to the copy of Gk where q2 is.
Then, for the remaining nodes of the half he uses the method from the proof of
Lemma 6. To finish he needs to color the remaining segments of the form EF
in F1. Like in Lemma 6 he cannot just copy the colorings from the respective
segments in E1: there is one less non-colored segment in F1 now. So again he
finds the most common coloring of segments of the form EF in E1. Since c1 is
huge enough there are m > r segments colored with the coloring. The duplicator
colors like this m− 1 copies of EF in F2. Then he makes in F1 one copy of each
of the EF segments colored in F1 in a way different than the most common.

It is easy to show (with the use of Theorem 2) that after the described
coloring the duplicator has a winning strategy in the remaining r−round first
order Ehrenfeucht-Fräıssé game. 	


5 Positive First Order Closure of Monadic Σ1
1

In this section we prove the main result of this paper:

Theorem 4. Directed reachability is not expressible by a formula in the positive
first order closure of monadic Σ1

1 .

Proof: Fix l, r̄ and r. By Lemma 3 it is enough to show that there exist
structures El,r̄,r and Fl,r̄,r, such that El,r̄,r has the property of directed reach-
ability, Fl,r̄,r does not and that the duplicator has a winning strategy in the
l − r̄ − r−Ehrenfeucht-Fräıssé game on El,r̄,r and Fl,r̄,r.
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Definition 7. Let E0 be the E from Section 4 and F0 be the F from Section 4.
For i ≥ 1 we define Fi+1 as ci+1(EiFi+FiEi), and Ei+1 as Fi+1 +EiEi, where
ci+1 is huge enough with respect to n, r and r̄.

As we said in Section 2, the graph G, and so the graphs E0 and F0, depend
on r and r̄.

Again it is clear that Ei+1 has the property of directed reachability and that
Fi+1 does not have it.

Definition 8. Each copy of EiFi, or FiEi or EiEi in Ei+1 or Fi+1 will be
called i-segment. In each i-segment its first half, and second half are defined in
the natural way.

Definition 9. Assume a tuple of points p1, p2, . . . pk is selected in E0, and a
tuple of points q1, q2, . . . qk is selected in F0. We say that the two tuples are 1-
corresponding if there is an automorphism f of F0, such that f(qi) = pi for each
i. In other words, this means that if qi is located in some copy of Gs in F0, for
some i and s, then pi is the same point of some copy of Gs in E0, and that qi
and qj belong to the same copy of some Gs in F0 if and only if pi and pj belong
to the same copy of some Gs in E0.

Definition 10. Assume a tuple of points p1, p2, . . . pk is selected in Ei (or Fi),
and a tuple of points q1, q2, . . . qk is selected in another copy of Ei (respectively
Fi). We say that the two tuples are i-corresponding if there exists an isomorphism
f between the two copies, such that f(pj) = qj for each 1 ≤ j ≤ k.

Definition 11. Assume a tuple of points p1, p2, . . . pk is selected in Ei+1, and
a tuple of points q1, q2, . . . qk is selected in Fi+1. We say that the two tuples are
i+ 1-corresponding if the conjunction of the following conditions holds:

1. If pj is in the first (second) half of some i-segment then qj also is in the first
(second) half of its i-segment.

2. The points pj1 and pj2 are in the same i-segment if and only if qj1 and qj2
are in the same i-segment.

3. If pj1 , pj2 , . . . pjs are in the same half of some i-segment (that is in some copy
of Ei or Fi) then qj1 , qj2 , . . . qjs are also in the same half of some i-segment
(this follows from (2)) and the tuples pj1 , pj2 , . . . pjs and qj1 , qj2 , . . . qjs are
i-corresponding.

Lemma 7. Suppose k ≤ l and the tuples of points p1, p2, . . . pk in Ei, and
q1, q2, . . . qk in Fi are i-corresponding. Then for every coloring of Ei there exists
a coloring of Fi, such that the duplicator has a winning strategy in the r-rounds
Ehrenfeucht-Fräıssé game on the colored structures Ei and Fi with l constants
interpreted in Ei as p1, p2, . . . pk and in Fi as q1, q2, . . . qk.

Proof: Induction on i.
If i = 1 then one can use the argument from the end of the proof of Lemma 5.

We leave it to the reader. Notice that this argument requires an easy modification
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to take care about the constants. One should remark here that the ”huge enough”
c1 depends on l, the number of constants in the tuple. This is the same l as in
El,r̄,r and Fl,r̄,r in the beginning of this section.

Now the induction step. Assume that the claim holds for some i and consi-
der the graphs Ei+1 and Fi+1 with i + 1-corresponding tuples p1, p2, . . . pk and
q1, q2, . . . qk

This is how to color Fi+1 for a given coloring of Ei+1:
For any i-segment in Ei+1 which contains some pj1 , pj2 , . . . pjs color the i-

segment in Fi+1 containing qj1 , qj2 , . . . qjs in the way given by the induction
hypothesis. This is possible since the subset of pj1 , pj2 , . . . pjs in the first (second)
half of the i-segment and the subset of qj1 , qj2 , . . . qjs in the first (second) half of
the i-segment are i-corresponding.

Then, if none of pj was in the segment EiEi of Ei+1 then take one of not yet
colored segments EiFi of Fi+1, copy to it the coloring of the first half of EiEi
and use the hypothesis to color the second half.

What remains to be colored is some number of segments of the form EiFi
and FiEi in Fi+1. For this we use the fact that ci+1 is huge enough and the trick
with the ”most common color” from the proof of Lemma 6.

Now the strategy for the duplicator in the r-rounds Ehrenfeucht-Fräıssé game
is inherited from the strategies existing by the hypothesis for each of the games
on each half of an i-segment respectively. 	

Lemma 8. Consider the following game between the spoiler and the duplicator:
in every odd round the spoiler picks a point in Fi and the duplicator responds
with a point in Ei and in every even round the spoiler picks a point in Ei and
the duplicator responds with a point in Fi. The duplicator wins if the tuples
p1, p2, . . . pk in Ei, and q1, q2, . . . qk in Fi, of points picked in rounds 1, 2, . . . k
respectively, are i-corresponding.

Then for every i the duplicator has a winning strategy in a game with 2i+ 1
rounds.

Proof: Induction on i.
If i = 1 then the claim follows from the proof of Lemma 5.
For the induction step, assume that the claim holds for some i and consider

the graphs Ei+1 and Fi+1. We want to show a winning strategy for the duplicator
in a game with 2i + 3 rounds. In the first round the spoiler takes a point q1 in
Fi+1, for example in one of the i-segments of the form EiFi. The duplicator
responds with p1 being the same point in Ei+1. Then the spoiler can pick a
point p2 in Ei+1. The only interesting case is when the point is in the i-segment
EiEi. Suppose p2 is in the first half of EiEi. Then the duplicator finds a copy
of EiFi in Fi+1, but a different one than where q1 is located in, and chooses q2
to be the same point in the first half of the copy of EiEi as p2 is in the first half
of EiEi.

In the remaining 2i+1 rounds the duplicator can in most of the cases answer
the moves of the spoiler in isomorphic halves of i-segments. In those cases he
easily wins. The only action of the spoiler which could require more care from the
duplicator is when he takes his points from the second halves of the i-segments
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where p2 and q2 are located. This is since the half is a copy of Ei in Ei+1 and a
copy Fi in Fi+1. But there are only 2i+ 1 rounds left now, so winning strategy
for the duplicator exists by the hypothesis. 	


Now, take El,r̄,r = El and Fl,r̄,r = Fl. Theorem 4 follows from Lemmas 7
and 8 	


6 Remark

The existence of graphs H1 and H2 such that H1 has the property of directed
reachability, H2 does not have it, and the duplicator has a winning strategy in
the 0− r̄ − r−Ehrenfeucht-Fräıssé game on H1 and H2 follows from Theorem 1
and Lemma 2. Moreover, as it was proved by R. Fagin [F97] we can take H1 to
be a path (from source to sink) with backedges, like in the proof of Theorem 1.
Then H2 can be defined as the result of removing one forward edge from H1.

This fact could be used as induction basis in our proof, instead of Lemma 4.
Definition 4 would be skipped then: the bricks of the whole construction would
be the unknown graphs H1 and H2 instead of E and F . It is funny to see how
little we need to know about the actual structure of H1 and H2. We do not even
need to require that they have the same sets of vertices.

The remark above is almost obvious, and I am ashamed to admit I only have
learned it from a letter that Ronald Fagin wrote to me after reading the first
version of this paper. Also one of the anonymous referees suggested removing
Lemma 4 and using H1 and H2 as the basis of induction.

Nevertheless I decided not no reorganize this paper. This is first of all because
I find the construction of E and F in Definition 4 very nice. Another reason is
that this would require concentrating all difficulties inside the induction step,
what would make the paper harder to read.
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Abstract. Drawing on an analogy with temporal fixpoint logic, we re-
late the arithmetic fixpoint definable sets to the winning positions of
certain games, namely games whose winning conditions lie in the diffe-
rence hierarchy over Σ0

2. This both provides a simple characterization of
the fixpoint hierarchy, and refines existing results on the power of the
game quantifier in descriptive set theory.

1 Introduction

For several decades, games have been an essential tool for the study of logic,
both in mathematical logic and more recently in computer science. Perhaps the
most developed application in computer science logic is the use of Ehrenfeucht–
Fräıssé games for first-order logic, and the refinements such as pebble games
which correspond to finite variable fragments. However, games are also useful in
temporal logic, and in particular for the modal mu-calculus. The ability to switch
one’s point of view between logics, automata and games facilitates many results.
In particular, the semantics of the modal mu-calculus can be described by means
of a parity game, that is, a game in which the winning condition concerns the
parity of the highest index seen infinitely often in the game. This presentation
is equivalent to a presentation via alternating Rabin automata, or via tableaux.
In modal mu-calculus, a key issue is the alternation of minimal and maximal
fixpoints; in automata, this corresponds to the Rabin index, and in normal form
parity games it corresponds to the number of indices.

Games, in the form of Gale–Stewart games, also play an important role in
descriptive set theory: they provide a tool with which many of the structure
theorems of the classical and effective Borel and Lusin hierarchies can be obtai-
ned. The game quantifier G takes a game, defined by its set of winning plays,
and returns the set of winning positions; the power of this quantifier is the object

� � � Danish National Research Foundation Centre for Basic Research in Computer
Science

† Laboratory for Foundations of Computer Science
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of our study. Kechris and Moschovakis showed that a Σ0
1 game has a Π1

1 set of
winning positions; and Robert Solovay showed that the set of winning positions
of a Σ0

2 game is Σ1
1-inductive. Thomas John studied Σ0

3 games, and the charac-
terization is complex, involving higher-type recursion and certain levels of the
constructible universe.

If one looks at the previous paragraph with fixpoint glasses on, one notices
that Π1

1 is Π0
1-inductive, that is, on the first level Σµ1 of the fixpoint alternation

hierarchy of arithmetic with fixpoints; and that Σ1
1-inductive is the second level.

It is then natural to ask whether this is coincidence, or whether there is, in
arithmetic, a nice relationship between fixpoint alternation and some hierarchy
of games, mediated by the game quantifier. One might initially speculate that
Σ0
n games have Σµn winning positions, but alas this cannot be true. However,

the world of Rabin automata and modal mu-calculus provides a suggestion: the
complexity of the Rabin or parity condition corresponds to the complexity of
the winning plays, and since the modal fixpoint alternation is correlated nicely
to that, the next obvious thing to do is to try to find a notion of complexity
in arithmetic that corresponds to the Rabin index, and then hope that the
correlation still holds in the rather different world of arithmetic. The result of
such an exploration is that fixpoint complexity of winning positions does indeed
correspond to a natural fine hierarchy of arithmetic, in a way that matches well
with the finite automata world; and although the result is pure descriptive set
theory, the games used in its proof are natural analogues of games developed for
the automata and temporal logic world. In fact, the games were formulated in
order to establish the modal mu-calculus fixpoint alternation hierarchy with the
assistance of descriptive set theory; so it is pleasing to go back and use them to
obtain results in descriptive set theory.

2 Preliminaries

2.1 Notations and Basic Definitions

ω is the set of non-negative integers; variables i, j, . . . , n range over ω. The set
of finite sequences of integers is denoted ω∗; finite sequences are identified with
integers via standard codings; variables u, v range over ω∗. The set of infinite
sequences of integers is ωω; variables α, β range over ωω. For α ∈ ωω, α(i)
is the i’th element of α, and α(<i) is the finite sequence 〈α(0), . . . , α(i − 1)〉.
Concatenation of finite and infinite sequences is written with concatenation of
symbols or with ·, and extended to sets pointwise.

We consider (only) spaces that are the product of copies of ωω and ω; they
are given the product topology, where ω carries the discrete topology and ωω
itself carries the infinite product topology (in which the basic open sets are the
sets u ·ωω for every finite sequence u). A pointset P is a subset of such a space X;
we write variously P (i, α) or (i, α) ∈ P if X is, for example, ω × ωω. A pointset
is semi-recursive or Σ0

1 iff it is a recursive union of basic opens, in other words
given by a semi-recursive set of prefixes: in particular, a pointset P ⊆ ωω is Σ0

1
iff P =

⋃
iNε(i), where Nk denotes the basic neighbourhood uk · ωω for some
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recursive enumeration k 	→ uk of the finite sequences w∗, and ε is a recursive
function ω → ω, otherwise known as a recursive element of ωω. A pointclass
is a set of pointsets; if Λ and Λ′ are pointclasses, then Λ ∧ Λ′ is the pointclass
{P∩P ′ | P ′ ∈ Λ,P ′ ∈ Λ′ } and similarly for ∨ and ¬; if Λ is a pointclass on ω×X,
then ∃ωΛ is the pointclass {Q ⊆ X | ∃P ∈ Λ. x ∈ Q⇔ ∃i. (i, x) ∈ P }; similarly
for ∃ωω. The Kleene pointclasses (the arithmetical and analytical hierarchies) are
defined by Πi

j = ¬Σij ; Σ0
j+1 = ∃ωΠ0

j ; Σ1
0 = Σ0

1; Σ1
j+1 = ∃ωωΠ1

j ; ∆i
j = Σij ∩ Πi

j .
Pointsets in the Kleene pointclasses are definable by formulae of first- and second-
order arithmetic in the usual prenex normal form.

For completeness we recall that the boldface classes are given by: Σ0
1 is the

class of open sets, and then similarly to the lightface classes; however, we are
here concerned mainly with the lightface classes.

Ordinals are ranged over by variables ζ, ξ.
An (ω-)tree is a prefix-closed subset of ω∗. If T is a tree, α is an infinite

branch of T iff ∀i. α(<i) ∈ T . The body [T ] of T is the set of its infinite branches.
T is recursive (etc.) iff it is recursive (etc.) as a subset of ω via the coding of
sequences. The following standard fact will be useful:

Lemma 1. If P ⊆ ωω is Π0
1, then there is a Π0

1 tree T such that α ∈ P ⇔ α ∈
[T ].

Proof. If P is Π0
1, by definition it is ¬⋃

j Nε(j) =
⋂
j Nε(j) for some recursive ε.

Put T = { v | ∀j. v · ωω ⊆ Nε(j) }. If α ∈ P , then ∀i. α(<i) ∈ T ; conversely, if
α /∈ P , then α ∈ Nk some k, and then there is a prefix α(<i) ∈ Nk. Finally, T is
Π0
1 since the test ‘v · ωω ⊆ Nε(j)’ is recursive, reducing to ‘v does not have uε(j)

as a prefix’, where uε(j) is as above.

2.2 Gale–Stewart Games

An infinite game of perfect information, or Gale–Stewart game, on ω, is played
between two players, Abelard and Eloise. The players take turns, starting with
Eloise, to choose a number, so defining a play as an infinite sequence α ∈ ωω.
The game is defined by a winning condition P ⊆ ωω, a set of sequences; if α ∈ P
(we write also P (α)), then Eloise wins the play, otherwise Abelard. A strategy
for Eloise is a function from partial plays where she is due to move, i.e. finite
sequences of even length, to integers, telling Eloise her next move. A winning
strategy for Eloise is one such that if she follows it, she is guaranteed to win the
game no matter how Abelard plays. If u is a partial play in the game P , then
P [u] denotes the game {α | uα ∈ P }. A winning position for Eloise is a partial
play u of even length from which Eloise has a winning strategy for P [u]; thus
Eloise has a winning strategy for the game, or wins the game, iff 〈〉 is a winning
position for her.

It is frequently convenient to relax the definition to allow games with rules
which constrain the choices of the players, and games where the players’ turns
need not strictly alternate. This is harmless provided that the rules and the turn
function are recursive in the partial plays.
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For our purposes, it is also useful to permit finite plays where Eloise wins
outright at a particular point. A game with such plays can easily be modified
to a game with only infinite plays; an important point for us is that we shall
always have recursive winning conditions on finite plays.

A game is determined if one or other player wins it. By a celebrated theorem
of Martin, all games with ∆1

1 winning conditions are determined. However, Wolfe
much earlier proved determinacy for Σ0

2 games, and it is a generalization of this
proof, far easier than Martin’s theorem, that will give us our result.

It is convenient to define cogames in which Abelard moves first. Now we can
extend the definition of Eloise winning position to partial plays u of odd length
by saying that u is a winning position in the game P iff Eloise wins the cogame
P [u].

If P ⊆ ωω × X, then for each x ∈ X the set {α | (α, x) ∈ P } defines
a game (we call it P (α, x)). The game quantifier1 is defined thus: Gα.P (α, x)
is the set {x | Eloise wins the game P (α, x) }. Although formally defined in
terms of strategies, it is intuitively understood as an infinite string of first-order
quantifiers:

∃a0.∀a1.∃a2.∀a3. . . . P (a0a1 . . . , x).

Let Γ be a pointclass on ωω ×X; then GΓ is the pointclass

{Q ⊆ X | ∃P ∈ Γ.Q = Gα.P (α, x) }.
The following standard fact (see [6]) will be required:

Lemma 2. If Γ is a determined pointclass closed under recursive substitution,
then ¬GΓ = G¬Γ .

2.3 Mu-Arithmetic

In [5] Robert Lubarsky studies the logic given by adding fixpoint constructors
to first-order arithmetic. This logic is also known as LFP in finite model theory,
where it is most studied. The logic (‘mu-arithmetic’ for short) has as basic sym-
bols the following: function symbols f, g, h; predicate symbols P,Q,R; first-order
variables x, y, z; set variables X,Y, Z; and the symbols ∨,∧,∃,∀, µ, ν,¬,∈. As
with the modal mu-calculus, ¬ can be pushed inwards to apply only to atomic
formulae, by De Morgan duality.

The language has expressions of three kinds, individual terms, set terms,
and formulae. The individual terms comprise the usual terms of first-order logic.
The set terms comprise set variables and expressions µ(x,X). φ and ν(x,X). φ,
where X occurs positively in φ. Here µ binds both an individual variable and
a set variable; henceforth we shall often write just µX. φ, and assume that the
individual variable is the lower-case of the set variable. We also use µν to mean ‘µ
or ν as appropriate’. The formulae are built by the usual first-order construction,
1 As Springer now like to have LATEX source, the notation in this version of the paper
is constrained by the commonly available packages. Readers who want real notation
should see the version on my home page http://www.dcs.ed.ac.uk/home/jcb/.



354 J.C. Bradfield

together with the rule that if τ is an individual term and Ξ is a set term, then
τ ∈ Ξ is a formula.

This language is interpreted over the structure ω of first-order arithmetic.
The semantics of the first-order connectives is as usual; τ ∈ Ξ is interpreted
naturally; and the set term µX. φ(x,X) is interpreted as the least fixpoint of the
functional X 	→ {m ∈ ω | φ(m,X) } (where X ⊆ ω).

Mu-arithmetic has a prenex normal form [5,2] of the following shape:

τn ∈ µXn.τn−1 ∈ νXn−1.τn−2 ∈ µXn−2. . . . τ1 ∈ µνX1. φ

where φ is first-order—that is, a string of alternating fixpoint quantifiers, and
a first-order body. If we refer to a formula in normal form, we shall refer to its
components by this notation.

We define levels of the fixpoint alternation hierarchy similarly to the Kleene
hierarchies: first-order formulae are Σµ0 and Πµ

0 , as are set variables. The Σµn+1
formulae and set terms are formed from the Σµn ∪Πµ

n formulae and set terms by
closing under (i) the first-order connectives and (ii) the formation of µX. φ for
φ ∈ Σµn+1.

A set X ∈ ω is Σµn if x ∈ X ⇔ τ(x) ∈ Ξ(x) for some Σµn set term Ξ. Note
that this does not mean that X is a fixpoint, only that X is definable via a
fixpoint.

A Σµ1 set corresponds to a set definable by an inductive definition over an
arithmetic predicate; hence by Kleene’s theorem, Σµ1 is equal to Π1

1. The higher
levels of the fixpoint hierarchy have been characterized by Lubarsky [5] in terms
of large admissible ordinals involving a generalized reflection principle, devised
for the purpose, and whose essential content is the iteration of the idea Π1

1 =
Π0
1-IND = (Σ1 on ∆1

1); however, there has not been a simple characterization
in terms of existing notions.

2.4 Rabin Conditions and Parity Games

Consider a (non-deterministic) finite automaton on which Eloise and Abelard
play a Gale–Stewart style game by alternately choosing next states. A Rabin
condition is a winning condition for the game of the following form:

∨
1≤i≤n

(∞Gi ∧ ¬∞Ri)

where Gi and Ri are subsets of states, and ∞X means that the set X is met
infinitely often during the play. n is the Rabin index.

These alternating Rabin automata are important in temporal logic, as they
are one characterization of modal mu-calculus. They are equivalent to alternating
parity automata: a parity condition has the form ‘for given sets Xi, 1 ≤ i ≤ n,
of states, the greatest j such that Xj occurs infinitely often in the play, is even’.
The relationship between parity automata and modal mu-calculus is direct [4], as
the parity condition corresponds to the statement ‘the highest fixpoint variable
regenerated infinitely often is a maximal fixpoint’.
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The Rabin index, or the number of sets in a parity condition, correspond to
the fixpoint alternation in modal mu-calculus, and it is this that inspires both
our question and its solution. (Niwiński [7] gives a survey of all the concepts
mentioned here, as part of a study of fixpoint operators on trees.)

3 Games for Mu-Arithmetic

The familiar Ehrenfeucht–Fräıssé games for first-order logic are used to distin-
guish structures; one can also define model-checking games or semantic games
where the object is to determine whether φ(x) holds for a formula φ and element
x of a given structure. For first-order logic, the game may be defined thus: given
a formula φ and a structure T , a position in the game is a subformula ψ of φ
and a valuation of the free variables of ψ by elements of T . If ψ is a conjunction,
then it is Abelard’s turn, and he chooses a conjunct; if a disjunction, then Eloise
chooses a disjunct. If ψ = ∃x. ψ′, then Eloise chooses a value for x and play
moves to ψ′; and dually for ∀x. ψ′. Play terminates at atomic formulae P (x);
Eloise wins the play if P (x) holds of the chosen values for x, Abelard otherwise.
It is a standard theorem that Eloise wins the game iff φ is true. (If φ itself has
free variables, there is one game for each valuation of them.)

Remark 3. Traditionally, the valuation of variables is not explicitly encoded in
the position, but read off from the history. This is a vital distinction in the finite
model theory use of games, since we do not wish to assume that we can keep
arbitrary amounts of information. The notion of pebble game was invented in
order to encode the variable assignment in the position, and then the number
of pebbles (variables) can be limited, so that we can ask ‘is there a winning
strategy using only the bounded history information available?’. However, we
are working in arithmetic, so we have all the coding apparatus we want, and
may as well carry the assignment with us; it is purely a matter of convenience.

Games have been extended to LFP in the world of finite model theory, by
choosing a candidate fixpoint set X when one passes through a fixpoint operator.
Uwe Bosse [1] has used such games to obtain expressivity results on fragments
of LFP. However, such a game is undesirable in arithmetic, since it has second-
order positions. A more useful game for mu-arithmetic is defined by adapting
the game for parity automata or modal mu-calculus: instead of finite plays, one
now has infinite plays, and the winning condition is given by a parity condition.

Given a formula of mu-arithmetic (or indeed FOL with fixpoints in general),
the model-checking game has moves as for first-order logic together with the
following rules for the fixpoints: if the position is τ ∈ µν(x,X). φ, then play
moves to the position φ with x valued at the current value of τ . It does not
matter who moves, but for definiteness say Eloise moves for µ and Abelard for
ν. If the position is τ ∈ X, where X is bound by µν(x,X). φ, then again play
moves to φ with x valued at the current value of τ , and we say that we have seen
X. It remains to define the winning conditions: if play terminates, the play is won
as for first-order logic; if the play is infinite, then Eloise wins iff the outermost
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fixpoint variable seen infinitely often is maximal. If we start with a formula in
normal form, then this is exactly a parity condition. We have

Theorem 4. A formula φ(x) of mu-arithmetic holds for some valuation of x
exactly if Eloise has a winning strategy for the model-checking game for φ with
the given initial valuation.

Proof. A full proof of this theorem is quite long; however it is strategically the
same as the corresponding proof for modal mu-calculus and parity games. It is
also the essential content of Theorem 5 of [2]. Therefore I shall not give the proof
again here. ��

4 The Power of the Game Quantifier

Suppose that a winning condition P (α, x) for a Gale–Stewart game has a given
descriptive complexity: what is the descriptive complexity of Gα.P (α, x)? If the
winning conditions are in the analytical hierarchy, then this is a question intima-
tely related to the structure theory of the hierarchy, and a question that depends
on hypotheses outside ZFC, in particular, the hypothesis of Projective Determi-
nacy (that all projective games are determined). Given PD, the answer is quite
simple for analytical games: GΣ1

n = Π1
n+1 and dually, so G is a ‘hermaphrodite’

second-order quantifier.
If the winning conditions are below ∆1

1, then determinacy is not an issue, and
one can expect unequivocal answers. However, the game quantifier turns out to
be quite delicate. The first answer was:

Theorem 5 (Kechris–Moschovakis). GΣ0
1 = Π1

1

Later, Robert Solovay (unpublished, cited in [6], q.v. also for the previous
theorem) characterized Σ0

2 games, based on Wolfe’s proof of the determinacy of
Σ0
2 games.

Theorem 6 (Solovay). GΣ0
2 = Σ1

1-IND (that is, sets given via an inductive
definition over a Σ1

1 predicate).

A decade or so later, the next step was taken by Thomas John, who studied
Σ0
3 games. Unfortunately, the characterization is complex: it involves capturing

the levels of Gödel’s L at which winning strategies can be found, and is given
in terms of higher-type recursion. This appears to be inevitable: the proof of
determinacy for Σ0

3 proceeds via games in which the positions are themselves
games.

There are no published results on Σ0
4 or beyond.

As was remarked in the introduction, Π1
1 is also Π0

1-IND ; or in terms of the
fixpoint hierarchy, Σµ1 . Then Σ1

1-IND is just Σµ2 . We then naturally ask whether
Σµn = GX for some natural class X. The conjecture that immediately comes to
mind is Σµn = GΣ0

n; unfortunately, the complexities of higher-type recursion are
not so easily banished. In fact, the game semantics of mu-arithmetic shows that
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Theorem 7. For all n, Σµn ⊆ G∇02, where ∇02 denotes the boolean closure of
Σ0
2 ∪Π0

2.

Proof. Consider a mu-arithmetic formula in normal form; wlog, consider the case
of odd n. The winning condition for the associated game comprises a recursive
part dealing with the finite plays, and a parity condition dealing with the infinite
plays. The parity condition says that in a play α, the highest Xi seen infinitely
often is maximal, i.e. i is even. In other words, the condition is

¬∞Xn ∧ (∞Xn−1 ∨ (¬∞Xn−2 ∧∞Xn−3 ∨ (. . .∞X2 ∨ ¬∞X1) . . .)).

Now, the statement ‘Xi is seen at position j of the play α’ is a recursive predicate
of α; and the statement ∞Xi is just ∀j.∃k > j. ‘Xi is seen at k’, which is Π0

2.
Therefore the entire condition is a boolean combination of Π0

2 and Σ0
2 statements,

Q.E.D. ��
One may equally well use a Rabin condition, although this is less natural.
At this point, it seems ‘obvious’ that the argument should also run backwards.

However, model-checking games are a very restricted format of games, and the
statement ∞Xi is apparently a rather restricted form of Π0

2 statement about a
play α; we wish to make a statement about arbitrary ∇02 winning conditions.
Thus the obvious statement requires some work to prove. The first step is to
choose the appropriate fine hierarchy within ∇02. One may here choose to follow
the pattern of Rabin conditions: by using disjunctive normal form, it is trivial
that formulae of the shape

∨
i(Σ

0
2 ∧ Π0

2) give a normal form for ∇02. However,
it is easier and more elegant to follow the pattern of parity conditions, and use
a hierarchy known as the difference hierarchy (over Σ0

2). Difference hierarchies
over open sets have been studied long ago in classical descriptive set theory;
more recently Victor Selivanov has, in a series of papers, made a study of an
abstract fine hierarchy which subsumes, in a certain sense, difference hierarchies:
applications include simpler proofs and refinements of Wagner’s hierarchies of
ω-regular languages [8]. However, we shall not need any of this more general
theory; let us just define the hierarchy we need.

The difference hierarchy over Σ0
2 is defined thus: Σ∂1 = Σ0

2; Π∂
n = ¬Σ∂n;

Σ∂n+1 = Σ0
2 ∧ Π∂

n. To provide a simpler base case, let us also define Σ∂0 = Σ0
1

(which fits into the induction, since Σ0
2 ∧Π0

1 = Σ0
2). The main result is now

Theorem 8. GΣ∂n = Σµn+1 for n ≥ 0.

Proof. First consider the easier direction, that Σµn+1 ⊆ GΣ∂n. This is not trivial:
by inspection, the parity condition of rank n is in Σ∂n, but this is not tight enough.
However, if we consider more carefully the winning condition for the game of a
Σµ1 formula τ ∈ µX.φ, it says simply ‘X is seen finitely often’. Since the only way
a play can be infinite is to pass infinitely often through X, this is equivalent to
saying that the play is really finite (and therefore terminates on an outright Eloise
win). Hence the winning condition is really just ∃i. ‘Eloise wins outright at α(i)’,
and since the outright winning conditions are recursive, this is a Σ0

1 statement.
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Hence Σµ1 ⊆ GΣ0
1 = GΣ∂0 . Now an induction following the proof of Theorem 4

gives the rest. (Of course, we already know from Theorem 5 that Σµ1 = GΣ0
1;

however, the above direct argument of the base case has the advantage of being
easy to fit directly into the induction.)

The harder direction is showing that GΣ∂n ⊆ Σµn+1. For convenience we shall
let Theorem 5 deal with the base case; it is an easy exercise to write down
the direct proof using a simplified version of the strategy here. The inductive
step is a generalization of Solovay’s result, using a generalization of Wolfe’s
determinacy proof. We shall follow, more or less, the presentation of Wolfe’s
proof by Moschovakis [6], extending as necessary.

The approach is to define inductively ‘easy winning positions’, and show that
all winning positions are easy. We then inspect the inductive definition, and see
that it has the required form.

Suppose we have a Σ∂n winning condition P (α,x); for notational convenience
we omit the parameters x. Then it has the form

(∃i. Q(i, α)) ∧R(α)

where Q is Π0
1 and R is Π∂

n−1. In Solovay’s result, the winning condition is
Σ0
2 = Σ∂1 , and so there is no R term; we have to show that the argument still

goes through with this additional term, so allowing us to use the proof in an
induction on n.

We start with a trivial but critical observation:

(∃i. Q(i, α)) ∧R(α)⇔ ∃i. (Q(i, α) ∧R(α)).

The second observation is that (by lemma 1) since, for a given i, Q(i, α) is a Π0
1

predicate of α, there is a Π0
1 tree Ti ⊆ ω∗ such that Q(i, α)⇔ α ∈ [Ti].

We shall build the set of winning positions by a transfinite induction; to
explain the technique let us first consider the base case on its own. We can
define a set of really easy winning positions: let

W 0 = {u | ∃i. ‘Eloise wins the game H0
i [u] = (Q(i, α) ∧R(α))[u]’ }

Strictly, if u is an odd length sequence, we mean the cogame H0
i [u]; we will

assume henceforth that ‘game’ means ‘game’ for even length u and ‘cogame’ for
odd length u. Now, it is clear that if u ∈W 0, then Eloise wins the game P [u].

To extend this base case into an inductive step, we first reformulate this
definition using the second observation:

W 0 = {u | ∃i. ‘Eloise wins the game H0
i [u] = (R(α) ∧ ∀k. α(<k) ∈ Ti)[u]’ }

So the ‘really easy’ winning positions can be thought of as the places where
Eloise knows how to win R while also staying within Ti. Now the inductive
step is to look at places where Eloise knows how to win R while staying within
the winning positions for easier games. That is, if W ξ is defined for ξ < ζ, let
W<ζ =

⋃
ξ<ζW

ξ, and define the game

Hζ
i (α) = R(α) ∧ ∀k. α(<k) ∈W<ζ ∪ Ti.
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Then we define

W ζ = {u | ∃i. ‘Eloise wins the game Hζ
i [u]’ }.

We show by induction that if u ∈ W ζ , then u is a winning position in the
original game P . So, let u ∈ W ζ . Then for some i, Eloise wins Hζ

i [u]; let Eloise
play according to her winning strategy to produce a play α. Then by definition,
R(α)∧∀k. α(<k) ∈W<ζ ∪Ti. If play ever reached a position v = α(<k) ∈W<ζ ,
then by induction Eloise could have won P [v], so by switching to her winning
strategy there, instead of continuing with α, she can win P [u]. If not, then
R(α) ∧ ∀k. α(<k) ∈ Ti; but then α ∈ [Ti], so Q(i, α) ∧ R(α), so Eloise wins the
play α in the game P .

Now, W ζ is an increasing chain, and so (by cardinality) closes at some W =
Wκ = W<κ. We now show that if u /∈Wκ, then Abelard wins P [u]. So, let u =
a0 . . . aj /∈ Wκ. By definition, for all i, Abelard wins Hκ

i [u]. (Note: see Remark
9.) Let Abelard continue to play according to his winning strategy for Hκ

0 [u],
generating a play α = uaj+1 . . .. First suppose that ∀k. α(<k) ∈W<κ∪To; then
we must have α /∈ R, so α /∈ P , and so Abelard has won P . On the other hand,
suppose at some j0 we have u0 = α(<j0) /∈W<κ ∪T0. Then firstly u0 /∈ T0, and
since T0 is a tree, any extension of u0 is also /∈ T0. Secondly, W<κ = Wκ, so
u0 /∈Wκ, so Abelard wins all Hκ

i [u0]. So now let Abelard switch to his strategy
for Hκ

1 . Now repeat the argument: either Abelard plays and wins with R, or
there is a u1 /∈W<κ ∪ T1. If the process of finding u0, u1, . . . continues for ever,
then the final play α is not an infinite branch of any Ti, and so ¬∃i. Q(i, α) and
again Abelard has won the play.

We have now shown that u ∈W iff Eloise wins the game P [u], in other words
that W = Gα.P (u · α). All that remains is to recast the inductive definition in
terms of G and mu-arithmetic:

W = µ(w,W ).∃i.Gα.(R(w · α) ∧ ∀k. ((w · α)(<k) ∈W ∨ (w · α)(<k) ∈ Ti))
Now, Ti is a Π0

1 set, and therefore ∀k. . . . is also Π0
1; R is Π∂

n−1, and so the
body of the game quantified expression is also Π∂

n−1. Therefore by the induction
hypothesis and duality, Gα. . . . is equal to some Πµ

n expression φ, and so W is
indeed Σµn+1; Q.E.D. ��

Remark 9. At the point referring to this Remark, we seem to be assuming the
determinacy of Hκ

i . At first sight, this seems odd, since the set Wκ occurring in
the definition is rather complex; however, the determinacy theorems involve the
boldface classes, not the lightface, and any subset of the integers is ∆0

1, so the
determinacy theorems apply. In fact, as I have mentioned, this proof is mostly
Wolfe’s, and was devised to show determinacy. This works because at the end we
have constructed a set W such that Eloise wins P iff 〈〉 ∈W , and Abelard wins
P iff 〈〉 /∈W . To show determinacy, we use Σ0

2 rather than Σ0
2; the only difference

this makes is that Q is Π0
1 instead of Π0

1, so the trees Ti are not necessarily Π0
1.

The argument goes through to produce the set W ; thus we have an inductive
proof of the determinacy of Σ∂n games, and then we look at the lightface version
in order to obtain the complexity results we really want.
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It is worth mentioning, as already noted in [4], that the use of fixpoint not-
ation makes Wolfe’s proof itself rather more transparent. The determinacy of
(boldface) ∇0

2 games was studied by Büchi [3] in the context of monadic second-
order logic; again the use of fixpoint notation allows a transparent presentation,
since the formulation of Theorem 8 works also in the boldface case.

As was mentioned above, we could as well use the Rabin style hierarchy as the
difference hierarchy; indeed, Σ∂2n is equal to the Rabin class

∨
1≤i≤n(Σ0

2 ∧ Π0
2),

and the odd levels of the difference hierarchy correspond to Rabin conditions
with one disjunct being simply Σ0

2.
Since the above proof is also defining a winning strategy, it follows from

Lubarsky’s characterization that

Corollary 10. A Σ∂n game has a winning strategy in the ω+(n+1)’th level of
Gödel’s L, where ω+n is the first n-reflecting admissible [5] after ω.

A result that is already known, but which is much more easily seen from this
approach, is

Corollary 11. The fixpoint definable sets of integers are strictly contained in
∆1
2.

Proof. Because the game quantifier is self-dual for reasonable point classes
(lemma 2) and because if U(i, α, x) ⊆ ω×ωω×X is universal for Γ on ωω×X then
Gα.U(i, α, x) ⊆ ω × X is universal for GΓ on X, the game quantifier preserves
the strictness of reasonable hierarchies. In particular, it preserves the arithmetic
and hyperarithmetic hierarchies. By the main theorem, the fixpoint definable
sets are contained in G∇02; but ∆1

2 contains G∆1
1, a much larger set.

The fact that fixpoint definable sets are contained in ∆1
2 follows from the classi-

cal closure of ∆1
2 under inductive definitions; the strictness of the containment is

established by Lubarsky’s analysis, as the ordinals ω+n are all less (and in some
sense much less) than the first non-∆1

2 ordinal. However, the game characteriza-
tion is technically simpler, and gives a more transparent meaning to ‘much less’:
∇02 is ‘much smaller’ than ∆1

1 in a well understood sense.

5 Final Remarks

The characterization we have established here is interesting in both directions.
The fact that GΣ∂n is characterized by a natural and useful pointclass extends
a little the point at which games become inherently difficult. Perhaps the other
direction is more interesting: fixpoint alternation is notoriously incomprehensi-
ble, so characterizing it in terms of a simple hierarchy of games is helpful—and
arguably more useful than the admissible-recursion-theoretic characterization.
It also reinforces a slightly different view on the traditional world of automata
with Rabin and parity conditions: ‘infinitely often’ is a fundamental concept in
temporal logics, but really it is a fundamental concept because it is Π0

2. Indeed,
within the framework of recursion theory, any Π0

2 statement about α is of the
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form ‘infinitely often something happens at α(i)’, where in general ‘something’
includes statements about the previous and future elements of α.

There are some obvious directions in which to extend this investigation. As
I have mentioned, Selivanov has made a detailed study of difference-like hier-
archies, and I hope that further results may emerge from applying his work.
One question of particular interest is that of transfinite extensions. The fixpoint
hierarchies can be extended into the transfinite in the usual way, and Selivanov’s
hierarchies are also transfinite. One can then ask whether our characterization
here extends at all. A possibly interesting issue here is that there is something
of a mis-match between the hierarchies: the first natural stopping point for a
transfinite extension of the difference hierarchy is ωCK1 , whereas the transfinite
fixpoint hierarchy has no natural stopping point before an otherwise unknown
and extremely large ordinal. I conjecture that an extension may be possible up
to ωCK1 ; beyond there it is not clear that the question is meaningful.

Another natural question is whether this descriptive set theoretic approach
can be used directly to establish results such as the non-collapse of the modal
mu-calculus alternation hierarchy, avoiding the passage through arithmetic that
was used in [2]. Here again Selivanov’s work is relevant: he has shown how an
approach from descriptive set theory provides elegant proofs of results on ω-
regular expressions.
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Abstract. Resolution space measures the maximum number of clauses
that need to be simultaneously active in a resolution refutation. This
complexity measure was defined by Kleine Büning and Lettmann in [8]
and slightly modified recently [6] to make it suitable for comparisons
with other measures. Since its definition, only trivial lower bound for the
resolution space, measured in terms of the number of initial clauses were
known. In this paper we prove optimal lower bounds for the space nee-
ded in the resolution refutation of two important families of formulas.
We show that Tseitin formulas associated to a certain kind of expan-
der graphs of n nodes need resolution space n − c for some constant c.
Measured on the number of clauses, this result is best possible since the
mentioned formulas have O(n) clauses, and the number of clauses is an
upper bound for the resolution space. We also show that the formulas
expressing the general Pigeonhole Principle with n holes and more than
n pigeons, need space n + 1 independently of the number of pigeons.
Since a matching space upper bound of n + 1 for these formulas exist,
the obtained bound is exact. These results point to a possible connection
between resolution space and resolution width, another measure for the
complexity of resolution refutations.

Keywords: Resolution, complexity measures, space, lower bounds, pebbling
game.

1 Introduction

Resolution is perhaps the most studied propositional refutation system. This is
on one hand because its importance in many automatic theorem proving proce-
dures, and on the other hand because its simplicity. Resolution acts on clauses
and contains only one inference rule. If A ∨ x and B ∨ x̄ are clauses, then the
clause A∨B (the resolvent) may be inferred by the resolution rule resolving the
variable x. A resolution refutation of a non-satisfiable conjunctive normal form
(CNF) formula ϕ is a sequence of clauses C1 . . . Cs, where each Ci is either a
� Partially supported by the DFG
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clause of ϕ or is inferred from earlier clauses in the refutation by the resolution
rule, and Cs is the empty clause, ✷.

Resolution refutations can be viewed as directed acyclic graphs, where the
clauses are the nodes, and if two clauses are resolved, there is a directed edge
from each of these two clauses to to their resolvent. Resolution refutations can
be restricted to be tree-like, considering only trees as possible underlying graphs.
In this case, each clause in the refutation is used in an inference of a new clause
at most once. The same clause may appear more than once in the tree-like
refutation.

Because of the importance of resolution, several measures for the complexity
of resolution refutations have been introduced. The most natural one is the size,
that is, the number of clauses that are needed in the resolution refutation of a
formula (in the case of tree-like proofs, each appearance of a clause in counted).
Using the family of formulas expressing the Pigeonhole Principle, Haken [7]
proved for the first time an exponential lower bound on the size of a resolution
refutation. This proof was subsequently simplified and extended to other families
of formulas [14,5,2].

In spite of these results, there are still many questions about the complexity
of resolution that remain unsolved. In an attempt to better understand this
refutation system, other complexity measures like width and space have been
introduced.

Recently Ben-Sasson and Wigderson [3] unified all the existing exponential
lower bounds for resolution size using the concept of width. The width of a reso-
lution refutation is the maximal number of literals in any clause of the refutation.
The authors relate in [3] width and size showing that lower bounds for resolution
width imply lower bounds for resolution size.

Another measure for the complexity of a resolution refutation is the amount
of space it needs. This concept was initially defined by Kleine Büning and Lett-
man in [8], and slightly modified in [6] in order to make it more natural and
suitable for comparisons with other complexity measures1.

Definition 1. Let k ∈ IN, we say that an unsatisfiable CNF formula ϕ has
resolution refutation bounded by space k if there is a series of CNF formulas
ϕ1, . . . , ϕn, such that ϕ1 ⊆ ϕ, ✷ ∈ ϕn, in any ϕi there are at most k clauses,
and for each i < nr, ϕi+1 is obtained from ϕi by deleting (if wished) some of its
clauses, adding the resolvent of two clauses of ϕi, and adding (if wished) some
of the clauses of ϕ (initial clauses).

The space needed for the resolution of an unsatisfiable formula ϕ, is the
minimum k for which the formula has a refutation bounded by space k.

Intuitively, this expresses the idea of keeping a set of active clauses in the
refutation, and producing from this set a new one until the empty clause is
included in the set. The new set is produced by copying clauses from the previous
1 The original definition [8] differs from the one given in [6] and here in the fact that
when an initial clause has been deleted from the list of active clauses, it cannot be
included again.
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set or from the initial set of clauses, and resolving one pair of clauses. The space
used is the maximum number of clauses that are simultaneously active in the
refutation.

An upper bound on the space needed for the resolution of a formula ϕ with
n variables is n + 1, [6], and there are formulas for which this is also a lower
bound. On the other hand, some unsatisfiable CNF formulas (like for example
those with at most 2 literals in each clause) can be resolved using only constant
space [6]. However, the question of the existence of nontrivial space lower bounds
measured on the number of initial clauses of the formula was open. We address
this question here obtaining optimal space lower bounds for the two important
families of Tseitin formulas and formulas expressing the Pigeonhole Principle.
Lower bounds for the space needed in resolution and Polynomial Calculus, have
also been recently considered in [1].

Very similar results also hold for these families of formulas if the width instead
of the space of a resolution refutation is used [3]. This is surprising since both
measures seem unrelated, and suggest that there might be a relationship between
the concepts of width and space.

We show in Section 2 space lower bounds for the refutation of Tseitin for-
mulas. This family of formulas was first defined by Tseitin [13], and express the
principle that the sum of the degrees of the vertices in a graph must be even.
Tseitin proved in [13] super-polynomial lower bounds on the size of regular re-
solution refutations for them. Later Urquhart [14] improved these bounds to
exponential lower bounds for general resolution. We prove that the space nee-
ded for the resolution of a Tseitin formula with associated graph G is at least
ex(G)− �d2�+1, where ex(G) is the expansion of G and d its maximum degree.
For Tseitin formulas corresponding to expander graphs with n nodes, this me-
ans that the space needed is at least n− c for some constant c. These formulas
have O(n) variables and clauses, and because of the general space upper bound
mentioned above, the space needed is Θ(n), and this linear lower bound on the
number of initial clauses is optimal up to a constant factor2.

The family of formulas for the general Pigeonhole Principle PHPmn express
the fact that it is not possible to fit m pigeons in n pigeonholes (for m > n). As
mentioned above, for the case m = n+ 1, this was the first example of a family
of formulas with an exponential resolution size lower bound [7]. We show that
the negation of PHP formulas need refutation space n+1, independently of the
number of pigeons 3. In this case we have an exact bound since Messner [10] has
proven that n+1 is also an upper bound for the space needed for the refutation
of PHP formulas with n pigeonholes.

This lower bound result is also interesting due to the fact that the complexity
of resolution refutations of the general Pigeon Hole Principle is not known. For
example, only trivial lower bounds on the size are known when the number of

2 A linear space lower bound in the number of initial clauses for Tseitin formulas have
been independently proven in [1]

3 A Ω(n) lower bound for the resolution space of PHPm
n have been obtainded inde-

pendently in [1]
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pigeons m is greater than n2. Buss and Pitassi [4] have shown that for the case of
tree-like resolution, for any m > n, ¬PHPmn needs tree-like resolution refutation
of size at least 2n. This result can also be proven using a lower bound on the
width of refutations for ¬PHPmn from [3]. Due to the fact that tree-like resolution
refutations of size S require at most space �logS	+ 1, [6], the above mentioned
space lower bound for ¬PHPmn also provides the lower bound 2n on the size of
tree-like resolution refutations for these formulas.

We show then that for the case of tree-like resolution, the space needed in
a refutation of a formula is at least as large as the refutation width minus the
initial with of the formula. Again here we find a connection between the concepts
of space and width.

The space lower bound results are proven using an alternative characteriza-
tion of the space measure based on a pebble game on graphs. Resolution refuta-
tions can be represented as directed acyclic graphs of in-degree two, in which the
nodes are the clauses used in the refutation, and a vertex (clause) has outgoing
edges to the resolvents obtained using this clause. In case that in the refutation
no derived clauses are reused, that is, when all the nodes in the refutation graph
(except maybe the sources) have out-degree one, the proof is called tree-like.

The space required for the resolution refutation of a CNF formula ϕ (as
expressed in Definition 1) corresponds to the minimum number of pebbles needed
in the following game played on the graph of a refutation of ϕ. Observe that in
a resolution refutation graph the sources are the initial clauses, and the unique
sink is the empty clause.

Definition 2. Given a connected directed acyclic graph with one sink the aim
of the pebble game is to put a pebble on the sink of the graph (the only node with
no outgoing edges) following this set of rules:

1) A pebble can be placed in any initial node, that is, a node with no predeces-
sors.

2) Any pebble can be removed from any node at any time.
3) A node can be pebbled provided all its parent nodes are pebbled. For doing

so, one can place a new pebble on the node, or one can shift a pebble from a
parent node.

Because of the equivalence of both definitions [6], we will indistinctly talk
about the space needed in the refutation of a formula, or about the number of
pebbles needed on a game played on its refutation graphs.

The space lower bounds are obtained reasoning on the pebble game. The idea
is the following: a critical stage in any pebbling strategy of the refutation graphs
is defined, and then it is proved that this stage must exist, and that it must
contain a large number of pebbles. In a critical stage it is required that there is
a partial assignment of the variables that on one hand includes variables from
all the pebbled clauses in that stage, and on the other hand does not satisfy a
combinatorial property related to the input formula.
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2 Lower Bounds on Tseitin Formulas

In this section we study the space used in resolution refutations of some formulas
related to graphs. This formulas were defined originally by Tseitin [13], and have
also been used in order to prove lower bounds on the size of resolution refutations
in [14] and [12].

Let G = (V,E) be a connected undirected graph with n vertices, and let
m : V → {0, 1} be a marking of the vertices of G satisfying the property∑

x∈V
m(x) = 1(mod 2).

For such a graph we can define an unsatisfiable formula in conjunctive normal
form F (G,m) in the following way: The formula has E as set of variables, and
is a conjunction of the formulas Fx for x ∈ V , where

Fx =



e1(x)⊕ . . .⊕ ed(x) if m(x) = 1

e1(x)⊕ . . .⊕ ed(x) if m(x) = 0

Here e1(x) . . . ed(x) are the edges (variables) incident with vertex x. If d is the
maximum degree of a node in G, F (G,m) contains at most n2d−1 many clauses,
each one with at most d many literals. The number of variables of the formulas
is bounded by dn

2 .
F (G,m) captures the combinatorial principle that for all graphs the sum of

the degrees of the vertices is even. When the marking m is odd, F (G,m) is
unsatisfiable. Suppose on the contrary that there were a satisfying assignment
ϕ : E → {0, 1}. For every vertex x, the number of edges of x that have been
assigned value 1 by ϕ has the same parity as m(x), and therefore∑

x∈V

∑
(x,y)∈E

ϕ((x, y)) ≡
∑
x∈V

m(x) ≡ 1( mod 2)

but in the left hand sum in the equality, every edge is counted twice and therefore
this sum must be even, which is a contradiction.

Fact 1 For an odd marking m, for every x ∈ V there exists an assignment ϕ
with ϕ(Fx) = 0, and ϕ(Fy) = 1 for all y �= x. If the marking is even, then
F (G,m) is satisfiable.

Consider a a partial truth assignment t of some of the variables. We refer
to the following process as applying t to (G,m): Setting a variable (x, y) in t
to 0 corresponds to deleting the edge (x, y) in the graph, and setting it to 1
corresponds to deleting the edge from the graph and toggling the value of m(x)
and m(y) in G. Observe that the formula F (G′,m′) for the graph and marking
(G′,m′) resulting after applying t to (G,m) is still unsatisfiable.

In order to prove the lower bound we will consider the last stage in any
pebbling strategy in which two properties are satisfied. On the one hand, the
set of pebbled clauses must be simultaneously satisfiable. The other property
needed is based on non-splitting assignments, a concept that we define next.
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Definition 3. We say that a partial truth assignment t of some of the variables
in F (G,m) is non-splitting for (G,m), if applying it to (G,m) produces a pair
(G′,m′) so that G′ has a connected component of size > 2

3n with an odd number
of 1’s in its marking, and an even number of 1’s in the markings of all other
connected components.

Definition 4. Let G = (V,E) be an undirected graph with with |V | = n. The
expansion of G, ex(G) is defined as:

ex(G) = max k : ∀S ⊆ V, |S| ∈ [
n

3
,
2n
3

], |{(x, y) ∈ E : x ∈ S, y �∈ S}| ≥ k.

Intuitively the expansion of a graph is the minimum size of a cut produced
when the vertices are partitioned into two subsets that do not differ too much in
size. As shown in the next theorem, the expansion of a graph is a lower bound
on the space required in the resolution of its associated Tseitin formula.

Theorem 2. Let G = (V,E) be an undirected and connected graph with |V | = n
and maximum degree d, and let m be an odd marking of G. Any resolution
refutation of F (G,m) requires space at least ex(G)− �d2�+ 1.

Proof. Let Π be a resolution refutation of the formula, and consider the last
stage s in a pebbling strategy of the graph of Π in which there is a partial
assignment t fulfilling the following two properties:

i) t simultaneously satisfies all the pebbled clauses at stage s,
ii) t is non-splitting for (G,m).

This stage in the pebbling must exist: Before the initial step, no clause has
a pebble. Since G is connected, the empty truth assignment is trivially a non-
splitting partial assignment satisfying the set of pebbled clauses. At the end, the
set of pebbled clauses contains the empty clause which cannot be satisfied by
any assignment. Stage s must exist in between.

The clause pebbled in stage s + 1 must be an initial one. The only other
clause that could be pebbled at stage s+ 1 would be a clause C3 whose parents
C1 and C2 already have a pebble, but any partial assignment satisfying C1 and
C2 also satisfies C3, and the non-splitting partial assignment from stage s would
also work for stage s+1. For some vertex x in G, this last initial pebbled clause
corresponds to the formula Fx.

Let t be a partial assignment satisfying properties i) and ii) at stage s. There
is an extension of t that satisfies F ′

x, the formula for x after applying t. To see this,
observe that after applying t to (G,m), the graph has a connected component
of size at least 2n

3 with an odd marking, and the rest of the components have
even markings. By Fact 1, for every vertex x, the formula F ′

x can therefore be
satisfied by an extension of t. Moreover, the initial clause C pebbled at stage
s+1 corresponds to a vertex x in the big connected component with odd marking
since otherwise there would be also non-splitting partial assignments satisfying
all the pebbled clauses at stage s+ 1.
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Let t be a non-splitting partial truth assignment of minimal size satisfying the
clauses at stage s, and (G′,m′) the graph and marking resulting after applying
t. It suffices to extend t giving some value to one or more of the variables in the
last pebbled clause to obtain an assignment t′ satisfying all the clauses pebbled
at stage s + 1. However, t′ is a splitting assignment and applying it to (G,m)
does not produce a connected component larger than 2

3n with odd marking. We
will show that there is always a way to extend t to t′ by assigning some new
variables in the last pebbled clause C, in such a way that t′ satisfies all the
pebbled clauses and produces a subgraph disconnected from the rest and with a
number of nodes in the interval [n3 ,

2n
3 ].

Let C be the initial clause pebbled at stage s+1, corresponding to a node x
and let d′ be the degree of x in G′ (d′ ≤ d). F ′(x) is the formula e1(x) ⊕ . . . ⊕
ed′(x) = m′(x). We have shown that this formula is satisfiable. d′ is at least 1,
since otherwise t would also satisfy F ′

x.
x is connected in G′ to d′ components A1, . . . , A

′
d, and there is no edge

between any two of such components Ai, Aj . Otherwise, satisfying the clause C
by satisfying the literal corresponding to the edge connecting x and Ai, would
provide a non-splitting extension of t.

We consider different cases depending on the size of the A components.
Case 1: Some component Ai has size within the interval. Deleting the edge

connecting x and Ai, this component is isolated from the rest of the graph.
Case 2: The size of all the Ai components lie outside the interval. This implies

that they all have size smaller than n
3 , since otherwise, by Fact 1, there would

be an extension of t that satisfies C, and disconnects all the components form
node x producing an odd marking in the component of size greater that 2n

3 ,
and an even marking in all the other ones. This would provide a non-splitting
assignment satisfying all the pebbled clauses at stage s + 1. The size of all the
components Ai is therefore smaller than n

3 and the sum of all their sizes is greater
than 2n

3 . There is a set of at most �d′
2 � components such that the sum of their

sizes lie within the interval. This set of components can be isolated from the rest
of the graph just by deleting the edges connecting them to x.

In both cases, by deleting at most �d2� edges from G′ we have isolated a set
of nodes S of size within [n3 ,

2n
3 ] from the rest of the graph. There are at least

ex(G) edges {y, z} in G with y ∈ S and z �∈ S. All these edges, except at most
�d2� of them have been removed by the partial assignment t. Since t was chosen
to be an assignment of minimal size satisfying all the pebbled clauses at stage s,
there are at least ex(G)−�d2� pebbled clauses at this stage and ex(G)−�d2�+1
pebbled clauses at stage s+ 1.

�

There exist expander graphs G with n nodes constant degree d and with
ex(G) > n [9]. In [11] it is shown that the degree for such expander graphs can
be reduced to d = 8. For an odd marking of such a graph the formula F (G,m)
has at most dn

2 variables and n2d−1 clauses. By the above result, the space
needed in a resolution refutation of F (G,m) is at least n − 3 as stated in the
next corollary:
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Corollary 1. For the constant d = 8 there is a family of unsatisfiable formulas
F1, F2, . . . (corresponding to expander graphs) such that for every n Fn has at
most 256n clauses and 4n variables, and any resolution refutation of Fn requires
at least space n− 3.

The number of variables of a formula is an upper bound for its resolution
space [6]. For the family of formulas mentioned in the corollary, the space needed
is therefore Θ(n). Observe that this bound is linear, measured in terms of the
number of clauses of the formula.

An interesting fact is that Theorem 2 (even with the lower bound ex(G)
instead of ex(G) − �d2� + 1) also holds if the width of the refutation instead of
the space is considered [3].

3 The Pigeonhole Principle

Let m > n. The tautology PHPmn expresses the Pigeonhole Principle that there is
no one-one mapping from a domain of size m (the set of pigeons) into a range of
size n (the set of holes). We study the space needed in a resolution refutation of
the contradiction ¬PHPmn . This contradiction can be written as a CNF formula
in the following way: The variables of the formula are xi,j , 1 ≤ i ≤ m, 1 ≤ j ≤ n.
xi,j has the intuitive meaning that pigeon i is mapped to hole j. There are mn
variables. The clauses of the formula are:

(1) xi,1 ∨ xi,2 ∨ . . . ∨ xi,n for 1 ≤ i ≤ m, and
(2) xi,k ∨ xj,k for 1 ≤ i, j ≤ m, 1 ≤ k ≤ n, i �= j.

Clauses of type (1) express the fact that every pigeon is mapped to some hole,
while the clauses of type (2) indicate that at most one pigeon can be mapped to
any hole.

The number of clauses in ¬PHPmn is m+
(
m
2

)
n < m2n.

Theorem 3. For any m > n, the space needed in a resolution refutation of
¬PHPmn is at least n+ 1.

Proof. Let Π be a resolution refutation of ¬PHPmn and consider the last stage s
in a pebbling strategy of the graph of Π in which there is a partial assignment
t fulfilling the following two properties:

i) t simultaneously satisfies all the pebbled clauses at stage s, and
ii) t does not assign value false to any of the initial clauses.

At stage s = 0 in the pebbling process, such a partial assignment t exists
since there are no pebbled clauses. Also, at the end of the pebbling, the empty
clause has a pebble on it and therefore there is no t fulfilling property i). Because
of this, the stage s defined above must exist.

The pebble from stage s+1 is placed in an initial clause. Otherwise the two
parents of the pebbled clause at stage s + 1 contain a pebble in stage s and
any partial assignment satisfying the pebbled clauses at stage s also satisfies the
clauses at stage s+ 1.
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Let t be a partial assignment simultaneously satisfying all the pebbled clauses
at stage s. t can be extended to a partial assignment t′ that satisfies the last
pebbled clause C. We have seen that C must be an initial clause. If no extension
of t can satisfy clause C is because t assigns value false to all the literals in C,
but this is a contradiction since C is an initial clause, and by condition ii) t
cannot give value false to any initial clause.

Let t be a partial assignment of minimal size satisfying all the pebbled clauses
at stage s and not giving value false to any initial clause, and let t′ be any
extension of t satisfying the clause C pebbled at stage s + 1. By hypothesis, t′

falsifies some initial clause.
If C is of type (1) for some pigeon i, C can be satisfied by giving value true

to some variable xi,k that has not been assigned by t. This makes some initial
clause Ci,k false, and therefore Ci,k must be of type (2), Ci,k = xi,k ∨ xj,k for
some j. This implies that for any hole k, t assigns variable xi,k value false, or
variable xj,k value true (for some j �= i), and therefore t assigns at least as many
variables as holes. Since t was a partial assignment of minimal size satisfying all
the pebbled clauses at stage s, in this stage at least n clauses were pebbled, and
in s+ 1 at least n+ 1.

If C is of type (2), C = xi,k ∨ xj,k, assigning value true to any literal in C
that has not been assigned by t, falsifies some initial clause of type (1). If t has
not assigned value to any of the variables in C, this means that the number of
variables assigned by t is at least 2n − 2. Otherwise t has assigned at least n
variables. For n ≥ 2, this implies that the number of variables assigned by t is
at least n, which means that the number of pebbled clauses at stage s− 1 is at
least n, and at stage s, n+ 1. �

Jochen Messner [10] has proved that n + 1 pebbles suffice in a resolution
refutation of the Pigeonhole Principle with n holes and m > n pigeons. This
means the the above space lower bound is exact.

Although only trivial lower bounds for the size of a resolution refutation of
the general Pigeonhole Principle ¬PHPmn are known for the case m > n2, the
situation is better when restricted to tree-like resolution. In [4] it is shown that
for any m > n ¬PHPmn requires tree-like resolution refutations of size 2n. Using
the following result from [6] we can derive this bound as a corollary of the above
space lower bound.

Theorem 4. [6] Let ϕ be an unsatisfiable CNF formula with a tree-like resolu-
tion of size S, then ϕ has a resolution refutation of space �logS	+ 1.

The same bound for tree-like refutations of ¬PHPmn has also obtained in [3]
using a lower bound on the width of the refutations of ¬PHPmn .

4 Tree-Like Refutations, Space and Width

The relationship between the two complexity measures of space and width is not
clear. Recall that width of a refutation denotes the maximum number of literals
of a clause appearing in the refutation. Formally:
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Definition 5. [3] The width of a clause C, w(C), is defined as the number of
literals in C. The width of a set of clauses in the maximal width of a clause in
the set. The width of deriving a clause C from the formula ϕ, denoted w(ϕ �
C) is defined by minΠ{w(Π)} where the minimum is taken over all resolution
derivations Π of C from ϕ.

In the case of tree-like resolution we can show a connection between the
concepts of size and width. For an unsatisfiable formula ϕ, define tree-space(ϕ)
to be the minimum number of pebbles needed in a tree-like resolution refutation
of ϕ. For any unsatisfiable formula ϕ, the difference between the width in a
refutation of ϕ minus the initial width of the formula, is bounded by the space
in any tree-like refutation of the formula. The proof of this fact relies on the
following lemma from Ben-Sasson and Wigderson:

Lemma 1. [3] Let ϕ a CNF unsatisfiable formula, and for a literal a, let ϕ0 and
ϕ1 be the formulas resulting from assigning a the truth values 0 and 1 respectively.
If for some value k, w(ϕ0 � ✷) ≤ k − 1 and w(ϕ1 � ✷) ≤ k then w(ϕ � ✷) ≤
max{k,w(ϕ)}

Theorem 5. Tree-space(ϕ)− 1 ≥ w(ϕ � ✷)− w(ϕ).

Proof. Let ϕ be an unsatisfiable CNF formula, and s the minimum number of
pebbles needed in any tree-like refutation of ϕ, Π. We prove by induction on
the depth of Π, d, that w(ϕ � ✷) ≤ w(ϕ) + s− 1. For d = 0, we have that ✷ is
an initial clause, and the results holds trivially. For d > 0, let Π be a tree-like
refutation of ϕ of depth d and let x be the last variable being resolved. Let
T0 and T1 be the subtrees in the refutation deriving the literals x and x from
initial clauses, and let s0 and s1 be the number of pebbles needed to pebble
these subtrees reaching the literals x and x. Since we are dealing with a tree-like
refutation, either s0 or s1 must be smaller than s, this is because in order to
place a pebble on the empty clause the two subtrees must be previously pebbled,
and the pebbles in one of the subtrees do not affect the pebbling of the other
one. W.l.o.g. let us consider s0 < s. Also, T0 and T1 have depth smaller than d.

Applying the partial assignment x = 0 to all the clauses in T0 (respectively
the partial truth assignment x = 1 to the clauses in T1), we obtain two refutation
trees deriving the empty clause from two sets of clauses ϕ0, ϕ1. By induction,
w(ϕ0 � ✷) ≤ w(ϕ0) + s0− 1 ≤ w(ϕ) + s− 2, and w(ϕ1 � ✷) ≤ w(ϕ1) + s1− 1 ≤
w(ϕ) + s− 1. Applying Lemma 1 we obtain s− 1 ≥ w(ϕ � ✷)− w(ϕ) �

This result shows that when the width of the initial clauses is small with
respect to the width of some internal clause, width lower bounds can be used
to obtain space lower bounds for the restricted case of tree-like resolution. For
example, for the case of a Tseitin formula related to an undirected graph G with
odd marking, Ben-Sasson and Wigderson showed that the width is at least the
expansion of G. By the above result, this implies a space lower bound for tree
like resolution of at least the expansion of G minus the maximal degree of the
graph, which is a little worse than the space lower bound for general resolution
for these formulas obtained in Theorem 2.
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5 Discussion

We have shown lower bounds for the resolution space of Tseitin and Pigeonhole
formulas. These lower bounds are optimal since matching upper bounds exist.
Besides the interest the bounds have on their own for a better understanding
of the mentioned classes of formulas, these result point to a possible connec-
tion between the seemingly unrelated measures of resolution width and space.
Similar lower bounds to the ones shown here, hold also for the case of width,
and besides, it is known that for the case of tree-like resolution both width and
space lower bounds imply exponentially larger size lower-bounds. However, the
question of whether space lower bounds imply size lower bounds for other re-
strictions of resolution is still open 4. The question of non-trivial lower bounds
for the resolution space of random CNF formulas is another interesting open
problem.

Acknowledgment: The author would like to thank Jochen Messner for helpful
discussions on earlier versions of the paper.
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8. Kleine Büning, H. and Lettman, T.: Aussangenlogik: Deduktion und Algorithmen,
B.G. Teubner Stuttgart (1994).

9. Margulis, A.: Explicit construction of concentrators. Problems Information Trans-
mission 9 (1973) 71–80.

10. Messner, J.: Personal communication 1999.
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Abstract. We characterize the class of problems accepted by a class of
program schemes with arrays, NPSA, as the class of problems defined
by the sentences of a logic formed by extending first-order logic with
a particular uniform sequence of Lindström quantifiers. We prove that
our logic, and consequently our class of program schemes, has a zero-
one law. However, we show that there are problems definable in a basic
fragment of our logic, and so also accepted by basic program schemes,
which are not definable in bounded-variable infinitary logic. Hence, the
class of problems NPSA is not contained in the class of problems defined
by the sentences of partial fixed-point logic even though in the presence
of a built-in successor relation, both NPSA and partial fixed-point logic
capture the complexity class PSPACE.

1 Introduction

This paper is a continuation of the study of the classes of problems captured by
different classes of program schemes (in this study, the particular emphasis is on
a comparison with the classes of problems defined by the sentences of well-known
logics from finite model theory). Program schemes form a model of computa-
tion that is amenable to logical analysis yet is closer to the general notion of a
program than a logical formula is. Program schemes were extensively studied in
the seventies (for example, see [3,7,11,17]), without much regard being paid to
an analysis of resources, before a closer complexity analysis was undertaken in,
mainly, the eighties (for example, see [12,14,22]). There are connections between
program schemes and logics of programs, especially dynamic logic [8,15]. One
might also view many query languages from database theory as classes of pro-
gram schemes, although query languages tend to operate on relations as opposed
to individual elements (for example, see the while language from [1,4,5] and the
language BQL from [4,16]).

The results in [2,6,18,21] testify that the study of program schemes is inti-
mately related with more mainstream logics from finite model theory. In [18],
program schemes allowing assignments, while instructions with quantifier-free
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tests, non-determinism and access to arrays were studied but only in the pre-
sence of a built-in successor relation (the class of problems accepted by such
program schemes was shown to be PSPACE). It is with these program sche-
mes and their extensions, obtained by allowing universally quantified program
schemes to appear as tests in while instructions, that we are concerned in this
paper but in the absence of any built-in relations; that is, the class of program
schemes NPSA (non-deterministic program schemes with arrays). Our class of
program schemes NPSA is quite natural. It consists of the union of an infinite
hierarchy of classes of program schemes

NPSA(1) ⊆ NPSA(2) ⊆ NPSA(3) ⊆ . . .

The program schemes of NPSA(1) are built by allowing assignments, while in-
structions with quantifier-free tests, non-determinism and access to arrays (full
details follow later). The program schemes of NPSA(2) are built from program
schemes of NPSA(1) by universally quantifying free variables. The program sche-
mes of NPSA(3) are built as are the program schemes of NPSA(1) except that
tests in while instructions can be program schemes of NPSA(2). The program
schemes of NPSA(4) are built from program schemes of NPSA(3) by universally
quantifying free variables; and so on.

What is crucial is our definition of the semantics. Consider, for example, a
while instruction in a program scheme ρ of NPSA(3) where the test is a program
scheme ρ′ of NPSA(2). In order to evaluate whether the test is true or not, the
arrays from ρ are not ‘passed over’ to the program scheme ρ′: the evaluation of
ρ′ has no access to the arrays of ρ. After evaluation of ρ′ has been completed,
the computation of the program scheme ρ resumes accordingly with its arrays
having exactly the same values as they had immediately prior to the evaluation
of ρ′. It is essentially our semantic definition that enables us to characterize the
class of problems accepted by the program schemes of NPSA as the class of
problems defined by the sentences of a logic (±Ω)∗[FO] formed by extending
first-order logic with a particular uniform (or vectorized) sequence of Lindström
quantifiers (where this uniform sequence of Lindström quantifiers corresponds to
a PSPACE-complete problem Ω). Moreover, we show that the logic (±Ω)∗[FO]
has a zero-one law; but not because it is a fragment of bounded-variable infini-
tary logic, as is so often the case in finite model theory, for we show that there
are problems definable in NPSA (in NPSA(1) even) which are not definable in
bounded-variable infinitary logic. Consequently, whilst both NPSA and partial
fixed-point logic capture the complexity class PSPACE in the presence of a
built-in successor relation, there are problems in NPSA which are not definable
in partial-fixed point logic. If our semantics were such as to allow for universal
quantification over arrays then we could simply guess a successor relation and
hold our guesses in an array, use universal quantification to verify that the gues-
sed relation was indeed a successor relation and subsequently use this guessed
relation as our successor relation throughout. Consequently, we would have cap-
tured PSPACE and not the interesting logics (with zero-one laws but which are
not fragments of bounded-variable infinitary logic) encountered in this paper.
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2 Preliminaries

Ordinarily, a signature σ is a tuple 〈R1, . . . , Rr, C1, . . . , Cc〉, where each Ri is
a relation symbol, of arity ai, and each Cj is a constant symbol. However, we
sometimes consider signatures in which there are no constant symbols; that is,
relational signatures. A finite structure A over the signature σ, or σ-structure,
consists of a finite universe or domain |A| together with a relation Ri of arity
ai, for every relation symbol Ri of σ, and a constant Cj ∈ |A|, for every constant
symbol Cj (by an abuse of notation, we do not distinguish between constants or
relations and constant or relation symbols). A finite structure A whose domain
consists of n distinct elements has size n, and we denote the size of A by |A| also
(this does not cause confusion). We only ever consider finite structures of size at
least 2, and the class of all finite structures of size at least 2 over the signature
σ is denoted STRUCT(σ). A problem over some signature σ consists of a subset
of STRUCT(σ) that is closed under isomorphism; that is, if A is in the problem
then so is every isomorphic copy of A. Throughout, all our structures are finite.

We are now in a position to consider the class of problems defined by the
sentences of first-order logic, FO: we denote this class of problems by FO also,
and do likewise for other logics. It is widely acknowledged that, as a means for
defining problems, first-order logic leaves a lot to be desired especially when
we have in mind developing a relationship between computational complexity
and logical definability. In particular, every first-order definable problem can be
accepted by a logspace deterministic Turing machine yet there are problems in
the complexity class L which can not be defined in first-order logic (one such
being the problem consisting of all those structures, over any signature, that
have even size). One way of increasing the expressibility of FO is to augment
FO with a uniform or vectorized sequence of Lindström quantifiers, or operator
for short (the reader is referred to [10] for details). The archetypal example of
such an extension is Immerman’s transitive closure logic [13], and we shall see
another such extension of FO soon.

An alternative and more computational means for defining classes of pro-
blems is to use program schemes. A program scheme ρ ∈ NPSA(1) involves a
finite set {x1, x2, . . . , xk} of variables, for some k ≥ 1, and is over a signature
σ. It consists of a finite sequence of instructions where each instruction, apart
from the first and the last, is one of the following:

– an assignment instruction of the form ‘xi := y’, where i ∈ {1, 2, . . . , k} and
where y is a variable from {x1, x2, . . . , xk}, a constant symbol of σ or one
of the special constant symbols 0 and max which do not appear in any
signature;

– an assignment instruction of the form ‘xi := A[y1, y2, . . . , yd]’ or ‘A[y1, y2,
. . . , yd] := y0’, for some i ∈ {1, 2, . . . , k}, where each yj is a variable from
{x1, x2, . . . , xk}, a constant symbol of σ or one of the special constant sym-
bols 0 and max which do not appear in any signature, and where A is an
array symbol of dimension d;

– a guess instruction of the form ‘GUESS xi’, where i ∈ {1, 2, . . . , k}; or
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– a while instruction of the form ‘WHILE ϕ DO α1;α2; . . . ;αq OD’, where
ϕ is a quantifier-free formula of FO(σ ∪ {0,max}), whose free variables are
from {x1, x2, . . . , xk}, and where each of α1, α2, . . . , αq is another instruc-
tion of one of the forms given here (note that there may be nested while
instructions).

The first instruction of ρ is ‘INPUT(x1, x2, . . . , xl)’ and the last instruction is
‘OUTPUT(x1, x2, . . . , xl)’, for some l where 1 ≤ l ≤ k. The variables x1, x2, . . . ,
xl are the input-output variables of ρ, the variables xl+1, xl+2, . . . , xk are the free
variables of ρ and, further, any free variable of ρ never appears on the left-hand
side of an assignment instruction nor in a guess instruction. Essentially, free
variables appear in ρ as if they were constant symbols.

A program scheme ρ ∈ NPSA(1) over σ with s free variables, say, takes a
σ-structure A and s additional values from |A|, one for each free variable of ρ,
as input; that is, an expansion A′ of A by adjoining s additional constants. The
program scheme ρ computes on A′ in the obvious way except that:

– execution of the instruction ‘GUESS xi’ non-deterministically assigns an
element of |A| to the variable xi;

– the constants 0 and max are interpreted as two arbitrary but distinct ele-
ments of |A|; and

– initially, every input-output variable and every array element is assumed to
have the value 0.

Note that throughout a computation of ρ, the value of any free variable does
not change. The expansion A′ of the structure A is accepted by ρ, and we write
A′ |= ρ, if, and only if, there exists a computation of ρ on this expansion such
that the output-instruction is reached with all input-output variables having the
valuemax. (We can easily build the usual ‘if’ and ‘if-then-else’ instructions using
while instructions: see, for example, [18]. Henceforth, we shall assume that these
instructions are at our disposal.)

We want the sets of structures accepted by our program schemes to be pro-
blems, i.e., closed under isomorphism, and so we only ever consider program
schemes ρ where a structure is accepted by ρ when 0 and max are given two
distinct values from the universe of the structure if, and only if, it is accepted no
matter which pair of distinct values is chosen for 0 and max. This is analogous
to how we build a successor relation or 2 constant symbols into a logic (see [10]).
Indeed, we can build a successor relation into our program schemes of NPSA(1)
so as to obtain the class of program schemes NPSAs(1). As with our logics, we
write NPSA(1) and NPSAs(1) to also denote the class of problems accepted by
the program schemes of NPSA(1) and NPSAs(1), respectively. It was proven in
[18] that a problem is in the complexity class PSPACE if, and only if, it is in
NPSAs(1).

Henceforth, we think of our program schemes as being written in the style
of a computer program. That is, each instruction is written on one line and
while instructions (and, similarly, if and if-then-else instructions) are split so
that ‘WHILE ϕ DO’ appears on one line, ‘α1’ appears on the next, ‘α2’ on the
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next, and so on (of course, if any αi is a while, if or if-then-else instruction
then it is split over a number of lines in the same way). The instructions are
labelled 1, 2, and so on, according to the line they appear on. In particular, every
instruction is considered to be an assignment, a guess or a test. An instantaneous
description (ID) of a program scheme on some input consists of a value for each
variable, the number of the instruction about to be executed and values for all
array elements. A partial ID consists of just a value for each variable and the
number of the instruction about to be executed. One step in a program scheme
computation is the execution of one instruction, which takes one ID to another,
and we say that a program scheme can move from one ID to another if there
exists a sequence of steps taking the former ID to the latter.

3 Complete Problems

Definition 1. Let the signature σTR = 〈E,P, T, C,D〉, where E is a binary
relation symbol, P and T are unary relation symbols and C and D are constant
symbols. We can envisage any σTR-structure A as a digraph (possibly with self-
loops) whose edge relation is E and with distinguished vertices C, the source, and
D, the sink. The relation P can be seen as providing a partition of the vertices
and the relation T a subset of the vertices upon which tokens are initially placed.
All tokens are indistinguishable and any vertex has upon it at most one token.
Let us call a σTR-structure A a token digraph.

Just as one can traverse a path in a digraph by moving along edges, so one
can traverse a path in a token digraph A. However, as to how edges can be
traversed is different from the usual notion. Consider an edge (u, v) ∈ E for
which both u and v are in P and such that a traveller is at vertex u (the traveller
traverses a path of edges in the digraph). The edge (u, v) can only be traversed
by the traveller moving as follows.

– The traveller moves from u via the edge (u, u′) to a vertex u′ not in P upon
which exactly one token resides;

– then from u′ via the edge (u′, v′) to a vertex v′ not in P upon which no token
resides, if v′ 
= u′, and at the same time taking the token previously at u′ to
v′, or by moving from u′ via the edge (u′, u′) (if it exists) to u′ (so that the
token remains at u′); and finally

– by moving from the vertex v′ or u′, whichever is the case, via the edge (v′, v)
or (u′, v) to v.

This is called a compound move (such a move is illustrated in Fig. 1), and
compound moves are the only moves the traveller is allowed to make. Any tokens
which happen to initially lie in P are ignored and play no part in any path
traversal. Also, the traveller only ever makes compound moves from a vertex
of P (u above) to a vertex of P (v above). The problem Token Reachability is
defined as all those σTR-structures, i.e., token digraphs, for which a path can
be traversed starting at the source and ending at the sink where the edges are
traversed only by compound moves. Any instance for which C = D, no matter
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whether C is in P or not, is a yes-instance (note that if C 
∈ P then the traveller
can not move). ��

P

edge to be 
traversed

traveller

P not Pnot P

⇒

tokens

Figure 1. A compound move in a token digraph.

Theorem 1. There is a quantifier-free first-order translation with 2 constants
from any problem in NPSA(1) to the problem Token Reachability. Hence, Token
Reachability is complete for NPSA(1) via quantifier-free first-order translations
with 2 constants.

Proof. (Sketch) Let ρ be a program scheme of NPSA(1) over the signature σ,
possibly in which if instructions and if-then-else instructions occur. W.l.o.g. (by
introducing more variables if needs be), we may assume that: every array symbol
only appears in assignment instructions; no constant symbol appears in any
assignment instruction involving an array symbol; and there is only one array
symbol B, and this array symbol has dimension d ≥ 1. Suppose that ρ involves
the variables x1, x2, . . . , xk and that there are l instructions in ρ, numbered
1, 2, . . . , l.

Let A be a σ-structure of size n ≥ 2. An element u = (u0, u1, . . . , uk) of
{1, 2, . . . , l}×|A|k encodes a partial ID of the program scheme ρ on input A via:
a computation of ρ on A is about to execute instruction u0 and the variables
x1, x2, . . . , xk currently have the values u1, u2, . . . , uk, respectively. Henceforth,
we identify partial IDs of ρ and the elements of {1, 2, . . . , l} × |A|k.

Let the digraph G0 have vertex set U0 = {1, 2, . . . , l} × |A|k+2 and edge set
E0 = E1

0 ∪E2
0 ∪E3

0 , where E1
0 , E

2
0 , and E

3
0 are defined as follows (in our eventual

token digraph, the vertices of U0 will play the role of the vertices of P from
Definition 1).

− E1
0 = {((u, 0, 0),(u,max, t)), ((u,max, t), (v, 0, 0)) ∈ U0 × U0 : instruction

u0 is of the form xj := B[xi1 , xi2 , . . . , xid ] and it is poss-
ible for ρ on input A to move from partial ID u to part-
ial ID v in one step, and vj = t}.
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− E2
0 = {((u, 0, 0), (v, 0, 0)) ∈ U0 × U0 : instruction u0 is of the form B[xi1 ,

xi2 , . . . , xid ] := xj and it is possible for ρ on input A to
move from partial ID u to partial ID v in one step}.

− E3
0 = {((u, 0, 0), (v, 0, 0)) ∈ U0 × U0 : instruction u0 does not involve the

array symbol B and it is possible for ρ on input A to
move from partial ID u to partial ID v in one step}.

Of course, whether ρ on input A actually moves from partial ID u to partial ID
v in one step at some point in a computation depends upon whether u can be
reached from the initial ID and it might also depend upon the actual value of
the array B at that time. The edges of E1

0 ∪E2
0 reflect potential one-step moves

from partial ID u to partial ID v (moves which are dependent upon the value
of B).

For each w ∈ |A|d, define the digraph Gw to have vertex set Vw = |A| (all
vertex sets of such digraphs are disjoint). The edge set Ew of Gw consists of
every possible edge between vertices of Vw including self-loops. For each vertex
(u, 0, 0) ∈ U0, let Hu be a digraph with one vertex zu and one self-loop (zu, zu)
(again, all such digraphs are disjoint). Let the digraph G consist of the disjoint
union of the digraphs G0, {Gw : w ∈ |A|d} and {Hu : (u, 0, 0) ∈ U0}, together
with the following additional edges between the vertices of these digraphs.

– If instruction u0 is of the form xj := B[xi1 , xi2 , . . . , xid ] then there are ed-
ges {((u, 0, 0), zu), (zu, (u,max, t)) : (u, 0, 0) ∈ U0, t ∈ |A|}, and for every
edge ((u,max, t), (v, 0, 0)) of E1

0 , there are edges ((u,max, t), tw) and (tw,
(v, 0, 0)), where w = (ui1 , ui2 , . . . , uid) and tw is vertex t of Vw.

– If instruction u0 is of the form B[xi1 , xi2 , . . . , xid ] := xj then for every edge
((u, 0, 0), (v, 0, 0)) of E2

0 , there are edges {((u, 0, 0), tw), (uwj , (v, 0, 0)) : t ∈
|A|}, where w = (ui1 , ui2 , . . . , uid) and tw (resp. uwj ) is vertex t (resp. uj) of
Vw.

– If instruction u0 does not involve the array symbol B then for every edge
((u, 0, 0), (v, 0, 0)) of E3

0 , there are edges ((u, 0, 0), zu) and (zu, (v, 0, 0)).

That portion of the digraph G corresponding to a one-step move of ρ on input
A from partial ID u to partial ID v can be visualized as in Figs. 2 and 3 when
instruction u0 is of the form xj := B[xi1 , xi2 , . . . , xid ] and B[xi1 , xi2 , . . . , xid ] :=
xj , respectively.

We can now extend G to a token digraph: let the source be the vertex
(1,0, 0, 0) of U0 and the sink be the vertex (l,max, 0, 0) of U0; let P = U0; and
let T = {0w : 0w is the vertex 0 of Vw, where w ∈ |A|d} ∪ {zu : (u, 0, 0) ∈ U0}.
It is not difficult to see that A is accepted by the program scheme ρ if, and only
if, G is a yes-instance of the problem Token Reachability .

The token digraph G can easily be described in terms of A by a quantifier-
free first-order formula with 2 constants (see comparable constructions in, for
example, [19]), and so the problem Token Reachability is hard for NPSA(1) via
quantifier-free first-order translations with 2 constants. Moreover, Token Reach-
ability can be accepted by the following program scheme of NPSA(1).
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n-1)t)

(v  ,..., u     , t, u      ,..., u  , 0, 0) j+1 j-1  0  k

0)(u  , u  ,..., u  , n-1,: k 1 0 

(u  , u  ,..., u  , 0, 0) k 1 0 

0

n-1

t

Gw

w = (u  ,..., u   )di i1
z u 

Figure 2. A portion of the digraph G corresponding to
an instruction of the form xj := B[xi1 , xi2 , . . . , xid ].

0

n-1

u

Gw

 j

(v   , u  ,..., u  , 0, 0) 0  1  k 

(u   , u  ,..., u  , 0, 0) 0  1  k w = (u   ,..., u    )i1 di

Figure 3. A portion of the digraph G corresponding to
an instruction of the form B[xi1 , xi2 , . . . , xid ] := xj .

input(u, v, u′, v′, w)
guess w
while w = max do

guess w
if T (w) then B[w] := max fi
guess w
od

if ¬P (C) ∧ C 
= D then ‘loop forever’ fi
u := C
while u 
= D do

guess v
if ¬P (v) ∨ ¬E(u, v) then ‘loop forever’ fi
guess u′
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if P (u′) ∨ ¬E(u, u′) ∨B[u′] = 0 then ‘loop forever’ fi
guess v′

if P (v′) ∨ ¬E(u′, v′) ∨ (B[v′] = max ∧ u′ 
= v′)
∨(T (v′) ∧M [v′] = 0 ∧ u′ 
= v′) then

‘loop forever’ fi
if E(v′, v) then
B[u′] := 0; B[v′] := max; M [u′] := max; u := v

else
‘loop forever’ fi

od
(u, v, u′, v′, w) := (max,max,max,max,max)
output(u, v, u′, v′, w)

Some explanation is in order (beyond the obvious short-hand we use in our
description). Our program scheme ρ involves two array symbols, B andM , both
of dimension 1. Suppose that some σTR-structure A is accepted by ρ. The first
part of ρ guesses a set of vertices upon which tokens initially lie: this set is
{w : B[w] = max}. Throughout the execution, the array B details the locations
of these tokens as they are moved about: call these tokens the B-type tokens.
No other token is ever moved (and by ‘moved’ we include tokens which are
moved along self-loops). The array M is initially identically 0 but whenever a
vertex w upon which a B-type token lies is involved in a compound move, the
array elementM [w] is set at max. Consequently, at any particular time we know
where the B-type tokens are (the elements w for which B[w] = max) and we
know where the other tokens are (the elements w for which T (w) ∧M [w] = 0).

The code within the second while-loop is the code associated with making a
compound move. The variable v holds the vertex v ∈ P (see Definition 1), the
variable u′ holds the vertex u′ 
∈ P and the variable v′ holds the vertex v′ 
∈ P
(or possibly u′). Note that in choosing u′, we must ensure that a B-type token
currently lies on u′ (as these are the only tokens which we are allowed to move).
This is done by checking whether B[u′] = max. Also, in choosing v′ (if it is
to be different from u′) we must ensure that no B-type token lies on v′ nor no
non-B-type token. Thus, A is in Token Reachability .

Conversely, suppose that A is in Token Reachability . In the initial phase of
the execution of ρ on A, we can guess every token to be a B-type token. The
result follows. ��

Thus we obtain the following corollary.

Corollary 1. Token Reachability is complete for PSPACE via quantifier-free
first-order translations with successor.

Proof. By [18], any problem in PSPACE can be accepted by some program
scheme of NPSAs(1). Hence, the result follows from Theorem 1. ��
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4 Logics and Program Schemes

An important point to note is that whereas the usual existential quantifier is
catered for in program schemes of NPSA(1) via the guess instruction (intuiti-
vely speaking), there is no such analogous modelling of the universal quantifier.
Consequently, we extend our program schemes by introducing universal quanti-
fication in the following manner.

Definition 2. Let σ be some signature. For some m ≥ 1, let the program
scheme ρ ∈ NPSA(2m − 1) be over the signature σ and involve the variables
x1, x2, . . . , xk. Suppose that the variables x1, x2, . . . , xl are the input-output va-
riables of ρ, the variables xl+1, xl+2, . . . , xl+s are the free variables, and the re-
maining variables are the bound variables (note that if m = 1 then ρ has no
bound variables but that this may not be the case if m > 1). Let xi1 , xi2 , . . . , xip
be free variables of ρ, for some p such that 1 ≤ p ≤ s. Then

∀xi1∀xi2 . . .∀xipρ

is a program scheme of NPSA(2m), which we denote by ρ′, with no input-output
variables, with free variables those of {xl+1, xl+2, . . . , xl+s} \ {xi1 , xi2 , . . . , xip}
and with the remaining variables of {x1, x2, . . . , xk} as its bound variables.

A program scheme such as ρ′ takes expansions A′ of σ-structures A by ad-
joining s− p constants as input (one for each free variable), and ρ′ accepts such
an expansion A′ if, and only if, for every expansion A′′ of A′ by p additional
constants (one for each variable xij ), A′′ |= ρ. ��

Note that the different computations of ρ on expansions A′′ of A′, in Defini-
tion 2, are all such that all arrays are initialised to 0.

Definition 3. Let σ be some signature. A program scheme ρ′ ∈ NPSA(2m−1),
for some m ≥ 2, over the signature σ and involving the variables of {x1, x2, . . . ,
xk}, is formed exactly as are the program schemes of NPSA(1), with the input-
output and free variables defined accordingly, except that the test in some while
instruction is a program scheme ρ ∈ NPSA(2m − 2) whose free and bound va-
riables are all from {x1, x2, . . . , xk} (note that ρ has no input-output variables).
However, there are further stipulations:

– all free variables in any test ρ ∈ NPSA(2m− 2) in any while instruction are
input-output or free variables of ρ′;

– the bound variables of ρ′ consist of all bound variables of any test ρ ∈
NPSA(2m − 2) in any while instruction (and no bound variable is ever an
input-output or free variable of ρ); and

– this accounts for all variables of {x1, x2, . . . , xk}.
Of course, any free variable of ρ′ never appears on the left-hand side of an
assignment instruction or in a guess instruction.

A program scheme ρ′ ∈ NPSA(2m − 1) takes expansions A′ of σ-structures
A by adjoining s constants as input, where s is the number of free variables,
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and computes on A′ in the obvious way except that when some while instruction
is encountered, the test, which is a program scheme ρ ∈ NPSA(2m − 2), is
evaluated according to the expansion of A′ by the current values of any relevant
input-output variables of ρ′ (which may be free in ρ). In order to evaluate this
test, all arrays in ρ are initialised to 0 and when the test has been evaluated the
computation of ρ′ resumes accordingly with its arrays having exactly the same
values as they had immediately before the test was evaluated. ��

In a program scheme such as ρ′ in Definition 3, the only information which
can be ‘passed’ to a test evaluation is the current values of the relevant input-
output or free variables. Arrays can not be used to pass information across. If
our semantics were such as to allow universal quantification over arrays then we
could build our own successor relation.

Theorem 1 allows us to relate the class of problems accepted by the program
schemes of NPSA with the class of problems defined by the sentences of the logic
(±TR)∗[FO]. For each m ≥ 1, we define the fragment ±TR(m) of (±TR)∗[FO]
as follows (see [2] for similarly defined fragments of other logics).

– ±TR(1) consists of all formulae of the form TR[λx,yψE ,xψP ,xψT ](u,v),
where ψE , ψP and ψT are quantifier-free first-order formulae and where u
and v are tuples of constant symbols or variables.

– ±TR(m + 1), for odd m ≥ 1, consists of the universal closure of ±TR(m);
that is, the set of formulae of the form ∀z1∀z2 . . .∀zkψ, where ψ is a formula
of ±TR(m).

– ±TR(m+ 1), for even m ≥ 2, consists of the set of formulae of the form

TR[λx,y(ψ1E ∨ ¬ψ2E),x(ψ1P ∨ ¬ψ2P ),y(ψ1T ∨ ¬ψ2T )](u,v),

where ψ1E , ψ2E , ψ1P , ψ2P , ψ1T and ψ2T are formulae of ±TR(m) and where u
and v are tuples of constant symbols or variables.

A straightforward induction yields that:

– for every odd m ≥ 1, every formula in the closure of ±TR(m) under ∧, ∨
and ∃ is logically equivalent to a formula of ±TR(m); and

– for every even m ≥ 1, every formula in the closure of ±TR(m) under ∧, ∨
and ∀ is logically equivalent to a formula of ±TR(m).

Consequently, (±TR)∗[FO] = ∪{TR(m) : m ≥ 1}. Another easy induction yields
the following result.

Corollary 2. In the presence of 2 built-in constant symbols, ±TR(m) =
NPSA(m), for each m ≥ 1; and so (±TR)∗[FO ] = NPSA. ��

The following is immediate from Corollaries 1 and 2.

Corollary 3. In the presence of a built-in successor relation, (±TR)∗[FOs] =
TR1[FOs] = PSPACE. ��
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Let us now focus on a comparison of NPSA with other classes of logically-
defined problems. Bounded-variable infinitary logic, Lω∞ω = ∪{Lk∞ω : k ≥ 1},
plays a prominent role in finite model theory (see [10]). In particular, it subsu-
mes many logics from finite model theory, notably transitive closure logic, path
system logic, least-fixed point logic and partial-fixed point logic.

Let σ2 = 〈E〉, where E is a binary relation symbol. We can think of a σ2-
structure A as an undirected graph via ‘there is an edge (u, v) if, and only if,
u 
= v ∧ (E(u, v) ∨ E(v, u)) holds in A’. Define the problem CUB as

CUB = {A ∈ STRUCT(σ2) : the graph A has a subset of edges inducing a
regular subgraph of degree 3},

where the subgraph induced by a set of edges F of a graph is that subgraph
whose vertex set consists of all those vertices incident with at least one edge
of F and whose edge set consists of F . Of concern to us is the result from [20]
that the problem CUB is not definable in Lω∞ω (even when we allow counting
quantifiers in Lω∞ω: see [20]).

Proposition 1. Any problem definable by a sentence of the form

CUB [λx,yψ(x,y)],

where |x| = y| = k, for some k, and ψ is a quantifier-free first-order formula
with 2 constants, can be accepted by a program scheme of NPSA(1).

Proof. We assume throughout that k = 2: the general case is similar. Let A
be some structure, of size n, over the underlying signature σ. Our program
scheme ρ ∈ NPSA(1) proceeds as follows. We begin by ‘guessing’ a set of (at
most n2(n2 − 1)/2) distinct potential edges in the graph GA described by ψ
(interpreted in A). We use the 4-dimensional arrays A1, A2, B1 and B2 in order
to store the guessed list of edges as follows. We guess elements u11, u

1
2, v

1
1 and v12

of |A|, ensuring that it is not the case that all of these elements are equal to 0,
and we set

A1[0, 0, 0, 0] := u11, A2[0, 0, 0, 0] := u12, B1[0, 0, 0, 0] := v11 , B2[0, 0, 0, 0] := v12 .

Next we guess elements u21, u
2
2, v

2
1 and v22 of |A|, and check that (u21, u

2
2, v

2
1 , v

2
2)

is different from (0, 0, 0, 0) and (u11, u
1
2, v

1
1 , v

1
2). If so then we set

A1[u11, u
1
2, v

1
1 , v

1
2 ] := u

2
1, A2[u11, u

1
2, v

1
1 , v

1
2 ] := u

2
2,

B1[u11, u
1
2, v

1
1 , v

1
2 ] := v

2
1 , B2[u11, u

1
2, v

1
1 , v

1
2 ] := v

2
2 .

We stop if each of u21, u
2
2, v

2
1 and v22 is equal to max. Next, we guess elements u31,

u32, v
3
1 and v32 of |A| and check that (u31, u

3
2, v

3
1 , v

3
2) is different from (0, 0, 0, 0),

(u11, u
1
2, v

1
1 , v

1
2) and (u21, u

2
2, v

2
1 , v

2
2). If so then we set

A1[u21, u
2
2, v

2
1 , v

2
2 ] := u

3
1, A2[u21, u

2
2, v

2
1 , v

2
2 ] := u

3
2,

B1[u21, u
2
2, v

2
1 , v

2
2 ] := v

3
1 , B2[u21, u

2
2, v

2
1 , v

2
2 ] := v

3
2 .
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We stop if each of u31, u
3
2, v

3
1 and v32 is equal to max; and so on.

Any computation of ρ which completes this first phase is such that the arrays
now encode the (non-empty) list of m− 1 distinct ‘potential edges’

((u11, u
1
2), (v

1
1 , v

1
2)), ((u

2
1, u

2
2), (v

2
1 , v

2
2)), . . . , ((u

m−1
1 , um−1

2 ), (vm−1
1 , vm−1

2 )).

We now check that the potential edges on this list are indeed edges of GA by
verifying that

(ui1 
= vi1 ∨ ui2 
= vi2) ∧ (ψ(ui1, u
i
2, v

i
1, v

i
2) ∨ ψ(vi1, vi2, ui1, ui2))

holds in A, for i = 1, 2, . . . ,m− 1.
Finally, we check that each vertex incident with some edge in our list of

edges is incident with exactly 3 such edges: if so, we accept the input structure
A otherwise we reject it. It is clear that all of the above can be implemented in
a program scheme of NPSA(1); and that the resulting program scheme accepts
exactly the problem defined by the sentence CUB[λx,yψ(x,y)]. ��

Using the facts that the problem CUB is not definable in Lω∞ω and that there
are non-recursive problems which are definable in Lω∞ω, we immediately obtain
the following corollary.

Corollary 4. There are problems in NPSA(1) which are not definable in Lω∞ω,
and there are problems in Lω∞ω which are not definable in NPSA(1). ��

Note that whilst we know that there are problems in NPSA which are not
definable in partial fixed-point logic (a fragment of bounded-variable infinitary
logi, remember), we do not as yet know whether there are problems in partial
fixed-point logic which are not definable in NPSA (although we suspect that
there are).

5 Zero-One Laws

Let σ be a relational signature and let Ω be a problem over σ. Define the fraction

ln(Ω) =
|{A : A ∈ STRUCT(σ) has size n and A ∈ Ω}|

|{A : A ∈ STRUCT(σ) has size n}|

and define the (labelled) asymptotic probability of Ω, l(Ω), as

lim
n→∞ ln(Ω),

if it exists. We say that a logic or a class of program schemes has a zero-one law
if every problem Ω (over a relational signature) definable by a sentence of the
logic or accepted by a program scheme from the class is such that the asymptotic
probability l(Ω) exists and is equal to either 0 or 1. For any logical sentence or
program scheme φ (over a relational signature), we define l(φ) to be l(Ω) where
Ω is the problem defined by φ.
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A problemΩ over some (not necessarily relational) signature σ is closed under
extensions if whenever a σ-structure A has a sub-structure in Ω then A ∈ Ω (a
σ-structure A′ is a sub-structure of A if the universe of A′ is contained in the
universe of A, any relation of A′ is the restriction of the corresponding relation of
A to |A′| and every constant of A′ is the same as the corresponding constant of
A). The following theorem is essentially a generalization of Theorem 7.4 of [9] to
extensions of first-order logic using a uniform sequence of Lindström quantifiers
corresponding to a problem closed under extensions, where this problem need
not just involve graphs but can be over any (not necessarily relational) signature.

Theorem 2. Let Ω be a problem closed under extensions. Then the logic
(±Ω)∗[FO ] has a zero-one law. ��

The following corollary is immediate from Corollary 2 and Theorem 2, as the
problem Token Reachability is closed under extensions.

Corollary 5. The class of program schemes NPSA has a zero-one law. ��

6 Conclusions

In this paper we have investigated a naturally-defined class of program sche-
mes, NPSA, which take finite structures as inputs, and proven that the class of
problems accepted by the program schemes of NPSA coincides with the class of
problems defined by the sentences of an extension of first-order logic using a uni-
form sequence of Lindström quantifiers (corresponding to a PSPACE-complete
problem). Moreover, we have shown that the class of problems NPSA has a zero-
one law and also that there are problems in NPSA which are not definable in
bounded-variable infinitary logic. We feel that our general approach of investiga-
ting more ‘computational versions of logics’ (that is, classes of program schemes)
than is often the case in finite model theory is completely natural, interesting
and novel; and the results presented here and obtained in [2,6,21] further testify
to this belief.

There remain many unanswered questions concerning classes of program
schemes. The most notable ones arising from this paper are: ‘Are there pro-
blems definable in partial fixed-point logic which are not accepted by any pro-
gram scheme of NPSA?’; and ‘Is the hierarchy of program schemes NPSA(1) ⊆
NPSA(2) ⊆ NPSA(3) ⊆ . . . proper?’. We conjecture that the answer to both
of these questions is ‘Yes’; although so far we have been unable to apply or
extend the techniques of [2] to answer either of these questions. (In [2], the
class of program schemes NPS, where array symbols are not allowed, was shown
to be none other than transitive closure logic and an infinite proper hierarchy
NPS(1) ⊂ NPS(2) ⊂ . . . was exhibited; and the class of program schemes NPSS,
where array symbols are not allowed but access to a stack is, was shown to be
none other than path system logic, which in turn is stratified Datalog, and an
infinite proper hierarchy NPSS(1) ⊂ NPSS(2) ⊂ . . . was exhibited.)
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Abstract. We show that elementary arithmetic formulated in the lan-
guage with a free function symbol f and the least element principle for
open formulas (where we assume that the symbols for all elementary
functions are included in the language) does not prove the least element
principle for bounded formulas in the same language. A related result is
that composition and any number of unnested applications of bounded
minimum operator are, in general, insufficient to generate the elementary
closure of a function, even if all elementary functions are available. Thus,
unnested bounded minimum operator is weaker than unnested bounded
recursion.

1 Introduction and Motivation

This paper arose out of the problem of separating the schemes of ∆1-induction
and Σ1-collection in arithmetic [4,6]. It turns out that this question is closely re-
lated to the comparison of different operators generating the elementary closure
of a class of functions and to the problems of separating the corresponding sy-
stems of subrecursive arithmetic. These questions are also natural from a purely
computational point of view.

In this paper we compare the relative strength of bounded µ-operator and
bounded recursion. We show that unnested bounded µ-operator is, in general,
weaker than unnested bounded recursion. In contrast, it is well known that,
when nestings are allowed, each of the two operators together with composition
is sufficient to generate the elementary closure of a class of functions.

We compare the strength of the two operators against the problem of com-
puting the maximum of a function on a finite interval. In order to compute
maxi≤x f(i) on a Turing machine with a function oracle for f one needs of order
x different oracle queries (see [2]). In particular, any Turing machine that may
only ask a bounded number of queries cannot, in general, compute this function.
This implies that the class of functions generated from all elementary functions
and f by composition does not, in general, coincide with the elementary closure of
a function f . This idea was used in [2] to show the independence of Σ1-collection
rule in arithmetic, which improved the result of Parsons on the independence of
� Supported by Alexander von Humboldt Foundation and RFBR grant 98-01-00249.
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Σ1-collection schema from the set of all true arithmetical Π2-sentences (see also
[8] for a related work on subrecursive degrees).

If unnested applications of bounded µ-operator are allowed on a par with
composition, then the available power of computation increases compared to the
bounded query oracle Turing machine. It is worth explaining here informally,
why such a computation mechanism is still too weak to compute the maximum
of f .

A µ-operator of the form µi ≤ x. R(i), where R(i) is a bounded query
predicate, can be interpreted in terms of a parallel bounded query machine. To
evaluate this operator the machine generates x + 1 independent subprocesses,
i-th process Pi evaluates the predicate R(i) and returns true or false. Then the
machine runs through their outputs to find the least i such that R(i) evaluates
to true.

Since R(x) is a bounded query predicate, all the subprocesses have a uniform
bound on the number of queries each of them may ask. More important still,
each subprocess Pi only returns true or false, that is, exactly one bit. This
means that the processes cannot exchange too much information. This is crucial
for the fact that maxi≤x f(i) cannot be computed by such a machine: each
subprocess Pi can only learn the values of f on a boundedly small subset of the
large interval [0, x], but it lacks the ability to communicate, say, the maximum of
these values to other processes. (Compare with the usual algorithm of computing
the maximum of f by querying successively f(0), f(1), . . . , f(x). Here, one has
to always store the intermediate maximum value of f , which may potentially
exceed any bounded number of bits.)

Of course, this rough idea will be made more precise in the proof of our main
result. This proof is based on a recursion-theoretic diagonal construction that
involves a combinatorial argument using infinite Ramsey theorem.

2 Statement of the Results

As usual, for a given predicate R(x,v) the expression µx ≤ a. R(x,v) denotes
the function

m(a,v) =
{

the minimal x ≤ a such that R(x,v) holds, if ∃x ≤ aR(x,v)
a + 1, otherwise.

For a set of functions K, let C(K) denote the closure of K and the class of ele-
mentary functions E under composition. Further, let [K,M] denote the closure
of the class K∪E under composition and unnested applications of bounded mini-
mum operator, that is, the closure under composition of K ∪E and all functions
of the form µx ≤ a. R(x,v), where R(x,v) ∈ C(K). Similarly, [K,BR] denotes
the closure of K ∪ E under composition and unnested applications of bounded
recursion schema, that is, primitive recursion bounded by some function from
C(K). The closure of K∪E under composition and (nested) bounded recursion is
called the elementary closure of K and is denoted E(K). By a result of Parsons
[9], E(f) = C(f̄), where f̄ denotes the function f̄(x) = 〈f(0), . . . , f(x)〉.
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It is known [10] that E(K) coincides with the closure of K ∪E under compo-
sition and (nested) bounded minimum operator. It is also easy to see from [10]
that E(K) = [K,BR]. On the other hand, we prove the following theorem.

Theorem 1. There is a function f : N → N such that

[C(f),M] 	= [C(f),BR] = E(f).

This means that unnested bounded µ-operator is insufficient to generate the
elementary closure of a function. In contrast, we also show that for any f ,
[[C(f),M],M] = E(f).

Our main concern will be the counterpart of these results in formal arith-
metic. We consider the language of first order Kalmar elementary arithmetic
EA (with function symbols for all elementary functions and the only relation
symbols ≤ and =) enriched by a new unary function symbol f . The set of open
formulas in this language will be denoted C(f). The set of bounded formulas,
that is, the formulas obtained from atomic ones using boolean connectives and
bounded quantifiers (f may occur in bounding terms) is denoted ∆0(f). Re-
lativized elementary arithmetic EA(f) is the extension of EA in the enriched
language without any additional mathematical axioms for f .

We study the comparative strength of the least element principle for open and
for bounded formulas. For a formula R(x), let LR denote the following formula:

R(a)→ ∃x ≤ a (R(x) ∧ ∀y < x ¬R(y)).

Of course, we assume that R(x) may involve other parameters apart from x.
LC(f) will denote the set of formulas LR for all open R; L∆0(f) is similarly
defined. By abusing the terminology, LC(f) will also denote the theory axio-
matized over EA(f) by this schema. The related induction schema is similarly
defined: IR denotes the formula

R(0) ∧ ∀x ≤ a (R(x)→ R(x + 1))→ R(a),

IC(f) denotes the set of formulas IR for all open R, I∆0(f) denotes the set of
formulas IR for all bounded R.

Obviously, for any formula R, the formula L¬R implies IR, and I∀u≤x ¬R(u)
implies LR. This shows that the schemata I∆0(f) and L∆0(f) are equivalent
over EA(f). Notice, however, that the formula ∀u ≤ x ¬R(u) involves bounded
quantifiers. In fact, over EA(f) the induction schema IC(f) turns out to be
strictly weaker than the corresponding least element principle LC(f). This fact
is related to the question of separating the schema of arithmetical ∆1-induction
from the Σ1-collection schema [4,6]. We give a proof of this fact in a subsequent
paper.

Our goal here is to prove the following result.

Theorem 2. LC(f) � L∆0(f).
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Before starting with the proof, let us notice that the theorem above is sen-
sitive to the presence of additional axioms for f . For example, if the additional
axioms expressing that f is any of the usual fast growing functions of the Grze-
gorczyk hierarchy are added to LC(f), then the schema L∆0(f) will be provable.
In fact, an axiom asserting the monotonicity of f and an elementary definition
of the graph of f suffice [1]. As a trivial example consider the axiom ∀xf(x) = 0.
In this case both theories are equivalent to the elementary arithmetic EA.

The proof of Theorem 2 goes in two relatively independent steps. The first
step is a proof-theoretic reduction of the question of separation of the two axiom
systems to a purely computation-theoretic question. This will be a more or less
straightforward application of Herbrand’s theorem for ∃∀ formulas. The second
step is a recursion-theoretic construction, which allows to separate the classes of
computable functions resulting from the previous Herbrand analysis. This result
strengthens Theorem 1 and is obtained by a slight modification of its proof.

Applications of Herbrand’s theorem for ∃∀ formulas have proved to be very
useful in the questions of separating the systems of bounded arithmetic. Connec-
tions between the classes of functions representable in systems of bounded arith-
metic and bounded query computation have also been established (see [7]). This
paper shows that a similar methodology is useful in the context of subrecursion
and subrecursive arithmetic. However, there are some notable differences. An
essential feature of our techniques is that we deal with function oracles, whereas
bounded query computation has mostly been considered for the set oracle Turing
machines. This difference seems to be essential, e.g., the problem of computing
the maximum of a function has little meaning for 0–1-valued functions.

3 Herbrand Analysis

Recall that f̄ denotes the function f̄(x) = 〈f(0), . . . , f(x)〉, assuming some stan-
dard elementary coding of finite sequences of numbers. Notice that the graph of
f̄ can be defined in the language of EA(f) by the following bounded formula:

f̄(x) 
 y ≡ [y ∈ Seq ∧ lh(y) = x + 1 ∧ ∀i ≤ x (y)i = f(i)]. (1)

The following lemma is straightforward, but we shall give a detailed argument
in order to see how much induction is actually used. For n ≥ 1 let Πb

n(f) and
Σb
n(f) denote the classes of formulas obtained from C(f) by n alternating blocks

of bounded quantifiers, starting from ∀ and ∃, respectively. For technical reasons
(that will only be essential in Section 5) we assume that all the bounding terms
are elementary, that is, do not involve the function symbol f .

Lemma 1. L∆0(f) � ∀x∃yf̄(x) 
 y.

Proof. By induction on x we first prove the following statement:

∀x [∃u ≤ x ∀i ≤ x f(i) ≤ f(u)].

The formula in square brackets (let us denote it ϕ(x)) is bounded and, in fact,
belongs to the class Σb

2(f). Moreover, the induction step ∀x (ϕ(x) → ϕ(x + 1))
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is obviously provable in EA(f). Hence, this argument can be done in IΣb
2(f).

Further, taking y = f(u) we can conclude within that theory and within L∆0(f)
that y = maxi≤x f(i) exists.

As a separate argument we now prove the following statement:

∀i ≤ x f(i) ≤ y → ∃v ≤ b(x, y) f̄(x) 
 v,

for a suitable elementary term b(x, y) that bounds the code of a sequence given its
length and a bound to its elements. This statement follows by the least element
principle, for f̄(x) is the least element v ≤ b(x, y) such that ∀i ≤ x f(i) ≤ (v)i.
(This holds under the usual conventions on the coding of sequences.) Thus, this
part of the argument is formalizable in LΠb

1(f).

In Section 5 we improve on the first part of the above argument and show
that the statement ∀x∃yf̄(x) 
 y is provable in LΠb

1(f). In fact, LΠb
1(f) is

shown to be equivalent to L∆0(f). Our main aim in this paper is to show that
the totality of f̄ is not provable in LC(f).

The following easy lemma states that symbols for all functions of the class
[C(f),M] can be introduced in a definitional extension of the theory LC(f).
First, for any formula R(x) ∈ C(f) we introduce a symbol mR for the function
µx ≤ a. R(x) (here and below we ignore possible additional parameters in R
and mR). Second, let MR denote the following formula:

R(a)→ (R(mR(a)) ∧ ∀y < mR(a) ¬R(y)).

Let LC(f)◦ denote the extension of EA(f) by symbols mR(x) for all R ∈ C(f)
and the corresponding axioms MR.

Lemma 2. LC(f)◦ is a conservative definitional extension of LC(f).

Proof. The two things to notice is that axioms MR logically imply the corre-
sponding axioms LR (because MR implies R(a) → mR(a) ≤ a), and that LR
also implies that the minimum is unique.

Notice that LC(f)◦ has a purely universal axiomatization. A version of Her-
brand’s theorem for ∃∀ formulas suitable for our present purposes reads as follows
[3].

Lemma 3. Let T be a theory axiomatized by a set of purely universal formulas,
and let ϕ(x, u, y) be an open formula such that T � ∃y∀uϕ(x, u, y). Then there
are terms t0(x), t1(x, u0), . . . , tn(x, u0, . . . , un−1) such that

T � ϕ(x, t0(x), u0) ∨ ϕ(x, t1(x, u0), u1) ∨ . . . ∨ ϕ(x, tn(x, u0, . . . , un−1), un).

We now apply this theorem to the formula ∃yf̄(x) 
 y. In other words, we
take T to be LC(f)◦ and ϕ(x, u, y) to be (u ≤ x→ f(u) = (y)u) and obtain the
following corollary.
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Corollary 1. If LC(f) � ∀x∃y f̄(x) 
 y, then there are terms t0(x), t1(x, u0),
. . . , tn(x, u0, . . . , un−1) in LC(f)◦ such that the following disjunction holds for
any f and all x, u0, . . . , un ∈ N (and is, in fact, provable in LC(f)◦):

(u0 ≤ x→ f(u0) = (t0(x))u0) ∨
(u1 ≤ x→ f(u1) = (t1(x, u0))u1) ∨ · · · (2)
(un ≤ x→ f(un) = (tn(x, u0, . . . , un−1))un

).

In order to compute f̄(a) we do not need to know any values of f outside
the interval [0, a]. This idea is captured in the following definition of a-reduced
[C(f),M]-term t, where a is a distinguished free variable of t.

A term t is a-reduced, if every term s such that f(s) is a subterm of t gra-
phically has the form s = min(s0, a), for some term s0. (We also consider the
subterms f(s) occurring inside the µ-operators µi ≤ t0. R(i), that is, in t0 and
R.)

The following corollary allows us to restrict our attention below to the redu-
ced terms.

Corollary 2. In the formulation of Corollary 1 we can assume all the terms
t0(x), t1(x, u0), . . . , tn(x, u0, . . . , un−1) to be x-reduced.

Proof. Let the terms ti for i < n satisfy the conclusion of Corollary 1. Replace
all subterms of the form f(s) occurring in one of the terms ti by the terms
f(min(s, x)). (We also make the substitution inside the subterms of the form
µz ≤ t. R(z), that is, in t and R.) Each term of the resulting sequence t′0(x),
t′1(x, u0), . . . , t′n(x, u0, . . . , un−1) is x-reduced. We claim that this sequence also
satisfies the conclusion of Corollary 1.

Indeed, the sequence of terms t0(x), t1(x, u0), . . . , tn(x, u0, . . . , un−1) is sup-
posed to satisfy the disjunction (2) for any function f . Let the function f ′ coin-
cide with f on the interval [0, x] and let f ′(y) = f(x) for y > x. Then, obviously,
f̄ ′(x) = f̄(x). Moreover, the value of f ′(s) for any s coincides with f(min(s, x)).
Hence the value of any term t′i for f coincides with the value of ti for f ′ (easy
induction on the build-up of ti). It follows that the sequence t′i satisfies the
conclusion of the corollary.

The next section will be devoted to the proof of the fact that for a suitably
chosen f a sequence of (x-reduced) terms satisfying (2) cannot exist. This will
be preceded by a proof of Theorem 1.

4 Bounded Query µ-Programs

Every term t ∈ C(f) can be considered as a program with an oracle for a
function f , which may only ask a bounded number of oracle queries (this number
is bounded by the number of occurrences of the symbol f in t and does not
depend on the input of the program). The running time is then bounded by an
elementary function of the size of the input together with all the oracle answers.
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For technical reasons it will be convenient for us to deal with terms from C(f) in
the format of programs (this fixes a specific order of subterms of a given term).

A simple program R is a sequence of assignments of the following kind:

y0 := f(t0(x));
y1 := f(t1(x, y0));

. . .

yn := f(tn(x, y0, . . . , yn−1))
R := R(x, y0, . . . , yn).

Here t0, . . . , tn are elementary terms, x are the input variables, and R is an ele-
mentary output predicate. (We shall only consider simple programs that compute
predicates, that is, return true or false.) The number n is called the length of
the program R, and yi are the inner variables of R.

Execution of a program for a given oracle function f : N → N is defined in
the obvious way. If f is only a partial function, then the result of the execution
of a program may not be defined (this happens, if the value of some term ti
computed during the execution of the program does not belong to dom(f)). A
program R is a-reduced, if all the terms ti of R have the form min(t′i, a), for some
elementary term t′i, where a is a fixed input variable.

Clearly, any predicate R ∈ C(f) can be rewritten as a simple program.
Moreover, an a-reduced predicate is represented as an a-reduced program.

Suppose R is a simple program of length n, and let the values of all input
variables be fixed. Then the output of R can be considered as a boolean-valued
function of the oracle answers obtained during its execution. However, there
may be some dependencies between these answers. We will show that, under
certain conditions on the values of f , these dependencies can be simplified. This
is formally expressed by Lemma 4 below. The idea behind it is that by a sui-
table restriction of the (infinite) range of f , and hence of the range of possible
oracle answers, one can insure that the output of any given simple program
does not actually depend on the those answers. This idea already has a Ramsey-
type flavour and, indeed, Ramsey theorem plays a central role in the argument.
Technical details follow.

Let f : D → N be a partial function with a finite domain D, and Y ⊆ N be
an infinite set. Let ≺ be a linear ordering on [0, n], it will be interpreted as a
certain preference ordering of the inner variables y0, . . . , yn of R. A sequence of
numbers c = (c0, . . . , cn) from the interval [0, a] and a sequence (y0, . . . , yn) are
coherent if they satisfy the following conditions:

f-constraints: ∀i ≤ n(ci ∈ dom(f)⇒ yi = f(ci));
c-constraints: ∀i, j ≤ n(ci = cj ⇒ yi = yj).

If some of the following additional assumptions are satisfied, we speak about Y -,
≺- or (Y,≺)-coherence.

Y -constraints: ∀i ≤ n(ci 	∈ dom(f)⇒ yi ∈ Y );
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≺-constraints: If i, j ≤ n are such that ci, cj 	∈ dom(f) and
(∀k < i ck 	= ci) & (∀k < j ck 	= cj), then i ≺ j implies yi < yj .

Clearly, any coherent pair of sequences represents an extension f ′ of the given
function f to the domain D∪{c0, . . . , cn}. Y - and ≺-constraints tell us that the
values of this function are chosen in a pre-specified order from a given set Y .
Given a sequence c, one can define the subsequence of essential elements of c
as follows. c0 is essential if c0 	∈ dom(f). ck+1 is essential if ck+1 	∈ dom(f) and
for no i ≤ k do we have ci = ck+1. Note that the sequence of essential elements
of c only depends on f . ≺-constraints state that the order of the values of f ′ on
essential arguments agrees with the preference order ≺.

Notice the following obvious monotonicity property: if a pair of sequences is
Y -coherent, then it is also Y ′-coherent for any set Y ′ ⊇ Y .

Let a reduced program R and the values of the input variables of R be fixed.
Let a be the value of the distinguished variable of R.

Lemma 4. For any f , Y and ≺ as above, one can find an infinite subset Y ′ ⊆ Y
and a sequence c = (c0, . . . , cn) such that any sequence y = (y0, . . . , yn) (Y ′,≺)-
coherent with c yields an extension f ′ of f for which the program R terminates.
Moreover, the values of the terms ti computed during the execution of R on f ′

equal the constants ci, and the output value of R is constant (either R is true
for all such sequences y, or false for all of them).

Proof. We successively construct infinite sets Y0 ⊇ Y1 ⊇ . . . ⊇ Yn and the
corresponding numbers (c0, . . . , cn), so that the coherent values of f ′ taken from
set Yi on arguments (c0, . . . , ci) allow to execute the program R up to line i.

Since the values of the input variables are fixed, we simply define c0 to be
the value of t0 and let Y0 equal Y . Assume Yk and c = (c0, . . . , ck) are already
constructed. Consider the term tk+1(y0, . . . , yk). First, substitute in tk+1 the
constants f(ci) for all variables yi such that ci ∈ dom(f). Second, substitute for
yj the variable yi, if ci is essential, cj = ci and i < j. Call the resulting term t′.

Obviously, the value of tk+1 on any sequence y coherent with c coincides
with the value of t′ on the subsequence of y corresponding to essential elements
of c.

The ordering ≺ of the essential elements of c allows us to naturally associate
with t′ a function

ϕt′ : [Yk]p → [0, a],

where p is the number of arguments of t′ (and coincides with the number of
essential elements of c), and [X]p denotes the set of all p-element subsets of X.

The function ϕt′ is defined as follows. Let e : [1, p] → [0, k] enumerate the
essential elements (ce1, . . . , cep) of c. Let π be the unique permutation of [1, p]
such that

πi < πj ⇐⇒ ei ≺ ej,

that is, e ◦π−1 enumerates the essential elements in the order induced by ≺. We
define

t′′(v1, . . . , vp) = t′(vπ1, . . . , vπp).
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Any p-element subset V ⊆ Yk can be uniquely ordered into an increasing
sequence v of elements of Yk. We define ϕt′(V ) = t′′(v).

By the infinite Ramsey theorem there is an infinite subset Yk+1 ⊆ Yk such
that ϕt′ is constant on [Yk+1]p. Let ck+1 be the constant value of ϕt′ on [Yk+1]p.
We show that tk+1(y0, . . . , yk) = ck+1 for all sequences (y0, . . . , yk) which are
(Yk+1,≺)-coherent with c.

Indeed, let (y0, . . . , yk) be (Yk+1,≺)-coherent with c. Then

tk+1(y0, . . . , yk) = t′(ye0, . . . , yep)
= t′′(yeπ−10, . . . , yeπ−1p).

By ≺-coherence we have

yeπ−1i < yeπ−1j ⇐⇒ eπ−1i ≺ eπ−1j ⇐⇒ i < j.

This means that (yeπ−10, . . . , yeπ−1p) is an increasing sequence, hence by the
choice of Yk+1

t′′(yeπ−10, . . . , yeπ−1p) = ck+1.

Thus, we have constructed the required sequence (c0, . . . , cn) and a set Yn, which
allow to execute R up to line n.

To ensure that the output value of R is constant we apply Ramsey theorem in
the same fashion to the predicate R(y0, . . . , yn) considered as a boolean valued
function of y = (y0, . . . , yn). Then we obtain a subset Y ′ ⊆ Yn such that R is
constant on any sequence y which is (Y ′,≺)-coherent with (c0, . . . , cn).

Lemma 5. The set Y ′ can be chosen uniformly in ≺, that is, given f , Y and the
values of input variables of R, one can point out a subset Y ′ ⊆ Y that satisfies
the conclusion of Lemma 4 for any preference ordering ≺.

Proof. This follows from the fact that there are only finitely many possible orde-
rings of [0, n]. Thus, we can enumerate all such orderings ≺0, . . . ,≺s. Applying
Lemma 4 s + 1 times we successively construct infinite sets Y0 ⊇ Y1 ⊇ . . . ⊇
Ys = Y ′. Then for any ordering ≺i one can point out a sequence ci such that
any (Y ′,≺i)-coherent sequence y is also (Yi,≺i)-coherent with ci (by the mono-
tonicity property) and thus satisfies the conclusions of the previous lemma.

Next we define µ-programs. A µ-operator is an assignment of the following
form:

y := µi ≤ z. R(i,x), (∗)
where R is a simple program with the input variables as shown. A µ-operator
is a-reduced, if the simple program R is. If the variables x and z are already
evaluated, then the output y of the µ-operator is defined, as usual, to be the
minimal i for which R(i,x) holds, if such an i ≤ z exists, and y equals z + 1,
otherwise. A µ-program P is a sequence of simple assignments of the form y :=
t(u) (t(u) is an elementary term), y := f(x) and of µ-operators (∗), which
satisfies the following natural variable restrictions:
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1) any inner variable is assigned its value in P only once;
2) for any occurrence of any of the above kinds of operators, u, x, z and x

are either input variables or inner variables introduced earlier than y.
We will only consider µ-programs that are reduced in the sense that all the

µ-operators are a-reduced, for a fixed input variable a. Obviously, such programs
suffice to represent any a-reduced [C(f),M]-term.

Notice that there can be various possibilities of implementing µ-operator
on different machines. A simple deterministic strategy would be to evaluate
successively R(0), R(1), . . . , R(z) until the minimal i for which R(i) evaluates
to true is found. However, there is a possibility of implementing the µ-operator
on a parallel machine, where we independently evaluate R(0), R(1), . . . , R(z) on
different processors and then run through their single-bit outputs to find the
minimal i for which R(i) holds. Notice that these independent processors can be
bounded in that each one of them may only ask a uniformly bounded number of
oracle queries, whereas the simple deterministic strategy requires a potentially
unbounded number of oracle queries. Another important restriction is that each
of the processors only returns a single bit, that is, it cannot exchange too much
information with other processors. This nondeterministic picture is useful for
the understanding of our formal construction below.

Suppose we are given a µ-operator and the values of its input variables.
Further, assume that an infinite set Y and a finite function f are given. We
shall describe a procedure that allows to evaluate the µ-operator under some
conditions on the choice of additional values of f . Simultaneously we extend f
(adding no more than n + 1 new elements to its domain), and go from Y to an
(infinite) subset Y ′ ⊆ Y .

First, consider the simple program R(x) for the input value x = 0. By Lemma
5 we obtain an infinite subset Y0 ⊆ Y such that any ordering ≺ of the inner
variables of R uniquely determines a sequence c together with an output value
of R(0). If for one of the finitely many orderings ≺ the corresponding value
equals true, then we evaluate µ to 0, set Y ′ = Y0 \ [0,max(f)] and extend f
to the set {c0, . . . , cn} by choosing a suitable tuple y (Y ′,≺)-coherent with c.
(Here max(f) is the maximal value of f , recall that dom(f) is finite.)

Otherwise (if all preference orderings yield the output value false), then
we consider the input value x = 1 for R and construct the corresponding set
Y1 ⊆ Y0. Again, µ is evaluated to 1, if at least one of the orderings yields value
true, and to false, otherwise.

Proceeding in this way, we construct subsets Y0 ⊇ Y1 ⊇ . . . ⊇ Yk for k ≤ z.
At the end, µ is evaluated to k, if a k is found for which R(k) evaluates to true
under this procedure, or µ is evaluated to z +1, otherwise. In the latter case we
define Y ′ = Yz and f ′ = f .

Notice that as the result of running this procedure we evaluate the µ-operator
and simultaneously define an infinite subset Y ′ ⊆ Y and a function f ′ extending
f . Obviously, this extension procedure preserves the injectivity of f .

Notice the following important property of this construction.
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Lemma 6. Let the evaluation procedure yield Y ′ and f ′, and let g be any total
injective function extending f ′ such that g(N \dom(f ′)) ⊆ Y ′. Then the value of
the µ-operator computed for the function g coincides with the result of the above
evaluation procedure.

Proof. Consider the evaluation procedure. If µ was evaluated to 0, this means
that R(0) evaluated to true under some preference ordering. Yet, the essential
arguments and values in that case are fixed, that is, R(0) evaluates to true under
f ′, and hence under g.

If µ was evaluated to 1, then R(1) evaluates to true under f ′ and g for
similar reasons. Let us execute the simple program R(0) for g. Notice that by
the construction of f ′, f ′(N \dom(f)) ⊆ Y ′. This means that all values assigned
to the inner variables of R during the execution of R(0) on g are elements of Y ′.
Moreover, the sequence of these values y and the corresponding arguments c of
g satisfy f -, c- and Y ′-constraints.

Further, by our assumption g has different values on different arguments.
Hence, the values yi (for essential arguments ci) are strictly linearly ordered.
Let ≺ be any extension of the induced linear ordering to [0, n] (it does not
matter, how the inessential arguments are ordered). Then y and c will be (Y ′,≺)-
coherent. By the construction of Y ′, the value false of R(0) is then uniquely
determined for any (Y ′,≺)-coherent sequences, that is, this value coincides with
the computed value of R(0) on g.

The argument showing that the values of R(j) for j ≤ i are preserved, for
the case that the µ-operator was evaluated to i > 1, is similar.

Now we show that the function f̄ cannot be computed by a µ-program.

Lemma 7. There is a total function f : N → N such that for any µ-program
P (x) there is a number a such that P (a) 	= f̄(a).

Proof. First of all, by Corollary 2 it is sufficient to construct an f that falsifies
any x-reduced µ-program (actually, we apply a particular case of this corollary
for a sequence consisting of a single term t0).

We enumerate all such programs P0, . . . , Pα, . . . and construct f in such a
way that by the stage α the function f is defined on a finite domain Dα and
falsifies the programs P0, . . . , Pα−1. We set D0 = ∅.

Consider the program Pα(x). Let q be the total number of occurrences of
the symbol f in Pα, where we also count the occurrences of f inside the µ-
operators. Choose a number a so large that there are more than q elements in
the set [0, a] \Dα. Evaluate Pα(a) along with constructing an infinite set Y ⊆ N

and an extension of f according to the following rules.
Initialize Y = {x ∈ N | x > max(f)} (dom(f) = Dα is finite).
Simple assignments of the form y := t(z), where t is an elementary term, are

evaluated in the usual way, f and Y are not changed.
An assignment of the form y := f(z) is treated as follows. If z ∈ dom(f),

then return the corresponding value of f , do not change f or Y . If z 	∈ dom(f),
then set f(z) = min(Y ), add z to Dα and delete min(Y ) from Y .
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An assignment of the form y := µi ≤ z. R(i) is treated in accordance with
the evaluation procedure described above (f and Y are changed as specified in
that procedure).

Clearly, the program Pα(a) will be eventually evaluated, and f will be defined
at no more than q new points of the interval [0, a]. Hence, there will be a point of
that interval, where f is not yet defined. Define the value of f at such points to be
any sequence of different elements of Y , each of which is greater than the output
of the program Pα(a). (This is sufficient for our purposes, for maxi≤a f(i) <
f̄(a).) End of stage α of the construction of f .

Now we have to show that f as constructed really falsifies the program Pα
on [0, a]. It suffices to show that the computation of Pα with the oracle function
f yields the same result as our evaluation procedure. We prove this by induction
on the length of Pα. Simple assignments obviously yield the same results.

Consider the crucial case of a µ-operator. Let f1 and Y1 be constructed by
the evaluation procedure for this µ-operator. Obviously, f restricted to [0, a] is
an injective function extending f1. Besides, by the construction only the values
from Y1 are added to f1 at later stages of the evaluation procedure for the given
µ-program. Therefore, Lemma 6 can be applied, which completes the induction
step and the proof of the lemma.

Obviously, the function f̄ belongs to [C(f),BR] (see [10]). (It follows that
the class [C(f),BR] coincides with the elementary closure of f .) On the other
hand, by Lemma 7 there is an f such that f̄ is not in [C(f),M]. This completes
the proof of Theorem 1.

Theorem 1 contrasts with the fact that doubly nested µ-operator suffices to
generate the elementary closure.

Lemma 8. For any function f ,

[[C(f),M],M] = [C(f),BR] = E(f).

Proof. If R ∈ C(f), then the predicate ∀i ≤ x R(i) belongs to [C(f),M], for

∀i ≤ x R(i)↔ x + 1 = µi ≤ x.¬R(i).

Defining t(x) = µz ≤ x. ∀u ≤ x f(u) ≤ f(z) yields

max
i≤x

f(i) = f(t(x)) ∈ [[C(f),M],M].

On the other hand, the relation f̄(x) 
 y (see (1)) belongs to [C(f),M], and
there is an elementary function g(x, y) such that for all x,

f̄(x) = µu ≤ g(x,max
i≤x

f(i)).f̄(x) 
 u.

Hence, f̄ ∈ [[C(f),M],M] as a composition of two functions from this class. But
C(f̄) = E(f).
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In order to prove Theorem 2 we need a somewhat sharper separation result.
The sequence of terms t0(x), t1(x, u0), . . . , tn(x, u0, . . . , un−1) that appears in
Lemma 3 and Corollary 1 can be considered as a kind of teacher-student game
[7]: the student first tries to compute f̄(x) with a program t0(x). If the answer
is correct, the student wins. If the answer is incorrect, the teacher has to show
him/her a counterexample u0 demonstrating that t0 fails. The student then has
the right to come up with a better solution t1(x, u0) that may depend on the
teacher’s example u0, and so on. The game has boundedly many rounds.

We have to show that the student who is only able to compute bounded query
µ-programs cannot, in general, interactively compute f̄ in the above sense. We
will essentially use the fact that the teacher can only help the student boun-
dedly many times. A sequence P of (reduced) µ-programs P0(x), P1(x, u0), . . . ,
Pn(x, u0, . . . , un−1) will be called an interactive µ-program.

Lemma 9. There is a function f : N → N such that for any interactive µ-
program P there is a number a and a sequence u0, . . . , un of elements of [0, a]
such that the student looses the game P (a) with the teacher’s counterexamples
u0, . . . , un:

f(u0) 	= (P0(a))u0 ∧
f(u1) 	= (P1(a, u0))u1 ∧ · · ·
f(un) 	= (Pn(a, u0, . . . , un−1))un

.

Proof. The argument is very similar to the one for Lemma 7. We only have to
take care that the interval on which the game is being played has a place for all
the teacher’s answers.

Enumerate all possible interactive µ-programs. Let Pα be the program to be
falsified at stage α, and let f be already defined on a finite domain Dα. Let q be
greater than the total number of occurrences of the symbol f in P plus n. Fix
an a such that [0, a] has more than q elements outside Dα.

Evaluate P0 as described in Lemma 7. Find the minimal u0 such that u0 	∈
dom(f), define f(u0) to be the minimal element of Y bigger than the output of
P0 and throw out all elements of Y smaller than f(u0). Proceed in the same way
with the evaluation of P1(a, u0).

Obviously, after Pα is evaluated, less than q many new elements are added
to the domain of f . Hence, all u0, . . . , un are successively defined and falsify Pα.

This completes the proof of Theorem 2.

5 Further Remarks

In this section we consider the strength of the induction and the least element
principles for the classes of formulas between C(f) and ∆0(f). First, we state
some equivalences. Deductive equivalence of theories will be denoted ≡.

Lemma 10. IΣb
n(f) ≡ IΠb

n(f).
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Proof. This is proved by the usual trick of Parsons: induction for a formula ϕ(x)
can be reduced to the induction for ¬ϕ(a−̇x), where a is a free parameter. The
reduction can be carried out in EA(f).

Lemma 11. IΠb
n(f) ≡ LΣb

n(f).

Proof. This follows by the usual proof of the least element principle by induction:
I∀u≤x ¬R(u) implies LR, and the class of Πb

n(f)-formulas is closed under bounded
universal quantifiers.

Notice that the dual form of this lemma for n = 1 is wrong. This can be seen
from the next lemma.

Lemma 12. The following theories are equivalent:

1. LΣb
1(f) ≡ LC(f);

2. LΣb
n+1(f) ≡ LΠb

n(f), for n ≥ 1.

Proof. We only prove Part 1. The proof of Part 2 is similar.
We are to derive inside LC(f) the formula Lϕ, where ϕ(a) has the form

∃u ≤ t(a) ψ(u, a) (possibly with some additional parameters). Here t(a) is an
elementary term.

Consider the set of pairs S = {〈x, u〉 | u ≤ t(x)} and order it as follows:

〈x1, u1〉 ≺ 〈x2, u2〉 ⇐⇒ (x1 < x2 ∨ (x1 = x2 ∧ u1 < u2)).

Obviously, there is an elementary isomorphism between (S,≺) and (N, <), so
within LC(f) one can prove the least element principle for open formulas for
(S,≺).

In order to prove the formula Lϕ we formalize the following argument within
LC(f). Assume ∃u ≤ t(a) ψ(u, a), then for some u satisfying ψ(u, a) the pair
〈a, u〉 is in S. Applying the least element principle for (S,≺) to the C(f)-formula
ψ0(z) = ψ((z)1, (z)0) we obtain a pair 〈x, v〉 ! 〈a, u〉 such that

ψ(v, x) ∧ ∀y, w (〈y, w〉 ≺ 〈x, v〉 → ¬ψ(w, y)).

We claim that x is as required. Obviously, x ≤ a and ∃v ≤ x ψ(v, x). On the
other hand, for all y < x, w ≤ t(y) there holds ¬ψ(w, y), because all such pairs
〈y, w〉 belong to S and preceed 〈x, v〉 in the sense of ≺.

Corollary 3. The following theories are equivalent:

1. LC(f) ≡ LΣb
1(f) ≡ IΣb

1(f) ≡ IΠb
1(f),

2. LΠb
1(f) ≡ LΣb

2(f) ≡ IΣb
2(f) ≡ IΠb

2(f).

Let EA(f̄) denote the theory formulated in the language of EA with an extra
function symbol f̄ . In addition to the axioms of EA it has the following two
axioms:
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1. ∀x (f̄(x) ∈ Seq ∧ lh(f̄(x)) = x + 1),
2. ∀x, y (x ≤ y → f̄(x) = (f̄(y) � x)).

Here (z � x) denotes the natural elementary function selecting the initial segment
of length x+1 of a sequence coded by z. Further, let IC(f̄) denote the extension
of EA(f̄) by the schema of induction for open formulas.

The following lemma is established in [1]. Its proof can be obtained by for-
malization of the equivalence C(f̄) = E(f).

Lemma 13. IC(f̄) contains L∆0(f̄) and L∆0(f), under the interpretation of
f(x) as the term (f̄(x))x.

Notice that bounding terms occurring in the instances of L∆0(f̄) may actually
involve f̄ .

As it is shown in [1], L∆0(f) also naturally interprets IC(f̄), see equation
(1). The following lemma is an improvement of this.

Lemma 14. Under the natural interpretation of f̄ , LΠb
1(f) contains LC(f̄).

Proof. We first recall that by the proof of Lemma 1

IΣb
2(f) � ∀x∃yf̄(x) 
 y.

Hence, the same formula is provable in LΠb
1(f).

Second, we use an argument similar to the proof of Proposition 5.11 from [1]
(which, in turn, derives from [5]). LC(f̄) can be reduced to the least element
principle for positive Σb

1-formulas in the graph of f̄ , more precisely, the formulas
built up from elementary ones and f̄(x) = y using ∧ and bounded existential
quantifiers. This relies on the monotonicity of f̄ . The natural translation of the
formula f̄(x) = y belongs to Πb

1(f), hence LC(f̄) is interpretable in LΣb
2(f),

which by Corollary 3 is equivalent to LΠb
1(f).

Thus, the hierarchy of least element schemata in our setting collapses above
the level of Πb

1(f).

Corollary 4. LΠb
1(f) ≡ L∆0(f).

Conclusion: The theories considered so far fall into four distinct classes:

EA(f) ⊂ IC(f) ⊂ LC(f) ⊂ LΠb
1(f) ≡ L∆0(f).

Main theorem of this paper shows that LC(f) and L∆0(f) are really distinct.
It is also possible to separate IC(f) from LC(f) and from EA(f). These sepa-
ration results are tightly related to the question of positioning the schema of
arithmetical ∆1-induction in the hierarchy of subsystems of Peano arithmetic.
The proofs of the latter two results will be given in a subsequent paper.
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Abstract. We present a game model of the untyped λ-calculus, with
equational theory equal to the Böhm tree λ-theory B, which is universal
(i.e. every element of the model is definable by some term). This answers
a question of Di Gianantonio, Franco and Honsell. We build on our earlier
work, which uses the methods of innocent game semantics to develop a
universal model inducing the maximal consistent sensible theory H∗. To
our knowledge these are the first syntax-independent universal models
of the untyped λ-calculus.

1 Introduction

We aim to construct a universal model (i.e. every element of the model is the
denotation of some term) of the pure untyped λ-calculus which induces the Böhm
tree λ-theory B, by building on the game models presented in [4]. Although the
general approach is innocent in the sense of [3] and [7], the two-player games we
use are simpler and can be considered a special case where moves are neither
questions nor answers but simply “declarations”. A notable feature of game
semantics is that the λ-definable strategies are effective methods for copying
moves uniformly from one “component” of the game to another. For example,
the identity strategy on an arena A ⇒ A is everywhere copycat i.e. P always
plays back every O-move (but in the opposite component of A). The key idea
is that the innocent strategies definable by untyped λ-terms are, what we call,
effectively almost-everywhere copycat (EAC). Informally this means that at every
position, except in response to finitely many possible O-moves, the strategy is
constrained to behave, from that point onwards, uniformly in an everywhere-
copycat fashion, just like the identity strategy. Effectively here means that (not
only is the strategy itself recursive but also) at every position, the boundary
of that finite part of the game tree in which the strategy is not forced to play
copycat must be computable.

We find it convenient to introduce innocent strategies in a concrete setting
whereby (tree) arenas are defined as subsets of N

∗ of a certain kind, and this
we do in Sect. 2. Section 3 introduces the EAC strategies which give rise to
a universal λ-model DEAC whose theory is the maximal consistent sensible λ-
theoryH∗. The definition of such strategies uses an efficient encoding of innocent
strategies, as partial functions from N

∗ to tuples of numbers, which we call

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 405–419, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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economical form. Sections 2 and 3 should be regarded as a survey of [4], and
this paper is a sequel to that work. The notion of EAC strategies has a natural
extension to explicitly and effectively almost-everywhere copycat. However finding
an ambient cartesian closed category for these strategies to inhabit proved to be
a painful process as we briefly show in Sect. 4 – the natural analogues fail to
work quite as intended. Once this has been overcome we use a reflexive object to
describe a λ-algebra which we callM. We formulate a new version of the powerful
Exact Correspondence Theorem of the earlier work, with which we can show that
M is a universal λ-model which induces the intended equational theory. To our
knowledge, DEAC and M are the first syntax-independent universal λ-models.

In [2], Di Gianantonio et al. have obtained game models of the untyped λ-
calculus using history-free strategies. They show that all their models induce
the same λ-theory H∗ and have asked for “new techniques for overcoming this
apparent rigidity of game λ-models”. This paper answers that question by con-
structing a universal game model for the Böhm tree lambda-theory.

2 Arenas and Innocent Strategies

This section and the next give a quick introduction to the basic ideas underpin-
ning the main result of the paper. We refer the reader to [4] for further details
and to [3] and [5] for proofs of all results quoted. We define an arena to be a
finite tuple of nonempty trees of moves. The root of each tree is called an initial
move. Our trees are considered “upside-down” with the root at the top, rather
like family trees. We can also refer to the child of a node, and say that one node
inherits from another, in the same vein. We say that moves at an even depth
of the trees (including the roots at depth 0) are O-moves, and moves at an odd
depth are P-moves. O-moves are often denoted by • and P-moves by ◦.

We will only be interested in countably branching, countably deep trees. Thus
we can encode each tree of the arena as a subset of N

∗1 by inductively labelling
the root as ε and the nth child of the move s as s · n (we use the notation s, t
etc. to denote sequences). Hence each move of each tree is associated uniquely
with a sequence of natural numbers. Conversely, given any subset A ⊆ N

∗ which
is prefix-closed and has the property that whenever s·n ∈ A we have s·m ∈ A for
each m ≤ n, we can form an arena of one tree where the moves are the elements
of A, ordered by prefix. Henceforth by arenas, we shall always mean arenas in
sequence-subset (of N

∗) form. For example, the empty sequence 〈〉 is an arena,
which we call the empty arena; 〈{ ε }〉 is the minimal one-tree arena consisting
of a root node; the maximal one-tree arena, consisting of an infinitely deep,
infinitely branching tree, is 〈N∗〉. As the empty arena, the minimal and maximal
one-tree arenas are important, we shall name them E,M and U respectively.

There are two major constructions for forming arenas. Suppose A = 〈A1, . . . ,
Am〉 and B = 〈B1, . . . , Bn〉 are arenas.

– The product arena A×B is the “disjoint union” of the trees of A and B, the
concatenation of their tuples. Formally A×B = 〈A1, . . . , Am, B1, . . . , Bn〉.

1 We do not include 0 in the set N, and write N0 for N ∪ { 0 }.
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– The function space arena A⇒ B is constructed as follows: the initial moves
of A ⇒ B are those of B; and to the tree below each such initial move, we
graft onto it a copy of A. More precisely A⇒ B = 〈C1, . . . , Cn〉 where

Ci = { ε } ∪ { a · s | 1 ≤ a ≤ m ∧ s ∈ Aa } ∪ { (a + m) · s | a · s ∈ Bi }.

The reader may wish to check that M ⇒ M = 〈{ ε, 1 }〉, and that U ⇒ U and
U are equal as arenas.

A justified sequence of an arena A is a sequence of moves of which each
element except the first, which must be an initial move, is equipped with a
pointer to some previous move. We call the pointer a justification pointer and if
the move m− is pointed to by m we say that m− justifies m. We say that a move
m− in a justified sequence hereditarily justifies m if one can reach m− from m
by repeatedly following justification pointers. A justified sequence s is said to
be well-formed if elements of s alternate between P-moves and O-moves and if
m ∈ s is justified by m− then the move m is directly beneath m− in the tree of
the arena2. Henceforth all justified sequences are assumed to be well-formed.

The P-view of a justified sequence s, written �s�, is given recursively by:

�ε� = ε for initial moves ε
�s ·m� = �s� ·m for m a P-move

�s ·m− · t ·m� = �s� ·m− ·m for m an O-move justified by m−

The definition of O-view, �s�, is given analagously.
A legal position of an arena A is a well-formed justified sequence s satisfying

the visibility condition: for each non-initial P-move m justified by m−, say s =
t1 ·m− · t2 ·m · t3, we have that m− ∈ �t1 ·m− · t2 ·m�. Similarly all O-moves
are justified by P-moves appearing in the O-view up to that point. Then if s is a
legal position then so are �s� and �s�. By a P-view of an arena A, we shall mean
a justified sequence which is the P-view of some legal position of A.

Lemma 1 (View Characterisation). A justified sequence of an arena A is a
P-view if and only if it is well-formed and every non-initial O-move is justified
by the immediately preceding P-move.

Within arenas there are games played out between P and O. A P-strategy
σ for a single-tree arena A consists of a prefix-closed subset of legal positions
of A which is deterministic (if s ·m ∈ σ and s ·m′ ∈ σ for P-moves m and m′

then m = m′) and such that if s · m ∈ σ for a P-move m and s · m · m′ is a
legal position of A then s · m · m′ ∈ σ. An O-strategy is defined analogously.
However we are more often interested in P-strategies which we will usually just
refer to as strategies. For a general arena A = 〈A1, . . . , An〉 a P-strategy is an
n-tuple of P-strategies, one for each tree. In contrast, an O-strategy is just a
single O-strategy on one of the trees, together with information which selects
that tree.
2 The no-dangling-question-mark condition in [3,7] (equivalently the well-bracketing
condition) is redundant for our arenas.



408 A.D. Ker, H. Nickau, and C.-H.L. Ong

If we have strategies σ and τ on arenas A ⇒ B and B ⇒ C respectively
then we can form their composite strategy σ; τ on A ⇒ C. Informally we do
this by identifying O/P-moves of the B component of A ⇒ B with P/O-moves
of the B component of B ⇒ C, and then hiding all the moves in B. This is
reminiscent of CSP’s “parallel composition” and “hiding” operators; see [4] for a
formal definition. Similar ideas extend to arenas of multiple trees. An essentially
straightforward result, although tedious in proof, is that composition is well-
defined and associative. We will only be interested in strategies with a property
called innocence.

A P-strategy σ is innocent if for odd-length legal positions s and t and P-
moves m, s ·m ∈ σ ∧ t ∈ σ ∧ �s� = �t�→ t ·m ∈ σ and the moves m are justified
by moves which are identical in the P-view �s� = �t�. i.e. P’s next move, and
its justification, at each stage depends only on the P-view up to that point. An
important fact is that composition of innocent strategies is well-defined (for a
proof see [3, §5.3]): if σ is an innocent strategy on A ⇒ B and τ an innocent
strategy on B ⇒ C then σ; τ is an innocent strategy on A⇒ C.

The property of innocence means that such a strategy is determined by a par-
tial function from odd-length P-views to justified P-moves i.e. P-moves equipped
with a justification pointer back into the P-view. In fact, given an innocent stra-
tegy σ, we can define a canonical such function, which we write fσ, that defines
it. A function constructed in this way is called innocent and we can formalise
such functions. We say that f is an innocent function if f is a partial function
from odd-length P-views in A to justified P-moves of A such that dom(f) is
closed under odd-length prefix, and if s ·m ·m′ ∈ dom(f) then f(s) = m. We
note that such a function can only encode an innocent strategy. The conditions
given are required to make the function “strategic”, i.e. the set of legal positions
it describes are prefix-closed, deterministic and made up of properly justified se-
quences of moves. These conditions are sufficient to allow us to define the reverse
construction of a unique strategy σf from an innocent function f such that the
construction is invertible (i.e. fσf

= f and σfσ = σ) and it preserves and reflects
inclusion (i.e. f ⊆ f ′ ⇐⇒ σf ⊆ σf ′). Thus we can identify the representation
by innocent function and that by subset of legal positions.

An innocent strategy is said to be compact if the graph of its innocent function
is finite (i.e. is defined on finitely many P-views). It is said to be recursive
if the innocent function representing it is recursive. It is easy to see that the
composition of two recursive innocent strategies is itself recursive.

Definition 1. Objects of the Category of Arenas and Innocent Strategies, A, are
arenas (in sequence-subset form); morphisms f : A→ B are innocent strategies
on the function space arena A ⇒ B. Composition of morphisms is composition
as strategies. The Category of Arenas and Recursive Innocent Strategies, AREC,
has recursive arenas as objects and recursive innocent strategies as morphisms.

Theorem 1. A and AREC are both cartesian closed.

The terminal object 1 of both A and AREC is the empty arena E, and the
categorical constructions of product and function space are exactly the respective
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arena constructs. The category A is enriched over dI-domains. One cannot say
the same of AREC, because the computable partial functions do not form a
cpo. For example, one can “approximate” the Halting Problem by computable
functions.

Scott has observed that every λ-algebra arises from a reflexive object R in
some cartesian closed category C; that is, there exist morphisms Fun : R →
[R ⇒ R] and Gr : [R ⇒ R] → R such that Gr ; Fun = id[R⇒R]. Thus we
may specify a λ-algebra by a 4-tuple 〈C, R,Fun,Gr〉 (it is in fact a λη-algebra if
Fun ; Gr = idR); the underlying set of the λ-algebra is the set C(1, R) of global
sections. If the reflexive object R has enough points (i.e. ∀ f, g : R → R.[∀ r :
1 → R.r ; f = r ; g] → f = g) then 〈C, R,Fun,Gr〉 is a λ-model (i.e. a weakly
extensional λ-algebra). We refer the reader to [1] for a comprehensive treatment
of the model theory of the untyped λ-calculus.

Recall that the arena U has the key property that U = U ⇒ U so that in this
case the morphisms Fun and Gr are both the identity on U . We can now define
the first two of our game λ-algebras (which are both λη-algebras): 〈A, U, idU , idU 〉
which we shall write simply as D, and 〈AREC, U, idU , idU 〉 which we shall write as
DREC. By abuse of notation, we shall use D and DREC to denote the respective
underlying sets. Clearly DREC ⊂ D. By a method of approximation we can show
that both the λη-algebras are sensible i.e. all unsolvable λ-terms have the same
denotation which in this case is given by the everywhere undefined innocent
function.

3 Effectively Almost-Everywhere Copycat Strategies

There are three properties that allow for a more compact representation of an
innocent strategy:
(i) Each non-initial O-move in any P-view must be a child of the previous move,

and the initial move must be ε.
(ii) Given only the O-moves of a P-view and the value of the innocent function

on strictly shorter P-views we can reconstruct the original P-view entirely.
(iii) The P-move to which this P-view is mapped must be a child of the move

justifying it.
In view of these redundancies, we encode innocent strategies σ, over any single-
tree arena, as (partial) maps from N

∗ to N× N0 (where N0 = {0, 1, 2, · · ·}). We
call this encoding the economical form of σ and sometimes write it eσ (quite
often we abuse notation and write it fσ too). It is defined as follows:

eσ : 〈v1, . . . , vn〉 �→ (i, p) if and only if

fσ :
•
ε
◦
s1

•
s1v1

◦
s2

•
s2v2

· · · ◦
sn−p

•
sn−pvn−p

· · · ◦
sn

•
snvn

�→ ◦
sn−p(vn−pi)

✎ �

Justification pointers in the P-view can be deduced from the behaviour of fσ on
shorter P-views, and so have been omitted. Note that each si is a sequence of
natural numbers.
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Furthermore, we can expand any partial function f : N
∗ ⇀ N×N0 which has

prefix-closed domain and satisfies f(v) = (i, p)→ 0 ≤ p ≤ |v| into an innocent
strategy on U . Depending on the function, we might not need the whole of U
to contain the strategy. We could extend this idea for multiple-tree arenas, but
since we will not use it except on the arena U there is no need to do so.

Example 1. The following is the innocent function of the “copycat” strategy idU :

•
ε

◦
1

�→
✎ �

•
ε
◦
1
•
1a

◦
(a+1)

�→
✎ �

•
ε
· · · •

(a+1)s
◦

1as
•

1asb
◦

(a+1)sb
�→

✎ �

•
ε
· · · •

1as
◦

(a+1)s
•

(a+1)sb
◦

1asb
�→

✎ �

Here s range over sequences of appropriate parity, a and b over positive natural
numbers. The reader is invited to check that the economical form of this strategy
is given by: ε �→ (1, 0), i �→ (i + 1, 1) and for nonempty sequences v, vi �→ (i, 1).

A principle of the λ-calculus is that a term can be applied successively to any
other term. So the term λx.x (say) is really more like “λxz0z1z2 . . .•xz0z1z2 . . .”
(we use a large dot • to make the “end” of the infinite chain of abstractions really
clear). Thus there is some notion of infinite η-expansion. If we think about the
denotation of λx.x in the game models, it is similarly expanded — it copies the
whole of the first subtree to the rest of the arena, as if copying not only the
x variable but also all of its arguments. This correspondence turns out to be
general, and can be made precise by relating innocent strategies in economical
form to a kind of (infinitely) η-expanded Böhm trees first studied by Nakajima
in [6]. We call a formal connexion of this form an Exact Correspondence Theorem.

For a λ-term s the Nakajima tree of s, written NT(s), is (informally) the
countably branching, countably deep tree labelled as follows. If s is unsolvable
then NT(s) =⊥, the empty tree. If s has HNF λx1 . . . xn • ys1 . . . sm then

NT(s) = λx1 . . . xnz0z1 . . . • y

NT(s1) · · · NT(sm) NT(z0) NT(z1) · · ·

✭✭✭✭✭✭✭✭✭✭
✟✟✟✟ ❆❆

�����

where z0, z1, . . . are countably many fresh variables. The process of finding such
fresh variables given in [6] is quite complicated. In [4] we propose a variable-free
representation of Nakajima trees so that for a closed term s, NT(s) is represented
as VFF(s), a partial function from N

∗ to N×N0. Note that the “infinitely nested”
λ-abstractions of the form λz1z2 . . .•y, which label the nodes of a Nakajima tree
(of a closed term), can be coded as a pair (i, r) whereby the head variable y
is the ith in the infinite list of variables bound by the λ-abstraction situated r
levels up in the tree. The map VFF(s) is just a function that maps occurrences
(of nodes) to such labels encoded as pairs of numbers.

The theorem of key importance in [4] is the Exact Correspondence Thoerem,
which states that for every closed λ-term s, the innocent strategy denoting s (in
both D and DREC) given in economical form is exactly VFF(s), the Nakajima
tree of s in variable free form.
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Example 2. We now introduce example terms and strategies which we will use
repeatedly to illustrate many of the concepts in the rest of the paper. Consider
the terms I = λx.x and 1 = λxy.xy. The reader may wish to verify that the
following represents the first two levels of the Nakajima trees of those terms:

NT(I) = λxz0z1 . . . • x

λu • z0 λv • z1 λw • z2· · ·

✦✦✦✦ ✁✁
❍❍❍❍

NT(1) = λxyz0z1 . . . • x

λu • y λv • z0 λw • z1· · ·

✦✦✦✦ ✁✁
❍❍❍❍

After renaming of bound variables, these are the same. Since I and 1 differ only
by η-conversion, this should be no surprise. Thus we can calculate their common
variable-free form, the first two levels of which is:

(1, 0)

(2, 1) (3, 1) (4, 1) · · ·

✦✦✦✦ ✁✁
❍❍❍❍

For example, the node labelled (2, 1) means that the head variable of the corre-
sponding node in the Nakajima tree is found as the second in the list of variables
abstracted at the node one level above. The Exact Correspondence Theorem
tells us that [[I]] = [[1]] has the economical form which is given (in part) by
ε �→ (1, 0), 〈1〉 �→ (2, 1), 〈2〉 �→ (3, 1) and so on.

We say that a λ-algebra is universal if every element is the denotation of some
λ-term. By the Exact Correspondence Theorem, it is easy to see that neither D
nor DREC is universal, since no non-trivial compact innocent strategy can be the
denotation of any λ-term (note that the only finite Nakajima tree is the single-
node tree ⊥). Our aim in the rest of this section is to characterise the definable
parts of DREC, and we shall do so by capturing the right ambient CCC.

Notation For tree-like A ⊆ N
∗ (i.e. those subsets which are prefix-closed and

satisfy s · n ∈ A→ s ·m ∈ A for all m < n) and for any s ∈ A we define

A@ s = the subtree of A rooted at s
A>m = the tree obtained from A by deleting the first m branches.

For example, for the maximal single-tree arena U , we have U @ s = U = U>n

for all sequences s and numbers n. Next fix an innocent strategy in economical
form f and let v ∈ dom(f). We shall use the following shorthand:

mo
f (v) = the last move of the P-view encoded by v

mp
f (v) = the response of σf at the P-view.

Note that the former is by definition an O-move and the latter a P-move. We omit
the superscript f wherever it is clear which strategy is intended. For example,
for any innocent strategy f the O-move mo(ε) is the initial move ε and mp(ε)
is the first P-move made by σf in response. Now we can define a new property
of strategies:
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Definition 2. Consider an innocent strategy in economical form f : N
∗ → N×

N0, over some single-tree arena A. We say that f is everywhere copycat (EC)
at v ∈ N

∗ if f is undefined at v or the following hold:
(i) The arenas A@mo(v) and A@mp(v) are order-isomorphic (with respect
to the prefix ordering).

(ii) Whenever w ≥ v we have that for all i ∈ N f(w · i) = (i, 1).
(iii) If f(v) = (i, p) then p > 0.
We say that f is almost-everywhere copycat (AC) at v if f is undefined at

v or there exist numbers tv ∈ N0 and ov ∈ Z with ov ≤ tv called the copycat
threshold and offset respectively, such that

(i) The arenas (A@mo(v))>(tv−ov) and (A@mp(v))>tv are isomorphic.
(ii) For all i > tv, f(v · i) = (i− ov, 1) and f is everywhere copycat at v · i.
(iii) For all w ≥ (v ·k) with k ≤ tv, if f(w) = (i, |w| − |v| ) then i ≤ tv−ov.
(iv) If f(v) = (i, 0) then i ≤ tv − ov.
(Note that f is EC at v if and only if f is AC at v with tv = ov = 0.)
Finally, we say that f is effectively almost-everywhere copycat (EAC) if f is

computable, almost-everywhere copycat at every sequence on which it is defined
and the functions v �→ tv and v �→ ov are computable. A strategy σ over an arena
A is EAC if its innocent function is EAC, and we can generalise to multiple-tree
arenas in the usual way.

To illustrate the definition of everywhere copycat strategies, suppose f is de-
fined at v. Intuitively we say that f is everywhere copycat at v if, from mp(v)
onwards, f ’s behaviour is simply to play copycat for as long as the arena will
allow it. So if O’s move is mi, the ith child of the justifying move m, then P
responds with the ith child of the move immediately preceding m in the P-view.
Condition (i) in the definition guarantees that P’s copycat move will always be
available. As before we will primarily be interested in strategies on U . Since
U @ s = U = U>n for all sequences s and numbers n, Condition (i) will always
hold. Condition (ii) is best understood with reference to the Exact Correspon-
dence Theorem which relates innocent strategies to Nakajima trees. It specifies
that the subtree of the Nakajima tree corresponding to f , rooted at v, has the
following shape:

λx1x2 . . . • y

NT(x1) NT(x2) · · ·

✟✟✟✟ ❇❇

Condition (iii) of the definition is a technicality, which ensures that the variable
y is not one of the xi.

Definition 3. The category of arenas and EAC strategies, AEAC, has recursive
arenas as objects and EAC strategies on A⇒ B as morphisms from A to B.

A main result in [4] is that the category AEAC is well-defined; the proof that
EAC strategies compose is highly technical. In fact,

Theorem 2. AEAC is cartesian closed.
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The arena U is still an object of AEAC and still equal to its function space.
Thus we can define a λη-algebra 〈AEAC, U, idU , idU 〉 which we shall denote by
DEAC. Properties of DEAC will be presented later.

4 Effectively and Explicitly Almost-Everywhere Copycat
Strategies

We wish to find a new game model which invalidates the rule of η-conversion.
To do so, we would require the terms I and 1 to be denoted differently. They
have the same variable-free form of Nakajima tree, so it is not apparent how this
might be achieved. The key is to make use of the fact that the copycat thresholds
are not unique — any number greater than a given valid copycat threshold is
also a valid copycat threshold. Different thresholds (at some P-view) may be
used to distinguish I and 1.

This idea is prompted by the observation that when one compares a term
with its denotation, the part of the EAC strategy which is specified by the rules
of copycat corresponds precisely to the part of the Nakajima tree which has been
generated by η-expansion (i.e. the part of the tree with the fresh variables as the
head variables). Recall the Nakajima trees of I and 1 — the former has fresh
variables appearing at every node except the root, whereas the latter is similar
except that there is not a fresh variable at the first child of the root. Therefore
we aim to find a model where I and 1 are represented by the strategy with the
same moves, but the copycat threshold of [[I]] at the first P-view is 0, whereas
that of [[1]] is 1.

However, the definition of an EAC strategy is stated in terms of the existence
of some computable function which associates a pair of numbers to each P-view
of the strategy and this function is not specified along with the strategy. (A
consequence of this is that there is no computable procedure for finding valid
thresholds for an EAC strategy.) It is really the thresholds (rather than the
offsets) that are important because, for a certain P-view v of an EAC strategy
σ, the copycat threshold t gives enough information to compute the offset o
directly. This motivates the following definition:

Definition 4. An effectively and explicitly almost-everywhere copycat strategy
(EXAC strategy) is given by a pair 〈σ, tσ〉, where σ is an EAC strategy and tσ
is an effective function mapping the P-views where σ is defined to valid copycat
thresholds. We sometimes write the EXAC strategy 〈σ, tσ〉 just as σ.

We will usually refer to the first and second part of an EXAC strategy as
the “(underlying) EAC strategy (part)” and the “threshold function (part)”,
respectively. In view of our comments above, however, we will sometimes speak
of the offsets as if they too are specified by the threshold function.

This definition allows us to make the intended finer distinction between stra-
tegies: two strategies with the same moves must be equal as EAC strategies,
but may have different copycat thresholds and so can be distinguished as EXAC
strategies. There is an obvious forgetful map from EXAC strategies to EAC
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strategies, which takes only the strategy part (i.e. erasing the threshold infor-
mation).

In a similar vein to the economical form of innocent strategies, using the
same encoding of a P-view as a sequence of natural numbers, we can give an
economical form of EXAC strategies over single-tree arenas. We can also take
advantage of the fact that parts of the strategy are completely dictated by its
copycat nature. Let us say that a P-view is entirely explicit if none of the O-
moves in it exceed the copycat threshold of the P-view at which they are made.
Thus if a P-view is not entirely explicit the ensuing move can be deduced from
the threshold and offset of the P-view preceding the first O-move in it which did
exceed the copycat threshold.

Definition 5. The economical form of an EXAC strategy is a map from N
∗ to

N×N0 ×N0 × Z. The domain is the encoding of P-views in the usual way. The
map is defined at a sequence v only if the P-view encoded by v is entirely explicit,
in which case

v �→ (i, r, t, o)

where the resulting P-move is encoded as before — it is the ith child of the move
2r from last of the P-view — and the copycat threshold and offset at this P-view
are t and o respectively.

Example 3. We take the EXAC strategies η0 and η1 to be 〈[[I]], t0〉 and 〈[[1]], t1〉,
where t0 maps every P-view to the threshold 0 and t1 does likewise except that
the minimal P-view is mapped to the threshold 1. Since [[I]] = [[1]], they have
the same EAC strategy part, but different threshold functions. These are the
suggestions we made for the denotations of I and 1 in a model not suppor-
ting η-conversion. Nearly every P-view of either is not entirely explicit, and the
respective economical forms are given by:

ε �→ (1, 0, 0,−1) and ε �→ (1, 0, 1,−1)
〈1〉 �→ (2, 1, 0, 0)

We now need a method to compose EXAC strategies. Of course the EAC
strategy part will just be the standard composition of innocent strategies, and
we give below an algorithm for computing the composition of the threshold
functions.

Algorithm (The Composition Algorithm). Let 〈σ, tσ〉 be an EXAC stra-
tegy over A⇒ B, and 〈τ, tτ 〉 be an EXAC strategy over B ⇒ C. Take a P-view
v on which the strategy σ; τ (which is given by the usual composition of innocent
strategies) is defined and suppose that the last move of the P-view is m and the
resulting move is m.

We write u = u(v, σ, τ) for the uncovering of the composition up to the move
m. A formal definition can be found in [3] or [4], but we may describe it as the
sequence of moves of the composition which result after the P-view v, including
any relevant B-moves which would be hidden by the composition. It will be of
the form 〈ε, . . . ,m,m1,m2, . . . ,mp−1,mp,m〉.
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The moves mi are the intermediate interactions which might have taken place
between σ and τ before the move m became the visible outcome, and are all in
the arena B. Possibly there are no such intermediate moves, in which case p = 0.
We do not care about justification pointers, and for tidiness set m0 = m and
mp+1 = m.

For 1 ≤ i ≤ p + 1 we consider the P-view ui that the strategies σ or τ are
faced with when the move mi was made. (For details on how one may define such
a P-view precisely see [4] or [5]). Define ti and oi to be the copycat threshold
and offset of σ, or τ as appropriate, at the P-view ui. These are specified by tσ
or tτ . Then set:

t′i = ti + |A| , if mi is a root of the arena B
ti, otherwise

o′
i = oi + |A| , if mi is a root of the arena B

oi, otherwise

T1 = t′1
O1 = o′

1
Ti+1 = max(Ti + o′

i+1, t
′
i+1)

Oi+1 = Oi + o′
i+1

t = Tp+1
o = Op+1 − |A| + |B| , if m is a root of the arena C

Op+1, otherwise

(By |A| we mean the number of trees in the arena A). Then t and o are the
copycat threshold and offset of the composition 〈σ, tσ〉; 〈τ, tτ 〉 at the P-view v.

Now we must show that this method does indeed produce an EXAC strategy,
i.e. that the composite threshold function specifies valid thresholds and offsets
for the composite strategy. In fact it does so only under some restrictions, for
which we need an additional definition.

Definition 6. Let σ be an EAC strategy over a single-tree arena. If σ has a
first move, then it has a copycat threshold and offset, say t and o, at the P-view
consisting only of the root O-move (we call this P-view the minimal P-view).
The l-number of σ is the value t− o, and we write it l (σ).

If σ = 〈σ1, . . . , σn〉 is an EAC strategy over an arena with n trees, and defined
on at least one of the minimal P-views, then we say l (σ) = minni=1,σi �=⊥{l (σi)}.

This is termed the l-number of σ because, as will eventually be shown, it
corresponds to the number of λ-abstractions at the root of the Böhm tree of
the term whose denotation is σ. For example l (η0) = 1 and l (η1) = 2, and we
will be able to show that η0 is the denotation of λx.x and η1 the denotation of
λxy.xy.

Theorem 3. If σ : A ⇒ B and τ : B ⇒ C are EAC strategies satisfying
l (σ) ≥ |A| (or σ is everywhere undefined) and l (τ) ≥ |B| (or τ is everywhere
undefined) then Algorithm 4 produces valid copycat thresholds and offsets for
σ; τ .

There is an “obvious” category, which derives directly from the conditions
required for the composition algorithm to work correctly.
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Definition 7. The category of arenas and EXAC strategies, written AEXAC,
has recursive arenas as objects, and the morphisms from A to B are the EXAC
strategies on the arena A⇒ B which have l-number greater than or equal to |A| ,
or are everywhere undefined. The identity morphism on A is the EXAC strategy
〈idA, 0〉, i.e. the copycat threshold is zero everywhere.

One can show that this does indeed specify a category. Also, AEXAC has the
obvious terminal object — the empty arena E — and products given in the
usual way. However, AEXAC does not form a CCC with the usual constructions,
as the following example shows:

Example 4. Suppose that σ : A×B → C. Then we know that l (σ) ≥ |A| + |B| .
We need a morphism Λ(σ) : A → B ⇒ C, which must have l-number at least
|A| , so we could take Λ(σ) to be the same EXAC strategy as σ. However this
choice may not be unique. For example, consider η0 and η1 as defined earlier in
this section. One can verify that both η0 and η1 can be considered as morphisms
U → U ⇒ U and that in this case η0× idU ; evalU,U = η1× idU ; evalU,U : U×U →
U , and that this is the same as the morphism U×U → U described by η1. Hence
there are two candidates for Λ(η1).

It is not clear that AEXAC forms a CCC with any unusual function space
constructions either.

If we try to fix the definition of AEXAC, by cutting down the homsets some
more, it becomes clear that one must also specify minimum copycat thresholds
at the minimal P-views, along with minimum l-numbers. The obvious solution
still does not work, and we can repeat the fixing-up process to obtain a sequence
of failures — each is either not a category at all because identities fail to work
properly, or has a non-uniqueness of curried morphisms as above.

We now present a new category based on EXAC strategies, which does form
a CCC. Although it does appear to be much more complicated than the “almost-
CCC” AEXAC, it seems to be the natural limit of the fixing-up process.

Firstly let us write br(A) for the number of branches of a tree at the root
(assuming that this is finite). Then we can write br(A@m), for any move m of
a finitely-branching forest A, to mean the number of direct children of m in A.
Then we make the following definition:

Definition 8. Let A be an arena and X a finitely-branching subarena3 of A.
We say that an EXAC strategy σ over A is X-explicit if the following holds:

Let σ : v �→ (i, r, t, o) be the economical form of any clause of the innocent
function. Suppose that the sequence v codes a P-view ending in the O-move m,
and that the consequent P-move encoded by this clause is m. Then:

(i) if m is in the subarena X then t− o ≥ br(X @m),
(ii) if m is in the subarena X then t ≥ br(X @m).

3 We say that the arena A = 〈A1, · · · , Am〉 is a subarena of B = 〈B1, · · · , Bn〉 if m = n,
and for each i, Ai is a subset of Bi. We say that an arena is finitely-branching if
every tree in it is finitely-branching
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An intuitive description of this definition is the following: The subarena X
determines a part of the arena A where the strategy is known to be explicitly
defined, i.e. moves in X are neither in the “domain” nor the “range” of auto-
matic copycat forced by the threshold information of σ. This means that given
a strategy σ over A which is X-explicit, any P-view of σ with moves only in X
is entirely explicit.

Definition 9. The category XAEXAC, or simply XA, is given by the following:
objects are pairs (A,X) consisting of a recursive arena A and a finitely-branching
recursive subarena X; a morphism σ : (A,X)→ (B, Y ) is an EXAC strategy on
A⇒ B which is (X ⇒ Y )-explicit. Composition of morphisms is composition of
EXAC strategies, and the identity strategy on (A,X), id(A,X), is the EXAC stra-
tegy 〈idA, t〉, where idA is the EAC identity strategy on A, and t is the function
that takes the least value on every P-view which still leaves the EXAC strategy
〈idA, t〉 as (X ⇒ X)-explicit.

The fact that the composition algorithm gives valid thresholds and offsets
for EXAC strategies satisfying these conditions comes from Theorem 3 — a
morphism σ : (A,X) → (B, Y ) is (X ⇒ Y )-explicit, and X has the same
number of trees as A, so in particular l (σ) ≥ |A| .
Theorem 4. XA forms a CCC with the following constructions: the terminal
object 1 is (E,E), where E is the empty arena; the product (A,X)×(B, Y ) is (A×
B,X×Y ), with the threshold functions for projections specified in the same style
as identities; the exponential object (A,X) ⇒ (B, Y ) is (A ⇒ B,X ⇒ Y ), and
the evaluation map eval(B,Y ),(C,Z) is the same EXAC strategy as id(B,Y )⇒(C,Z).

Now that we have found an ambient CCC for the EXAC strategies, we can
construct another λ-algebra based on it. In this category, however, the reflexive
object is not isomorphic to its function space — exactly as we would hope for a
model invalidating η-conversion.

Let us write U0 for the object 〈U,M〉 of XA, and U1 for the object U0 ⇒ U0.
Here U and M are the maximal and minimal single-tree arenas described in
Sect. 2. We define morphisms F : U0 → U1 and G : U1 → U0 to both be given
by the EXAC strategy η1 (the definition of which can be found in Sect. 4). It
is straightforward to check that this does give proper morphisms, and that they
satisfy G;F = idU1 and F ;G �= idU0 .

Hence we can identify a new λ-algebra 〈XA, U0, F,G〉 which invalidates the
rule of η-conversion; we denote this λ-algebra M. By erasing all threshold in-
formation, we can reduce M to (a subset of) D and deduce that M is also
sensible.

In the same way that the denotation of a term in the modelDEAC had a strong
connection with its Nakajima tree, the denotation in M corresponds closely to
(a variable-free version of) the Böhm tree. The variable-free form of the Böhm
tree of a term is similar to the construction VFF mentioned earlier and defined
in [4], but it includes extra information describing how many abstractions there
are at each node, and how many children.
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Definition 10. For a (N× N0 × N0 × Z)-labelled tree p the tree p∗ is the same
tree labelled identically, except that nodes at depth d labelled (i, d + 1, t, o) are
relabelled (i, d + 2, t, o).

Similarly the tree { p }n, for n ∈ N0, is labelled identically except that firstly
the node at the root (i, r, t, o) is first relabelled to (i, r, t, o − n), and then nodes
of depth d are relabelled as follows:

(i) those labelled (i, d, t, o) are relabelled (i + n, d, t, o);
(ii) those labelled (i, d + 1, t, o) for i ≤ n are relabelled (n− i + 1, d, t, o);
(iii) those labelled (i, d + 1, t, o) for i > n are relabelled (i− n, d + 1, t, o).
For a term s with free variables within ∆ the variable-free form of the Böhm

tree of s, VFBT∆(s), is the following (N× N0 × N0 × Z)-labelled tree:

VFBT∆(s) = ⊥, the empty tree, for unsolvable s.

VFBT∆(λx1 . . . xn • s) = {VFBT∆·〈x1,...,xn〉(s) }n,
if s is of the form vjs1 . . . sm.

VFBT∆(vjs1 . . . sm) = (j, 1,m,m)

VFBT∆(s1)∗ VFBT∆(sm)∗
✟✟✟

❍❍❍

where ∆ = 〈vk, . . . , v1〉 (note the reverse order).

Exactly as before we can show that, at each node of the Böhm tree of s, the
first two elements of the tuple at the corresponding node of VFBT(s) encode
the head variable by counting how many levels one goes up the tree, and how
many abstractions along, to find where the variable is abstracted. The third
component just counts the number of children at the node, and the fourth is
the number of children minus the number of abstractions. We choose to encode
the number of abstractions in this rather elliptic fashion in order to make the
following theorem easier to state:

Theorem 5 (Exact Correspondence forM). If s ∈ Λ with free variables in
∆ = 〈vk, . . . , v1〉 then [[s]]M∆ = {VFBT∆(s) }k when the former is considered as
an EXAC strategy in economical form and the latter as a labelling function.

In particular for closed terms s, [[s]]ε = VFBTε(s)

Example 5. Although it is hard to see directly, the given definition of VFBT
does work as intended. One may check that VFBT(I) and VFBT(1) are:

(1, 0, 0,−1) and (1, 0, 1,−1)

(2, 1, 0, 0)

The node λxy.x, in the Böhm tree of 1, corresponds to the node of VFBT(1)
labelled (1, 0, 1,−1), which is so labelled because the head variable is the first
abstracted variable zero levels up the tree (namely x), the node has one child,
and the number of abstractions at this level is 1− (−1) = 2. The Exact Corre-
spondence Theorem gives us the economical forms of [[I]] and [[1]] which, as we
hoped, are the EXAC strategies η0 and η1 described earlier in this section.
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The Exact Correspondence results are of key importance in examining the
local structure of the game models. In [4] we use them, and a powerful result
which we call the Separation Lemma, to obtain proofs that DEAC is a universal
and order-extensional λ-model, with equational theory given byH∗ (the maximal
consistent sensible theory). The models D and DREC are neither universal nor
extensional, but do generate the same equational theory on terms.

In a similar way, we can use the Exact Correspondence Theorem for M to
prove the following:

Theorem 6. (i)M is universal i.e. every element is definable as the denotation
of some term of the λ-calculus. (ii) M is weakly extensional, so it is a λ-model
(for a discussion of weak extensionality see [1, §5]. (iii) M equates two terms
of the λ-calculus precisely when they have the same Böhm tree. Thus the local
structure of the model is the Böhm tree theory B.

5 Further Work

Although we succeeded in our aim to find a universal game model of B, there are
other questions which the work prompts. Firstly, one might ask if there is a less
syntactic way to arrive at DEAC from DREC, perhaps by some sort of extensional
collapse. In fact extensional collapse appears to be insufficient, and further inve-
stigation would be of interest. In another direction, we can use D, DREC, DEAC
and M as very natural combinatory algebras which are in some sense sequen-
tial. Therefore one might wish to study realizability models over them. Finally,
and more practically, we could examine the Böhm tree composition algorithm
given by the game model: it is quite different from the usual method in that it is
“demand-driven” – for every node of the answer only the relevant nodes of the
composed trees are examined.
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Abstract. This paper shows that the subtyping relation of a higher-
order lambda calculus, Fω

≤, is anti-symmetric. It exhibits the first such
proof, establishing in the process that the subtyping relation is a partial
order—reflexive, transitive, and anti-symmetric up to β-equality. While a
subtyping relation is reflexive and transitive by definition, anti-symmetry
is a derived property. The result, which may seem obvious to the non-
expert, is technically challenging, and had been an open problem for
almost a decade. In this context, typed operational semantics for subty-
ping offers a powerful new technology to solve the problem: of particular
importance is our extended rule for the well-formedness of types with
head variables. The paper also gives a presentation of Fω

≤ without a re-
lation for β-equality, apparently the first such, and shows its equivalence
with the traditional presentation.

1 Introduction

Object-oriented programming languages such as Smalltalk, C++, Modula 3, and
Java have become popular because they encourage and facilitate software reuse
and abstract design. One attempt to give a theoretical understanding of these
object-oriented programming languages has been to introduce type systems with
features to model constructs from object-oriented programming languages [8,10],
for example bounded quantification [20] and recursive types [2].

Metatheoretic properties of the type systems are important to justify the
programming languages being modeled. One important property of a type sy-
stem is subject reduction or type preservation, which states that evaluation of
programs preserves their type. This is one of the central results of an earlier
paper [15] about Fω≤, which also showed the correctness of the algorithms for
type-formation and subtyping. Another important property for type systems is
the decidability of type-checking and subtyping: a compiler should be able to
process basic type information reliably without help from the programmer in or-
der to prevent basic programming errors. Decidability of type-checking ensures
that this will always be possible, and decidability of subtyping is a crucial step
to proving this. This result was proved for our calculus in [14].
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The subtyping relation has been extensively researched because of its im-
portance in applications to programming languages [1,6,21,28], proof assistants
[3,25,29], and metatheoretical studies [4,5,7,10,14,15,16,18,19,24,30], to name a
few. However, none of these studies has established the anti-symmetry of the
subtyping relation for a higher-order calculus. In some cases it has been conjec-
tured, as in [35]. In other cases, the problem is avoided by taking an equality that
satisfies anti-symmetry by definition: A = B is defined as A ≤ B and B ≤ A.
Steffen [33] has showed the simpler property, appropriate to his setting of polari-
zed subtyping, that A ≤ B and B ≤ A, where both derivations are without uses
of promotion1, if and only if A =β B. However, in most higher-order subtyping
calculi, including ours, the problem in showing anti-symmetry is exactly to show
that the derivations of A ≤ B and B ≤ A contain no uses of promotion.

Anti-symmetry has been demonstrated for F≤ [20]. For Mitchell’s second
order λ-calculus a la Curry with subtyping, a completely different style of sub-
typing from the one we consider here, anti-symmetry has been studied under
the name of equational axiomatization of bicoercibility [34]. There, A and B are
called bicoercible if A ≤ B and B ≤ A, and the paper proves that if A and B
are bicoercible then A ≡ B, for an appropriate equivalence relation ≡. However,
the problem of bicoercibility of F≤ is considerably easier than anti-symmetry of
higher-order subtyping, because there is no notion of computation on types, and
in particular no β-reduction on types.

The rest of the paper is structured as follows. In the remaining sections of the
introduction we discuss technical points relating to typed operational semantics
and anti-symmetry of subtyping. In Section 2 we introduce the basic language
of Fω≤. In Section 3 we introduce the typed operational semantics, which as ex-
plained above plays a central role in our proof of anti-symmetry by providing
a powerful induction principle. Section 4 outlines the proof of anti-symmetry
using the typed operational semantics and sketches an approach to implemen-
ting subtyping and equality simultaneously. In Section 5 we give a sketch of the
metatheory of a new presentation of Fω≤ without judgemental equality or con-
version. Finally, we draw conclusions in Section 6. The appendices contain an
outline of the results that we use from our earlier development of typed opera-
tional semantics for Fω≤, rules for the traditional presentation of Fω≤, and rules
for the typed operational semantics.

Typed Operational Semantics Our proof of anti-symmetry of higher-order
subtyping relies on our understanding of subtyping built up using typed opera-
tional semantics. Typed operational semantics [22] gives an alternative induction
principle for type theories, by presenting type theory operationally rather than
declaratively. The typed operational semantics for Fω≤ has judgements for re-
duction to weak-head and normal form for types, and for subtyping comparison
between types in weak-head normal form and arbitrary types. Because the sy-
stem is presented from the perspective of computation, many properties about
1 Promotion is a step of transitivity along the bound of the head variable, and consists
of replacing the head variable by its bound in a given context.
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the relationship between reduction and typing are particularly easy to show by
induction on derivations of the typed operational semantics. This topic is dealt
with extensively in an earlier article [14].

A typed approach like typed operational semantics is essential to study-
ing anti-symmetry. Similar to Church–Rosser for βη-reduction in type theories,
which is only true for typed terms, anti-symmetry is only true for well-formed
judgements. For example, in Y≤(ΛX≤A:K.(XX)):K ′, Z≤Y :K ′′, an invalid con-
text, we can show that Z Z ≤ Y Z and Y Z ≤ Z Z, but the two types are clearly
not β-equal.

A key property in our proof of anti-symmetry, that Γ (X)(A1, . . . , An) ≤
X(A1, . . . , An) is underivable in the context Γ (where Γ (X) denotes the bound
of X in Γ ), also relies on the well-formedness of the judgement. Intuitively, if
Γ (X)(A1, . . . , An) and X(A1, . . . , An) are well-formed then they can never be
β-equal. While the base case, that Γ (X) ≤ X is impossible, is straightforward,
the complication in the general case is that X may appear in some Ai, so it
is not obvious that Γ (X)(A1, . . . , Am) may not β-reduce to X(A1, . . . , Am), for
example. The type system rules out cases like Γ (X) being ΛY≤A:K.(Y Y ) and
A1 being X.

Essential to our approach is the extended rule ST-TApp from our most recent
papers on decidability of subtyping [14,15]. This rule contains as a premise the
well-formedness of the bound Γ (X) applied to a sequence of types, in order to
conclude the well-formedness of the variableX applied to that sequence of terms.
This rule is justified by an extension of the logical relation proof of Soundness
(Theorem 3) using saturated sets. It is the powerful induction principle arising
out of this rule, already crucial to our proof of decidability, that allows us to
show the underivability of Γ (X)(A1, . . . , Am) ≤ X(A1, . . . , Am).

Induced Equivalence Relations The equivalence relation induced by A ≤ B
and B ≤ A may be stronger than the usual intensional equality associated with
type theory, syntactic equivalence on normal forms. One such case occurs in [32],
where the types ∀(X <: Bot)X→X and ∀(X <: Bot)Bot→Bot are “equivalent
in the subtype relation2, even though they are not syntactically identical.” A
similar situation appears in intersection types disciplines, where � = A→� and
also A→� ≤ � and � ≤ A→�. A final example is extensible records [11], where
the extension operator is associative and commutative in the subtyping relation.
These equivalence relations have models in existing frameworks, for example
game semantics [13] or PER models [17].

Such equivalences also arise in the context of programming languages. For
example, consider object types with a private section and a public interface,
where two object types O1 and O2 may satisfy O1 ≤ O2 and O2 ≤ O1 but
differ in their private section. The equivalence relation that only considers the
public interface will be more useful to the programmer than intensional equality,
because it is more permissive.
2 A and B are equivalent in the subtyping relation if A ≤ B and B ≤ A.
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In our current work on Fω≤, the equivalence relation is the usual notion of
β-equality at the type level. However, Martin-Löf [26] has demonstrated how
to capture more sophisticated equivalence relations in intensional type theory.
He allows the equality on elements of a type to include an arbitrary decidable
equivalence relation on the normal forms of a type, rather than taking simple
syntactic equivalence of normal forms. To extend our work to the example above
of public and private sections of an object type, we can take an equivalence
on object types in normal form that simply compares the fields of the public
interfaces.

Metatheoretic Consequences of Anti-Symmetry In addition to providing
the answer to a long-standing open problem, our work has several consequences
in the development of the metatheory of type systems with subtyping. First,
in the presence of anti-symmetry for subtyping, we can show the equivalence
between traditional presentations, either with judgemental equality or untyped
β-conversion, and a system without the notion of equality. This means that the
proof of soundness for model constructions, such as that for proofs of strong nor-
malization or PER models, can be more concise. In Section 5 we give a sketch
of a new presentation of Fω≤ without judgemental equality or conversion, appa-
rently not found elsewhere in the literature, and discuss how the development of
the metatheory proceeds for this system. The lack of a notion of equality may
also have consequences for the implementation of type theories with subtyping.

Another consequence of this result is that we can now prove the Minimum
Types Property, as opposed to the Minimal Types Property normally proved. A
type inference algorithm can be shown to find one of many minimal types for
a term. We can now clearly state the relationship between all of these minimal
types: whereas before we knew that any two minimal types were subtypes of
each other, we now know that they are β-equal.

2 Syntax

We now introduce the basic language of Fω≤. A complete development of its
meta-theory can be found in [15].

The kinds of Fω≤ are the kind � of proper types and the kinds ΠX≤A:K1.K2
of functions on types, or type operators. The types of Fω≤ are a straightfor-
ward higher-order extension of F≤, where we allow bounds on the abstraction
ΛX≤A:K1.B. There is a top type T�, and we define top type operators TK at
every kind K by TΠX≤A1:K1.K2 = ΛX≤A1:K1.TK2 . The language of terms is
the same as that for F≤, with bounded type abstraction ΛX≤A:K.M . As in F≤,
each type variable is given an upper bound at the point where it is introduced.

The operational semantics of Fω≤ is given by the usual β-reduction rules on
terms and types, and is extended to a compatible relation with respect to term
or type formation. We write �β for the transitive and reflexive closure of →β ,
and =β for the least equivalence relation containing →β and closed under α-
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equivalence. We write Anf to indicate the β-normal form of A, and A ≡ B when
A and B are α-equivalent.

Weak head reduction, or leftmost outermost reduction, is a less familiar no-
tion from lambda calculus that appears in our presentation.

For technical reasons relating to the model construction, we need to consider
a slightly stronger notion of weak-head normal form.

Definition 1 (Weak-Head Normal). The types T�, A1→A2, ∀X≤A:K.B,
and ΛX≤A:K.B are weak-head normal. X(A1, . . . , Am) is weak-head normal if
A1, . . . , Am are in normal form.

Contexts are defined as usual, where the empty context is written ∅, term
variable bindings have the form x:A, and type variable bindings have the form
X≤A:K. We write dom(Γ ) for the set of term and type variables defined in
a context Γ . The sets of free term and type variables occurring in terms, ty-
pes, kinds, contexts or judgements are written FV(—) and FTV(—). Since we
are careful to ensure that no variable is bound more than once, we sometimes
consider contexts as finite functions: Γ (X) yields the bound of X in Γ , where
X ∈ dom(Γ ) is implicitly asserted.

We write A(B1, . . . , Bn) for ((AB1) . . . Bn). If A is of the formX(B1, . . . , Bn)
then A has head variable X. We write HV(—) for the partial function returning
the head variable of a term. We write B[X←A] for the capture-avoiding substi-
tution of A for X in B. We identify types that differ only in the names of bound
variables.

The system Fω≤ is presented as simultaneously defined inductive relations
with the following judgement forms:

Γ � ok well-formed context Γ � K well-formed kind
Γ � K =β K

′ kind equality Γ � A : K well-kinded type
Γ � A =β B : K type equality Γ � A ≤ B : K subtype
Γ �M : A well-typed term.

We sometimes use the metavariable J to range over statements (right-hand sides
of judgements) of any of these judgement forms.

We now give an overview of the rules of inference for Fω≤. The context forma-
tion rules are as usual in Fω<:. Kind formation differs by incorporating information
about the bounds in Π:

Γ , X≤A:K1 � K2

Γ � ΠX≤A:K1.K2
(K-Π)

The rules of inference for kind equality simply define a typed equivalence relation
compatible with respect to the kind formers.

The rules for type formation similarly need to be adjusted for bounded ope-
rator abstraction.

Γ , X≤A1:K1 � A2 : K2

Γ � ΛX≤A1:K1.A2 : ΠX≤A1:K1.K2
(T-TAbs)

Γ � A : ΠX≤B:K1.K2 Γ � C≤B : K1

Γ � AC : K2[X←C] (T-TApp)
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Γ � A : K Γ � K =β K
′

Γ � A : K′ (T-Conv)

Type equality is defined as the typed equivalence relation compatible with
respect to the type formers and closed under β-reduction for types.

Γ , X≤A1:K1 � A2 : K2 Γ � C ≤ A1 : K1

Γ � (ΛX≤A1:K1.A2)C =β A2[X←C] : K2[X←C] (T-Eq-Beta)

The type equality rules appear in Appendix B.
The subtyping rules are again those of Fω<: [9,10,27], except for those dealing

with bounded type abstraction and type application and the rule for subtyping
the quantifier. We chose Cardelli and Wegner’s kernel Fun rule for quantifiers
with equal bounds [12], because the contravariant rule for quantifiers renders the
system undecidable [31]. Furthermore, transitivity elimination in the presence of
such a rule in the higher-order case remains an open problem. Type equality is
included in subtyping.

Γ � A =β B : K
Γ � A ≤ B : K (S-Conv)

The subtyping rules also appear in Appendix B. Our goal is to prove that this
relation is anti-symmetric up to β-equality.

The term formation rules are standard. We remind the reader that the sub-
typing relation on � induces an inclusion over types.

Γ �M : A Γ � A ≤ B : 

Γ �M : B

(t-Sub)

3 The Typed Operational Semantics

The typed operational semantics for Fω≤ is organized in five judgement forms:

Γ �S ok valid context Γ �S A �w B w�n C : K type reduction
Γ �S K �n K

′ kind reduction Γ �S A ≤ B : K subtyping
Γ �S A ≤W B : K weak-head subtyping.

This system can be understood informally as a particularly informative algorithm
for kinding and subtyping in Fω≤. The first judgement simply represents well-
formed contexts. The second and third judgements represent normalization of
kinds and types, where the formulation of the rules of inference ensures strong
normalization, Church–Rosser and other good metatheoretic properties. The last
two judgements represent an algorithm for subtyping that first reduces the left
and right-hand sides to weak-head normal forms and then compares these.

We use various notations that omit unnecessary components of the judge-
ment. For example, we write Γ 
S K for Γ 
S K �n K ′ for some K ′, and
similarly for types, Γ 
S A �w B : K for Γ 
S A �w B w�n C : K for
some C, and Γ 
S A w�n B : K for Γ 
S A �w A �n B : K. We also write
Γ 
S K,K ′ �n K

′′ when Γ 
S K �n K
′′ and Γ 
S K ′ �n K

′′, and similarly
for types.
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We now present the rules of inference. The context formation and kind nor-
malization rules are modifications of the corresponding rules for Fω≤. The rules
for type reduction combine kinding information and computational behavior in
the form of weak-head and β-normal forms. For example, the rule for arrow ty-
pes says how to obtain the weak-head and β-normal forms of A1→A2 in � from
those for A1 and A2 in �.

Kind reduction depends on reduction on types. This is not the case in Car-
delli’s Fω<: or in Obω≤:[1], where kinds are syntactically simpler.

Γ �S K1 �n K
′
1 Γ �S A �n B : K′

1 Γ , X≤A : K1 �S K2 �n K
′
2

Γ �S ΠX≤A:K1.K2 �n ΠX≤B:K′
1.K

′
2

(SK-Π)

The rules for type reduction are in Appendix C.
The beta rule, besides uncovering the outermost redex of the application BC

and contracting it, finds the weak-head normal form E and the normal form F .
The premise Γ 
S K2[X←C] �w K ensures that E and F have β-equal kinds,
and the subtyping premise Γ 
S C ≤ A : K1

′ enforces the well-formation of
BC.
Γ �S B �w ΛX≤A:K1.D : ΠX≤A′:K′

1.K2 Γ �S K2[X←C] �n K

Γ �S D[X←C] �w E w�n F : K Γ �S C ≤ A : K′
1

Γ �S BC �w E w�n F : K
(ST-Beta)

The weak-head subtyping rules are motivated by the algorithmic rules in [16].
The rules SWS-Arrow, SWS-All, and SWS-TAbs are structural. The rule SWS-TApp

implicitly uses transitivity, reducing the problem of a variable being less than
another type to the problem of the bound of the variable being less than that
type. The side condition ensures determinism. The rules for weak-head subtyping
are in Appendix C.

Finally, full subtyping is defined by reference to the weak-head subtyping
relation.

Γ �S A �w C : K Γ �S B �w D : K Γ �S C ≤W D : K
Γ �S A ≤ B : K (SS-Inc)

We have developed extensive results for this system in [15]. Those relevant
to our development here, including the equivalence of the original system and
the typed operational semantics, are summarized in Appendix A.

4 Anti-Symmetry

Our goal is to prove that if Γ 
 A ≤ B : K and Γ 
 B ≤ A : K then
Γ 
 A =β B : K.

We obtain this (Proposition 7) as a consequence of the corresponding pro-
perty in the typed operational semantics using Soundness (Theorem 3) and Com-
pleteness (Proposition 2).3 In the semantics, the way to say that two types are
equal is that they have the same normal form.
3 Our choice of terminology for Soundness and Completeness comes from proofs of
strong normalization using saturated sets, where the Soundness theorem says that
everything derivable in the syntax is satisfied in the saturated sets model.
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The main difficulty appears when A is of the form X(A1, . . . , Am). Intuiti-
vely, in this case B can only be X(A1, . . . , Am). To discard the possibility that
B could be other than A, we need to prove that Γ 
S Γ (X)(A1, . . . , Am) ≤
X(A1, . . . , Am) : K is impossible.

4.1 Basic Properties

In this section we establish some preliminary lemmas.
The typed operational semantics is deterministic (Lemma 13), so there is

only one derivation for each judgement, and we can invert the rules deriving
premises from conclusions. We sometimes use this fact without mentioning it.

Lemma 1. Suppose Γ 
S A �n B : ΠX≤E:K1.K2, Γ 
S C ≤ E : K1 and
Γ 
S K2[X←C] �n K

′
2. Then there is an F such that Γ 
S AC �n F : K ′

2
and Γ 
S BC �n F : K ′

2.

Proof. By Completeness, equational reasoning and Soundness. �

As shown in [15], if Γ 
S A �w B w�n C : K then B is the weak-head
normal form of A and C the normal form of A. Therefore, the following structural
property of the typed operational semantics can be read as follows: if B is the
weak-head normal form of A, then B is its own weak-head normal form, and if
C is the normal form of A, then C has itself as weak-head and normal forms.

Lemma 2.

1. If Γ 
S A �w B w�n C : K then Γ 
S B �w B w�n C : K and
Γ 
S C �w C w�n C : K.

2. If Γ 
S K �n K
′ then Γ 
S K ′ �n K

′.

Proof. By simultaneous induction on derivations, where most cases are imme-
diate or follow by the induction hypothesis. The interesting case, ST-TApp, follows
by the induction hypothesis and Subtyping Conversion.

Lemma 3 (Upper Bound).

1. If Γ 
S X(A1, . . . , Am) : K then Γ 
S Γ (X)(A1, . . . , Am) : K.
2. If Γ 
S X(A1, . . . , Am) ≤ B : K and B �≡ X(A1, . . . , Am) then Γ 
S

Γ (X)(A1, . . . , Am) ≤ B : K.
3. If Γ 
S X(A1, . . . , Am) ≤W B : K and B �≡ X(A1, . . . , Am) then Γ 
S

Γ (X)(A1, . . . , Am) ≤ B : K.

Proof. Case 1 follows by Soundness and Completeness from Lemma 16, because
Γ 
S K �n K. Cases 2 and 3 follow by simultaneous induction on derivations.

�
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4.2 An Impossible Judgement

In this section we show that Γ 
S Γ (X)(A1 . . . Am) ≤ X(A1 . . . Am) : K is an
underivable judgement.

The particular property that drives our proof of this result is that the ty-
ping rule ST-TApp in the typed operational semantics, for variables applied to a
sequence of types, has a subderivation stating the well-formedness of the type
resulting from the replacement of the variable with its bound. This rule of in-
ference is justified by our earlier proofs of Soundness and Completeness of the
usual rules of inference for the typed operational semantics, published elsewhere
[15].

The development of the full metatheory of typed operational semantics is
quite complex, and in particular the proof of Soundness is similar to proofs
of strong normalization and relies on logical relations. However, once we have
established the equivalence of the original presentation and the typed operational
semantics, we can define a measure, from derivations to natural numbers, that
counts the number of uses of promotion (replacing a variable by its bound in the
operational semantics) before reaching Top. Clearly, the number of uses of the
rule SWS-TApp in a derivation of Γ 
S X(A1, . . . , An) ≤ T : K must be greater
than the number of uses in a derivation of Γ 
S Γ (X)(A1, . . . , An) ≤ T : K,
because the latter is a subderivation of the former. On the other hand, we can
also show that if Γ 
S A ≤ B : K then the number of uses of the rule SWS-TApp

in Γ 
S A ≤ T : K is greater than or equal to the number in Γ 
S B ≤ T : K.
Hence, if we have a derivation of Γ 
S Γ (X)(A1, . . . , An) ≤ X(A1, . . . , An) : K
then we can derive a contradiction.

We introduce a function from derivations in the typed operational semantics
to numbers, informally capturing the number of uses of the rule of inference that
a variable is less than its bound. We do not have a good notation for defining
a function on derivations because such definitions do not occur commonly in
the literature. We therefore abbreviate in the following definition Γ (X) for the
subderivation of the bound of X in Γ for the case ST-TVar; Γ (X)nf(A1, . . . , Am)
for the subderivation of the normal form of the bound applied to the arguments
of X for the case ST-TApp; and β for a derivation of BC using ST-Beta and reduct
for the subderivation of the β-reduct of BC.

Definition 2. We define �(−), from derivations of Γ 
S A �w B w�n C : K
to numbers, by induction on derivations:

ST-Top �(T�) = 0 ST-TApp �(X(A1, . . . , Am)) =
ST-Arrow �(A1→A2) = 0 �(Γ (X)nf(A1, . . . , Am)) + 1
ST-All �(∀X≤A1:K.A2) = 0 ST-TVar �(X) = �(Γ (X)) + 1
ST-TAbs �(ΛX≤A1:K.A2) = 0 ST-Beta �(β) = �(reduct)

Notice that if Γ 
S A ≤ B : K then Γ 
S A : K and Γ 
S B : K by
Lemma 17, so �(A) and �(B) are defined.

We now show that this length function is invariant with respect to well-
formed types or type-operators that have the same normal form. This lemma
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justifies our later informality in writing types or type-operators in place of their
derivations of well-formedness.

Lemma 4. If D is a derivation of Γ 
S A �w C w�n E : K and D′ is a
derivation of Γ 
S B �w D w�n E : K then �(D) = �(D′).

Proof. By induction on derivations D.
In each case where E is a type constructor or a variable, we perform a ne-

sted induction on D′, and there are two interesting cases. The first is when the
nested case is the same rule as for the outermost induction. In this case the
lengths are equal by assumption for rules ST-Top, ST-Arrow, ST-All and ST-TAbs.
For ST-TVar and ST-TApp, we know Γ (X) is a function, so the result follows by De-
terminacy and the induction hypothesis. In the case ST-TApp we have that Γ 
S
A′
1A

′
2 �w X(A1, . . . , Am, F ) w�n X(A1, . . . , Am, F ) : K and Γ 
S B1B2 �w

X(A1, . . . , Am, F ) w�n X(A1, . . . , Am, F ) : K. Then D and D′ have the same
subderivation Γ 
S D(A1, . . . , Am, F ) : K. Hence, by the definition of �(−),
�(D) = �(D(A1, . . . , Am)) + 1 = �(D′).

The second interesting case in the nested inductions is ST-Beta, where the
result follows by the induction hypothesis. All of the other nested cases contradict
the assumption that the normal forms are the same.

The final outermost case, ST-Beta, follows by the induction hypothesis. �

Then, if Γ 
S X(A1, . . . , Am) : K we have

�(X(A1, . . . , Am)) = �(Γ (X)nf(A1, . . . , Am)) + 1
= �(Γ (X)(A1, . . . , Am)) + 1 > �(Γ (X)(A1, . . . , Am)),

where by Lemma 1 there is a B such that Γ 
S Γ (X)nf(A1, . . . , Am) �n B : K
and Γ 
S Γ (X)(A1, . . . , Am) �n B : K, and by Lemma 4 they have the same
length.

Now, we come to the main lemma about �(A):

Lemma 5.

1. If Γ 
S A ≤ B : K then �(A) ≥ �(B).
2. If Γ 
S A ≤W B : K then �(A) ≥ �(B).

Proof. By simultaneous induction on derivations. In Case 1, the only possible
rule for Γ 
S A ≤ B : K is SS-Inc, which follows by Determinacy, Lemma 4, and
the induction hypothesis. In Case 2 the only interesting case is SWS-TApp, where
by the induction hypothesis �(E) ≥ �(A), so

�(X((A1, . . . , Am)) = �(Γ (X)nf(A1, . . . , Am)) + 1 = �(E) + 1 > �(E) ≥ �(A),
where we know that �(Γ (X)nf(A1, . . . , Am)) = �(E) by Determinacy. �

Lemma 6. There can be no derivation of the judgement
Γ 
S Γ (X)(A1, . . . , Am) ≤ X(A1, . . . , Am) : K.
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Proof. Suppose that there were a derivation of Γ 
S Γ (X)(A1, . . . , Am) ≤
X(A1, . . . , Am) : K. By Lemma 5 we have

�(Γ (X)(A1, . . . , Am)) ≥ �(X(A1, . . . , Am)), contradicting the fact that
�(X(A1, . . . , Am)) > �(Γ (X)(A1, . . . , Am)). �

Based on our understanding of the behavior of bounds in Lemma 3, the
negative result Lemma 6 seems intuitive and believable. However, the results in
Lemma 3 have been known for systems of higher-order subtyping, while Lemma 6
has remained a conjecture, so this was the major challenge of our development.

4.3 Main Result

We can now prove our main result. Observe that in the case SWS-TApp we use our
key lemma (Lemma 6).

Lemma 7 (Anti-Symmetry of TOS).

1. If Γ 
S A ≤ B : K and Γ 
S B ≤ A : K then Γ 
S A,B �n C : K.
2. If Γ 
S A ≤W B : K and Γ 
S B ≤W A : K then Γ 
S A,B �n C : K.

Proof. The argument is by simultaneous induction on derivations.

1. The only rule to derive both assumptions is SS-Inc. By Determinacy, the
premises are Γ 
S A �w C w�n E : K, Γ 
S B �w D w�n F : K,
Γ 
S C ≤W D : K, and Γ 
S D ≤W C : K. By Lemma 2 Γ 
S C �w
C w�n E : K and Γ 
S D �w D w�n F : K. By the induction hypothesis
Γ 
S C w�n G : K and Γ 
S D w�n G : K. Finally, E ≡ F ≡ G by
Determinacy.

2. The proof is by induction on the derivation of Γ 
S A ≤W B : K.
SWS-Top Then B ≡ T�, and HV(A) undefined, which means that A is not

a type application or a type variable. Therefore the only rule to derive
Γ 
S T� ≤W A : K is SWS-Top, which means that A ≡ T�. By Lemma 17
and Determinacy, Γ 
S T� �w T� w�n T� : �.

SWS-TApp We are going to show that this case is not possible. Assume that
it is. We have that A ≡ X(A1, . . . , Am) and B �≡ X(A1, . . . , Am). By
Upper Bound (Lemma 3), Γ 
S Γ (X)(A1, . . . , Am) ≤ B : K, and by
transitivity Γ 
S Γ (X)(A1, . . . , Am) ≤ X(A1, . . . , Am) : K, which is a
contradiction, by Lemma 6.

SWS-Refl By the premise.
SWS-Arrow The only rule to derive Γ 
S B ≤W A : K is also SWS-Arrow, so

the result follows by the induction hypothesis and ST-Arrow.
SWS-All The only rule to derive Γ 
S B ≤W A : K is also SWS-All. The pre-

mises are, Γ , X≤A1:K 
S A2 ≤ B2 : �, Γ , X≤B1:K ′ 
S B2 ≤ A2 : �,
Γ 
S A1, B1 �n C1 : K ′′, and Γ 
S K,K ′ �n K

′′. By Context Con-
version (Lemma 12), Γ , X≤A1:K 
S B2 ≤ A2 : �. We can now apply
the induction hypothesis to obtain Γ , X≤A1:K 
S A2, B2 �n C2 : �.
Finally, Γ 
S (∀X≤A1:K.A2), (∀X≤B1:K ′.B2) �n ∀X≤C1:K ′′.C2 : �,
by ST-All.
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SWS-TAbs Similar to case SWS-All. �

Theorem 1 (Anti-Symmetry). If Γ 
 A ≤ B : K and Γ 
 B ≤ A : K then
Γ 
 A =β B : K.

Proof. By Soundness (Theorem 3), Γ 
S A ≤ B : K ′, Γ 
S B ≤ A : K ′, and
Γ 
S K �n K

′. By Proposition 7, Γ 
S A,B �n C : K ′. By Completeness and
symmetry of kind equality Γ 
 K ′ =β K. By Completeness Γ 
 A =β C : K ′ and
Γ 
 B =β C : K ′. Finally, by T-Eq-Sym, T-Eq-Trans, and S-K-Conv, Γ 
 A =β B : K.

�

4.4 Equality by Subtyping

A consequence of the proof of Anti-Symmetry of the typed operational semantics
is that if Γ 
S A ≤ B : K and Γ 
S B ≤ A : K then the derivations do not
contain any uses of the promotion rule SWS-TApp. This fact is used to show that:

Lemma 8. If Γ 
 A =β B : K then the derivation of Γ 
S A ≤ B : K ′ does
not contain any uses of SWS-TApp, where Γ 
S K �n K

′.

Proof. By Completeness and by the proof of Anti-Symmetry for the typed ope-
rational semantics. �

Furthermore, if one of the subtyping derivations does not use SWS-TApp then
the other derivation does not either.

Lemma 9.

1. If it is not the case that Γ 
S A �w C : K ′, C �≡ T� and Γ 
S B �w T� : K ′

then if the derivation of Γ 
S A ≤ B : K ′ contains no uses of SWS-TApp, then
Γ 
S B ≤ A : K ′ and the derivation contains no uses of SWS-TApp.

2. If it is not the case that A �≡ T� and B ≡ T� then if the derivation of
Γ 
S A ≤W B : K ′ contains no uses of SWS-TApp, then Γ 
S B ≤W A : K ′

and the derivation contains no uses of SWS-TApp.

Proof. By simultaneous induction on the derivations of Γ 
S A ≤ B : K ′ and
Γ 
S A ≤W B : K ′, using that Context Conversion (Lemma 12) creates no new
uses of SWS-TApp in the cases SWS-All and SWS-TAbs.

In the light of Lemmas 8 and 9, an algorithm may implement equality and
subtyping simultaneously: to check if A =β B it is not necessary to check both
A ≤ B and B ≤ A, but is enough to check whether the algorithm uses a step
corresponding to promotion (the application rule) in showing A ≤ B. If it does
not then A =β B.

The only exception is the case in which the derivation does not contain
promotion and is of the form:

A �w C C �≡ T� B �w T� C ≤W T�

A ≤ B
where C ≤W T� is obtained by the rule SWS-Top. This is the only case in which a
subtyping derivation not containing promotion relates two types which are not
β-equal. To exclude this case Lemma 9 Case 1 has the added restrictions on the
normal forms of A and B.
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5 Replacing Equality with Subtyping

In this section we sketch a presentation of Fω≤ without judgemental equality or
conversion: we simply add β-expansion to the left- and right-hand sides of the
subtyping judgement, and allow the rules for transitivity and compatible closure
of subtyping to handle the extension to full β-equality. To our knowledge, this
is the first such presentation for a higher-order subtyping calculus. This leads to
simplifications in the proof of soundness for models of the system, because we
remove equality and all of the rules of inference that rely on it.

We write Γ 
≶ J for judgements derived in the system without an equality
judgement, and Γ 
≶ A ≶ B : K if Γ 
≶ A ≤ B : K and Γ 
≶ B ≤ A : K.

5.1 Modifications to Inference Rules

The system requires several changes in order to accommodate the removal of
equality. First, the inclusion of the equality relation in subtyping, and in parti-
cular reflexivity and the rule for β-equality, needs to be recovered in the rules
for subtyping itself:

Γ 
≶ A : K
Γ 
≶ A ≤ A : K

(SE-Refl)

Γ , X≤A1:K1 
≶ A2 : K2 Γ 
≶ C ≤ A1 : K1

Γ 
≶ A2[X←C] ≤ D : K2[X←C]
Γ 
≶ (ΛX≤A1:K1.A2)C ≤ D : K2[X←C] (SE-BetaL)

The rule SE-BetaR similarly introduces a β-expansion on the right-hand side.
Next, the rule for subtyping applications does not allow the argument to

vary. This restriction is for a good reason: allowing subtyping in the argument
is unsound. However, we need to recapture the behavior of equality in allowing
equal types on the right-hand side of an application:

Γ 
≶ A ≤ B : ΠX≤E:K1.K2 Γ 
≶ C ≶ D : K1

Γ 
≶ C ≤ E : K1

Γ 
≶ AC ≤ BD : K2[X←C] (SE-TApp)

Showing the soundness of this rule for the system with the usual rule S-TApp

will need to use anti-symmetry somewhere, because S-TApp requires β-equality of
the arguments of the type application.

Finally, we still need an equivalence relation on kinds in order to allow the
kinded judgements to vary with respect to equal kinds. We simply lift the equi-
valence induced by subtyping to kinds. Otherwise, the rules for the new system
arise by replacing equality by the new relation ≶ .

5.2 Changes to Metatheory

We can now show several basic results relating the old presentation with judge-
mental equality and the new one without it.
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First, we can show that equality can be captured by the equivalence relation
induced by subtyping.

Definition 3. Let Γ 
≶ A = B : K be defined using the same rules of inference
as judgemental equality for Γ 
 A = B : K, but replacing uses of Γ 
 A : K,
Γ 
 A ≤ B : K, and so on by their corresponding judgement Γ 
≶ A : K,
Γ 
≶ A ≤ B : K and so on.

Lemma 10. If Γ 
≶ A = B : K then Γ 
≶ A ≶ B : K.

This lemma, plus some minor modifications to the original proof, leads to
a proof of Completeness of the new system Γ 
≶ J for the typed operational
semantics.

Proposition 1 (Completeness).

1. Γ 
S A �w B w�n C : K implies Γ 
≶ A : K, Γ 
≶ A =β B : K and
Γ 
≶ A =β C : K.

2. Γ 
S A ≤ B : K implies Γ 
≶ A,B : K and Γ 
≶ A ≤ B : K.

We now consider Soundness of Γ 
≶ J for the typed operational semantics.

Theorem 2 (Soundness).

1. If Γ 
≶ A : K then there are K ′, B and C such that Γ 
S K �n K
′ and

Γ 
S A �w B w�n C : K ′.
2. If Γ 
≶ A =β B : K then there are C and K ′ such that Γ 
S K �n K

′,
Γ 
S A �n C : K ′ and Γ 
S B �n C : K ′.

3. If Γ 
≶ A ≤ B : K then there is a K ′ such that Γ 
S K �n K ′ and
Γ 
S A ≤ B : K ′.

It is probably true that the alternative presentation without equality could
be developed by itself, with no reference to equality or anti-symmetry. In our
setting, this would require a small change in the rule SWS-Refl, to allow type
arguments that are subtypes of each other on the left- and right-hand sides
rather than the same normal form. However, the proof of the equivalence of this
system with the traditional presentation with equality relies on anti-symmetry.

6 Conclusions

We have solved a long-standing open problem, giving a general approach to
showing the anti-symmetry of higher-order subtyping. To our knowledge, this is
the first proof of anti-symmetry for higher-order subtyping: even for systems like
Fω<:, defined roughly ten years ago, the result was unknown. We have also showed
this result for the subtyping relation of Fω≤, a higher-order lambda calculus with
bounded operator abstraction. Typed operational semantics was essential to our
proof, especially the refined understanding of the behavior of types as embodied
in the extended rule ST-TApp.
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This result has several consequences for the metatheory of type systems with
higher-order subtyping. First, it implies that we can now prove the Minimum
Types Property, as opposed to the Minimal Types Property which is normally
proved. For our system, we can now say what is the relation between all the
minimal types of a given term; before we knew that any two minimal types were
subtypes of each other, we can now say that they are β-equal. Secondly, we can
simplify the basic judgements of type systems with subtyping by eliminating
either judgemental equality or conversion.

A practical consequence of this work is that the implementation of higher-
order type systems with subtyping can be simplified, because we no longer need
to implement either judgemental equality or conversion.
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A Results from [15]

Lemma 11 (Adequacy).

1. If Γ �S K �n K
′ then K �β K

′.
2. If Γ �S A �w B w�n C : K then A �β B �β C.

Lemma 12 (Context Conversion). If Γ �S K �n K
′ and Γ �S A �n A

′ : K′ and
Γ , X≤A:K �S J then Γ , X≤A′:K′ �S J .

Lemma 13 (Determinacy).

1. If Γ �S A �w B w�n C : K and Γ �S A �w D w�n E : K′ then B ≡ D, C ≡ E
and K ≡ K′.

2. If Γ �S K �n K
′ and Γ �S K �n K

′′ then K′ ≡ K′′.

Lemma 14 (Subject Reduction). Γ �S A �w B w�n C : K and A →β A
′ imply

there is a B′ such that B �β B
′ and Γ �S A

′ �w B′
w�n C : K.

Lemma 15 (Subtyping Conversion). Suppose that Γ �S A ≤W B : K. Then:

1. If Γ �S A,A
′

w�n C : K then Γ �S A
′ ≤W B : K.

2. If Γ �S B,B
′

w�n C : K then Γ �S A ≤W B′ : K.

Similarly for Γ �S A ≤ B : K.

Proposition 2 (Completeness).

1. Γ �S K �n K
′ implies Γ � K and Γ � K =β K

′.
2. Γ �S A �w B w�n C : K implies Γ � A : K, Γ � A =β B : K and Γ � A =β C :

K.
3. Γ �S A ≤W B : K implies Γ � A ≤ B : K.
4. Γ �S A ≤ B : K implies Γ � A,B : K and Γ � A ≤ B : K.

Theorem 3 (Soundness).

1. If Γ � K then there is a K′ such that Γ �S K �n K
′; if Γ � K =β K

′ then there
is a K′′ such that Γ �S K �n K

′′ and Γ �S K
′ �n K

′′.
2. If Γ � A : K then there are K′, B and C such that Γ �S K �n K′ and Γ �S

A �w B w�n C : K′; if Γ � A =β B : K then there are C and K′ such that
Γ �S K �n K

′, Γ �S A �n C : K′ and Γ �S B �n C : K′.
3. If Γ � A ≤ B : K then there is a K′ such that Γ �S K �n K

′ and Γ �S A ≤ B :
K′.

Lemma 16 (Upper Bound).
If Γ � X(A1, . . . , Am) : K then Γ � Γ (X)(A1, . . . , Am) : K.

Lemma 17. If Γ �S A ≤ B : K then Γ �S A : K and Γ �S B : K.
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B Rules for Fω
≤

Equality Rules

The equality rules for Fω
≤ include typed rules of inference stating that Γ � A =β

B : K is an equivalence relation and a compatible closure for A → B, ∀X≤A1:K.A2,
ΛX≤A1:K.A2, and type application, in addition to the following two rules:

Γ , X≤A1:K1 � A2 : K2 Γ � C ≤ A1 : K1

Γ � (ΛX≤A1:K1.A2)C =β A2[X←C] : K2[X←C] (T-Eq-Beta)

Γ � A =β B : K Γ � K =β K
′

Γ � A =β B : K′ (T-Eq-Conv)

Subtyping Rules

The subtyping rules for Fω
≤ include typed rules stating that Γ � A ≤ B : K is transitive,

that it includes the relation Γ � A =β B : K, that TK is greater than all A of kind K,
and the following rules:

Γ1, X≤A:K, Γ2 � ok
Γ1, X≤A:K, Γ2 � X ≤ A : K (S-TVar)

Γ � B1 ≤ A1 : 
 Γ � A2 ≤ B2 : 

Γ � A1→A2 ≤ B1→B2 : 


(S-Arrow)

Γ , X≤C:K � A ≤ B : 

Γ � ∀X≤C:K.A ≤ ∀X≤C:K.B : 
 (S-All)

Γ , X≤C:K1 � A ≤ B : K2

Γ � ΛX≤C:K1.A ≤ ΛX≤C:K1.B : ΠX≤C:K1.K2
(S-TAbs)

Γ � A ≤ B : ΠX≤D:K1.K2 Γ � C ≤ D : K1

Γ � AC ≤ BC : K2[X←C] (S-TApp)

Γ � A ≤ B : K Γ � K =β K
′

Γ � A ≤ B : K′ (S-K-Conv)

C Rules for the Typed Operational Semantics

Type Reduction Rules

Γ �S ok
Γ �S T� �w T� w�n T� : 


(ST-Top)

Γ �S A : K′ Γ �S K �n K
′ (X≤A : K) ∈ Γ

Γ �S X �w X w�n X : K′ (ST-TVar)

Γ �S A �w X(A1, . . . , Am) : ΠY≤C:K1.K2 Γ �S Γ (X) �n D : K′

Γ �S D(A1, . . . , Am, F ) : K Γ �S B �w E w�n F : K1

Γ �S E ≤W C : K1 Γ �S K2[Y←B] �n K

Γ �S AB �w X(A1, . . . , Am, F ) w�n X(A1, . . . , Am, F ) : K
(ST-TApp)
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Γ �S A1 �n B1 : 
 Γ �S A2 �n B2 : 

Γ �S (A1→A2) �w (A1→A2) w�n (B1→B2) : 


(ST-Arrow)

Γ �S A �n C : K′ Γ �S K �n K
′ Γ , X≤A:K �S B �n D : 


Γ �S ∀X≤A:K.B �w ∀X≤A:K.B w�n ∀X≤C:K′.D : 

(ST-All)

Γ �S A �n C : K′
1 Γ �S K1 �n K

′
1 Γ , X≤A:K1 �S B �n D : K2

Γ �S ΛX≤A:K1.B �wΛX≤A:K1.B w�nΛX≤C:K′
1.D :ΠX≤C:K′

1.K2
(ST-TAbs)

Γ �S B �w ΛX≤A:K1.D : ΠX≤A′:K′
1.K2 Γ �S K2[X←C] �n K

Γ �S D[X←C] �w E w�n F : K Γ �S C ≤ A : K′
1

Γ �S BC �w E w�n F : K
(ST-Beta)

Weak-Head Subtyping and Subtyping

Γ �S A w�n B : 
 HV(A) undefined
Γ �S A ≤W T� : 


(SWS-Top)

Γ �S X(A1, . . . , Am) w�n C : K Γ �S Γ (X) �n B : K′

Γ �S B(A1, . . . , Am) �w E : K Γ �S E ≤W A : K
A �≡ X(A1, . . . , Am)

Γ �S X(A1, . . . , Am) ≤W A : K
(SWS-TApp)

Γ �S X(A1, . . . , Am) w�n B : K
Γ �S X(A1, . . . , Am) ≤W X(A1, . . . , Am) : K

(SWS-Refl)

Γ �S B1 ≤ A1 : 
 Γ �S A2 ≤ B2 : 

Γ �S A1→A2 ≤W B1→B2 : 


(SWS-Arrow)

Γ , X≤A1:K �S A2 ≤ B2 : 
 Γ �S K,K
′ �n K

′′

Γ �S A1, B1 �n C : K′′

Γ �S ∀X≤A1:K.A2 ≤W ∀X≤B1:K′.B2 : 

(SWS-All)

Γ , X≤A1:K1 �S A2 ≤ B2 : K2 Γ �S K1,K
′
1 �n K

′′
1

Γ �S A1, B1 �n C : K′′
1

Γ �S ΛX≤A1:K1.A2 ≤W ΛX≤B1:K′
1.B2 : ΠX≤C:K′′

1 .K2
(SWS-TAbs)

Γ �S A �w C : K Γ �S B �w D : K Γ �S C ≤W D : K
Γ �S A ≤ B : K (SS-Inc)
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Abstract. We present an extension of type theory with a fixed point
combinator Y . We are particularly interested in using this Y for doing un-
bounded proof search in the proof system. Therefore we treat in some de-
tail a typed λ-calculus for higher order predicate logic with inductive ty-
pes (a reasonable subsystem of the theory implemented in
[Dowek e.a. 1991]) and show how bounded proof search can be done in
this system, and how unbounded proof search can be done if we add
Y . Of course, proof search can also be implemented (as a tactic) in the
meta language. This may give faster results, but asks from the user to
be able to program the implementation. In our approach the user works
completely in the proof system itself. We also provide the meta theory
of type theory with Y that allows to use the fixed point combinator in
a safe way. Most importantly, we prove a kind of conservativity result,
showing that, if we can generate a proof term M of formula ϕ in the
extended system, and M does not contain Y , then M is already a proof
of ϕ in the original system.

1 Introduction

In theorem provers based on type theory, we are always looking for an explicit
proof-object, i.e. if we want to prove the formula ϕ, we are in fact looking for a
term M such that M : ϕ. (M is of type ϕ.) Such a term M then corresponds
to a derivation in standard natural deduction (and can be translated to a proof
in natural language text). This has the advantage that, besides the proof engine
telling us that the formula is provable, the engine also produces – interactively
with the user – a proof term that can be checked independently. As a matter
of fact, the program for checking a proof object is relatively simple: it is a type
checking algorithm for a strongly dependent-typed language. This conforms with
the basic idea that finding a proof is difficult – hence this is done interactively,
whereas verifying an alleged proof is simple.

The interaction with the proof engine usually exists in a set of goal-directed
tactics. So, we try to construct a proof-term by looking at the structure of the
goal to be proved. Of course, one can define more powerful tactics, especially
when we are dealing with a decidable fragment of the logic. An example is the
‘Tauto’ tactic in Coq, that automatically solves (i.e. constructs proof-terms) for
first order propositional logic (and a bit beyond).

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 439–452, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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Tactics like Tauto are built-in in the engine, but the user can also define
his/her own tactics, by programming them in the meta-language of the proof
system. To do so, the user has to know the meta-language and the way the
proof system is implemented in it quite well. This makes it in general quite hard
to program one’s own tactics. In this paper we present a kind of ‘tactic’ that
can be programmed in the proof system itself, which allows searching for proof-
terms. So no knowledge of the implementation is required. We also present two
examples of its use and the underlying explanation of the method in terms of
the proof system (the typed λ-calculus that is implemented in the proof engine).

The method we present can also be implemented as a tactic in the meta-
language, and then it can certainly be made much faster. We believe that it is
nice that a ‘search-tactic’ can be safely implemented in the language of the proof
system itself, which makes it much easier to apply for a user.

Due to the expressiveness of typed λ-calculus, a lot of ‘proof search’ can be
defined already in the proof system itself. E.g. if we have a decidable predicate
Q over nat (i.e. a proof term P of type ∀n:nat.Q(n) ∨ ¬Q(n)), then we can do
a bounded search for an element m ≤ N such that Q(m) holds. The idea is to
iterate P up to N times until we find an m : nat for which Pm = inl t; then
t : Q(m). Note that this m will also be the smallest n for which Q(n) holds.

An unbounded search can also be defined if we add a fixed point combinator to
the typed λ-calculus. In the example above: using the fixed point combinator, we
can iterate P without bound, until we find an m : nat such that Pm = inl t, and
then Q(m) holds. Adding a fixed point combinator is of course a real extension
of the proof system: as the underlying typed λ-calculus is strongly normalizing,
no fixed point combinator can be defined in it. In this paper we show that adding
a fixed point combinator Y is safe. This is done by showing that the addition
of Y yields a conservative extension. That is, if �S denotes derivability in some
typed λ-calculus and �S+Y denotes derivability in S extended with Y , then

Γ �S+Y M : A⇒ Γ �S M : A,

for Γ,M and A not containing Y . (Of course we do not have conservativity
in the logical sense: ∃M (Γ �S+Y M : A) �⇒ ∃M (Γ �S M : A), for Γ and A
not containing Y .) Now, in order to show that adding Y is safe, let ϕ be a
formula in a certain context Γ (both ϕ and Γ in the system S). Suppose we
have constructed a proof-term P : ϕ in S + Y , so P may possibly contain Y .
Now we let P reduce until we find a term P ′ that does not contain Y . Then,
due to the subject reduction property for S + Y (which we will prove), we have
Γ �S+Y P ′ : ϕ and hence Γ �S P ′ : ϕ by conservativity.

How exactly the fixed point combinator is used to perform proof search will be
detailed in the paper by some examples. The proof search is in fact performed
by the reduction of the fixed point combinator, so, in terms of the previous
paragraph, the search is in the reduction from P to P ′.

The conservativity of S + Y over S will be proved for arbitrary functional
Pure Type Systems S. Functional Pure Type Systems cover a large class of
typed λ-calculi, among which we find the simple typed λ-calculus, dependent
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typed λ-calculus, polymorphic λ-calculus (known as system F ) and the Calculus
of Constructions. The core of the proof system of Coq is also a functional Pure
Type System. We believe that the conservativity of S + Y over S will extend to
the whole proof system of Coq, which is a functional Pure Type System extended
with inductive types.

2 Theorem Proving in Typed λ-Calculus

In this section we briefly introduce the notion of Pure Type System and give
some examples of how theorem proving is done in such a system. Our main focus
will be on the system λPREDω. This is a typed λ-calculus that faithfully repre-
sents constructive higher order predicate logic. To motivate this we give some
examples of derivable judgements in λPREDω. For more information on Pure
Type Systems and typed λ-calculus in general, we refer to [Barendregt 1992] and
[Geuvers 1993].

Pure Type Systems or PTSs were first introduced by Berardi [Berardi 1990]
and Terlouw [Terlouw 1989a], with slightly different definitions. The advantage
of the class of PTSs is that many known systems can be seen as PTSs. So, many
specific results for specific systems are immediate instances of general properties
of PTSs. In the following we will mention a number of these properties.

Definition 1. For S a set, the so called sorts, A ⊂ S × S (the axioms) and
R ⊂ S × S × S (the rules), the Pure Type System λ(S,A,R) is the typed λ-
calculus with the following deduction rules.

(sort) � s1 : s2 if (s1, s2) ∈ A

(var)
Γ � A : s

Γ, x:A � x : A

(weak)
Γ � A : s Γ �M : C

Γ, x:A �M : C

(Π)
Γ � A : s1 Γ, x:A � B : s2

Γ � Πx:A.B : s3
if (s1, s2, s3) ∈ R

(λ)
Γ, x:A �M : B Γ � Πx:A.B : s

Γ � λx:A.M : Πx:A.B

(app)
Γ �M : Πx:A.B Γ � N : A

Γ �MN : B[N/x]

(convβ)
Γ �M : A Γ � B : s

Γ �M : B
A =β B
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If s2 ≡ s3 in a triple (s1, s2, s3) ∈ R, we write (s1, s2) ∈ R. In these rules, the
expressions are taken from the set of pseudoterms T, defined by

T ::= S |V | (ΠV:T.T) | (λV:T.T) |TT.

The pseudoterm A is typable if there is a context Γ and a pseudoterm B such
that Γ � A : B or Γ � B : A is derivable.

In the following, we will mainly be dealing with the PTS λPREDω, which is
defined as follows.

λPREDω
S Set,Types,Prop,Typep

A (Set : Types), (Prop : Typep)
R (Set,Set), (Set,Typep), (Typep,Typep),

(Prop,Prop), (Set,Prop), (Typep,Prop)

The idea is that Set is the sort (universe) of ‘small’ sets, Prop is the sort of
propositions Typep is the sort of ‘large’ sets (so Prop is a large set) and Types is
the sort containing just Set.

We briefly explain the rules. The rule (Prop,Prop) is for forming the implica-
tion: ϕ→ψ for ϕ,ψ : Prop. With (Set,Typep) one can form A→Prop : Typep and
A→A→Prop : Typep, the domains of unary predicates and binary relations over
A. (Typep,Typep) allows to extend this to higher order predicates and relations,
like (A→Prop)→Prop : Typep, the domain of predicates over predicates over A,
and (A→A→Prop)→Prop : Typep. The rule (Set,Prop) allows the quantification
over small sets (i.e. A with A : Set): one can form Πx:A.ϕ (for A : Set and
ϕ : Prop), which is to be read as a universal quantification. (Typep,Prop) allows
also higher order quantification, i.e. over large sets, e.g. ΠP :A→Prop.ϕ : Prop.
Using (Set,Set) one can define function types like the type of binary functions:
A→A→A, but also (A→A)→A, which is usually referred to as a ‘higher order
function type’.

We motivate the definition by giving some examples of mathematical notions
that can be formalised in λPREDω.

Example 1.
1. nat:Set, 0:nat, >:nat→nat→Prop � λx:nat.x>0 : nat→Prop. Here we see

the use of λ-abstraction to define a predicate.
2. nat:Set, 0:nat, S:nat→nat �

ΠP :nat→Prop.(P0)→(Πx:nat.(Px→P (Sx)))→Πx:nat.Px : Prop. This is
the induction formula written down in λPREDω as a term of type Prop.

3. A:Set, R:A→A→Prop � Πx, y, z:A.Rxy→Ryz→Rxz : Prop. (This formula
expresses transitivity of R.)

4. A:Set � λR,Q:A→A→Prop.Πx, y:A.Rxy→Qxy :
(A→A→Prop)→(A→A→Prop)→Prop. (This relation between binary relati-
ons on A expresses inclusion of relations.)

5. A:Set � λx, y:A.ΠP :A→Prop.(Px→Py) : A→A→Prop.
This binary relation on A is also called ‘Leibniz equality’ and is usually
denoted by =A, denoting the domain type explicitly.
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6. A:Set, x, y:A � λr : x =A y.λP :A→Prop.r(λz:A.Pz→Px)(λq:Px.q) : x =A

y→y =A x. The proof of symmetry of Leibniz equality.

The rules of Pure Type Systems give the flexibility to define subsystems in
a rather easy way by restricting the set R. The Pure Type System λPRED2,
representing second order predicate logic, is defined from λPREDω by removing
(Typep,Typep) from the R. (Then we can no longer form higher order predicates
and relations.) To obtain first order predicate logic, we remove (Typep,Prop) from
λPRED2, which forbids quantification over second order domains (predicates,
relations). Other well-known typed λ-calculi that can be described as a PTS are
simple typed λ-calculus, polymorphic typed λ-calculus (also known as system
F) and the Calculus of Constructions.

2.1 Properties of Pure Type Systems

An important motivation for the definition of Pure Type Systems is that many
important properties can be proved for all PTSs at once. Here we list the
most important properties and discuss them briefly. Proofs can be found in
[Geuvers and Nederhof 1991] and [Barendregt 1992]. Here we only mention the
ones that are needed for the proof of conservativity of the extension of a PTS
with a fixed point combinator.

In the following, unless explicitly stated otherwise, � refers to derivability in
an arbitrary PTS. Furthermore, Γ is a correct context means that Γ � M : A
for some M and A.

Proposition 1 (Church-Rosser (CR)).
The β-reduction is Church-Rosser on the set of pseudoterms T.

Proposition 2 (Correctness of Types (CT)).
If Γ �M : A then Γ � A : s or A ≡ s for some some s ∈ S.

Proposition 3 (Subject Reduction (SR)).
If Γ �M : A and M −→−→β N , then Γ � N : A.

Proposition 4 (Predicate Reduction (PR)).
If Γ �M : A and A −→−→β A′, then Γ �M : A′.

There are also many (interesting) properties that hold for specific PTSs or
specific classes of PTSs. We mention one of these properties.

Definition 2. A PTS λ(S,A,R) is functional, also called singly sorted, if the
relations A and R are functions, i.e. if the following two properties hold

∀s1, s2, s′
2 ∈ S(s1, s′

2), (s1, s
′
2) ∈ A ⇒ s2 = s′

2,

∀s1, s2, s3, s′
3 ∈ S(s1, s2, s3), (s1, s2, s′

3) ∈ R ⇒ s3 = s′
3

The PTSs that we have encountered so far are functional. So are all PTSs
that are used in practice. Functional PTSs share the following nice property.
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Proposition 5 (Unicity of Types for functional PTSs (UT)).
For functional PTSs, if Γ �M : A and Γ �M : B, then A =β B.

A less interesting, very basic, property, but one needed in a proof later, is:

Proposition 6 (Π-generation). Let Γ � Πx:A.B : s. Then there exists a rule
(s1, s2, s) ∈ R such that Γ � A : s1 and Γ, x:A � B : s2

An important property of a type system is that types can be computed, i.e.
there is an algorithm that given Γ and M , computes an A for which Γ �M : A
holds, and if there is no such A, returns ‘false’. This is usually referred to as the
type inference problem.

There are two important properties that ensure that type inference is de-
cidable: Church-Rosser for β-reduction and Normalization for β-reduction. Of
course, when adding a fixed point combinator, normalization is lost. In the next
section we will discuss why, for the relevant fragment of the system, type checking
is still decidable.

2.2 Inductive Types

We briefly treat the extension of λPREDω with inductive types, by giving some
examples and how they are used. λPREDω + inductive types does not fully
cover the type system of Coq, but quite a bit of it. At least it covers enough to
be able to describe our examples of proof search in the next section. The scheme
we give is roughly the one first introduced in [Coquand and Mohring 1990] and
implemented in [Dowek e.a. 1991].

We first give the (very basic) example of natural numbers nat. One is allowed
to write down the following definition.

Inductive definition nat : Set :=
0 : nat
S : nat→nat.

to obtain the following rules.

(elim1)
Γ � A : Set Γ � f1 : A Γ � f2 : nat→A→A

Γ � Rec natf1f2 : nat→A

(elim2)
Γ � P : nat→Prop Γ � f1 : P0 Γ � f2 : Πx:nat.Px→P (Sx)

Γ � Rec natf1f2 : Πx:nat.Px

(elim3)
Γ � A : Typep Γ � f1 : A Γ � f2 : nat→A→A

Γ � Rec natf1f2 : nat→A

The rule (elim1) allows the definition of functions by primitive recursion. The
rule (elim2) allows proofs by induction. The rule (elim3) allows the definition of



Safe Proof Checking in Type Theory with Y 445

predicates (on nat) by induction. To make sure that the functions defined by the
(elim) rules compute in the correct way, Rec has the following reduction rule.

Rec natf1f20 −→ι f1

Rec natf1f2(St) −→ι f2t(Rec natf1f2t)

The additional ι-reduction is also included in the conversion-rule (conv), where
we now have as a side-condition ‘A =βι B’. The subscript in Rec nat will be
omitted, when clear from the context.

An example of the use of (elim1) is in the definition of the ‘double’ function
d, which is defined by

d := Rec 0(λx:nat.λy:nat.S(S(y))).

Now, d0 −→−→βι 0 and d(Sx) −→−→βι S(S(dx)). The predicate of ‘being even’,
even(−), can be defined by using (elim3):

even(−) := Rec (�)(λx:nat.λα:Prop.¬α).

Here, ¬ϕ is defined as ϕ→⊥. We obtain indeed that

even(0) −→−→βι �,
even(Sx) −→−→βι ¬even(x)

An example of the use of (elim2) is the proof of Πx:nat.even(dx). Say that true
is some canonical inhabitant of type �. Using even(d(Sx)) =βι ¬¬even(dx) we
also find that the term λx:nat.λh:even(dx).λz:¬even(dx).zh is of type
Πx:nat.even(dx)→even(d(Sx)). So we conclude that

� Rec true(λx:nat.λh:even(dx).λz:¬even(dx).zh) : Πx:nat.even(dx).

Another well-known example is the type of lists over a domain D. This is
usually defined as a parametric inductive type, taking the domain as a parameter
of the inductive definition. The type of parametric lists can be defined as follows.

Inductive definition List : Set→Set :=
Nil : ΠD:Set.(ListD)
Cons : ΠD:Set.(ListD)→D→(ListD).

Which generates the following elimination rules and reduction rule.

(elim1)
Γ � D : Set Γ � A : Set Γ � f1 : A Γ � f2 : (ListD)→D→A→A

Γ � Rec Listf1f2 : (ListD)→A

(elim2)
Γ � D : Set
Γ � P : (ListD)→Prop

Γ � f1 : P (NilD)
Γ � f2 : Πx:(ListD).Πd:D.Px→P (Consxd)

Γ � Rec Listf1f2 : Πx:(ListD).Px

(elim3)
Γ � D : Set Γ � A : Typep Γ � f1 : A Γ � f2 : (ListD)→D→A→A

Γ � Rec Listf1f2 : (ListD)→A
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Rec Listf1f2(NilD) −→ι f1

Rec Listf1f2(ConsDld) −→ι f2ld(Rec Listf1f2l)

Note that to be able to write down the type of the constructors Nil and Cons,
we need to add the rule (Types,Set) to λPREDω. The constructors Nil and Cons
have a dependent type. It turns out that this situation occurs more often. We
treat another interesting example: the Σ-type. Let B : Set and Q : B→Prop and
suppose we have added the rule (Prop,Set) to our system.

Inductive definition µ : Set :=
In : Πz:B.(Qz)→µ.

(elim1)
Γ � A : Set Γ � f1 : Πz:B.(Qz)→A

Γ � Rec µf1 : µ→A

(elim2)
Γ � P : µ→Prop Γ � f1 : Πz:B.Πy:(Qz).P (Inzy)

Γ � Rec µf1 : Πx:µ.(Px)

(elim3)
Γ � A : Typep Γ � f1 : Πz:B.(Qz)→A

Γ � Rec µf1 : µ→A

The ι-reduction rule is

Rec µf1(Inbq) −→ι f1bq

Now, taking in (elim1) B for A and λz:B.λy:(Qz).z for f1, we find that
Rec (λz:B.λy:(Qz).z)(Inbq) −→−→ b. Hence we define π1 := Rec (λz:B.λy:(Qz).z).
Now, taking in (elim2) λx:µ.Q(π1x) for P and λz:B.λy:(Qz).y for f1, we find that
Rec (λz:B.λy:(Qz).y) : Πz:µ.Q(π1z). Also, Rec (λz:B.λy:(Qz).y)(Inbq) −→−→ q.
Hence we define π2 := Rec (λz:B.λy:(Qz).y) and we remark that µ together
with In (as pairing constructor) and π1 and π2 (as projections) represents the
Σ-type. In the rest of this article, we will just use the Σ-type, and will write
〈n, p〉 for the pair of n and p.

An example of an inductively defined proposition is the disjunction. Given ϕ
and ψ of type Prop, ϕ ∨ ψ can be defined as follows.

Inductive definition ϕ ∨ ψ : Prop :=
inl : ϕ→(ϕ ∨ ψ)
inr : ψ→(ϕ ∨ ψ)

We add the (Prop,Set) rule to λPREDω, because we want to have the first
two elimination rules.

(elim1)
Γ � A : Set Γ � f1 : ϕ→A Γ � f2 : ψ→A

Γ � Rec ∨f1f2 : (ϕ ∨ ψ)→A

(elim2)
Γ � P : Prop Γ � f1 : ϕ→P Γ � f2 : ψ→P

Γ � Rec ∨f1f2 : (ϕ ∨ ψ)→P



Safe Proof Checking in Type Theory with Y 447

Rec ∨f1f2(inl q) −→ι f1q,

Rec ∨f1f2(inr q) −→ι f2q.

As usual we write

case t of inl (p)⇒M1
inr (p)⇒M2

for Rec ∨(λp:ϕ.M1)(λp:ψ.M2)t.
Similarly one can define the disjoint union of two small sets, A + B for

A,B : Set, inductively. We will ambiguously use the same notations for the
constructors of A + B.

3 Proof Search in Type Theoretic Theorem Provers

We treat two examples of proof search in Coq. We try to avoid using Coq-syntax
and describe the examples in terms of λPREDω with inductive types. The first
example is a search for a term n : nat such that Q(n) holds, where Q is a
decidable predicate. So we let Q : nat→Prop and we assume we have a term

P : Πn:nat.Q(n) ∨ ¬Q(n).

Now, we want to iterate P to find the n and the proof of Q(n). First suppose
that we hope to find the n before N , so we want to iterate P at most N times
(N : nat).

Definition 3. For A : Set, a : A and n : nat we define Y n
a : (A→A)→A as

follows.

Y n
a := λf :A→A.Rec nata(λx:nat.f)n.

The following is easily verified.

Y 0
a f −→−→βι a,

Y n+1
a f −→−→βι f(Y n

a f),
Y n
a f −→−→βι f

n(a),

where fn(a) denotes, as usual, n times application of f on a.
Now define

F :≡ λg:nat→nat.λn:nat.case (Pn) of inl (p)⇒ n
inr (p)⇒ g(n + 1).
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So, F : (nat→nat)→(nat→nat). Now, let N : nat and let I := λx:nat.x.
Then

Y N
I F0 −→−→βι 0 if P0 −→−→βι inl (p) : Q(0),

Y N−1
I F1 if P0 −→−→βι inr (p) : ¬Q(0),

Y N−1
I F1 −→−→βι 1 if P1 −→−→βι inl (p) : Q(1),

Y N−2
I F2 if P1 −→−→βι inr (p) : ¬Q(1),

Y N−2
I F2 −→−→βι 2 if P2 −→−→βι inl (p) : Q(2),

Y N−3
I F3 if P2 −→−→βι inr (p) : ¬Q(2),

. . .
Y 1
I F (N − 1) −→−→βι N − 1 if P (N − 1) −→−→βι inl (p) : Q(N − 1),

Y 0
I FN if P (N − 1) −→−→βι inr (p) : ¬Q(N − 1),

Y 0
I FN −→−→βι N.

So, if Y N
I F0 −→−→βι n with n < N , then Q(n) holds and P (n) −→−→βι inl (p)

with p a proof of Q(n). If Y N
I F0 −→−→βι N , then ¬Q(n) for all n < N .

The method above works if we know an upperbound to the n that we want to
search for. Another option is to start a (possibly non-terminating) search. This
can be done by adding the fixed point combinator to λPREDω with inductive
types. We define the extension very generally for PTSs.

Definition 4. Let S = λ(S,A,R) be a PTS and let s be a sort of the system
S. The system S + Y s is obtained by adding the following rule.

Γ � A : s Γ � f : A→A
Γ � Y sf : A

The β-reduction is extended with

Y sf −→Y f(Y sf).

We sometimes omit the superscript s, if we know which sort we are talking about.
If we add Y s for all sorts, we just talk about S + Y .

In λPREDω with inductive types and Y Set , we can now program an arbitrary
proof search. (We omit the superscript Set.) With the above definition for F we
obtain

Y FI : nat

and if Y FI −→−→βιY n with n a normal form, then we know that Q(n) holds and
Pn −→−→βιY inl (p) with p : Q(n). (Moreover, we know that n is the smallest
m for which Q(m) holds, but only on a meta-level: the proof term does not
represent this information. If Y FI does not terminate, there is no n for which
Q(n) holds.)

We may wonder whether the extension of a type system with Y is safe. This
will be the subject of the next section. Here we consider one more application
of the proof search method, where we want to verify whether Q holds for n =
0, 1, . . . , N .
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Suppose again we have our decidable predicate Q with P a proof term of type
Πn:nat.Q(n) ∨ ¬Q(n). If we want to prove that Q holds for n = 0, 1, . . . , N ,
we do not just want to verify that fact, but also store the proof terms of
Q(0), Q(1), . . . , Q(N). Moreover, if Q(n) fails for an n ≤ N , we want to return
this n. Now abbreviate

List := List(Σx:nat.Q(x)).

Define the function F as follows.

F :≡ λg.λn:nat.case P (n) of inl (p)⇒ (case g(n + 1) of
inl (l)⇒ inl ((Cons〈n, p〉l)
inr (m)⇒ inr (m))

inr (p)⇒ inr (n).

Here, the type of g is nat→(List +nat), with List as above, the type of lists over
Σx:nat.Q(x). (For readability we have omitted the Set-parameter in Cons.) So,

F : (nat→(List + nat))→(nat→(List + nat)).

Now, iterating F N +1 times on λx:nat.inl (Nil) will either result in a sequence

[〈0, p0〉, 〈1, p1〉, . . . , 〈N, pN 〉]
with pi : Q(i) for each i, or in a term n : nat with n ≤ N , Pn −→−→βι inr (p)
and p : ¬Q(n). Obviously, in this example one will never wish to use the fixed
point combinator, as we are doing a bounded search.

4 Meta-theory of Pure Type Systems with Y

Most of the meta-theoretical properties of PTSs are not affected by the inclusion
of a fixpoint combinator Y . (The obvious exception is strong normalization, of
course!) In particular:

Proposition 7 (Church-Rosser (CRY )).
The βY -reduction is Church-Rosser on the set of pseudoterms T.

Proposition 8 (Correctness of Types (CTY )).
If Γ �S+Y M : A then Γ �S+Y A : s or A ≡ s for some some s ∈ S.

Proposition 9 (Subject Reduction (SRY )).
If Γ �S+Y M : A and M −→−→βY N , then Γ �S+Y N : A.

Proposition 10 (Unicity of Types for functional PTSs (UTY )).
For functional PTSs, if Γ �S+Y M : A and Γ �S+Y M : B, then A =βY B.

In addition to the properties above, to prove conservativity of Y we also need
the (very basic) ones below.
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Proposition 11 (ΠY -generation). Let Γ �S+Y Πx:A.B : s. Then there exists
a rule (s1, s2, s) ∈ R such that Γ �S+Y A : s1 and Γ, x:A �S+Y B : s2

Proposition 12 (axiomY -generation).
Let Γ �S+Y s : s′ with s, s′ ∈ S. Then (s, s′) ∈ A.

All the properties of PTSs with Y above can be proved in exactly the same
way as for PTSs. The trick to proving Conservativity (1 below) is to prove the
following, slightly weaker, property. A direct proof of Conservativity by induction
on derivations fails.

Lemma 1. For functional PTSs, if Γ �S+Y M : A with Γ and M not contai-
ning Y , then Γ �M : A′ for some A′ with A −→−→βY A′.

Proof. Induction on the derivation of Γ �S+Y M : A. The interesting cases are
the abstraction and application rule:

– Suppose the last step in the derivation is

Γ �S+Y M : Πx:A.B Γ �S+Y N : A
Γ �S+Y MN : B[N/x]

By the IH Γ � M : C for some C with Πx:A.B −→−→βY C. So, C is a
Π-abstraction, say C ≡ Πx:A′.B′. Then A −→−→βY A′ and −→−→βY B′. By
Proposition 6, Γ � A′ : s1 for some s1. By the IH Γ � N : A′′ for some A′′

with A −→−→βY A′′. As A′ =βY A′′ and A′, A′′ do not contain Y , we conclude
A′ =β A′′ (using CRβY ). Hence Γ � N : A′ by the (conv) rule. Now,
Γ �MN : B′[N/x] by the (app) rule and indeed B[N/x] −→−→βY B′[N/x].

– Suppose the last step in the derivation is

Γ, x:A �S+Y M : B Γ �S+Y Πx:A.B : s
Γ �S+Y λx:A.M : Πx:A.B

By the IH on the first premise Γ, x:A � M : B′ for some B′ with B −→−→βY

B′. Unfortunately we cannot use the IH on the second premise – Γ �S+Y
Πx:A.B : s – as Πx:A.B may contain Y . We reason as follows: Γ � A : s1
(for some s1). By CT (Proposition 2), Γ, x:A � B′ : s2 for some s2 (i) or
B′ ≡ s′ for some s′ (ii). Looking at these two cases:
(i) As �S ⊆�S+Y we know Γ �S+Y A : s1 and Γ, x : A �S+Y B′ : s2. Using

SRY we find Γ �S+Y Πx:A.B′ : s. Combining this with Proposition 11
and UTY we conclude (s1, s2, s) ∈ R. So Γ � Πx:A.B′ : s.

(ii) As �S ⊆�S+Y we know Γ �S+Y A : s1. Using SRY we find Γ �S+Y
Πx:A.B′ : s. Combining this with Proposition 11 and UTY we conclude
(s1, s2, s) ∈ R and Γ, x : A �S+Y B′ : s2 for some s2. Since B′ ≡ s′,
s′ : s2 must be an axiom, so Γ, x : A � B′ : s2. Hence Γ � Πx:A.B′ : s.

Now Γ � λx:A.M : Πx:A.B′ by the (λ) rule and Πx:A.B −→−→βY Πx:A.B′.

Conservativity is an easy consequence of the lemma above.
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Corollary 1 (Conservativity for functional PTSs).
Consider a functional PTS. Let Γ �S+Y M : A with Γ , M , and A not containing
Y . Then Γ �M : A.

Proof. By the previous lemma Γ � M : A′ for some A′ with A −→−→βY A′. By
CTY we have Γ �S+Y A : s or A ≡ s for some s ∈ S. In the second case,
A′ ≡ A ∈ S, so Γ � M : A. In the first case, Γ � A : s by the previous Lemma,
so Γ �M : A by the conversion rule.

With respect to the issue of decidability of type inference: in general, the
addition of a fixed point combinator will make type inference undecidable. This
is because Y allows us to define all partial recursive functions. So, if F : nat→nat
is some closed term, representing a partial recursive function and we take Γ =
P : nat→Prop, x : P0, then

x : P (F0) iff F0 = 0.

So, a type inference algorithm would give us a decision algorithm for the value
of partial recursive functions on 0, quod non: type inference is undecidable.

Nevertheless, we still want to be able to edit the term Y F that defines our
proof search. That is, we would like to be able to interactively construct Y F
and have it type checked by the proof engine. If we look back at the examples
in Section 3, we see that the ‘proof search terms’ Y F that are given here can be
type checked: If we apply the usual type-checking algorithm to these terms, the
Y -reduction, which is the only possible source for infinite reductions (and hence
undecidability), is never used.

To be more precise: the proof search terms that we have constructed can all
be type-checked in the system λPREDω, where Y is treated as a constant that
takes a term of type A→A to a term of type A. (The λPREDω-type-checking
algorithm applies immediately to this small extension. Alternatively one could
extend λPREDω with the rule (Types,Set). Then put Y : Πα:Set.(α→α)→α in
the context and use the type-checking algorithm for this extension of λPREDω.)

This is a general situation: in the phase of constructing the proof search term
we can treat Y as a constant (without reduction behaviour). So then we are de-
aling with well-known type systems. When we have constructed the proof search
term, we let it reduce and if this results in a normal form, the conservativity
property, Corollary 1, guarantees that we have found a proof in the original type
system.

5 Conclusions and Related Work

We have presented a method for proof search inside the proof system of higher
order predicate logic with inductive types. We have tested our method by some
examples using the proof engine Coq. See [Zwanenburg e.a. 1999] for the exam-
ples; the methods turn out to be reasonably fast. In our first example we are
looking for a ‘witness’ n of the property Q, using Y N

I F0, which iterates F up to
N times, starting from 0. One could do this similarly in the meta language of the
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proof system (the implementation language), which may be faster, but also re-
quires a lot of knowledge of the implementation and experience in programming
in the meta-language.

We have also presented the underlying theory, why doing an unbounded se-
arch (by adding a fixed point combinator) does not spoil the logical proof system.
The addition of a fixed point combinator to the Calculus of Constructions (CC)
has also previously been studied in [Audebaud 1991]. His goal is to overcome the
problem with the second order definable datatypes in CC, so he is using the fixed
point mainly to be able to define data types (of type Set in our system) that have
the desirable properties. We don’t have to do that, because we use the extension
with inductive types, which provides us with the necessary data types. Moreo-
ver, we are especially interested in using the fixed point combinator to define
(potentially) infinite computations to search for witnesses and proof-objects.
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Abstract. We present a definition of untyped λ-terms using a hete-
rogeneous datatype, i.e. an inductively defined operator. This operator
can be extended to a Kleisli triple, which is a concise way to verify the
substitution laws for λ-calculus. We also observe that repetitions in the
definition of the monad as well as in the proofs can be avoided by using
well-founded recursion and induction instead of structural induction. We
extend the construction to the simply typed λ-calculus using dependent
types, and show that this is an instance of a generalization of Kleisli tri-
ples. The proofs for the untyped case have been checked using the LEGO
system.
Keywords. Type Theory, inductive types, λ-calculus, category theory.

1 Introduction

The metatheory of substitution for λ-calculi is interesting maybe because it
seems intuitively obvious but becomes quite intricate if we take a closer look.
[Hue92] states seven formal properties of substitution which are then used to
prove a general substitution theorem. When formalizing the proof of strong nor-
malisation for System F [Alt93b,Alt93a] the first author formally verified five
substitution properties quite similar to those of [Hue92].

Therefore it seems a good idea to look for a more general and elegant way to
state and verify the substitution laws. Obviously, this is also related to the way
lambda terms are presented.

We find a partial answer in the work of Bellegarde and Hook [BH94] who
take the view that lambda terms should be represented by an operator Lam ∈
Set→ Set, where Set denotes the universe of sets, such that Lam(X) is the set
of λ-terms with variables in X. This corresponds to the presentation of terms in
universal algebra as an operator Term ∈ Set → Set. The substitution laws are
captured by verifying that Lam can be extended to a monad or equivalently to
a Kleisli triple (cf. Section 2.1, see also [Man76,Mog91]).

In this paper we are going to revise and extend the work of Bellegarde and
Hook in the following ways:

J. Flum and M. Rodŕıguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 453–468, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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– The presentation of Lam, see Section 3.2, is improved by using a heteroge-
neous datatype1, i.e. there are no meaningless terms in our representation.
Heterogeneous datatypes have already been discussed in [BM98], where they
are called nested datatypes and modelled by initial algebras in functor ca-
tegories, which seems unsatisfactory. Building on this approach, in [BP99]
heterogeneous definitions of untyped λ-terms are investigated.

– Repetitions in the definition of the monad and in the verification can be
avoided by using well founded recursion (along a primitive recursive well-
ordering) instead of structural recursion, see section 4.

– The development has been verified using the LEGO system, see section 4.5.
– We also extend this approach to the simply typed λ-calculus, see Section 5.

To do this we present a generalization of Kleisli triples, which we call Kleisli
structures, see 5.1.

– We analyze the type of inductive definitions needed in every step of the
formalization using initial algebras of functors. We consider two generaliza-
tions of the usual scheme of inductive definitions: heterogeneous (see 3.1)
and dependent inductive definitions (see Section 5.2).

Our work seems to be closely related to recent work by Fiore, Plotkin and
Turi [FPT99] who pursue a more abstract algebraic treatment of signatures with
binders but do not cover the simply typed case. Higher order syntax can also be
used to represent λ-terms, i.e. in [Hof99].

2 Preliminaries

As a metatheory we use an informal version of extensional Type Theory, details
can be found in [Mar84,Hof97]. Since we do not exploit the proposition-as-types
principle we work in a system quite close to conventional intuitionistic set theory.
We use Set and Prop to denote the types of sets and propositions.

Notationally, we adopt the following conventions: We write the type of im-
plicit parameters of dependent functions as subscripts, i.e. Πn∈NatFin(n)→ Set
is a type of functions whose first argument is usually omitted. The hidden argu-
ment can be made explicit by putting it in subscript, i.e. we write e.g. fX ∈ T (X)
when we mean f ∈ ΠX∈CT (X) for some type C ∈ Set obvious from the con-
text. Given P,Q ∈ A→ Prop we write P ⊆ Q for ∀a ∈ A.P (a)→ Q(a). Given
a curried function f ∈ A1 → A2 → . . . → An we write the application to a
sequence of arguments a1, a2, . . . , an as f(a1, a2, . . . , an). The same convention
holds for Π-types.

The rest of this section briefly reviews Kleisli triples, initial algebras, and
inductive datatypes and might be skipped by the experienced reader.

2.1 Kleisli Triples

We present monads as Kleisli triples, i.e.
1 It seems that the idea for this presentation goes back to Hook, but he didn’t use it
in the paper because it cannot be implemented in SML.
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Definition 1. A Kleisli-Triple (T, ηT ,bindT ) on a category C is given by

– an function on the objects: T ∈ |C| → |C|
– a family of morphisms indexed by objects X ∈ |C|: ηTX ∈ C(X,T (X))
– a family of functions indexed by X,Y ∈ |C|:

bindTX,Y ∈ C(X,T (Y ))→ C(T (X), T (Y ))

which are subject to the following equations:

1. bindTX,X(ηTX) = 1T (X)

2. bindTX,Y (f) ◦ ηTX = f where f ∈ C(X,T (Y )).
3. bindTX,Z(bind

T
Y,Z(f) ◦ g) = bindTY,Z(f) ◦ bindTX,Y (g)

where f ∈ C(Y, T (Z)), g ∈ C(X,T (Y )).

Kleisli triples were introduced in [Man76], where they are also shown to be
equivalent to the conventional presentation of monads, see [ML71], pp.133.

2.2 Initial Algebras

Definition 2. For any endofunctor T : C→ C an initial T -algebra (µT , cT , ItT )
is given by

– an object µT ∈ |C|
– a morphism cT ∈ C(T (µT ), µT )
– a family of functions indexed by X ∈ |C|: ItTX ∈ C(T (X), X)→ C(µT , X)

such that given a T-algebra f ∈ C(T (X), X):

T (µT )
cT ✲ µT

T (X)

T (ItTX(f))
❄

f
✲ X

ItTX(f)
❄

commutes and ItTX(f) is the unique morphism with this property, i.e. given any
h ∈ C(µT , X) we have h = ItTX(f).

µT is called weakly initial if ItTX(f) exists but is not necessarily unique.

We assume that our ambient category Set is bicartesian closed, i.e. has finite
products 1,− × −, coproducts 0,− + − and function spaces − → −. We say
that a variable appears strictly positive in a type, if it appears never on the left
hand side of an arrow type, and positive, if it appears only on the left hand side
of an even number of nested arrow types.

2.3 Inductive Datatypes

To model inductive types we introduce the concept of a strictly positive operator,
i.e. a function T ∈ Set→ Set which is given by a definition T (X) = σ(X) such
that X appears strictly positive in σ(X). Here we write σ(X) for a syntactic type
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expression in which the variable X may occur. Every strictly positive operator
gives rise to an endofunctor on Set.

Given a strictly positive operator T we introduce µT = µX.T (X) ∈ Set to
denote the initial T -algebra. We extend strictly positive to µ-types, s.t. µ-types
can be used to define new operators. We say that Set has all strictly positive2

datatypes if all initial algebras defined by a strictly positive operator exist. This
gives rise to a λ-calculus λµ, e.g. see [Alt98].

Examples for inductive datatypes are natural numbers Nat = µX.1 + X,
ordinal notations Ord = µX.1 + X + (Nat → X) or finitely branching trees
Tree = µX.µY.1+X × Y .

Datatypes can be conveniently presented by constructors and their types, i.e.
Nat ∈ Set can be presented as 0 ∈ Nat and succ ∈ Nat → Nat, analogously
Ord ∈ Set is given by 0′ ∈ Nat, succ′ ∈ Nat → Nat and lim ∈ (Nat → Ord) →
Ord. Nested types like Tree correspond to simultaneous inductive definitions,
i.e. Tree,Forest ∈ Set is given by nil ∈ Forest, cons ∈ Tree → Forest → Forest,
and span ∈ Forest→ Tree.

Parametrized datatypes like lists can be defined as a function List ∈ Set→
Set given by List(X) = µY.1+Y×X. List is homogeneous because the parameter
X does not change in the inductive definition.

Assuming weak initiality, the uniqueness property can be alternatively ex-
pressed by an induction principle, i.e. given a predicate P ∈ µT → Prop we
have cT (P ) ⊆ P

Dat− Ind∀x ∈ µT .P (x)
where cT (P ) = {cT (x) | x ∈ P}.
It is well known that all positive inductive types can be encoded impredica-

tively (i.e. in System F, [GLT89]):
µX.T (X) = ΠX ∈ Set.(T (X)→ X)→ X ∈ Set

ItT = λX ∈ Set.λf ∈ T (X)→ X.λx ∈ µX.T (X). xX f

∈ ΠX ∈ Set.(T (X)→ X)→ µT → X

cT = λx ∈ T (µX.T (X)).λX ∈ Set.λf ∈ T (X)→ X.f(T (ItT X f) x)

∈ T (µT )→ µT

Here T (−) ∈ ΠX,Y ∈Set(X → Y ) → T (X) → T (Y ) is the morphism part
of the functor which can be derived from the fact that it is given by a posi-
tive definition. This encoding is weakly initial, uniqueness can be derived from
parametricity [Wad89,AP93].

3 λ-Terms as a Heterogeneous Datatype

3.1 Heterogeneous Inductive Datatypes

We interpret heterogeneous datatypes by initial algebras in the category of fami-
lies of sets Fam. Objects in Fam are families F ∈ Set→ Set and given families
2 Strictly positive can be replaced by positive, but it is not obvious whether this ex-
tension is still predicative.
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F,G ∈ |Fam| morphisms are families of functions f ∈ ΠX ∈ Set. F (X) →
G(X). A strictly positive operator on families is a function H ∈ (Set→ Set)→
(Set → Set) which is given by a definition H(F ) = λX ∈ Set. σ(F,X) where
F appears only strictly positive in σ(F,X). Every strictly positive operator on
families gives rise to an endofunctor on Fam.

Given a strictly positive operator H on families there exists an initial algebra
µH = µF.λX ∈ Set. H(F,X) ∈ Set → Set. As before we define operators
and inductive types simultaneously. The constructors cH and ItH now refer to
morphisms in Fam — this can be spelt out as follows:

cH ∈ ΠX∈SetH(µH , X)→ µH(X)
ItH ∈ ΠF∈Set→Set(ΠX∈SetH(F,X)→ F (X))→ ΠX∈Setµ

H(X)→ F (X)

The uniqueness property of the inductively defined operator can be also
expressed by the following induction principle: Assume a family of predicates
P ∈ ΠX∈Setµ

H(X)→ Prop:

∀Y ∈ Set. cH(PY ) ⊆ PY
Het− Ind∀Y ∈ Set.∀x ∈ (µX.H(X))(Y ).P (x)

The λ-calculus corresponding to heterogeneous polymorphic definitions has
to our knowledge not yet been explored.

Positive heterogeneous inductive types can be encoded impredicatively (i.e.
in System Fω):

µH = λY ∈ Set.ΠF ∈ Set→ Set.(ΠX∈SetH(F,X)→ F (X))→ F (Y )

∈ Set→ Set

ItH = λF ∈ Set→ Set. λf ∈ ΠX∈SetH(F,X)→ F (X).λX ∈ Set.

λx ∈ µH . x(F, f)

∈ ΠF ∈ Set→ Set. (ΠX∈SetT (F,X)→ F (X))

→ ΠX∈SetµF.H(F,X)→ F (X)

cH = λX ∈ Set. λx ∈ T (µH , X). λF ∈ Set→ Set.

λf ∈ ΠX∈SetH(F,X)→ F (X).f(H(ItH , F, f), x)

∈ ΠX∈SetH(µH , X)→ µH(X)

3.2 Definition of Lam

An example for a heterogeneous inductive datatype is the operator Lam ∈ Set→
Set from the introduction which can be defined as

Lam = µF ∈ Set→ Set.λX ∈ Set.X + (F (X)× F (X)) + F (X⊥)

where X⊥ ∼= 1 + X with two constructors new ∈ ΠX ∈ Set.X⊥ and old ∈
ΠX∈SetX → X⊥ and eliminator case ∈ ΠX,Y ∈SetY → (X → Y ) → X⊥ → Y .
Clearly ( )⊥ gives rise to a functor.
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As before we can present inductively defined operators by giving the con-
structors, which in the case of Lam read as follows:

var ∈ ΠX∈SetX → Lam(X)
app ∈ ΠX∈SetLam(X)→ Lam(X)→ Lam(X)
abst ∈ ΠX∈SetLam(X⊥)→ Lam(X)

4 Lam is Monadic

To show that Lam has the structure of a Kleisli triple we first have to define ηLamX

and bindLamX,Y . The former is simply varX and the latter can be defined recursively
or structural inductively which gives rise to two different constructions.

4.1 The Recursive Construction

In this case bind and an auxiliary map lift

lift ∈ ΠX,Y ∈Set(X → Lam(Y ))→ X⊥ → Lam(Y⊥)
bind ∈ ΠX,Y ∈Set(X → Lam(Y ))→ Lam(X)→ Lam(Y )

are defined by simultaneous recursion. The equations defining lift and bind re-
cursively are given below.

lift(f,new(X)) = var(new(Y ))
lift(f, old(x)) = bind(var ◦ old, f(x))

bind(f, var(x)) = f(x)
bind(f, app(s, t)) = app(bind(f, s),bind(f, t))
bind(f, abst(t)) = abst(bind(lift(f), t))

We must first prove that bind is terminating.

Definition 3. Let f ∈ A→ Lam(B) for arbitrary A,B ∈ Set then let isVar(f)⇔
∃h : A→ B. f = varB ◦ h and

v(f) =
{
0 if isVar(f)
1 otherwise

Now we are in a position to define a termination order for bind. For any
recursive call bind(f ′, t′) inside of bind(f, t) we must have (f ′, t′) <b (f, t). To
that end we define

(f ′, t′) <b (f, t)⇔ v(f) < v(f ′) ∨ (v(f) = v(f ′) ∧ t <s t′)

where <s is the structural order on terms. As <b is the lexicographic order on
two well-founded orders we immediately get the following observation.



Monadic Presentations of Lambda Terms Using Generalized Inductive Types 459

Proposition 1. The order <b is well-founded.

For the termination of bind the fact below is important.

Proposition 2. For any f of appropriate type it holds that v(lift(f)) ≤ v(f).

Proof. Assume that v(f) = 0 hence f = var ◦ h. By case analysis it is easily
verified that lift(f) = var◦case(new, old◦h), hence v(lift(f)) = 0. Thus, we have
shown that v(lift(f)) ≤ v(f).

Proposition 3. bind is a terminating function.

Proof. The only difficult case is bind(f, abst(t)) = abst(bind(lift(f), t)). Since
v(lift(f)) ≤ v(f) and t <s abst(t) we get that (lift(f), t) <b (f, abst(t)).

Condition 1. of Definition 1 holds by definition of bind.

Proposition 4. Condition 2. of Definition 1 holds, i.e.

∀t ∈ Lam(X).bind(varX , t) = t.

Proof. Proof by structural induction on t: The varX -case is trivial. Assume that
t = app(a, b) and bind(varX , a) = a and bind(varX , b) = b. Thus we obtain

bind(varX , app(a b)) = app(bind(varX , a),bind(varX , b)) = app(a, b).

Finally, assume that t = abst(s) and that bind(varX⊥ , s) = s. Then

bind(varX , abst(s)) = abst(bind(lift(varX), s)) = abst(bind(varX⊥ , s))
= abst(s) = t by induction hypothesis.

Proposition 5. Condition 3. of Definition 1 holds:

∀f ∈ A→ Lam(B).∀g ∈ B → Lam(C).bind(g) ◦ bind(f) = bind(bind(g) ◦ f)
Proof. Using extensionality and well-founded induction this amounts to prove
three cases: The var and the app-cases are again easy. We concentrate on the
abst-case.
(bind(g) ◦ bind(f)) (abst(t)) = bind(g,bind(f, abst(t)))

= bind(g, abst(bind(lift(f), t)))
= abst(bind(lift(g),bind(lift(f), t)))
= abst(bind(lift(g) ◦ bind(lift(f)), t)) (ind.hyp.)
= abst(bind(bind(lift(g) ◦ lift(f)), t)).

On the other hand bind(bind(g) ◦ f, abst(t)) = abst(bind(lift(bind(g) ◦ f), t))
such that it remains to show

lift(bind(g) ◦ f) = bind(lift(g)) ◦ lift(f)
which is proved by extensionality and case analysis on the argument. First if the
argument is a “new” variable then by definition of lift and bind:

bind(lift(g) ◦ lift(f),new(A)) = lift(bind(g) ◦ f,new(A))
In the other case we first distinguish whether isVar(f) holds or not:
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1. Case: isVar(f):
Then there is an h ∈ A→ B such that f = varB ◦ h.

lift(bind(g) ◦ (varB ◦ h)) ◦ oldA
= lift(g ◦ h) ◦ oldA (Def. bind)
= bind(varB⊥ ◦ oldB) ◦ g ◦ h (Def. lift)
= lift(g) ◦ oldB ◦ h (Def. bind)
= bind(lift(g)) ◦ varB⊥ ◦ oldB ◦ h (Def. bind reverse)
= bind(lift(g)) ◦ bind(varB⊥ ◦ oldB) ◦ varB ◦ h (Def. bind reverse)
= bind(lift(g)) ◦ lift(varB ◦ h) ◦ oldA (Def. lift reverse)

2. Case: ¬isVar(f):
lift(bind(g) ◦ f) ◦ old = bind(varC⊥ ◦ oldC) ◦ bind(g) ◦ f (*)

= bind(lift(g)) ◦ bind(varB ◦ oldB) ◦ f
= bind(lift(g)) ◦ lift(f) ◦ oldA

For (∗) it remains to show that

bind(varC⊥ ◦ oldC) ◦ bind(g) = bind(lift(g)) ◦ bind(varB⊥ ◦ oldB)
which is proved below

bind(varC⊥ ◦ oldC) ◦ bind(g)
= bind(bind(varC⊥ ◦ oldC) ◦ g) (ind.hyp.)
= bind(lift(g) ◦ oldB)
= bind(bind(lift(g)) ◦ varB⊥ ◦ oldB) (Def. bind & ext.)
= bind(lift(g)) ◦ bind(varB⊥ ◦ oldB) (ind.hyp.)

The induction hypothesis is used three times. As we do not use structural in-
duction we must give a termination order <′ such that when proving

(bind(g) ◦ bind(f))(t) = bind(bind(g) ◦ f, t)
we use the induction hypothesis

(bind(g′) ◦ bind(f ′))(t′) = bind(bind(g′) ◦ f ′, t′)

only if (f ′, g′, t′) <′ (f, g, t) for an appropriate well-founded order <. We define
this order as follows

(f ′, g′, t′) <′ (f, g, t)⇔ (f = f ′∧g = g′∧ t′ <s t)∨ (v(f ′)+v(g′) < v(f)+v(g)) .

For the first application of the hypotheses the condition (f, g, t) <′ (f, g, abst(t))
holds by the structural order on the last argument. For the second we have to
show (g, varC⊥ ◦ oldC , s) <′ (f, g, s) in case ¬isVar(f) holds. As isVar(varC⊥ ◦ k)
holds for any k, 0 = v(varC⊥ ◦ oldC) < v(f) = 1, hence v(g)+ v(varC⊥ ◦ oldC) <
v(f) + v(g). The proof of the third case, (varC⊥ ◦ oldC , lift(g), s) <′ (f, g, s),
under the assumption ¬isVar(f), is similar.
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One might argue that the proof is not constructive as we do a case analysis
on the undecidable predicate isVar(f). However, we can instead introduce an
additional precondition (isVar(f) ∨ True) ∧ (isVar(g) ∨ True) where True corre-
sponds to don’t know. We do case analysis over the disjunctions. When using a
recursive hypothesis with f = var◦h we prove the precondition by a left injection
(the same for g).

We summarize the result:

Corollary 1. (Lam(−), var,bind) is a Kleisli triple.

4.2 The Construction by Structural Induction

There is also a proof by structural induction. In this case we define bind and lift
and also Lam(−) the morphism part of the functor:

Lam ∈ ΠX,Y ∈Set(X → Y )→ Lam(X)→ Lam(Y )

lift(f,new(X)) = var(new(Y ))
lift(f, old(x)) = Lam(old, f(x))

Lam(f, var(x)) = var(f(x))
Lam(f, app(s, t)) = app(Lam(f, s),Lam(f, t))
Lam(f, abst(t)) = abst(Lam(f⊥, t))

bind(f, var(x)) = f(x)
bind(f, app(s, t)) = app(bind(f, s),bind(f, t))
bind(f, abst(t)) = abst(bind(lift(f), t))

Note that bind is defined as in the recursive case, but now lift is not defined in
terms of bind so all definitions are structural inductive.

Additional to the propositions shown above, one also needs to show that Lam
and (−)⊥ are functorial.

Note that here Lam(h) takes the part of bind(var ◦ h) and thus the proof of
(*) can be done by structural induction showing first the following two special
instances of the third monad law:

∀f ∈ B → C.∀g ∈ A→ Lam(B).Lam(f) ◦ bind(g) = bind(Lam(f) ◦ g)
∀f ∈ B → Lam(C).∀g ∈ A→ B.bind(f) ◦ Lam(g) = bind(f ◦ g)

By combining those one immediately gets

∀g ∈ A→ Lam(B).bind (lift(g)) ◦ Lam(oldA) = Lam(oldB) ◦ bind(g)

and from this one can easily derive (*) in the proof of Proposition 4

lift(bind(g) ◦ f) = bind(lift(g)) ◦ lift(f) .
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The LEGO-code of the structural inductive and the general recursive proof is
interesting in the sense that the latter version is only of half the size of the former
– without the termination proof though. This emphasizes the significance of type
theory with general recursion as long as termination can be ensured externally
(possibly syntactically).

4.3 Substitution

Once we have bindLam and ηLam we can define a substitution operator on Lam-
terms subst ∈ ΠA∈SetLam(A⊥)→ Lam(A)→ Lam(A) as follows

substA(t, s) = bind(case(s, varA), t)

The weakening weak ∈ ΠA∈SetLam(A)→ Lam(A⊥) can be written

weakA = bind(varA⊥ ◦ oldA)
That substitution and weakening have the right properties follows immediately
from the Kleisli properties for bind and var. As an example we show how to
derive subst(weak(t), u) = t:

subst(weak(t), u) = bind(case(u, var),bind(var ◦ old, t))
= bind(bind(case(u, var), var ◦ old), t) (3.)
= bind(case(u, var) ◦ old, t) (2.)
= bind(var, t)
= t (1.)

The numbers refer to the equations in Definition 1.

4.4 Implementations in Haskell and SML

Heteregeneous datatypes like Lam can be easily implemented in a functional
language like Haskell [HJW+92]. The implementation below by Sven Panne also
exploits predefined typeclasses like Monad and Functor in Haskell (where >>=,
return, Maybe, Just, Nothing, maybe denote bind, η, (−)⊥, old, new, and case,
respectively).

data Lam a = Var a
| App (Lam a) (Lam a)
| Abs (Lam (Maybe a))

instance Functor Lam where
fmap f x = x >>= return . f

instance Monad Lam where
return = Var
Var x >>= f = f x
App t u >>= f = App (t >>= f) (u >>= f)
Abs t >>= f = Abs (t >>= liftLam f)
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lift :: (Monad b, Functor b) => (a -> b c)
-> Maybe a -> b (Maybe c)

lift f Nothing = return Nothing
lift f (Just x) = fmap Just (f x)

subst :: Monad a => a (Maybe b) -> a b -> a b
subst t u = t >>= maybe u return

Although the datatype Lam is definable in ML [HMM86], lift is not ac-
cepted by the ML type system. The reason is that lift requires polymorphic
recursion, which is known to be undecidable. The Haskell type system is more
flexible because it does not try to infer the type of function if it is given anyway.
There is also an implementation of an improved ML typechecker [EL99] which
implements polymorphic recursion via a semialgorithm for semiunification. The
corresponding ML-code reads as follows:

datatype ’a Lift = new | old of ’a;

datatype ’a Lam = var of ’a | app of (’a Lam)*(’a Lam)
| abs of (’a Lift) Lam;

fun bind f (var x) = f x
| bind f (app (t,u)) = app (bind f t,bind f u)
| bind f (abs t) = abs (bind (lift f) t)

and lift f new = var new
| lift f (old x) = lam old (f x)

and lam f = bind (var o f);

fun subst t u = bind (fn new => u | old x => var x) t;
fun weak t = lam old t;

4.5 Implementation in LEGO

Using the Inductive-statement such a heterogeneous datatype can be defined
in LEGO [LP92] as follows:
Inductive [Lambda:Set->Type] ElimOver Type
Constructors [var:{X|Set}X->Lambda X]

[app : {X|Set} (Lambda X)->(Lambda X)->(Lambda X)]
[abst: {X|Set} (Lambda (Lift X)) ->(Lambda X)];

In the formalization we assume a constant ext which makes the propositional
equality extensional and thus destroys the computational adequacy of Type The-
ory. This problem could be overcome by moving to a Type Theory as described
in [Alt99]. The complete LEGO code (for both variants) can be found in [RA99].

5 Extension to Simple Types

5.1 Kleisli Structures

To capture the case of typed algebras, specifically the simply typed λ-calculus, we
introduce a generalization of the Kleisli-triples, which we call Kleisli structure:
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Definition 4. A Kleisli structure (I, F,G, ηF,G,bindF,G) on a category C is
given by

– an index set I ∈ Set
– families of objects indexed by I F,G ∈ I → |C|
– a family of morphisms indexed by i ∈ I: ηF,Gi ∈ C(F (i), G(i))
– a family of functions indexed by i, j ∈ I:

bindF,Gi,j ∈ C(F (i), G(j))→ C(G(i), G(j))

which are subject to the following equations:

1. bindF,Gi,i (ηF,Gi ) = 1G(i)
2. bindF,Gi,j (f) ◦ ηF,Gi = f where f ∈ C(F (i), G(j)).
3. bindF,Gi,k (bindF,Gj,k (f) ◦ g) = bindF,Gj,k (f) ◦ bindF,Gi,j (g)

where f ∈ C(F (j), G(k)), g ∈ C(F (i), G(j)).

Kleisli triples are a special case of Kleisli structures where I = |C| and F is
the identity. Writing CF for the category whose objects are elements of I and
CF (i, j) = C(F (i), F (j)) we obtain a functor T : CF → CG which is given by
the identity on objects and on morphisms f ∈ CF (i, j) by

T (f) = bindF,Gi,j (ηF,Gj ◦ f)

In the special case of Kleisli triples this is the endofunctor on C given in section
2.1. Since T is not an endofunctor in general it cannot be a monad.

5.2 Dependent Inductive Types

Next we model dependent inductive types, which are also called inductive fa-
milies, by initial algebras in categories of families [Dyb94]. Given an index type
I ∈ Set, we define the category of I-indexed families: objects are F ∈ I → Set
and morphisms are I-indexed families of functions f ∈ Πi∈IF (i)→ G(i). An in-
ductively defined dependent type is an initial algebra in the category of I-indexed
families.

We assume that Set is also closed underΠ-types, Σ-types and Equality types
Eq ∈ ΠA∈SetA→ A→ Set, where A ∈ Set. We use the usual λ-notation for Π-
types. Elements of Σ-types are given by pairs, i.e. given A ∈ Set, B ∈ A→ Set,
if a ∈ A and b ∈ B(a) then (a, b) ∈ Σa ∈ A.B(a). The only inhabitant of an
equality type is refl ∈ ΠA∈SetΠa ∈ A.Eq(a, a). We assume that the equality
type is extensional, i.e. a = b holds iff EqA(a, b) is inhabited. For details see e.g.
[Mar84].

We define a strictly positive operator on families as a function G ∈ (I →
Set) → I → Set which is given by a definition G(F ) = λi ∈ I.σ(F, i) where
F appears only strictly positive in σ(F, i). Every strictly positive operator gives
rise to a functor on the category of I-indexed families.
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Given a strictly positive operator G we introduce

µG = µF ∈ I → Set.λi ∈ I.G(F, i) ∈ I → Set

to denote the initial G-Algebra. As before we define strictly positive operators
simultaneously with dependent µ-types such that µ can be used in the definition
of new operators. We spell out the types of the constructor and iterator:

cG ∈ Πi ∈ I.G(µG, i)→ µG(i)
ItG ∈ ΠF ∈ I → Set.(Πi ∈ I.G(F, i)→ F (i))→ Πi ∈ I. µG(i)→ F (i)

It is convenient to present dependent inductive types by giving the con-
structors. As an example consider the type of finite sets: Fin ∈ Nat → Set,
0Fin ∈ Πn ∈ Nat.Fin(succ(n)), succFin ∈ Πn∈NatFin(n) → Fin(succ(n)). This
definition can be mechanically translated into the strictly positive operator

GFin(F ∈ Nat→ Set) = λn ∈ Nat.Σm ∈ Nat.Eq(succ(m), n)× (1+ F (n)).

The type of cG is isomorphic to the product of the types of 0Fin and succFin. In-
ductive dependent types which are indexed over several sets, likeΠa ∈ A.B(a)→
Set correspond to µ-types whose index set is a Σ-type, i.e. Σa ∈ A.B(a).

Inductively defined dependent types can be encoded in the calculus of con-
structions along the same lines as heterogeneous datatypes, see section 3.1.

As before we can represent the uniqueness condition by an induction princi-
ple: Assume a family of predicates P ∈ Πi∈IµG(i)→ Prop:

∀i ∈ I. cG(P (i)) ⊆ P (i)
Dep− Ind∀i ∈ I.∀x ∈ µG(i).P (x)

In Type Theory it is standard to use a dependent iterator which captures both
induction and iteration.

Heterogeneous datatypes as introduced previously can be seen as an instance
of dependent inductive types if we assume the existence of a universe U ∈ Set
which reflects all the type formers introduced so far.

5.3 The Definition of Lam for Simple Types

To extend the previous construction to simply typed λ-calculus we have to use
dependent inductive types and Kleisli structures instead of triples. Given a set of
types Ty, the base category C is the category of Ty-indexed sets, whose objects
are families of sets indexed by types (F ∈ Ty → Set) and the morphisms are
type-indexed families of functions f ∈ Πσ∈TyF (σ)→ G(σ).

The index set I is given by the inductively defined set of contexts Con and
the families involved are Var(Γ, σ) – the set of variables of type σ in context Γ
– and Lam(Γ, σ) – the set of terms of type σ in context Γ . Var(Γ ) and Lam(Γ )
are objects in our base category for any Γ ∈ Con.
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We shall present the types involved by giving the constructors. The set of
types Ty and contexts Con are given by the following homogeneous definitions:
Ty ∈ Set, o ∈ Ty, − ⇒ − ∈ Ty → Ty → Ty, Con ∈ Set, empty ∈ Con,
cons ∈ Ty → Con → Con. Here cons corresponds to −⊥ in the untyped case.
Var is given by a dependently typed inductive definition:

Var ∈ Con→ Ty→ Set

old ∈ ΠΓ∈ConΠτ ∈ Ty.Πσ∈TyVar(Γ, σ)→ Var(cons(τ, Γ ), σ)
new ∈ ΠΓ ∈ Con.Πσ ∈ Ty.Var(σ, cons(σ, Γ ))

Similarly, Lam is given by a dependent inductive type:

Lam ∈ Con→ Ty→ Set

var ∈ ΠΓ∈Con,σ∈TyVar(Γ, σ)→ Lam(Γ, σ)
app ∈ ΠΓ∈Con,σ,τ∈TyLam(Γ, σ ⇒ τ)→ Lam(Γ, σ)→ Lam(Γ, τ)
abst ∈ ΠΓ∈Con,σ,τ∈TyLam(cons(τ, Γ ), σ)→ Lam(Γ, σ ⇒ τ)

As in the untyped case var is the unit η of our Kleisli structure. We now define
bind and lift by simultaneous recursion:

bind ∈ ΠΓ,∆∈Con(Πσ∈TyVar(Γ, σ)→ Lam(∆,σ))→
Πσ∈TyLam(Γ, σ)→ Lam(∆,σ)

lift ∈ ΠΓ,∆∈ConΠτ ∈ Ty(Πσ∈TyVar(Γ, σ)→ Lam(∆,σ))→
Πσ∈TyVar(cons(τ, Γ ), σ)→ Lam(cons(τ,∆), σ)

lift(σ, f,new(Γ, σ)) = var(new(∆,σ))
lift(σ, f, old(σ, x)) = bind(var ◦ old(σ), f(x))

bind(f, var(x)) = f(x)
bind(f, app(t, u)) = app(bind(f, t),bind(g, t))
bind(f, abst(t)) = abst(bind(lift(σ, f), t))

The termination argument is the same as for the untyped case, see Section 4.1.

5.4 Lam is a Kleisli Structure

The verification of this fact has the same structure as the previous proof but
with different types. Let us state the result precisely:

Theorem 1. Lam gives rise to a Kleisli structure where

– C is the category of Ty-indexed families.
– I = Con
– F = Var ∈ Con→ |C|
– G = Lam ∈ Con→ |C|
– ηΓ = varΓ ∈ C(Var(Γ ),Lam(Γ ))
– bindΓ,∆ ∈ C(Var(Γ ),Lam(∆))→ C(Lam(Γ ),Lam(∆))

Proof. See the proofs of Corollary 1.
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6 Conclusions and Open Problems

We have discussed a uniform representation of untyped and typed λ-terms based
on Kleisli triples in type theory using heterogeneous (generalized) datatypes. All
this can be easily implemented in Haskell and in a special version of SML and
formally verified in LEGO. The recursive construction of the Kleisli-triple turned
out to be much simpler than the structural inductive one which emphasizes our
point of view that recursive proofs are often easier and should be supported by
modern type theoretical systems. It is future work to look for a generalization
to terms of dependently typed λ-calculi, thus suggesting a new approach for the
project of Type Theory in Type Theory (cf. [MP93]). A problem which needs
to be tackled in this context is that the type of the substitution function in a
dependently typed context may depend on its own graph.

Once having finished the examination of the Lam-monad and turning atten-
tion to other examples of heterogeneous datatypes many interesting questions
arise that deserve further investigation. There exist practically interesting ex-
amples that need a stronger notion of inductively defined functors, not just
operators. Moreover, can one find a useful characterisation of “being Kleisli” for
inductive families? A challenging open question is whether inductively defined
operators are proof-theoretically conservative with respect to standard induc-
tive ones, i.e. can one define more functions on natural numbers using inductive
operators?
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Abstract. We explain why the original proofs of P-Time completeness
for Light Affine Logic and Light Linear Logic can not work, and we fully
develop a working one.

Keywords: Light Affine/Linear Logics, P-Time completeness, Program-
ming with feasible functions.

1 Introduction

The aim of this work is twofold. On one side, it develops in full details the
proof that Light Affine Logic (LAL) [1] is P-Time complete. This means showing
that a P-Time Turing machine can be encoded as a derivation of LAL, which
is a smart simplification of Light Linear Logic (LLL) [3]. The simplification
consists of allowing the unconstrained use of weakening. This does not affect the
complexity of the cut elimination for LAL. It remains bound by a polynomial
in the dimension of the derivation. On the other side, this work introduces a
very compact paradigmatic functional language ΛLA for programming with the
derivations of LAL, which represent feasible functions.

The development of the proof of P-Time completeness of LAL is not merely
a programming exercise with an exotic functional notation. Many readers might
get to this conclusion just recalling that the P-Time completeness of LAL was
claimed to hold in [1], where the hints for proving it say to follow what Girard
does in [3]. However, following Girard, one gets stuck. The problem is that the
derivation of LLL, encoding the transition function of the Turing machine being
represented, does not correspond to an iterable program, which we call t fun for
short. Let us see why this happens. Firstly, recall that an iteration principle can
be derived in LLL: it requires that the iterated function has a type τ ( τ for
some “light linear” type τ . Secondly, the iteration principle serves for encoding
the Turing machine: t fun is iterated on the starting configuration at most as
many times as the bound given by the polynomial. Assume now config be the
name of the type for the representation in LAL of the configurations (tape,
state, head position) of a given Turing machine. Following [3], t fun can not be
written with a type different from config( §config, where § is one of the two
modalities “!” and “§” of LLL. So, t fun can not be argument of the iteration
principle, and nothing works, neither in LLL, nor in LAL.

J. Flum and M. Rodríguez-Artalejo (Eds.): CSL’99, LNCS 1683, pp. 469−483, 1999.
 Springer-Verlag Berlin Heidelberg 1999



The solution to the problem is to change the representation of the configu-
rations. To see how, we use an example. Suppose we want to represent a con-
figuration C of a Turing machine such that the tape is 10 � 10, the state is si,
and the head is on the cell containing �. The derivation used in [3] to encode C
corresponds to the following tuple of terms of System F [4]:

[λozsx.o(zx), λozsx.s(z(ox)), statei] , (1.1)

which becomes:

λOZS.§(λx.̄!O(̄!Z x))⊗ λOZS.§(λx.̄!S (̄!Z (̄!O x)))⊗ statei (1.2)

in the language ΛLA we shall introduce. The term λozsx.o(zx) encodes the tape
to the left of the head in reversed order, λozsx.s(z(ox)) is the part of tape from
the head position to its right, and statei is some encoding of the state si. On
the contrary, our encoding of C corresponds to the term:

λoo′zz′ss′xx′.[o(zx), s′(z′(o′x′)), statei] (1.3)

of System F, which becomes:

λOO′ZZ ′SS′.§(λxx′ .̄!O(̄!Z x) ⊗ !̄S′(̄!Z ′(̄!O′ x′))⊗ statei) (1.4)

in ΛLA. The difference between the two choices is evident. The old one separates
the components of the tape in two different λ-abstractions, while the new one
keeps them merged into a single λ-body. We are now in the position to have a
good intuition about why (1.2) can not work. Firstly, recall that in LAL there
is the §-box constructor “§”. Secondly, recall that LAL does not allow any box
opening. We can only merge the borders of two boxes, but we can never drop one
border completely: this is the key point for proving the complexity bound! Any
encoding t fun of the transition function working on (1.2) needs to access the
components of (1.2). This can be accomplished by a t fun with a §-box which
border must be merged with all those in (1.2). The lack of dereliction does not
allow to get rid of such a §-box in t fun: it gets recorded in the co-domain of the
type of t fun, which can only be config ( §config. This problem disappears
if t fun is written for manipulating (1.4). Indeed, the §-box of t fun used to
access the components of (1.4) is the same as the one needed to build the new
configuration. Encoding the configurations as in (1.4) we get:

Theorem. Any P-Time Turing machine with a polynomial p(x) of maximal non
null degree ϑ, bounding its computational complexity, can be encoded in a term
M of ΛLA, such that M has the Linear Affine Logic formula tape( §ϑ+5tape
as its type, for some suitable type tape.

Contents: Section 2 introduces the language ΛLA. Section 3 recalls Intuitionistic
Light Affine Logic and decorates its derivations with ΛLA. Section 4 defines the
encoding of the P-Time Turing machine in the typable fragment of ΛLA, mainly
focusing on the encoding of the transition function. The representation in ΛLA of
all the remaining details are demanded to Appendix A, and B. Section 5 recalls
the justification about writing this work. Section 6 concludes the work.
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2 The Functional Language

Syntax. Let c, h, j, o, s, x, y, w, z range over the set of linear names Tvars, and
J,O,X, Y, Z range over the set of exponential identifiers !Tvars. Let also χ be
ranging over Tvars ∪ !Tvars. The set of patterns is generated by:

R ::= Tvars | !Tvars | R⊗R

and is ranged over by ℘. The set Λ of the functional terms is given by:

M,N,P,Q ::= Tvars ∪ !Tvars | λ℘.M | MN | P⊗Q | !M | !̄M | §M | §̄M
For any pattern χ1 ⊗ . . .⊗χn, the set FV(χ1 ⊗ . . .⊗χn) of its free variables
is {χ1, . . . , χn}. As usual, λ binds the variables of M so that FV(λ℘.M) is
FV(M) \ FV(℘). The free variable sets of all the remaining terms are obvious
as the constructors ⊗, !, §, !̄, and §̄ do not bind variables. Both ! and § build
!-boxes and §-boxes, respectively, being M the body. The term constructor !̄ can
mark one of the entry points of both !-boxes and §-boxes, while §̄ can mark only
those of §-boxes. An idea about what we mean by “entry point” can be given
pictorially. Assume !M be a !-box, having a single entry point with a closed N ,
plugged into it. The figure representing this situation is:

N!̄M!

where the dashed line stands for the ideal box containing M , ! is its exit, !̄ is its
entry point, and N has its root plugged into the entry point of !M .

The elements of Λ are considered up to the usual α-equivalence. It allows
the renaming of the bound variables of a term M . For example, !(λx.(̄!y) x) and
!(λX.(̄!y) X) are each other α-equivalent.

The substitution of M for χ in N is denoted by N{M↓χ}. It is the obvious
extension to Λ of the capture-free substitution of terms for variables, defined for
the λ-Calculus [2] . For example, X{x↓X} yields x.

It can be observed that in the definition of the substitution the existence
of two sets of variables is overlooked. Both the dynamics on the terms of Λ
(introduced below), and the way we give a type to them with the formulas
of Intuitionistic Light Linear Logic (introduced in Section 3) will establish a
substitution policy about how correctly substitute terms for variables, as follows:
the substitution N{M↓χ} will become equivalent to a partial substitution that
behaves as usual only in one of the two, mutually exclusive, cases:

– if χ is an exponential identifier, then M must be either a !-box, or an expo-
nential identifier;
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– if χ is a linear identifier, then M can be any term.

Otherwise, the substitution is undefined. For example, X{x↓X} will not work.
The substitutions can be generalized to {M1↓ χ1 · · ·Mn↓ χn}, meaning the

simultaneous replacement of Mi for χi, for every 1 ≤ i ≤ n.
The notation M [N1, . . . , Nn] means that M may contain N1, . . . , Nn as its

sub-terms. In particular, !M [̄!N ] means that !M may contain !̄N as its sub-term.
Notice that, under the definition of Λ, the notation !M [̄!N ] is ambiguous: if we
let M be (x !̄X !̄Y ), then !M can be written both as !M [̄!X ] and !M [̄!Y ].

We shall use ≡ as syntactic coincidence.
Finally, a relation unpack on ⊗-tuples of terms is defined:

unpack(M1 ⊗ . . . ⊗ Mm, P1 ⊗ . . . ⊗ Pm{Nj1↓Xj1
· · ·Njn↓Xjn

}) iff
{j1, . . . , jn} ⊆ {1, . . . ,m} where 1 ≤ k �= i ≤ n implies jk �= ji ,

{k1, . . . , km−n} is {1, . . . ,m} \ {j1, . . . , jn} ,

Mji ≡!Qji [̄!Nji ] with Nji �≡ Z for any Z ,

if Mkl
is a !-box !Qkl

[̄!Nkl
], then Nkl

≡ Z for some Z ,

Pji ≡!Qji [̄!Xji ], Pkl
≡ Mkl

.

Dynamics. The rewriting system ❀ on Λ is the contextual closure of the union
of two rewriting relations ✄β and ✄d on Λ × Λ. The first is:

(λχ1⊗. . .⊗χm.M)M1⊗. . .⊗Mm ✄β

(λXj1⊗. . .⊗Xjn .M{· · · Pji↓χji
· · · Pkl↓χkl

· · · })Nj1⊗. . .⊗Njn

if unpack(M1 ⊗ . . . ⊗ Mm, P1 ⊗ . . . ⊗ Pm{Nj1↓Xj1
· · ·Njn↓Xjn

}) .

The relation unpack formalizes the idea that an exponential variable can du-
plicate both exponential variables and !-boxes, but nothing else. On the other
hand, every term can replace a linear variable. An example of ✄β-reduction is:

(λX⊗x.M) (!(λy.(̄!(wz))y)⊗(w′z′)) ✄β (λY.M{!(λy.(̄!Y )y)↓X
w′z′↓x})(wz) .

No problem arises replacing x by w′z′. The part of !(λy.(̄!(wz))y) that can be
duplicated by X , possibly occurring more than once in M , is only !(λy.(̄!Y )y).
So wz is kept as a single argument after the reduction.

The second rewriting relation merges the borders of two boxes:

�̄�M ✄d M with � ∈ {!, §} .

The α-equivalence must be used to avoid variable clashes when rewriting terms,
so that linear (respectively exponential) variables rename linear (respectively
exponential) variables.

The reflexive, and transitive closure of ❀ on Λ is ❀∗.
Finally, the pair 〈Λ,❀〉 is the functional language ΛLA.
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3 Intuitionistic Light Affine Logic

This section recalls the sequent calculus of Intuitionistic Light Affine Logic, and
decorates its inference rules by the terms of ΛLA. For a correct decoration we
need some adjustments of the logical formulas that the sequent calculus can
derive, with respect to [1].

Logical Formulas. Let α, β, γ range over the set of linear identifiers Fvars, and
let δ range over the set of exponential identifiers !Fvars. Let also ς range over
Fvars ∪ !Fvars. The language of the formulas of Intuitionistic Light Linear Logic
is generated by:

ρ, σ, τ ::= L | E

L ::= Fvars | ρ( σ | σ ⊗ τ | §τ | ∀ς.L
E ::= !Fvars | !ρ | ∀ς.E .

As usual, ∀ is a binder: the free variables of ∀ς1 . . . ςn.τ are FV(τ) \ {ς1 . . . ςn}
with FV(τ) having the obvious inductive definition. The formulas are taken up
to α-equivalence. The linear formulas are those generated by the grammar with
L as its start symbol. The exponentials start from E.

Any linear formula τ not having ⊗ as its principal operator is thought of as
a degenerate tensor, namely a tuple with a single element.

A basic set of assumptions is a set of pairs {χ1 : σ1, . . . , χn : σn} such that:

1. Every χi is an exponential (respectively linear) term variable if, and only if,
σi is an exponential (respectively linear) formula;

2. {χ1 : σ1, . . . , χn : σn} is a function with finite domain {χ1, . . . , χn}. Namely,
if i �= j then χi �= χj .

An extended set of assumptions is a basic set containing also pairs ℘ : σ, and
satisfying some constraints. Assume ℘ be χ1⊗. . .⊗χm. Then:

1. σ must be σ1⊗. . .⊗σp, with p ≥ m;
2. {χ1 : τ1, . . . , χm : τm} is a basic set of assumptions, where every τi is a,

possibly degenerate, tensor of formulas in {σ1, . . . , σp}.
For example, {X : δ, y : β} is a legal extended set. {X⊗x : δ, y : β} is not.

From now on, by “assumptions” we mean “extended set of assumptions”.
Meta-variables for ranging over the assumptions are Γ and ∆.

The substitutions on formulas replace linear (respectively exponential) for-
mulas for linear (respectively exponential) variables. The simultaneous substi-
tution of τ1 . . . τn for ς1 . . . ςn is denoted by {τ1↓ ς1 · · · τn↓ ςn}.

Logical Rules. We recall the sequent calculus for Intuitionistic Light Affine
Logic [1] by decorating it with the terms of ΛLA. The judgments have form:
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Γ � M : τ , where Γ is a set of assumptions, M is a term of ΛLA, and τ is a
formula. The decorated system is:

(Ax)
χ : τ � χ : τ

(Cut)
Γ � M : σ ∆, χ : σ � N : τ

Γ,∆ � N{M↓χ} : τ

(W)
Γ � M : τ

Γ, χ : σ � M : τ
(C)

Γ,X :!σ, Y :!σ � M : τ

Γ, Z :!σ � M{Z ↓X
Z ↓Y } : τ

((l)
Γ � M : σ ∆, χ : τ � N : ρ

Γ,∆, x : σ( τ � N{xM↓χ} : ρ
((r)

Γ, ℘ : τ1⊗. . .⊗τn � M : τ

Γ � λ℘.M : τ1⊗. . .⊗τn( τ

(⊗l)
Γ, χ1 : τ1, χ2 : τ2 � M : τ

Γ, χ1⊗χ2 : τ1⊗τ2 � M : τ
(⊗r)

Γ � M : τ ∆ � N : σ

Γ,∆ � M⊗N : τ⊗σ

(!)
. . . χi : σi . . . � M : τ 0 ≤ i ≤ n ≤ 1

. . . Xi :!σi . . . �!M{· · · !̄Xi↓χi · · · } :!τ

(§) . . . χi : τi . . . χ
′
j : σj . . . � M : τ 0 ≤ i ≤ m 0 ≤ j ≤ n

. . .Xi :!τi . . . xj : §σj . . . � §M{· · · !̄Xi↓χi · · · §̄xj↓χ′
j
· · · } : §τ

(∀l)
Γ, χ : {τ↓ ς}σ � M : ρ

Γ, χ : ∀ς.σ � M : ρ
(∀r)

Γ � M : σ ς �∈ FV(Γ )

Γ � M : ∀ς.σ
Observe that (!)-rule can have at most one assumption. So the notation !M [̄!N ]
can not be anymore ambiguous.

Observe that ΛLA gives a very parsimonious representation of the deriva-
tions. The contraction is left implicit, allowing multiple occurrences of the same
exponential variable. The pattern matching avoids the use of any let-like binder
that would require some commuting conversions in ❀. The representation of the
boxes is much more compact than that used in [1, 5, 6], and this prevents the
need of a lot of commuting conversions. Somebody might object about the (rel-
ative) complexity of the ✄β-reduction. It is the side effect of the lack of explicit
encoding for the (C)-rule. Assuming we have it, we could redefine ✄β simply as:

(λχ1⊗. . .⊗χm.M)M1⊗. . .⊗Mm ✄β M{M1↓χ1 · · ·Mm↓χm} .

In this case, the duplication of every Mi with form !Pi [̄!Qi] as many times as
the occurrences of every χi should be filtered by the explicit contraction. The
aim: forbidding the duplication of any Qi different from both an exponential
variable and a !-box. Moreover, the explicit term for contraction would induce
commuting conversions. Hence, we would pay in term of more reductions, and
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more constructs. So, the detailed encoding of the P-Time Turing machines in
Appendix A, and B would get (much) more unreadable.

The language ΛLA does not encode explicitly the II order quantification.
This only means that it has less reduction steps than Asperti’s original func-
tional notation to speak about the derivations of LAL [1]. So, the computational
complexity is preserved.

Splitting the logical formulas into linear and exponential ones is a conse-
quence of splitting the set of assumptions for the derivations. The logic, however,
is unchanged: as soon as the term decorations are forgotten, any difference on
the logical formulas can be forgotten as well.

4 Encoding P-Time Turing Machines

The encoding morally divides into two parts that we call quantitative and quali-
tative1. The quantitative part is relative to the representation of the polynomial
which bounds the computational complexity. The qualitative one is about en-
coding the transition function of the machine being encoded.

The quantitative part gets the representation of the initial tape as input. Its
main tasks are: calculating the integer B which bounds the number of computa-
tional steps, and using B for iterating the representation t fun of the transition
function. The qualitative part takes a configuration as input, namely a copy
of the representation of a tape and a state. The qualitative part implements
the transition function t fun which shifts the head of the machine on the tape,
according to the actual state and to the last character read.

We assume to encode a machine 〈Σ,S,F〉 where Σ is the input tape alphabet
{0, 1}, S is the set of states with cardinality m, F is the transition function
(Σ ∪ {�}) × S −→ Σ × S × {L,R}. The symbol � stands for the “blank” cell,
while L and R are the directions of the head moves. The head is supposed to
write a symbol into the last read cell of the tape, before moving. Among the
states in S, we distinguish the initial one S0. The alphabet Σ ∪ {�} is ranged
over by ζ, the set of states by S, and {L,R} by µ.

Configurations. A configuration is determined by a tape, a position of the
head on it, and a state. The representation we choose is:

λOO′ZZ ′JJ ′.§(λxx′.(χ1(. . . (χp x) . . . )⊗ χ′
1(. . . (χ

′
q x′) . . . ))⊗ statei) ,

where χi ∈ {̄!O, !̄Z, !̄J} with 1 ≤ i ≤ p, χ′
j ∈ {̄!O′, !̄Z ′, !̄J ′} with 1 ≤ j ≤ q, being

p, q ≥ 0. The type config of any term config like the one here above is:

config
def≡ ∀α.!(α( α)(!(α( α)(

!(α( α)(!(α( α)(

!(α( α)(!(α( α)(

§(α( α( (α⊗α⊗state)) ,
1 Lafont suggested this terminology.
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where state
def≡ ∀αβ.(

m︷ ︸︸ ︷
(α( β)⊗. . .⊗(α( β)⊗α)( β is the type of the terms

statei, each one representing an element of S, which, recall, has cardinality m.

Example 1. The configuration where the head is on � of the tape:

10 � 10 , (4.1)

and the actual state is Si, is encoded with:

λOO′ZZ ′JJ ′.§((λxx′ .̄!Z (̄!O x)⊗ !̄J ′(̄!O′(̄!Z ′ x′))) ⊗ statei) . (4.2)

The leftmost component of the tensor in the body of the λ-abstraction is the
part of the tape to the left of the head, in reversed order. The cell read by the
head, and the part of the tape to its right is the central component of the tensor.

States. The term statei is:

λx0⊗. . .⊗xm−1⊗v.xi v (0 ≤ i ≤ m − 1) .

Every statei is designed to extract a row from an array. The parameter xi stands
for the row, realized by a closed term. The parameter v stands for the variables
that the rows of the array would share additively, if they were not closed terms.
Namely, statei is the ith projection for the representation of an additive tuple
with Intuitionistic Light Affine Logic. We can summarize as follows the behav-
ior of statei on a tuple with two elements. Assume you want to encode a pair
containing two typable terms M and N of ΛLA, of which only one between them
will be used in the computation. Suppose also x1, . . . , xn be all the linear free
variables common to both M and N . Then M ⊗ N is not a legal term. It can
not be typed because any xj here above occurs twice in it, every xj requiring
an exponential type. This contrasts with the effective use of xj we are going to
do: since we assume to use either M , or N , every xj is eventually used linearly.
Like in [1], the pair is represented as the triple:

(λx1⊗. . .⊗xn.M)⊗ (λx1⊗. . .⊗xn.N)⊗ (x1⊗. . .⊗xn) .

The leftmost component M is extracted by means of a projection that applies
λx1⊗. . .⊗xn.M to x1⊗. . .⊗xn. The rightmost component N is obtained analo-
gously, by a projection that applies λx1⊗. . .⊗xn.N to x1⊗. . .⊗xn. Both every
statei, and the array, to which statei is applied, generalize the projections, and
the pair of the example here above.

Starting Configurations. Any starting configuration config0 has form:

λOO′ZZ ′JJ ′.§((λxx′.x ⊗ χ′
1(. . . (χ

′
q x′) . . . ))⊗ state0) ,

where every χ′
j ranges over {̄!O′, !̄Z ′}. Namely, the tape has only input characters

on it, and the head is on its leftmost input symbol: the part of the tape to the
left of the tape is empty. The term state0 encodes S0.
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4.1 The Quantitative Part

The quantitative part calculates the bound on the length of the computation
of the P-Time Turing machine encoded. We only state the main representa-
tion theorem. More details are in Appendix A. Assume p(x) be the polynomial∑ϑ

i=0 aix
i, associated to our Turing machine, with maximal non null degree ϑ.

Then, p(x) can be encoded by P in ΛLA with type int( §ϑ+3int, where:

int
def≡ ∀α.!(α( α)( §(α( α) .

Of course, p(n) = m, if, and only if, Pn evaluates to m, where, for every n ≥ 0:

n
def≡ λX.§(λy. !̄X(. . . (̄!X︸ ︷︷ ︸

n

y) . . . )) : int .

4.2 The Qualitative Part

The qualitative part implements the transition function of the P-Time Turing
machine being encoded.

Some preliminary definitions are worth giving:

I
def≡ λx.x : iα

π1
def≡ λx⊗y.x : boolα

π2
def≡ λx⊗y.y : boolα

Π111
def≡ λ(((x⊗y)⊗w)⊗z)⊗x′.x x′ : a boolα,β

Π112
def≡ λ(((x⊗y)⊗w)⊗z)⊗x′.y x′ : a boolα,β

Π12
def≡ λ(((x⊗y)⊗w)⊗z)⊗x′.w x′ : a boolα,β

Π2
def≡ λ(((x⊗y)⊗w)⊗z)⊗x′.z x′ : a boolα,β

iα
def≡ α( α

boolα
def≡ (α⊗α)( α

a boolα,β
def≡ ((((α( β)⊗(α( β))⊗(α( β))⊗(α( β))⊗α( β .

I is the identity and π1, π2 the projections on usual booleans, while Π111, Π112,
Π12, and Π2 are projections analogous to the states.

Moreover, let :ozj abbreviate o⊗o′⊗z⊗z′⊗ j⊗ j′, and let :OZJ stand for

!̄O⊗!̄O′⊗!̄Z⊗!̄Z ′⊗!̄J⊗!̄J ′. The respective types are: :α
def≡ iα⊗iα⊗iα⊗iα⊗iα⊗iα,

and :!α
def≡ !iα⊗!iα⊗!iα⊗!iα⊗!iα⊗!iα.

We are now ready for introducing the main terms.
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The encoding of the transition function is:

t fun
def≡

λcOO′ZZ ′JJ ′.§(λxx′.(comp :OZJ)

(§̄(c !(step Π111 !̄O) !(step Π111 !̄O′)

!(step Π112 !̄Z) !(step Π112 !̄Z ′)

!(step Π12 !̄J) !(step Π12 !̄J ′)

)(base Π2 x) (base Π2 x′)

)

) .

It gets a configuration c for yielding a new one. For example, substituting
(4.2) for c, the evaluation of the whole sub-term of t fun, which is argument

of (comp :OZJ), ends up with:

((Π112⊗ !̄Z)⊗ (̄!O x))⊗ ((Π12⊗ !̄J ′)⊗ (̄!O′(̄!Z ′ x′))) ⊗ statei . (4.3)

Namely, (4.2) iterates every step from base , both defined as:

step
def≡ λxy.λ(u⊗v)⊗z.(x⊗y)⊗(v z)

base
def≡ λxy.(x⊗I)⊗y ,

and extracts the topmost symbol of both parts of the tape, together with a
corresponding projection. The projection serves for choosing an element in a
row of an array. In particular, Π111 will always be associated to both !̄O and
!̄O′, Π112 to both !̄Z and !̄Z ′, and Π12 to both !̄J and !̄J ′. For a better exposition,
call “head pair” each pair like (Π112⊗ !̄Z) in (4.3) here above.

The definition of comp is:

comp
def≡ λ :ozj.λ(((hl

l⊗hr
l )⊗tl)⊗((hl

r⊗hr
r)⊗tr))⊗s.hl

r(s(table :ozj)) hr
l tl tr .

Firstly, (comp :OZJ) is a λ-abstraction containing the occurrences of the terms
!̄O, !̄O′, !̄Z, !̄Z ′, !̄J , and !̄J ′ among which choosing those that must be used for
generating the new configuration. The terms !̄O, !̄O′ . . . feed the transition table:

table
def≡ λ :ozj. (λx.(((Q0,1⊗Q0,2)⊗Q0,3)⊗Q0,4)⊗x) ⊗

...

(λx.(((Qm−1,1⊗Qm−1,2)⊗Qm−1,3)⊗Qm−1,4)⊗x)⊗ :ozj .

As said earlier, it represents an array. In our running example, the parameter
s of (comp :OZJ) is statei. Then s(table :ozj) is the ith row of the array. From
this row, the left component of the head pair (Π112⊗̄!Z) extract a term which is
responsible of moving the head. In this case it would be Qi2. With the head pair
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(Π111⊗ !̄O), the obtained element would be Qi1, while (Π12⊗ !̄J) would extract
Qi3. Finally, every Qij in table is one among the two shifting terms here below:

left ij
def≡ λ :ozj.λhltltr.(tl ⊗ hl(χ

l
ij tr))⊗ statelij

rightij
def≡ λ :ozj.λhltltr.(χ

r
ij(hl tl)⊗ tr)⊗ staterij ,

where χl
ij ranges over {o′, z′, j′}, and χr

ij over {o, z, j}. Every left and right term
describes what to do when moving the head leftward or rightward, respectively.
Of course, the form of table must be defined to satisfy the obvious link between
the encoding and the machine encoded. The link is: F〈ζ, S〉 �→ 〈ζ′, S′, µ〉 iff
the term hl

r (state (table :ojz)) of comp ❀-reduces to Q, where: if µ ≡ L, then
Q ≡ left [χl, state′], if µ ≡ R, then Q ≡ right [χr, state′], if ζ ≡ 1, then hl

r ≡ Π111,
if ζ ≡ 0, then hl

r ≡ Π112, if ζ ≡ �, then hl
r ≡ Π12, state encodes S, state′ encodes

S′, if ζ′ ≡ 1, then both χl ≡ o and χr ≡ o′, if ζ′ ≡ 0, then both χl ≡ z and
χr ≡ z′, if ζ′ ≡ �, then both χl ≡ j and χr ≡ j′.

For those who want to check that the compulsory requirement about t fun
is satisfied, namely, that t fun has an iterable type config ( config, we give
some hints about the intermediate typing: step : stepα,β , base : baseα,β , comp :
comp, table : tableα left ij : shiftα, and right ij : shiftα, where:

stepα,β
def≡ a boolα,β ( iα( σα,β ( σα,β

baseα,β
def≡ a boolα,β ( α( σα,β

compα
def≡ :α( ((σ�α,τα⊗σ�α,τα)⊗state)( (α⊗α⊗state)

tableα
def≡ :α( rowα⊗. . .⊗rowα︸ ︷︷ ︸

m

⊗ :α

rowα
def≡ :α( (((shiftα⊗shiftα)⊗shiftα)⊗shiftα)⊗ :α

shiftα
def≡ :α( τα

σα,β
def≡ ((a boolα,β⊗iα)⊗α)

τα
def≡ (α( α)( α( α( ((α⊗α)⊗state) .

It may help also saying that the projections Π111, Π112, Π12, Π2 are used in t fun
with the types a bool�α,τα here above, because they serve as actual parameter
for replacing hl

r in comp.

4.3 Gluing all Together

The whole encoding of the P-Time Turing machine with polynomial p(x) of
maximal non null degree ϑ is a term with type tape( §ϑ+5tape, where:

tape
def≡ ∀α.!(α( α)(!(α( α)(!(α( α)(!(α( α)( §(α( α( α) .
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The general scheme defining a term representing a tape is:

λOO′ZZ ′.§(λxx′.χ1(. . . (χp x) . . . )⊗ χ′
1(. . . (χ

′
q x′) . . . )) ,

where χi ∈ {̄!O, !̄Z} with 1 ≤ i ≤ p, χ′
j ∈ {̄!O′, !̄Z ′} with 1 ≤ j ≤ q, and p, q ≥ 0.

Appendix B has the details about the whole encoding of the Turing machine.
The relation between such encoding and the Turing machine is the obvious one:
if the Turing machine yields a tape to from an input tape ti on the alphabet
{0, 1}, the same relation holds between the encodings of ti and to thanks to the
term in Appendix B. Its main tasks are: feeding the quantitative part with an
integer, obtained from the initial tape, and feeding the qualitative part by the
starting configuration, namely the initial tape and the initial state.

5 On the Obvious Encoding

In [1], P-Time completeness of LAL is claimed to hold by saying that it can be
proved following [3], where the proof of P-Time completeness for Light Linear
Logic is sketched. The proof in [3] is developed on the obvious representation
of configurations. For example, the tape 10 � 10 with the head reading � in the
state si, would be:

λOZJ.§(λx.̄!Z (̄!O x)) ⊗ λOZJ.§(λx.̄!J (̄!O(̄!Z x))) ⊗ statei : config
′ , (5.1)

where statei encodes si, and:

config′
def≡ tape′ ⊗ tape′ ⊗ state′

tape′
def≡ ∀α.!(α( α)(!(α( α)(!(α( α)( §(α( α) ,

for some suitable type state′.
Any transition function t fun′ working on (5.1) needs to access the bodies of

the §-boxes of the λ-abstractions for producing a new configuration. This can be
done only by endowing t fun′ with a §-box as well, which border can be merged
with those in (5.1). Recall, indeed, that the boxes can not be opened in LAL,
but only merged. So, the use of a §-box in t fun′ gets recorded in the co-domain
of its type: config′ ( §config′. This type does not allow to iterate t fun′. As
can be seen in the definition of iter in Appendix A, the iteration works only on
terms with coinciding domain and co-domains. Since the encoding of the P-Time
Turing machines in LLL rests on iterating t fun′, we get stuck.

Our, more “parallel”, representation of the configurations allows to get an
encoding which of the P-TIME Turing machines in LAL. The differences between
the sequent calculi of LLL and LAL make ΛLA useless for verifying directly with
it that our encoding works on LLL as well. However, we do not see any reasons
why the principles our encoding rests on could not be used successfully on LLL.
The interested reader could try to follow our encoding idea on a Proof Nets
language for LLL. The Proof Nets would avoid useless syntax overheads, caused
by the high number of rules defining LLL.
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6 Conclusions

This paper has been written as consequence of an attempt to study Light Affine
Logic as a programming language, using Curry-Howard principles. The final aim
is writing a compact language for Light Affine Logic, which is automatically
typable, and P-Time complete. The study of the completeness led to the need
of writing down all the details about the encoding of a P-Time Turing machine
in Light Affine Logic, following [3]. Something went wrong, so the proof about
P-Time completeness of Light Affine Logic was still waiting to be worked out
correctly. This is what we have just done, also contributing with introducing a
very compact language to program feasible functions.
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A Details on the Quantitative Part

Let denote τ⊗. . .⊗τ , with n elements, by τn. Let p(x) be the polynomial
∑ϑ

i=0 aix
i

describing the computational bound of the Turing machine being encoded. Let

also κ = ϑ(ϑ+1)
2 . The term P encoding p(x) is defined as:

λx.§((λy1
0⊗. . .⊗yi0⊗. . .⊗yii−1⊗. . .⊗yϑ0 ⊗. . .⊗yϑϑ−1.

sum intϑ+2
ϑ+1 §1(coerc intϑ,0 §̄1〈〈a0x

0〉〉y0)

...

⊗§i+1(coerc intϑ−i,0 §̄i+1〈〈aix
i〉〉yi)

...

⊗§ϑ+1(coerc int0,0 §̄ϑ+1〈〈aϑx
ϑ〉〉yϑ)

) §̄(tuple intκ x)) : int( §ϑ+3int
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where:

〈〈ax0〉〉y �→ coerc int0,0 a : §int

〈〈axn〉〉y �→ mult intn 〈yn−1〉 (coerc intn−1,1 a) : §n+1int (n ≥ 1) ,

being y1 . . . yn the free variables of 〈〈axn〉〉y , and:

〈x0〉 �→ coerc int0,0 x0 : §int

〈xn〉 �→ mult intn 〈xn−1〉 (coerc intn−1,1 xn) : §n+1int (n ≥ 1)

being x1 . . . xn the free variables of 〈xn〉, and:

0
def≡ λX.§(λx.x) : int

1
def≡ λX.§(λx.̄!X x) : int

sum intn
def≡ λx1⊗. . .⊗xnX.§(λy.̄§(x1 X)(. . . (§̄(xn X) y) . . . )) : intn( int

sum intpn
def≡ λx1⊗. . .⊗xn.§p(sum intn §̄px1⊗. . .⊗§̄pxn) : (§pint)n ( §pint

succ int
def≡ λx.sum int2 1⊗x : int( int

succ intp,q
def≡ λx.§p(!q(succ int !̄

q
(§̄px))) : §p!qint( §p!qint

0p,q def≡ §p!q0 : §p!qint

coerc intp,q
def≡ λx.§(§̄(x !succ intp,q) 0 p,q

) : int( §p+1!qint

iter
def≡ λxXy.§(§̄(x X) §̄y) : int(!(τ ( τ )( §τ ( §τ

iterp
def≡ λxyz.§p(iter §̄px §̄py §̄pz) : §pint( §p!(τ ( τ )( §p+1τ ( §p+1τ

mult int
def≡ λxX.iter x !(λy.sum int !̄X y) 01,0

: int(!int( §int

mult intp
def≡ λxy.§p(mult int §̄px §̄py) : §pint( §p!int( §p+1int

tuple intn
def≡ λx.§(§̄(x !(λx1⊗. . .⊗xn.succ int x1⊗. . .⊗succ int xn)) 0n) :

int( §(intn)

where p, q ≥ 0 and n ≥ 1.

B Details on Gluing all Together: The Turing Machine

Let P : int ( §ϑ+3int be the term encoding the quantitative polynomial of
degree ϑ, and T the term encoding the table which the transition function F
rests on. The term encoding the Turing machine is defined as:

λt.config2tapeϑ+5(§((λt1⊗t2.iterϑ+3 (P (tape2int t1))

(§ϑ+3!T )

(starting configϑ+3 t2)

) §̄(dbl tape t))) : tape( §ϑ+5tape
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where, for every p, q ≥ 0 and n ≥ 1:

empty tape
def≡ λOO′ZZ′.§(λxx′.x⊗x′)

succ tapeχ,χ′
def≡ λtOO′ZZ′.§(λxx′.(λw⊗w′ .̄!χw⊗ !̄χ′w′)

(§̄(t O O′ Z Z′) x x′)

) : tape( tape

succ tapeχ
def≡ succ tapeχ,I : tape( tape

succ tapeχ′
def≡ succ tapeI,χ′ : tape( tape

dbl succ tapeχ′′
def≡ λx⊗y.(succ tapeχ′′ x)⊗(succ tapeχ′′ y) : tape2( tape2

merge tape
def≡ λw⊗z.λOO′ZZ′.§(λxx′.π1(§̄(w O O′ Z Z′) x I)

⊗π2(§̄(z O O′ Z Z′) I x′)

) : tape2( tape

merge tapep
def≡ λx⊗y.§p(merge tape §̄px §̄py) : (§ptape)2( §ptape

dbl merge tape
def≡ λw1

t ⊗w2
t ⊗z1

t ⊗z2
t .(merge tape w1

t z1
t )⊗(merge tape w2

t z2
t ) :

tape4( tape2

empty tapep
def≡ §pempty tape : §ptape

succ tapepχ
def≡ λt.§p(succ tapeχ §̄pt) : §ptape( §ptape

coerc tapep
def≡ λt.§(merge tapep (§̄(t !(succ tapepO) !(succ tapepO′)

!(succ tapepZ) !(succ tapepZ′)

) empty tapep empty tapep)) : tape( §p+1tape

config2tape
def≡ λcOO′ZZ′.§(λxx′.(λy⊗w⊗z.y⊗w)(§̄(c O O′ Z Z′) x x′)) :

config( tape

config2tapep
def≡ λc.§p(config2tape §̄pc) : §pconfig( §ptape

flatten tape
def≡ λx⊗y.λX.§(λz.π1(§̄(x X X X X)(π2(§̄(y X X X X) I z)) I)) :

tape2( int

tape2int
def≡ λt.flatten tape (̄§(t !succ tapeO !succ tapeO

!succ tapeO′ !succ tapeO′

) empty tape empty tape) : tape( int

starting configp
def≡ λt.§p+1(λOO′ZZ′.§(λxx′.§̄(§̄p+1(coerc tapep t) O O′ Z Z′) x x′

⊗state0)) : tape( §p+1config

dbl tape
def≡ λt.§(dbl merge tape (̄§(t !dbl succ tapeO !dbl succ tapeO′

!dbl succ tapeZ !dbl succ tapeZ′

) empty tape2 empty tape2

)) : tape( §(tape⊗config)

with χ ∈ {O,Z} ⇔ χ′ ≡ I , χ ≡ I ⇔ χ′ ∈ {O′, Z ′}, and χ′′ ∈ {O,O′, Z, Z ′}.
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On Guarding Nested Fixpoints
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Abstract. For every hierarchical system of equations S over some com-
plete and distributive lattice we construct an equivalent system with the
same set of variables which additionally is guarded. The price to be paid is
that the resulting right-hand sides may grow exponentially. We therefore
present methods how the exponential blow-up can be avoided. Especi-
ally, the loop structure of the variable dependence graph is taken into
account. Also we prove that size O(m · |S|) suffices whenever S originates
from a fixpoint expression where the nesting-depth of fixpoints is at most
m. Finally, we sketch an application to regular tree pattern-matching.

Keywords: guardedness, µ-calculus, distributive lattices, loop-connectedness.

1 Introduction

Since Kozen’s seminal paper [13] in 1983, the modal µ–calculus has been widely
used for specification and verification of properties of concurrent processes. Fix-
point expressions or (slightly more convenient) hierarchical systems of equations,
however, are considered to be difficult to understand – especially in presence of
deep nesting of alternating fixpoints. Therefore, various kinds of normal forms
have been suggested in order to ease both theoretical and practical manipu-
lations. One useful additional property of fixpoint expressions (or hierarchical
systems of equations) is guardedness.
A variable x is guarded in the expression e if x occurs only nested inside some
application, i.e., as f(. . . x . . .) for some operator f . A hierarchical system of
equations is called guarded if it does not contain a cyclic variable dependence
through unguarded variable occurrences only. Hierarchical systems of Boolean
equations only use “�” (least upper bound) and “�” (greatest lower bound)
in right-hand sides and thus no operators at all. Therefore, all occurrences of
variables in right-hand sides are unguarded. Consequently, finding equivalent
guarded systems means removing cyclic variable dependences completely. Such
acyclic systems can be solved in polynomial (even linear) time. Therefore, finding
equivalent guarded systems in general cannot be easier than computing solutions
of hierarchical systems of Boolean equations.
For hierarchical systems of equations over more complicated complete lattices
and with non-empty sets of operators, a guardedness transformation need not
necessarily break all cyclic variable dependences. It does, however, eliminate
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“useless” fixpoint iterations, namely those which can be removed without tou-
ching operator applications. This preprocessing has been used for simplifying
proofs about the µ-calculus [20], in automata constructions [10,16] or construc-
tions of direct proofs of satisfiability [9,11,17].
Notions related to guardedness have been considered in various contexts. In
recursive process definitions, guardedness is commonly assumed [1]. Guardedness
plays an important role in universal algebra for polynomial equations to have
unique solutions [5]. Uniqueness of solutions is also central when equations are
to be solved over metric spaces [2] (see also section 7).
It is well-known that hierarchical systems of equations can always be trans-
formed into equivalent guarded ones (see, e.g., [20,11]) – if not even part of the
“folklore”. Here, however, we are interested in designing efficient transformation
techniques which minimize the encountered overhead. We start our considera-
tions by separating the transformation into two stages (section 3). The first
stage performs a (appropriately generalized) control-flow analysis to determine
which subexpressions may arrive at which unguarded variables. In the second
phase then the actual transformation is performed. What is important here is
that each phase operates on the original system – simultaneously on all levels
of fixpoints. By this trick, we avoid a potential explosion in size through repea-
tedly feeding partially transformed systems (possibly of increased sizes) into the
same algorithm (e.g., as in [20,11]). While the number of variables of the system
produced by the two-stage transformation has not increased, sizes of right-hand
sides may have increased exponentially. In order to reduce this extra space, we
take into account, how the new right-hand sides are constructed through fixpoint
iteration. For arbitrary hierarchical systems, we obtain a new upper bound which
is related to structural properties of the variable dependence graph (section 5).
In the worst case, the blow-up in size of the system still can only be bounded
to be exponential in the alternation-depth of the original system. Therefore we
exhibit useful special classes where just a small polynomial increase suffices –
independent of the alternation-depth (section 6). In case of equations over lan-
guages of finite trees, we finally show how guardedness transformations can be
used to replace greatest fixpoints by least ones and thus to remove alternation
of fixpoints altogether. This observation can be exploited for compiling powerful
tree patterns to finite tree automata (section 7).

2 Hierarchical Systems of Equations

Instead of formally introducing fixpoint expressions, let us immediately consider
the slightly more flexible concept of hierarchical systems of equations. Assume
we are given a complete lattice D which, as such, is equipped with the binary
operations “�” (least upper bound) and “�” (greatest lower bound). Let Σ
denote a set of further operator symbols where each f ∈ Σ denotes a monotonic
function [[f ]] : D

k → D for some k ≥ 1. Operator symbols from Σ denote “real”
operations whose applications will not be touched by our transformations.
As right-hand sides of equations we allow expressions built up from formal varia-
bles from some set Z and constants by application of operators from Σ together
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with “�” and “�”. The set of all these expressions is denoted by EΣ,D(Z). Every
expression e ∈ EΣ,D(Z) denotes a function [[e]] : (Z → D)→ D. This function is
monotonic, since “�”, “�” and all operators from Σ are monotonic.
A hierarchical system of equations with free variables from F is a pair (S,H).
S is the finite basic set of equations z = ez, z ∈ Z, where for every z, ez is
an expression in EΣ,D(Z ∪ F), and H is a hierarchy on Z. A hierarchy consists
of a sequence H = (〈Zr, λr〉, . . . , 〈Z1, λ1〉) of mutually disjoint sets Zk where
Z = Zr ∪ . . . ∪ Z1 together with qualifications λk ∈ {µ, ν}. Zk is also called the
k-th block of variables, whereas length r of the hierarchy is called the alternation-
depth of S. Intuitively, hierarchy H on S describes the nesting of scopes of
variables within which fixpoint iteration is performed: iteration on variables from
the same block is performed jointly whereas iteration on variables from block Zi
should be thought of as nested inside the iteration on variables from Zj , i < j.

Example 1. Assume we are given the fixpoint expression
µx1.a � (µx2.f (x1, x2) � (x1 � (νx3.g x3 � (x2 � x3))))

A representation of this expression by a hierarchical system is obtained by intro-
ducing an extra equation for each fixpoint subexpression. For our example this
gives a set S consisting of:

x1 = a � x2 x3 = g x3 � (x2 � x3)
x2 = f (x1, x2) � (x1 � x3)

Hierarchy H is obtained by dividing the set of fixpoint variables into blocks of
fixpoints of the same kind for which fixpoint iteration can be performed jointly.
For our example expression, we choose H = (〈Z2, µ〉, 〈Z1, ν〉) where Z1 = {x3}
and Z2 = {x1, x2}. ��
Usually, if H is understood, we write S for the hierarchical system.
Fix some 1 ≤ k ≤ r, and let Z(k) = Zk ∪ . . . ∪ Z1. Then the k–th subsystem Sk
of S is given by the set of equations z = ez, z ∈ Z(k), together with hierarchy
Hk = (〈Zk, λk〉, . . . , 〈Z1, λ1〉). Note that the free variables of Sk are contained
in F ∪ Zr ∪ . . . ∪ Zk+1.
An environment ρ for S is a mapping ρ : F → D. The semantics [[S]] ρ of S in
D relative to environment ρ is a mapping Z → D defined by induction on the
alternation-depth r. For r ≥ 1, consider the monotonic function G : (Zr → D)→
Zr → D given by G σ z = [[ez]] (ρ+ σ + [[Sr−1]] (ρ+ σ)) where Sr−1 is empty in
case r = 1. Note that we use the “+”–operator to combine two functions with
disjoint domains into one. In case Zr is qualified as µ, let σ̄ denote the least
fixpoint of G. Otherwise, let σ̄ denote the greatest fixpoint of G. Then [[S]] ρ is
defined by [[S]] ρ z = σ̄ z if z ∈ Zr and [[S]] ρ z = [[Sr−1]] (ρ+ σ̄) z otherwise.
The set U [[e]] of unguarded variables occurring in e is inductively defined by:

U [[d]] = ∅ (d ∈ D)
U [[z]] = {z} (z a variable)
U [[f (e1, . . . , ek)]] = ∅ (f ∈ Σ)
U [[e1 � e2]] = U [[e1]] ∪ U [[e2]]
U [[e1 � e2]] = U [[e1]] ∪ U [[e2]]

Sequence z1, . . . , zm of variables of S is called unguarded cycle if zm occurs
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unguarded in ez1 and likewise, for j = 2, . . . ,m, zj−1 occurs unguarded in ezj .
System S is guarded iff S does not contain unguarded cycles.

Example 2. Consider the hierarchical system of equations from ex. 1. It contains,
e.g., the unguarded cycle x2, x3. ��
When analyzing guardedness of hierarchical systems, we find it useful to assume
w.l.o.g. that right-hand sides e of variables are of one of the following forms:
1. e is a Boolean expression, i.e., in E∅,{⊥,�}[Z ∪ F ]; or
2. e is an operator application f (e1, . . . , ek), k ≥ 1, or a constant from D.

This special form can always be achieved, possibly by introduction of extra
auxiliary variables for constants and operator applications.

Example 3. Consider our hierarchical system from ex. 1. We introduce extra
variables y1, y2, y3 for expressions a, f (x1, x2) and g x3, respectively, and obtain
the equations:

x1 = y1 � x2 y1 = a x3 = y3 � (x2 � x3) y3 = g x3
x2 = y2 � (x1 � x3) y2 = f (x1, x2)

The new hierarchy is obtained by adding the new variables to the corresponding
blocks: (〈{x1, x2, y1, y2}, µ〉, 〈{x3, y3}, ν〉). ��

3 The Basic Transformation

A lattice D is called distributive iff it has a least element ⊥, a greatest element �
and the equations a�(b�c) = (a�b)�(a�c) and a�(b�c) = (a�b)�(a�c) hold
for all a, b, c ∈ D. Let B = {⊥ � �} denote the Boolean lattice, and for (finite)
set Y, B[Y] denote the complete lattice consisting of all monotonic functions
(Y → B)→ B. Facts 1 and 2 are well-known:

Fact 1 Every element φ ∈ B[Y], can be uniquely represented by its minimal
disjunctive normal form, i.e., φ = m1 � . . . � mk where mi = �y∈Yi

y for
pairwise incomparable subsets Yi ⊆ Y. ��

Fact 2 Every mapping ρ : Y → D, D a distributive lattice, can be uniquely
extended to a mapping ρ∗ : B[Y]→ D with the following properties:
• ρ∗ y = ρ y for every y ∈ Y;
• ρ∗⊥ = ⊥ and ρ∗� = �;

• ρ∗ (φ1 � φ2) = ρ∗ φ1 � ρ∗ φ2;
• ρ∗ (φ1 � φ2) = ρ∗ φ1 � ρ∗ φ2. ��

A mapping with the properties listed in fact 2 is also called morphism (between
distributive lattices). Fact 2 states that B[Y] is the free distributive lattice (ge-
nerated from Y). Because of facts 1 and 2, we no longer distinguish between
elements in B[Y] and expressions built up from constants ⊥,� and variables in
Y by means of applications of � and �. We obtain:

Proposition 3. Assume S is a hierarchical system of equations x = ex, x ∈
X , over distributive lattice D with free variables from F where each right-hand
side ex is contained in B[X ∪ F ]. Then for every environment ρ : F → D,

ρ∗ ([[S]] ∅ x) = [[S]] ρ x for all x ∈ X . ��
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Here, the semantics of S on the left-hand side in the equation is computed over
B[F ] w.r.t. the empty environment whereas on the right-hand side it is computed
over D where the values for the free variables are taken from ρ.
Assume S is a hierarchical system of equations z = ez, z ∈ Z, of alternation
depth r where the hierarchy of S is given by H = (〈Zr, λr〉, . . . , 〈Z1, λ1〉). Let X
and Y denote the sets of variables with Boolean expressions as right-hand sides,
and of variables with constants or operator applications as right-hand sides,
respectively, and Zk ∩ X = Xk. Moreover, let S̄ denote the subsystem of S for
variables in X . Thus, all the variables in Y are free variables of S̄.
For k = 1, . . . , r, let Fk denote the set of free variables of subsystem Sk. Then
construct Dk = B[Y∪Fk], and let σ̄k : (Xk∪ . . .∪X1)→ Dk denote the semantics
of S̄k over Dk relative to the empty environment. We define a new hierarchical
system S′ with the same hierarchy as S but the following set of equations:

x = σ̄k x, x ∈ Xk, 1 ≤ k ≤ r y = ey, y ∈ Y
In S′, variables from Xj may occur unguarded only in right-hand sides of varia-
bles from Xi where i < j. Thus, system S′ is guarded.

Example 4. Consider the hierarchical system from ex. 3. The set of free variables
is empty whereas the set Y of variables for operator applications and constants
is given by Y = {y1, y2, y3}. We obtain:

σ̄2 x1 = y1 � y2 σ̄2 x2 = y2 � (y1 � y3) σ̄1 x3 = y3 � x2

Consequently, the newly constructed hierarchical system is constituted by the
same hierarchy H = (〈{x1, x2, y1, y2}, µ〉, 〈{x3, y3}, ν〉) together with the equati-
ons:
x1 = y1 � y2 y1 = a x3 = y3 � x2 y3 = g x3
x2 = y2 � (y1 � y3) y2 = f (x1, x2)

��

We claim:

Theorem 1. Assume S is a hierarchical system of equations over a complete
and distributive lattice. Then S and the guarded system S′ are equivalent.

Proof. The following two observations can be deduced from prop. 3:

Fact 4 Assume 1 ≤ k ≤ r.
1. Then σ̄k−1 is the unique solution over Dk−1 of the set of equations

x = σ̄j x x ∈ Xj , j < k.

2. Assume the k-th block of S̄ is qualified µ (ν). Then σ̄k is the least (greatest)
solution over Dk of the set of equations

x = ex, x ∈ Xk x = σ̄k−1 x, x ∈ Xj , j < k ��
With fact 4 we prove for k = 1, . . . , r all ρ and z ∈ Zk that [[Sk]] ρ z = [[S′

k]] ρ z.
Assume this assertion holds for Sk−1 (if it exists). We successively will transform
Sk into the system S′

k. Each of the applied steps will preserve the semantics for
the variables in Zk.
Step 0:We replace the subsystem Sk−1 of Sk (if existing) with S′

k−1. Subsystems
Sk−1 and S′

k−1 are equivalent by induction hypothesis. In the following, we only
transform the k-th block and within this block only the equations with left-hand
sides not from Y. Let us call this the Boolean part of the k-th block.



On Guarding Nested Fixpoints 489

Step 1: We add a fresh variable x′ to (the Boolean part of) the k-th block for
every x ∈ Xj , j < k, together with the equation x′ = σ̄j x. Thus, the new right-
hand side of variable x′ is a copy of the right-hand side of the corresponding
variable x. Therefore they evaluate to the same values, and we can replace every
occurrence of x ∈ Xj , j < k, in the Boolean part of the k-th block with the
corresponding variable x′.
Step 2: By Bekic principle [3,16], the resulting k-th block is equivalent to a
block where the right-hand sides of the x′ equal the (unique) solution {x′ | x ∈
Xj , j < k} → Dk−1 of the corresponding subset of equations. By fact 4.1, this
solution is given by x′ �→ σ̄k−1 x. Therefore in step 2, we replace the right-hand
side of x′, x ∈ Xj , j < k, with σ̄k−1 x.
Step 3: In the Boolean part of the k-th block, we now rename every variable
x ∈ Xk with corresponding x′, and add new equations x = x′, x ∈ Xk.
Thus, step 3 consists in splitting of the fixpoint computation for the k-th block
into an inner iteration on the primed variables x′ within the Boolean part, ne-
sted inside an iteration on the unprimed variables x. This again preserves the
semantics (see, e.g., [3,16]).
Step 4: Assume w.l.o.g. that block k in Sk is qualified µ. By fact 4.2, the least
solution of the set of equations over Dk with left-hand sides x′, x ∈ Xj , j ≤ k, is
given by x′ �→ σ̄kx. Therefore again by Bekic principle, we now can replace the
right-hand sides of all x′ with σ̄k x.

Example 5. Consider the hierarchical system of equations from ex. 3 and let
k = 2. Then S′

1 is given by the equations
x3 = y3 � x2 y3 = g x3

together with the hierarchy (〈{x3, y3}, ν〉). This part of the system will remain
unchanged throughout the construction. The only block of equations which we
are going to modify is the k-th (i.e., second) block. Initially, it is given by:

x1 = y1 � x2 y1 = a
x2 = y2 � (x1 � x3) y2 = f (x1, x2)

Step 1 adds variable x′
3 with right-hand side σ̄1 x3 = y3 � x2 and results in the

set of equations:
x1 = y1 � x2 x′

3 = y3 � x2 y1 = a
x2 = y2 � (x1 � x′

3) y2 = f (x1, x2)
Notice that the reference to x3 in the equation for x2 has been replaced by a
reference to the new variable x′

3. Step 2 is vacuous in this example. Step 3 then
renames xi with x′

i (i = 1, 2) and then adds the equations xi = x′
i. It results in

the set of equations:
x1 = x′

1 x′
1 = y1 � x′

2 x′
3 = y3 � x′

2 y1 = a
x2 = x′

2 x′
2 = y2 � (x′

1 � x′
3) y2 = f (x1, x2)

The least solution of the equations for x′
1, x

′
2, x

′
3 over D2 = B[{y1, y2, y3}] is

σ̄ x′
1 = y1 � y2 σ̄ x′

2 = y2 � (y1 � y3) σ̄ x′
3 = y3 � y2

which precisely equals x′
i �→ σ̄2 xi. Thus, σ̄ gives the new right-hand sides for

the x′
i in step 4. ��

After step 4, the primed variables do no longer occur in right-hand sides – besides
in the equations x = x′. Therefore, we can replace these equations by x = σ̄k x



490 H. Seidl and A. Neumann

and subsequently remove all variables x′ together with their defining equations.
The resulting system precisely equals S′

k, and we are done. ��

Our construction of an equivalent guarded system is an improvement of the
“classical” folklore method for fixpoint expressions sketched in [20,17,11] which
introduces a huge (even doubly exponential) increase in size. Note, however, that
for the case of fixpoint expressions, our methods will allow us even to construct
an equivalent guarded hierarchical system of polynomial size (see section 6).
The present transformation prepares the ground for such further improvements
in the construction since it allows to clearly separate the transformation into two
stages. The first stage computes the mappings σ̄k, k = 1, . . . , r, whereas only
the second stage ultimately transforms S.
Let n ≤ m ≤ |S| denote the numbers of elements in X and in X ∪ Y ∪ F ,
respectively. Then each value in Dk can be represented by an expression of size
O(m · 2m). The overall size of the transformed system therefore is bounded by
O(|S|+n ·m ·2m). In order to improve on the (potentially) exponential space to
store the expressions σ̄k x we take into account how the σ̄k can be constructed.

4 Blind Algorithms

Assume we are given a (finite) set S of equations over some lattice D without free
variables and cyclic variable dependences. Then S has a unique solution σ which,
given a suitable topological ordering x1 < . . . < xn of the variables, can be com-
puted by successively evaluating the right-hand sides for xi, i = 1, . . . , n. In this
sense, we can view S as a straight-line program computing variable assignment
σ. Therefore, our goal can be rephrased to design efficient straight-line programs
that compute variable assignments σ̄k. In contrast to straight-line programs, we
will allow redefinitions of variables and use programming-language constructs as
for-loops or switch-statements whose conditions, however, may not depend on
D-valued variables. Formally, this can be assured by viewing the lattice elements
as abstract values for which there are assignments and operations � and �, but
which are lacking any kind of comparison. Let us call such algorithms blind.
Every terminating blind algorithm can be unrolled into a finite sequence of
variable assignments. By possibly introducing auxiliary variables, we can always
bring this sequence into single-assignment form. Therefore, we obtain:

Fact 5 For every terminating blind algorithm computing σ : X → D, there is a
straight-line program computing a variable assignment σ′ which uses the same
number of operations in D such that σ x = σ′ x for all x ∈ X . ��

We conclude that time complexity of blind algorithms for computing σ̄k, k =
1, . . . , r, directly can be translated into the output space of corresponding guar-
dedness transformations. In the following, we therefore will design efficient blind
algorithms for computing the semantics of hierarchical equation systems over
distributive complete lattices with Σ = ∅, i.e., operators only from {�,�}.
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forall (x ∈ X ) x = ⊥;
for (j = 1, j ≤ k, j++) {

forall (x ∈ X ) x′ = ex;
forall (x ∈ X ) x = x′;

}

Fig. 1. Lock-Step Iteration.

5 The General Case

Let S denote a set of equations x = ex, x ∈ X , without free variables. over
a distributive lattice D where Σ = ∅. The first algorithm one may think of
is lock-step iteration as in fig. 1. This algorithm successively computes the n-
th approximation of the least fixpoint. Since all values of the next round are
computed w.r.t. the old values of the variables, we use a set {x′ | x ∈ X} of fresh
variables to receive the new values. These are then copied into the x ∈ X .
The algorithm from fig. 1 finds the least fixpoint after k = #X rounds. A straight
forward application to hierarchical systems would successively remove fixpoints
outside-in by an appropriate unrolling. The structure of variable dependences,
however, is not taken into account. Therefore, we prefer to replace lock-step
iteration with a Round-Robin strategy. For (intra-procedural) data-flow analysis,
such an approach has been considered, e.g., by Kam and Ullman [12].
The (variable) dependence graph of the set of equations S is the directed graph
G = (X , E) where E consists of all edges (x1, x2) where variable x1 occurs in the
right-hand side of variable x2. A set B of edges of G is called set of back-edges
if G without edges from B is a dag. The maximal number of edges from B on
any cycle-free path in G is called loop-connectedness of G (relative to B).
Notice that the loop-connectedness of G relative to B is at most #B or even
#{v | (u, v) ∈ B} which sometimes is less. Deciding in general whether the
loop-connectedness relative to some B is ≥ k for arbitrary k is NP-complete [7].
Determining a set of back-edges which minimizes the loop-connectedness seems
to be an even harder problem. In case, however, graph G is “well-structured”
(reducible), polynomial algorithms are known both for computing such mini-
mal B as well as the corresponding loop-connectedness [7] (see [8] for precise
definitions of reducibility). The polynomial algorithm for reducible graphs also
provides us with a heuristics (running in linear time) to compute small sets B
of back-edges in arbitrary graphs: just determine a DFS forest T of G, and then
choose B as the set of all edges (u, v) of G where v is an ancestor of u w.r.t. T .
The resulting set B is at least locally minimal in so far as no proper subset is a
set of back-edges for G as well.
A good choice for a set B of back-edges as well as a safe approximation of the
loop-connectedness relative to B will do for all our subsequent constructions.
Worse B as well as less accurate approximations for the loop-connectedness may
result in larger outputs but will not affect the correctness of the construction.
Any choice of B, however, will provide us with an algorithm which is not worse
than the lock-step algorithm. For the following let us fix a suitable set B of
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for (i = 1, i ≤ n, i++) xi = ⊥;
for (j = 1, j ≤ k, j++)

for (i = 1, i ≤ n, i++) xi = ei;

Fig. 2. Round-Robin Iteration.

back-edges. Let < denote a topological ordering of the variables in X w.r.t. to
the dag obtained from G by removing all edges from B. Assume this ordering
is given as x1 < x2 < . . . < xn where the right-hand side for xi is given by
ei. Then the new strategy loops through all variables where for variable xi+1
we use those values for variables x1, . . . , xi which already have been computed
within the same round. The version for least solutions is shown in fig. 2. The dual
version for greatest fixpoints differs in that values of variables xi are initialized
with � (instead of ⊥). For the case of least solutions, we prove:

Proposition 6. The Round-Robin algorithm of fig. 2 computes the least solution
of S in c+ 1 rounds where c equals the loop-connectedness of S (relative to B).

Example 6. Consider the set of equations (with Σ = ∅) given by:
x1 = y1 � x2 x2 = y2 � (x1 � x3) x3 = y3 � x2

The variable dependence graph is shown in fig. 3. One set of back-edges is given

x1 x2 x3

Fig. 3. The Variable Dependences for Ex. 6.

by B = {(x1, x2), (x2, x3)}. The loop-connectedness relative to B is 2. Another
set of back-edges, however, is given by B′ = {(x3, x2), (x1, x2)}. For set B′, the
loop-connectedness equals 1 implying that Round-Robin iteration according to
ordering x2 < x1 < x3 terminates already after 2 rounds. Starting with initial
values ⊥, we obtain:

x2 x1 x3
1 y2 y1 � y2 y3 � y2
2 y2 � (y1 � y3) y1 � y2 y3 � y2

��
Proof of prop. 6. For simplicity, let us assume that right-hand sides ei are of
one of the forms a ∈ D, xj , xj � xk or xj � xk for xj , xk ∈ V . The sets Ii of
intersection trees for xi, i = 1, . . . , n, inductively are defined as follows:
• If ei ∈ D, then xi ∈ Ii;
• If ei ≡ xj , then xi(I) ∈ Ii for every I ∈ Ij ;
• If ei ≡ xj � xk, then xi(I) ∈ Ii for every I ∈ Ij ∪ Ik;
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G(1) : x1 x2 x3 G(2) : x1 x2 x3

Fig. 4. The Graphs G(1) and G(2) for Ex. 3.

• If ei ≡ xj � xk, then xi(Ij , Ik) ∈ Ii for every Ii ∈ Ij and Ik ∈ Ik.
I is called cycle-free iff no path in I has more than one occurrence of the same
variable. Each intersection tree I ∈ Ii represents a value [[I]], namely, the meet
over all values corresponding to the leafs of I. Formally, [[I]] is defined as follows:

[[xi]] = d if ei ≡ d ∈ D

[[xi(I)]] = [[I]]
[[xi(I1, I2)]] = [[I1]] � [[I2]]

Let σ : X → D denote the least solution of S. Then σ xi =
⊔{[[I]] | I ∈ Ii},

xi ∈ X . Now consider an intersection tree I ∈ Ii which is not cycle-free. Then
we can construct a cycle-free I ′ ∈ Ii such that [[I]] = [[I ′]] � d for some d ∈ D

implying that [[I]] � [[I ′]]. Hence, it suffices to take least upper bounds just over
cycle-free intersection trees. Thus the following claim implies our assertion:
Claim: Assume j ≥ 1. After round j, the value of xi is an upper bound for [[I]]
whenever I ∈ Ii is cycle-free and has at most j − 1 back-edges on every path
from a leaf to the root. ��
In presence of distributivity, our prop. 6 can be seen as a generalization of Kam
and Ullman’s result [12] to more general forms of systems of equations.
Let us apply prop. 6 to hierarchical systems with Σ = ∅. We propose an itera-
tion strategy which for alternation-depth r consists in r nested for-loops. Each
iteration of the outermost loop first evaluates the variables from block r; then it
descends into an iteration on the variables of the lower blocks.
Assume G = (X , E) is the variable dependence graph of hierarchical system S.
We construct directed graphs G(k), k = 1, . . . , r, as follows.
• The set of vertices of G(k) is given by X ;
• The set of edges of G(k) consists of all pairs (z, x) where x ∈ Xk and z
occurs in ex (primary edges) together with all pairs (x, z) where x ∈ Xk,
z ∈ Xj , j < k, and there is a path in G(k−1) from x to z (derived edges).

Let ck denote the minimal loop-connectedness of G(k) relative to sets of back-
edges consisting of primary edges only. Then the variables in Xk can be arranged
in such a way that (ck + 1) iterations of the k-th for-loop are sufficient. We call
ck the k-th derived loop-connectedness.

Example 7. Consider the hierarchical equation system of ex. 3. The graphs G(1)

and G(2) are shown in fig. 4. Since G(1) has only a self-loop, derived loop-
connectedness c1 equals 0. The other graph, G(2), has already been considered
in ex. 6. There we found as set of back-edges B′ = {(x3, x2), (x1, x2)}. Since all
edges in B′ are primary, we conclude that c2 = 1. ��
Let nk denote the number of variables of the k-th block. By construction, ck ≤ nk
for all k. Recall that (n1 + 1) · . . . · (nr + 1) ≤ (nr + 1)r where n = n1 + . . .+ nr.
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Combining theorem 1 with the sketched blind algorithm, we obtain:

Theorem 2. Assume S is a hierarchical system of equations with n variables
and alternation-depth r over a complete and distributive lattice, and let c1, . . . , cr
denote the sequence of derived loop-connectednesses. Then an equivalent1 guarded
hierarchical system can be constructed of size

O(r · (c1 + 1) . . . (cr + 1) · |S|) ≤ O(r · (nr + 1)r · |S|). ��
The size of the resulting system is linear in the size of S but still may be expo-
nential in the alternation-depth. Observe, however, that the left estimation of
theorem 2 usually is sharper than the right bound which just counts variables
and ignores variable dependences.

6 Polynomial Special Cases

Often, the variable dependences of (hierarchical) systems are not “arbitrary”. In
particular, this is the case when the system is derived from a fixpoint expression
as in ex. 1. The key idea for this case is to recursively descend into strongly
connected components. We obtain a forest-like decomposition similar to [4,6].
Assume G is a directed graph. A decomposition forest (df for short) w for a set
V of nodes of G is defined as follows. If V = ∅, then w = ε (the empty list of
trees). Otherwise, let G′ denote the subgraph of G with nodes in V .
Case 1: G′ is strongly connected. Then w = (w′, x) where x ∈ V and w′ is a df
for V \{x}. We call x exit of strong component G′.
Case 2: G′ is not strongly connected. Then w = w1 . . . wk, k > 1, where wj is
a df for Vj , and the sequence V1, . . . , Vk is a topological ordering of the strong
components of G′, i.e., whenever an edge of G′ goes from Vi to Vj , then i ≤ j.
Thus, a df is obtained from G by recursively applying two steps: first, decompo-
sition into strongly connected components; second, extracting exits from these.
depth(w, x) of variable x relative to df w equals the number of parentheses within
which x is nested. Formally, if w = (w1, x1) . . . (wk, xk) then depth(w, xj) = 1
for j = 1, . . . , k, and for x occurring in wj , depth(w, x) = 1 + depth(wj , x). The
depth of w then is the maximal depth of a variable occurring in w.
Every directed graph has decomposition forests, but only “well-structured” gra-
phs have decomposition forests which are exit-post-dominated. Here, w is an
exit-post-dominated df (edf for short) iff w is a df where for every subtree (v, h)
of w and every edge (x, y), x in (v, h) and y not in (v, h) implies x = h.

Example 8. Consider the hierarchical system from ex. 3. Then a df for the va-
riable dependence graph of S̄ is given by w = (((ε, x3), x2), x1). Df w is indeed
exit-post-dominated. Observe that the exits in this decomposition are nothing
but the fixpoint variables of the expression. Another edf, however, which has
smaller depth is given by w′ = ((ε, x1)(ε, x3), x2). ��
The post-dominator relation can be computed in polynomial time [19]. Therefore,
it takes only polynomial time to decide whether or not a graph has an edf and,
1 up to extra auxiliary variables, of course
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solve(w) {
switch (w) {
case ε : return;
case (w1, x)w2 : scan(w1, x);

solve(w1);
solve(w2);

} }

scan(w) {
switch (w) {
case ε : return;
case (w1, x)w2 : x = ⊥;

scan(w1);
x = ex;
scan(w2);

} }

Fig. 5. The EDF-Algorithm for w.

in case it has, to construct such an edf. Our new algorithm for equation systems
over distributive lattices with Σ = ∅ corresponding to edf’s is shown in fig. 5. It
processes one strong component after the other; within a strong component, it
first performs a scan over the whole component. This scan evaluates each variable
within the strong component from left to right. After this scan, the final value
for the exit has been reached. Then the algorithm descends one level down the
edf w. Note that this recursive call of solve reinitializes each variable in the sub-
forest. In case, we are just interested in the least solution, this reinitialization
can be abandoned. This is no longer possible, however, for alternating fixpoints.

Proposition 7. Assume S is a set of equations x = ex, x ∈ X , without free
variables over a distributive lattice where Σ = ∅, and w is an edf of the variable
dependence graph of S. Then:
1. The edf-algorithm from fig. 5 computes the least solution of S.
2. It evaluates each variable x exactly depth(w, x) times. ��

The correctness of the edf-algorithm crucially depends on w being exit-post-
dominated. The advantage of this algorithm (whenever applicable), however, is
that some variables may be evaluated significantly fewer times than others. Also,
if we are only interested in the variables of an upper fragment of w, reevaluation
of the remaining variables can be discarded. The other advantage is that it can
be extended to hierarchical systems of equations – without further increase in
complexity. Assume S is a hierarchical system of equations where Σ = ∅. Let G
denote the variable dependence graph (i.e., the one obtained from S by ignoring
the hierarchy). An edf w for G is leveled iff for each subtree t = (w′, h) of w,
variable h has a block number which is at least as big as the block number of
every variable occurring in t. We say that S is expression-like iff G has a leveled
edf.
The main motivation for this definition is that the hierarchical equation systems
derived from fixpoint expressions naturally have leveled edf’s as defined above.
Expression-like hierarchical systems, however, are more “liberal” than fixpoint
expressions, e.g., by allowing sharing of identical subsystems.
Let us now modify the algorithm from fig. 5 by changing procedure scan to
initialize x = � whenever x is a greatest-fixpoint variable and x = ⊥ otherwise.
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Proposition 8. Assume S is a hierarchical system of equations without free
variables over a distributive lattice with Σ = ∅. If w is a leveled edf for the de-
pendence graph of S, then the modified edf-algorithm for w computes [[S]] ∅. ��

Example 9. Consider the hierarchical system from ex. 1 together with edf w′ =
((ε, x1)(ε, x3), x2). First, let us determine the values of σ̄2 for x1 and x2 in
B[{y1, y2, y3}]. The computation of the modified edf-algorithm produces the fol-
lowing sequence of variable evaluations:

x1 : y1 x3 : y3 x2 : y2 � (y1 � y3) x1 : y1 � y2

Final results for σ̄2 are enclosed into frame boxes. Notice that we avoided reeva-
luation of x3, since the values of σ̄2 are just needed for variables from the second
block. In order to compute σ̄1 for x3 from the first block, we switch the lattice
to D1 = B[{y3, x1, x2}]. One single evaluation step yields σ̄1 x3 = y3 � x2. ��
Combining theorem 1 with prop. 8, we obtain:

Theorem 3. Assume S is a hierarchical system of equations over a complete
and distributive lattice where S̄ is expression-like. Then an equivalent guarded
hierarchical system can be constructed of size O(m · |S|) where m is the depth of
a leveled edf for the dependence graph of S̄. ��
Applied to some fixpoint expression e, theorem 3 states that an equivalent gu-
arded hierarchical system of equations can be constructed which is just a factor
m larger (m the depth of nesting of fixpoints in e).
Another important subclass of (hierarchical) systems of equations is obtained
by restricting the usage of “�”. Assume S is a hierarchical system of equations
with Σ = ∅. S is called disjunctive iff each right-hand side e is of the form

e :: =x | d | e1 � e2 | e � d

where x denotes a variable and d elements in D. This special form is the ge-
neralization of disjunctive Boolean equation systems as considered by Mader
[14] to arbitrary distributive lattices. They closely correspond to distributive
fixpoint expressions [18]. A simplification of the ideas from the latter paper can
be applied to reduce the alternation-depth beforehand to (at most) 2. Using this
transformation together with the technique from section 5, we obtain:

Theorem 4. Assume S is a hierarchical system of equations over a complete
and distributive lattice where S̄ is disjunctive. Then an equivalent guarded hier-
archical system can be constructed of size O((n + 1) · (c + 1) · |S|) where n is
the number of greatest fixpoint variables and c is the loop-connectedness of the
variable dependence graph of S̄. ��

7 Applications

Guardedness transformations are especially useful whenever operator applicati-
ons are “contracting” in some sense. Let us make this idea precise. Let D denote
a complete lattice. Let us consider a metric δ on D which satisfies the following
properties:
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(1) δ(d1, d2) ≤ max(δ(d1, d), δ(d, d2))
(2) δ(d � d1, d � d2) ≤ δ(d1, d2)
(3) δ(d � d1, d � d2) ≤ δ(d1, d2)

for all d, d1, d2 ∈ D. A metric satisfying (1) is also called ultra-metric. In case,
inequalities (2) and (3) hold, we call δ invariant. We illustrate these definitions
by the following example.
Example 10. Let TΣ denote the set of languages of finite trees over signature
Σ. Then TΣ is a complete and distributive lattice (w.r.t. set inclusion as natural
ordering). On TΣ we define δ(L1, L2) = 2−h where h is the minimal depth of a
tree in the symmetric difference of L1 and L2. Then δ is a metric which satisfies
inequalities (1), (2) and (3). ��
Operator f : D

k → D is called contracting, iff there exists some 0 < λ < 1 such
that for all di, d′

i ∈ D and every j, δ(f(d1, . . . , dk), f(d′
1, . . . , d

′
k)) ≤ λ · δ(dj , d′

j).

Example 11. Consider the distributive and complete lattice TΣ from ex. 10. For
a ∈ Σ , let [[a]] denote the operation of formal application of a. Then [[a]] is
contracting with factor λ = 1

2 . ��
The following theorem is analogous to Banach’s fixpoint theorem.

Theorem 5. Assume D is a complete lattice and all operators are contracting
w.r.t. some invariant ultra-metric on D. Then every finite system of equations
over D without unguarded cycles has a unique solution. ��
Proof. W.l.o.g. let us assume that no right-hand side contains unguarded varia-
ble occurrences. By structural induction, we find that for variable assignments
σ1, σ2 and expression e without unguarded variable occurrences, δ([[e]]σ1, [[e]]σ2)
≤ λ ·max{δ(σ1 x, σ2 x) | x ∈ X} for some 0 ≤ λ < 1. Now let σ1 and σ2 denote
the least and greatest solutions of S, respectively, and assume that σ1 "= σ2.
Thus, r = max{δ(σ1 x, σ2 x) | x ∈ X} > 0, and there exists some x ∈ X such
that r = δ(σ1 x, σ2 x) = δ([[ex]]σ1, [[ex]]σ2) ≤ λ · r – a contradiction. ��
Note that we did not assume that D is a complete metric space. Existence of so-
lutions follows since D is a complete lattice. The metric is only used to guarantee
unicity of solutions.
In [15], we have proposed techniques for pattern matching in finite trees. Here,
patterns denote recognizable tree languages for which the element problem must
be solved. As a convenient and expressive specification language for recognizable
sets we suggested fixpoint expressions. Expressions containing just least fixpoints
naturally correspond to (alternating) finite tree automata. In order to allow easy
complementation, greatest fixpoints are useful as well. According to ex. 10 and
11, Theorem 5 exhibits an interesting method how greatest fixpoints can be
removed. Given a fixpoint expression over TΣ , we proceed as follows:
(0) We construct an equivalent hierarchical system of equations;
(1) We construct an equivalent guarded hierarchical system of equations;
(2) We replace all greatest fixpoints by least ones.

Acknowledgments:We thank André Arnold, Damian Niwinski and Igor Walu-
kiewicz for many inspiring discussions and helpful remarks.
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Abstract. We study the following problem: Given a transition systemT and its
quotientT/∼under an equivalence∼, which are the setsL,L′ of Hennessy-Milner
formulae such that: ifϕ ∈ L andT satisfiesϕ, thenT/∼ satisfiesϕ; if ϕ ∈ L′

andT/∼ satisfiesϕ, thenT satisfiesϕ.

1 Introduction

In the equivalence approach to formal verification, the specification and the implementa-
tion of a system are typically formalised as transition systemsS andI, and the informal
statement ‘the implementation satisfies the specification’ is formalized as ‘S is equiva-
lent toI ’. In the modal logic approach, the specification is a modal formulaϕ, and the
statement is formalised as ‘I is a model ofϕ’.

In a seminal paper [7], Hennessy and Milner proved that bisimulation equivalence
admits amodal characterization: Two (finitely branching) processes are bisimilar if and
only if they satisfy exactly the same formulae of Hennessy-Milner logic. This result was
later extended to the modalµ-calculus, a much more powerful logic strictly containing
many other logics, like CTL, CTL∗, and LTL. This showed that it was possible to link
two different approaches to formal verification, based on equivalences and modal logics,
respectively.

Modal characterizations play an important rˆole in practice: Given a very large, or
even infinite, transition systemT , we would like to obtain a smaller, or at least simpler,
transition systemT ′ which satisfies the specification if and only ifT does. If the spe-
cification belongs to a set of formulaeL characterizing an equivalence∼, then we can
safely take anyT ′ satisfyingT ∼ T ′.

An interesting possibility is to takeT ′ as thequotientT/∼ of T under∼, whose
states are the equivalence classes of the states ofT , and whose transitions are given by
[s] a→ [t] only if s

a→ t. This works for all equivalences in van Glabbeek’s spectrum [18]
because they satisfyT ∼ T/∼ (as proved in [13]). Quotients are particularly interesting
for bisimulation equivalence for practical reasons, of which we give just two. First, in
this caseT/∼ can be very efficiently computed for finite transition systems, as shown
in [16]. Second, for some classes of real-time and hybrid systems [2,8], the quotient
� Supported by a Research Fellowship granted by the Alexander von Humboldt Foundation and
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under bisimulation of an infinite transition system can be proved to be finite; this makes
automatic verification possible, at least in principle.

T/∼ is guaranteed to satisfy a property ofL if and only if T does, but maybe this
holds for other properties as well? We study this question (in a slightly refined form)
within the framework of Hennessy-Milner logic, for arbitrary equivalences. Given a
set of formulae characterizing∼, our results determine the setsL′,L′′ ⊃ L such that
T/∼ satisfiesϕ ∈ L′ if T does, andT satisfiesϕ ∈ L′′ if T/∼ does. As we shall see,
L′ ∩ L′′ = L; the additional formulae ofL′,L′′ which do not belong toL can be used
by efficient verification semi-algorithms (which produceyes/no/don’t knowanswers) –
if we want to find out whetherT satisfies someϕ ∈ L′ ∪ L′′, we can first check ifT/∼
satisfiesϕ; if it is the case andϕ ∈ L′′, we can conclude thatT satisfiesϕ. If T/∼ does
not satisfyϕ andϕ ∈ L′, we conclude thatT does not satisfyϕ. In the other cases we
‘don’t know’.

The paper is organized as follows. Section 2 contains preliminary definitions. In
Section 3.1, as a warm-up, we determine the setL′ preserved byany transition system
T ′ satisfyingT ∼ T ′. In Section 3.2, the core of the paper, we determine the setL′

preserved by the quotientT/∼. In Section 4 we apply our results to the equivalences in
van Glabbeek’s hierarchy. Section 5 contains conclusions and comments on related and
future work.

2 Definitions

Let Act = {a, b, c, . . . } be a countably infinite set ofatomic actions(which is fixed for
the rest of this paper).

Definition 1. A transition system (T.S.) is a tripleT = (S,A,→) whereS is a set
of states, A ⊆ Act , and→⊆ S × A × S is a transition relation. We say thatT is
finitely-branchingiff for everys ∈ S, a ∈ A the set{t | s a→ t} is finite.Processesare
understood as (being associated with) states in finitely-branching transition systems.

In the rest of this paper we only consider finitely-branching T.S. (this restriction is harm-
less from the ‘practical’ point of view, but it has important ‘theoretical’ consequences as
it, e.g., allows to prevent the use of infinite conjunctions in our future constructions).

As usual, we writes
a→ t instead of(s, a, t) ∈→ and we extend this notation to

elements ofA∗ in a standard way. A statet is reachablefrom a states iff s
w→ t for

somew ∈ A∗. If s is a state ofT , thenT (s) denotes the transition system(S′,A,→′)
whereS′ = {t ∈ S | s w→ t} for somew ∈ A∗, and→′ is the induced restriction of
→. The set of actions which is used in the underlying transition system of a processp
is denoted byAct(p) (sometimes we work with processes whose associated transition
system has not been explicitly defined). Properties which have been originally defined
for transition systems are often also used for processes; in that case we always mean that
the underlying transition system has the property (for example, we can speak about the
set of states and actions of a given process).

Definition 2. Let T1 = (S1,A1,→1), T2 = (S2,A2,→2) be transition systems. A
(total) functionf : S1 → S2 is ahomomorphismfromT1 to T2 iff ∀s, t ∈ S1, a ∈ Act :
s
a→1 t =⇒ f(s) a→2 f(t).
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Definition 3. A renamingis an (arbitrary) injective functionr : Act → Act . For
every transition systemT = (S,A,→) we define ther-renamedtransition systems

r(T ) = (S, r(A),→′) wheres
b→′ t iff s

a→ t andr(a) = b.

2.1 Process Descriptions

In this section we briefly introduce and motivate the problem which is considered in this
paper.

Transition systems are widely accepted as a convenient model of concurrent and
distributed systems. A lot of verification problems (safety, liveness, etc.) can be thus
reduced to certain properties of processes (states).A major difficulty is that in practice we
often meet systems which have a very large (or even infinite) state-space. A natural idea
how to decrease computational costs of formal verification is to replace a given process
with some ‘equivalent’ and smaller one (which can be then seen as its ‘description’).

In this paper we consider two types of process descriptions (∼-representations and
∼-characterizations), which are determined by a chosenprocess equivalence∼ (by a
‘process equivalence’ we mean an arbitrary equivalence on the class of all processes,
i.e., states in finitely-branching T.S.).

Definition 4. Let∼ be a process equivalence. A processt is a∼-representationof a
processs iff s ∼ t.

Definition 5. Let∼ be a process equivalence. The∼-characterizationof a processs of
a transition systemT = (S,A,→) is the process[s] of T/∼ = (S/∼,A, �→) whereS/∼
is the set of all∼-classes ofS (the class containings is denoted by[s]) and �→ is the
least relation satisfyings

a→ t =⇒ [s] a�→ [t].

Observe that the∼-characterization ofs is essentially the quotient ofs under∼. We
use the word ‘characterization’ because for every ‘reasonable’ process equivalence∼
(see Lemma 6) we have thats ∼ [s] for each processs; hence, the∼-characterization
of s describes not only the behaviour ofs (as∼-representations ofs do), but also
the behaviour of all reachable states ofs, i.e., it characterizesthe whole state-space
of s. More precisely, for every statet of the processs there is an equivalent state[t]
of the process[s]. Therefore, we intuitively expect that∼-characterizations should be
more robust than∼-representations. This intuition is confirmed by main theorems of
Section 3. Also note that the same process can have many different∼-representations,
but its∼-characterization is unique.

Definition 6. LetP be a property of processes,∼ a process equivalence. We say thatP
is

– preservedby∼-representations (or∼-characterizations) iff whenevert is a∼-rep-
resentation (or the∼-characterization) ofs ands satisfiesP , thent satisfiesP ;

– reflectedby∼-representations (or∼-characterizations) iff whenevert is a∼-rep-
resentation (or the∼-characterization) ofs andt satisfiesP , thens satisfiesP .

An immediate consequence of the previous definition is the following:
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Lemma 1. Let∼a process equivalence. A propertyP is preserved by∼-representations
(or ∼-characterizations) iff¬P is reflected by∼-representations (or∼-characteriza-
tions).

The question considered in this paper is what properties expressible in Hennessy-Milner
logic (see the next section) are preserved and reflected by∼-representations and∼-
characterizations for a given process equivalence∼, i.e., to what extent are the two
kinds of process descriptions ‘robust’ for a given∼. As we shall see, we can give a com-
plete classification of those properties if the equivalence∼ satisfies certain (abstractly
formulated) conditions. Intuitively, we put more and more restrictions on∼which allow
us to prove more and more things; as we shall see in Section 4, all those restrictions are
‘reasonable’ in the sense that (almost) all existing (i.e., studied) process equivalences
satisfy them. See Section 4 for details.

2.2 Hennessy-Milner Logic

Formulae of Hennessy-Milner (H.M.) logic have the following syntax (a ranges over
Act):

ϕ ::= tt | ϕ ∧ ϕ | ¬ϕ | 〈a〉ϕ
Thedenotation[[ϕ]] of a formulaϕ on a transition systemT = (S,A,→) is defined as
follows:

[[tt]] = S

[[ϕ ∧ ψ]] = [[ϕ]] ∩ [[ψ]]
[[¬ϕ]] = S − [[ϕ]]

[[〈a〉ϕ]] = {s ∈ S | ∃t ∈ S : s a→ t ∧ t ∈ [[ϕ]]}
Instead ofs ∈ [[ϕ]] we usually writes |= ϕ. The other boolean connectives are introduced
in a standard way; we also defineff ≡ ¬tt and[a]ϕ ≡ ¬〈a〉¬ϕ. Thedepthof a formula
ϕ, denoteddepth(ϕ), is defined inductively by

– depth(tt) = 0,
– depth(ϕ ∧ ψ) = max{depth(ϕ), depth(ψ)},
– depth(¬ϕ) = depth(ϕ),
– depth(〈a〉ϕ) = 1 + depth(ϕ).

The set of actions which are used in a formulaϕ is denoted byAct(ϕ) (note thatAct(ϕ)
is always finite).

Definition 7. Let A ⊆ Act . A Tree overA is any directed binary tree with rootr
whose edges are labelled by elements ofA satisfying the following condition: ifp, q
are a-successors of a nodes, wherea ∈ A, then the subtrees rooted byp, q are not
isomorphic.Tree-processesare associated with roots of Trees (we do not distinguish
between Trees and Tree-processes in the rest of this paper). Note that for everyk ∈ IN0
and every finiteA ⊆ Act there are only finitely many Trees overA whose depth is at
mostk (up to isomorphism). We denote this finite set of representatives byTree(A)k.
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It is a standard result that for every processs there is a TreeTs overAct(s) (possibly
of infinite depth) such thats andTs satisfy exactly the same H.M. formulae (cf. [15]).
One can also easily prove the following:

Lemma 2. Formulaeϕ,ψ of H.M. logic are equivalent iff they agree on every element
of Tree(A)k whereA = Act(ϕ) ∪Act(ψ) andk = max{depth(ϕ), depth(ψ)}.
For every renamingr and a H.M. formulaϕwe define the formular(ϕ) which is obtained
fromϕ by substituting each〈a〉 with 〈r(a)〉.
Lemma 3. For every processs, renamingr, and H.M. formulaϕ we have thats |= ϕ
iff r(s) |= r(ϕ).

In the next section we also need the following tools:

Definition 8. Letϕ be a H.M. formula,s a process. For a given occurrence of a sub-
formulaψ in ϕ we define itsdiamond-depth, denotedd(ψ), to be the number of〈b〉-
modalities which have the occurrence ofψ in their scope. The set of all actions which
are used in those modalities is denoted byAd(ψ). Finally, we useRs(ψ) to denote the
set of all states which are reachable froms via a sequence of (exactly)d(ψ) transitions
whose actions are contained inAd(ψ).

Lemma 4. Letϕ be a H.M. formula. Letϕ′ be the formula obtained fromϕ by substi-
tuting (given occurrences of) its subformulaeψ1, . . . , ψn by H.M. formulaeξ1, . . . , ξn,
respectively. Lets be a process such thats |= ϕ and for alli ∈ {1, . . . , n}, s′ ∈ Rs(ψi)
one of the following conditions holds:

1. s′ |= ψi ⇐⇒ s′ |= ξi
2. s′ |= ξi and the occurrence ofψi in ϕ is not within the scope of any negation.

Thens |= ϕ′.

3 The Classification

In this section we give a complete classification of H.M. properties which are preser-
ved/reflected by∼-representations and∼-characterizations for certain classes of process
equivalences which satisfy some (abstractly formulated) conditions. From the very be-
ginning, we restrict ourselves to those equivalences which have amodal characterization.

Definition 9. Let∼be a process equivalence.We say that∼has amodal characterization
iff there is a setH of H.M. formulae s.t. for all processess, t we have thats ∼ t iff s
andt satisfy exactly the same formulae ofH.

Observe that the same equivalence can have many different modal characterizations.
Sometimes we also use the following notation (wheres is a process):HA := {ϕ | ϕ ∈
H∧Act(ϕ) ⊆ A},Hk

A := {ϕ | ϕ ∈ HA∧depth(ϕ) ≤ k},H(s) := {ϕ | ϕ ∈ H∧s |=
ϕ}, andHA(s) := {ϕ | ϕ ∈ HA ∧ s |= ϕ}. Note that ifA is finite, thenHk

A contains
only finitely many pairwise nonequivalent formulae. In that case we can thus consider
Hk

A to be afiniteset.
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3.1 H.M. Properties Preserved by ∼-Representations

Theorem 1. LetH be a modal characterization of a process equivalence∼. Then every
formula ϑ which is a boolean combination of formulae fromH is preserved by∼-
representations.

The previous theorem is in fact a trivial consequence of Definition 9. Now we would
like to prove a kind of ‘completeness’ result saying that nothing else (except for formu-
lae which are equivalent to boolean combinations of formulae fromH) is preserved by
∼-representations. However, this property doesnot hold for an arbitrary modal charac-
terizationH; it is demonstrated by the following counterexample:

Example 1.Let∼ be defined as follows:s ∼ t iff a ∈ Act(s) ∩ Act(t), or Act(s) =
Act(t). LetM = {(A1,A2) |A1,A2 are finite, nonempty, and disjoint subsets ofAct}.
The equivalence∼ has a modal characterization

H = {〈a〉tt ∨ (
∧
b∈A1

〈b〉tt ∧
∧
c∈A2

¬〈c〉tt) | (A1,A2) ∈M}

Now observe that the formula〈a〉tt is preserved by∼-representations, but it is not
equivalent to any boolean combination of formulae fromH.

However, a simple assumption aboutHwhich is formulated in the next definition makes
a completeness proof possible.

Definition 10. We say that a modal characterizationH of a process equivalence∼ is
well-formediff wheneverϕ ∈ H and〈a〉ψ is an occurrence of a subformula inϕ, then
alsoϕ′ ∈ H whereϕ′ is obtained fromϕ by substituting the occurrence of〈a〉ψ with
ff.

As we shall see in Section 4, all ‘real’ process equivalences which have a modal charac-
terization also have a well-formed modal characterization. An important (and naturally-
looking) property of process equivalences which have a well-formed modal characteri-
zation is presented in the following lemma:

Lemma 5. Let∼be a process equivalence having a well-formed modal characterization
∼. LetA ⊆ Act , k ∈ IN0. For all T, T ′ ∈ Tree(A)k we have thatT ∼ T ′ iff T andT ′

satisfy exactly the same formulae ofHk
A.

Proof. The ‘⇒’ direction is obvious. Now if suffices to realize that ifT andT ′ are
distinguished by someϕ ∈ H, then they are also distinguished by the formulaϕ′ ∈ Hk

A
which is obtained formϕ by substituting every occurrence of a subformula〈a〉ψ, which
is within the scope ofk other〈b〉-modalities or wherea !∈ A, with ff. The formulaeϕ
andϕ′ agree on every element ofTree(A)k, because the occurrences of subformulae in
ϕ which have been substituted byff during the construction ofϕ′ are evaluated to false
anyway. "#
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Theorem 2. Let∼ be a process equivalence having a well-formed modal characteriza-
tionH. Then every formulaϕ of H.M. logic which is preserved by∼-representations is
equivalent to a boolean combination of formulae fromH.

Proof. Letϕ be a formula preserved by∼-representations,k = depth(ϕ),A = Act(ϕ)
(note thatA is finite). For everyT ∈ Tree(A)k we construct the formula

ψT ≡
∧

�∈Hk
A

T |=�

� ∧
∧

�∈Hk
A

T �|=�

¬�

Now let

ψ ≡
∨

T∈Tree(A)k

T |=ϕ

ψT

We show thatϕ andψ are equivalent. To do that, it suffices to show thatϕ andψ agree
on everyT1 ∈ Tree(A)k (see Lemma 2).

– Let T1 ∈ Tree(A)k s.t.T1 |= ϕ. AsT1 |= ψT1 , we also haveT1 |= ψ.
– Let T1 ∈ Tree(A)k s.t.T1 |= ψ. Then there isT2 ∈ Tree(A)k s.t.T2 |= ϕ and
T1 |= ψT2 . AsT1 |= ψT2 , the TreesT1, T2 satisfy exactly the same formulae ofHk

A.
Hence,T1 ∼ T2 due to Lemma 5. Asϕ is preserved by∼-representations,T1 is a
∼-representation ofT2, andT2 |= ϕ, we also haveT1 |= ϕ. "#

Theorem 1 and 2 give a complete classification of those H.M. properties which are
preserved and reflected (see Lemma 1) by∼-representations for a process equivalence
∼ which has a well-formed modal characterizationH.

3.2 H.M. Properties Preserved by ∼-Characterizations

Now we establish analogous results for∼-characterizations.As we shall see, this problem
is more complicated.

The first difficulty has been indicated already in Section 2.1 – it does not have too
much sense to speak about∼-characterizations if we are not guaranteed thats ∼ [s] for
every processs. Unfortunately, thereareprocess equivalences (even with a well-formed
modal characterization) which do not satisfy this basic requirement.

Example 2.Let∼ be defined as follows:s ∼ t iff for eachw ∈ Act∗ s.t.length(w) = 2
we have thats

w→ s′ for somes′ iff t
w→ t′ for somet′. The equivalence∼ has a

well-formed modal characterization

H = {〈a〉〈b〉tt | a, b ∈ Act} ∪ {〈a〉ff | a ∈ Act} ∪ {ff}

Now let s be a process wheres
a→ t, s

b→ u, u
c→ v, andt, u, v do not have any other

transitions. Thent ∼ u ∼ v, hence[s] ac→ [v], and therefores !∼ [s].

However, there is a simple (and reasonable) condition which guarantees what we need.
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Definition 11. Let ∼ be a process equivalence. We say that∼ has aclosedmodal
characterization iff it has a modal characterizationHwhich is closed under subformula
(i.e., wheneverϕ ∈ H andψ is a subformula ofϕ, thenψ ∈ H).

A closed modal characterization is a particular case of afiltration. The next lemma
is a well-known result of modal logic, stating that a model and its quotient through a
filtration agree on every formula of the filtration [4]. We include a proof for the sake of
completeness .

Lemma 6. Let ∼ be a process equivalence having a closed modal characterization.
Thens ∼ [s] for every processs.

Proof. LetH be a closed modal characterization of∼. We prove that for everyϕ ∈ H
and every processs we haves |= ϕ ⇐⇒ [s] |= ϕ (i.e., s ∼ [s]). By induction on the
structure ofϕ.

– ϕ ≡ tt. Immediate.
– ϕ ≡ ¬ψ. Thenψ ∈ H ands |= ψ ⇐⇒ [s] |= ψ by induction hypotheses. Hence

alsos |= ¬ψ ⇐⇒ [s] |= ¬ψ as required.
– ϕ ≡ ψ ∧ ξ. Thenψ, ξ ∈ H. If ψ ∧ ξ distinguishes betweens and [s], thenψ or
ξ distinguishes between the two processes as well; we obtain a contradiction with
induction hypotheses.

– ϕ ≡ 〈a〉ψ.
• (⇒) Let s |= 〈a〉ψ. Then there is somet such thats

a→ t andt |= ψ. Therefore,
[s] a�→ [t] and asψ ∈ H, we can use induction hypothesis to conclude[t] |= ψ.
Hence,[s] |= 〈a〉ψ.

• (⇐) Let [s] |= 〈a〉ψ. Then[s] a�→ [t] for some[t] s.t. [t] |= ϕ. By Definition 5
there ares′, t′ such thats ∼ s′, t ∼ t′, ands′ a→ t′. As [t] = [t′], we have
[t′] |= ψ and hencet′ |= ψ by induction hypotheses. Therefore,s′ |= 〈a〉ψ.
As s ∼ s′ and〈a〉ψ ∈ H, we also haves |= 〈a〉ψ as needed (remember that
formulae ofH cannot distinguish between equivalent processes by Definition 9).

"#
According to our intuition presented in Section 2.1,∼-characterizations should be more
robust then∼-representations, i.e., they should preserve more properties. The following
definition gives a ‘syntactical template’ which allows to construct such properties.

Definition 12. LetS be a set of H.M. formulae. The set ofdiamondformulae overS,
denotedD(S), is defined by the following abstract syntax equation:

ϕ ::= ϑ | ϕ ∧ ϕ | ϕ ∨ ϕ | 〈a〉ϕ
Herea ranges overAct , andϑ ranges over boolean combinations of formulae fromS.
The setB(S) of box formulae overS is defined in the same way, but we use[a]-modality
instead of〈a〉.

Theorem 3. Let∼ be a process equivalence having a closed modal characterization
H. Then every formula ofD(H) is preserved by∼-characterizations.
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Proof. Letϕ ∈ D(H). By induction on the structure ofϕ:

– ϕ ≡ ϑ. It suffices to realize thatϑ is preserved by∼-representations (Theorem 2)
and every∼-characterization is also a∼-representation (Lemma 6).

– ϕ ≡ ϕ1 ∧ ϕ2, orϕ ≡ ϕ1 ∨ ϕ2 whereϕ1, ϕ2 are preserved. Immediate.
– ϕ ≡ 〈a〉ϕ1 whereϕ1 is preserved. Letp be an arbitrary process s.t.p |= 〈a〉ϕ1. Then

there isp
a→ p′ s.t.p′ |= ϕ1. By definition of∼-characterization we have[p] a�→ [p′].

Moreover,[p′] |= ϕ1 asϕ1 is preserved. Hence,[p] |= 〈a〉ϕ1 as needed. "#
In order to prove the corresponding completeness result, we need some additional as-
sumptions about∼ andH.

Definition 13. Let∼ be a process equivalence. We say that∼ has agoodmodal char-
acterization iff it has a closed modal characterizationH which satisfies the following
conditions:

– if ϕ ∈ H, then also〈a〉ϕ ∈ H for everya ∈ Act ;
– if ϕ ∈ H, then alsor(ϕ) ∈ H for every renamingr;
– if 〈a〉ψ is an occurrence of a subformula inϕ, then alsoϕ′, ϕ′′ ∈ H whereϕ′ and
ϕ′′ are the formulae obtained fromϕ by substituting the occurrence of〈a〉ψ with
tt andff, respectively;

– if ϕ ∈ H and¬ψ is a subformula ofϕ, then also¬ξ ∈ H for every subformulaξ of
ψ;

– there are processess, t such thatAct(s) ∪Act(t) is finite andH(s) ⊂ H(t).

The requirements of Definition 13 look strange at first glance. In fact, the first four of them
only eliminate a lot of ‘unnatural’ process equivalences from our considerations. The
last requirement is also no problem, because the majority of ‘real’ process equivalences
are defined as kernels of certain preorders, and one can always find processess, t such
thats is ‘strictly less’ thant in the preorder.

Now we present a sequence of technical lemmas which are then used to prove the
last main theorem of our paper.

Lemma 7. LetH be a good modal characterization of a process equivalence∼. For
everyn ∈ IN and every finiteA ⊆ Act there are processesp1, · · · , pn such thatAct(pi)
is finite,Act(pi) ∩ A = ∅, andH(pi) ⊃ H(pi+1) for each1 ≤ i < n.

Proof. Let s and t be processes such thatH(s) ⊂ H(t). We can safely assume that
(Act(s) ∪ Act(t)) ∩ A = ∅, because otherwise we can consider processesr(s), r(t)
for an appropriate renamingr (observe thatH(r(s)) ⊂ H(r(t)) due to Lemma 3 and
Definition 13). Letξ ∈ H be a formula such thatt |= ξ ands !|= ξ. Let a1, · · · , an be

fresh (unused) actions. The processpi has (exactly) the following transitions:pi
aj→ s

for every1 ≤ j < i ≤ n, andpi
aj→ t for every1 ≤ i ≤ j ≤ n. We prove that

H(pi) ⊃ H(pi+1) for each1 ≤ i < n. First, note that〈ai〉ξ ∈ H, pi |= 〈ai〉ξ, and
pi+1 !|= 〈ai〉ξ. It remains to prove that for everyϕ ∈ H such thatpi+1 |= ϕwe also have
pi |= ϕ. The formulaϕ can be viewed as a boolean combination of formulae of the form
〈a〉ψ. We show that for each such〈a〉ψ we have thatpi+1 |= 〈a〉ψ ⇐⇒ pi |= 〈a〉ψ, or
pi |= 〈a〉ψ and〈a〉ψ is not within the scope of any negation inϕ. It clearly suffices to
concludepi |= ϕ. We distinguish two possibilities:
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– pi+1 |= 〈a〉ψ. As ψ ∈ H andH(s) ⊂ H(t), we also havepi |= 〈a〉ψ (see the
construction ofpi above).

– pi+1 !|= 〈a〉ψ. If pi !|= 〈a〉ψ, we are done immediately. Ifpi |= 〈a〉ψ, then necessarily
a = ai; we obtain thatt |= ψ ands !|= ψ. If the formula〈a〉ψ is within the scope
of some negation inϕ, we obtain¬ψ ∈ H. As s |= ¬ψ andt !|= ¬ψ, we have a
contradiction withH(s) ⊂ H(t). "#

Lemma 8. Let∼ be a process equivalence having a closed modal characterizationH.
Lets, t be processes such that for everya ∈ Act we have

⋃
s

a→s′ H(s′) =
⋃
t

a→t′ H(t′).
Thens ∼ t.
Proof. We show that for everyϕ ∈ H we haves |= ϕ iff t |= ϕ. By induction on the
structure ofϕ.

– ϕ ≡ tt. Immediate.
– ϕ ≡ ψ ∧ ξ. Suppose thatψ ∧ ξ distinguishes betweens and t. Thenψ, ξ ∈ H

and at least one of those formulae must distinguish betweens andt; we obtain a
contradiction with induction hypotheses.

– ϕ ≡ ¬ψ. The same as above.
– ϕ ≡ 〈a〉ψ. Suppose, e.g.,s |= 〈a〉ψ andt !|= 〈a〉ψ. Thenψ ∈ H,ψ ∈ ⋃

s
a→s′ H(s′),

andψ !∈ ⋃
t

a→t′ H(t′), a contradiction. "#

Lemma 9. Let∼be a process equivalence having a good modal characterizationH. Let
A be a finite subset ofAct ,k ∈ IN0. LetT1, T2 ∈ Tree(A)k s.t. there is a homomorphism
f fromT2 to T1 which preserves∼. Then the TreesT1, T2 can be extended (by adding
some new states and transitions) in such a way that the obtained transition systems
T ′

1, T
′
2 satisfy the following:

– the homomorphismf can be extended to a homomorphismf ′ fromT ′
2 to T ′

1 which
also preserves∼,

– for every H.M. formulaϕ s.t.Act(ϕ) ⊆ Awe haveT ′
2 |= ϕ iff T2 |= ϕ andT ′

1 |= ϕ
iff T1 |= ϕ,

– the ‘old’ states ofT ′
1 (i.e., the ones which have not been added toT1 during the

extension procedure) are pairwise nonequivalent w.r.t.∼.

Proof. First we describe the extension ofT1 which yields the systemT ′
1. This extension

is then ‘propagated’back toT2 via the homomorphismf—each states of T2 is extended
in the same way as the statef(s) of T1. Finally, we show that the three requirements of
our lemma are satisfied.

Let n be the number of states ofT1, and letm be the number of those statest of T1
for which there is a states of T2 such thatf(s) = t. Let p1, . . . , pn be processes over
a finiteA′ ⊆ Act such thatH(p1) ⊃ H(p2) ⊃ · · · ⊃ H(pn) andA ∩ A′ = ∅. Such
processes must exist by Lemma 7. Now we take an arbitrary bijectionb from the set of
states ofT1 to {1, . . . , n} satisfying the following conditions:

– if t = f(s) for some states of T2, thenb(t) ≤ m,
– if there is a (nonempty) path fromt to t′ in T2, thenb(t) > b(t′).
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Now we add toT1 all states ofp1, . . . , pn, and for each statet of T1 and each transition
pb(s)

a→ q we add the transitiont
a→ q (i.e., the statet has the same set ofa-successors

aspb(s) for everya ∈ A′ after the modification). The described extension ofT1 is now
‘propagated’ toT2 in the above indicated way, yielding the systemT ′

2.
As A ∩ A′ = ∅, the new transitions which have been added toT1 andT2 cannot

influence the (in)validity of any H.M. formulaϕ s.t.Act(ϕ) ⊆ A. Hence, the second
requirement of our lemma is satisfied. Moreover, it is easy to see that the third requirement
is satisfied as well, because the ‘old’ states ofT ′

1 now satisfy pairwise different subsets
of HA′ . It remains to show that the first requirement is also valid.

The homomorphismf ′ is defined as a ‘natural’ extension off – it agrees withf on
the ‘old’ states ofT ′

1, and behaves like an identity function on the ‘new’ ones. Observe
that if s is a ‘new’ state ofT ′

2, then the transition systemsT ′
2(s) andT ′

1(f
′(s)) are the

same (isomorphic). Hence,f ′ trivially preserves∼ on all ‘new’ states ofT ′
2. To prove

thats ∼ f ′(s) for every ‘old’ states of T ′
2, we first need to show the following auxiliary

lemma: lets1, . . . , sj be ‘old’ states ofT ′
2, t an ‘old’ state ofT ′

1 such that

– there is no states of T ′
2 such thatf ′(s) = t,

– HA(t) ⊆ ⋃j
i=1HA(si).

ThenH(t) ⊆ ⋃j
i=1H(si).

A proof of the auxiliary lemma:Let ϕ ∈ H such thatt |= ϕ. We show thatsi |= ϕ
for some1 ≤ i ≤ j. First we construct a formulaϕ′ ∈ HA from ϕ in the following
way (recall the notions introduced in Definition 8): every occurence of a subformula
〈a〉ψ in ϕ, a ∈ A′, which is not within the scope of any〈b〉-modality, whereb ∈ A′, is
substituted by

– tt if t |= 〈a〉ψ or there is somet′ ∈ Rt(〈a〉ψ) such thatt′ |= 〈a〉ψ,
– ff otherwise.

Clearlyϕ′ ∈ HA (see Definition 13). We prove thatt |= ϕ′, (i.e.,ϕ′ ∈ HA(t)) by
showing that the assumptions of Lemma 4 are satisfied forϕ and the above defined
substitution. Let〈a〉ψ be a formula whose occurence has been substituted inϕ to obtain
ϕ′. First, let us realize that every state ofRt(〈a〉ψ) is an ‘old’ one, becauseAd(〈a〉ψ) ⊆
A (see above). We can distinguish two possibilities:

– the occurence of〈a〉ψ has been substituted bytt. Then there are two subcases:
• t |= 〈a〉ψ. Remember that each ‘old’ stateq of T ′

1 has the same set ofa-
successors aspb(q) for everya ∈ A′. Hence,pb(t) |= 〈a〉ψ becauset |= 〈a〉ψ.
Furthermore, for everyt′ ∈ Rt(〈a〉ψ) we haveH(pb(t)) ⊂ H(pb(t′)) (see the
definition ofb above). Therefore,pb(t′) |= 〈a〉ψ and thus we gett′ |= 〈a〉ψ. In
other words, for everyt′ ∈ Rt(〈a〉ψ) we obtaint′ |= tt⇐⇒ t′ |= 〈a〉ψ.

• there ist′ ∈ Rt(〈a〉ψ) such thatt′ |= 〈a〉ψ. First, if 〈a〉ψ is satisfied byevery
state ofRt(〈a〉ψ), we are done immediately. Otherwise, there ist′′ ∈ Rt(〈a〉ψ)
such thatt′′ !|= 〈a〉ψ. Now it suffices to show that the occurrence of〈a〉ψ in
ϕ cannot be within the scope of any negation (see the second condition of
Lemma 4). Suppose the converse. Asϕ ∈ H andH is a good modal char-
acterization, we know that both〈a〉ψ and¬〈a〉ψ ∈ H. As the processest′
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andt′′ have the samea-successors as the processespb(t′) andpb(t′′), respec-
tively, we obtainpb(t′) |= 〈a〉ψ andpb(t′′) !|= 〈a〉ψ, hence alsopb(t′) !|= ¬〈a〉ψ
andpb(t′′) |= ¬〈a〉ψ. Therefore, it cannot be thatH(pb(t′)) ⊂ H(pb(t′′)) or
H(pb(t′′)) ⊂ H(pb(t′)), a contradiction.

– the occurence of〈a〉ψ has been substituted byff. Thent′ !|= 〈a〉ψ for eacht′ ∈
Rt(〈a〉ψ), and we are done immediately.

Now we know thatϕ′ ∈ HA(t), hence there must be somesi such thatsi |= ϕ′. We
prove thatsi |= ϕ, again by applying Lemma 4 (observe thatϕ can be obtained from
ϕ′ by a substitution which is ‘inverse’ to the previously considered one). We show that
the assumptions of Lemma 4 are satisfied also forϕ′ and the ‘inverse’ substitution,
distinguishing two possibilities:

– a given occurence oftt is substituted ‘back’ to〈a〉ψ. It means that we previously
hadt |= 〈a〉ψ or t′ |= 〈a〉ψ for somet′ ∈ Rt(〈a〉ψ). AsH(pb(f ′(s))) ⊃ H(pb(v))
for every ‘old’ states of T ′

2 and every ‘old’ statev of T ′
1 which is reachable from

t (see the definition ofb and the construction ofT ′
2), we can conclude that〈a〉ψ is

satisfied byeach‘old’ state ofT ′
2 (in particular, by all states ofRsi

(tt)).
– a given occurence offf is substituted ‘back’ to〈a〉ψ. If 〈a〉ψ is not satisfied by any

state ofRsi
(ff), we done immediately. We show that if there is somes′ ∈ Rsi

(ff)
such thats′ |= 〈a〉ψ, then the occurence offf in ϕ′ cannot be within the scope of
any negation. Suppose the converse. Then there is an occurrence of〈a〉ψ in ϕwhich
is within the scope of some negation, hence¬〈a〉ψ belong toH. As t |= ¬〈a〉ψ and
H(pb(t)) ⊂ H(pb(f ′(s′))) (see above), we haves′ |= ¬〈a〉ψ, a contradiction.

Now we can continue with the main proof. We show that for each ‘old’ states of T ′
2

we have thats ∼ f ′(s). We proceed by induction on the depth of the subtree which is
rooted bys in T2 (denoted byd).

– d = 0. Thens is a leaf inT2, hence the transition systemsT ′
2(s) andT ′

1(f
′(s)) are

isomorphic. Hence, we trivially haves ∼ f ′(s).
– Induction step: We prove that

⋃
s

a→s′ H(s′) =
⋃
f ′(s) a→t

H(t) for eacha ∈ Act
(hences ∼ f ′(s′) by Lemma 8). Ifa ∈ A′, the equality holds trivially becauses and
f ′(s) have the same set ofa-successors. Now leta ∈ A. By induction hypotheses
we know thatH(s′) = H(f ′(s′)) for eacha-successors′ of s. To finish the proof,
we need to show that for eacha-successort of f ′(s) for which there is no state
q of T ′

2 with f ′(q) = t we have thatH(t) ⊆ ⋃
s

a→s′ H(s′). However, it can be
easily achieved with a help of the auxiliary lemma which has been proved above;
all we need is to show thatHA(t) ⊆ ⋃

s
a→s′ HA(s′). Suppose it is not the case,

i.e., there is someϑ ∈ HA such thatt |= ϑ ands′ !|= ϑ for eacha-successors′ of
s. Hence〈a〉ϑ ∈ HA, s !|= 〈a〉ϑ, andf(s) |= 〈a〉ϑ; it contradicts the fact that the
homomorphismf preserves∼. "#

Theorem 4. Let∼ be a process equivalence having a good modal characterizationH.
Then every formula which is preserved by∼-characterizations is equivalent to some
formula ofD(H).
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Proof. Let ϕ be a formula preserved by∼-characterizations,k = depth(ϕ), A =
Act(ϕ). For everyT ∈ Tree(A)k we define the formulaψT by induction on the depth
of T :

– if the depth ofT is 0, thenψT ≡ tt,
– if the depth ofT is j + 1, r is the root ofT , andr

a1→ s1, · · · , r an→ sn are the
outgoing arcs ofr, then

ψT ≡
∧

�∈Hj+1
A

T |=�

� ∧
∧

�∈Hj+1
A

T �|=�

¬� ∧
n∧
i=1

〈ai〉ψT (si)

whereT (si) is the sub-Tree ofT rooted bysi.

Let

ψ ≡
∨

T∈Tree(A)k

T |=ϕ

ψT

We prove thatϕ,ψ are equivalent by showing that they agree on everyT1 ∈ Tree(A)k.

– Let T1 ∈ Tree(A)k s.t.T1 |= ϕ. AsT1 |= ψT1 , we immediately haveT1 |= ψ.
– Let T1 ∈ Tree(A)k s.t. T1 |= ψ. Then there isT2 ∈ Tree(A)k with T2 |= ϕ

andT1 |= ψT2 . We need to prove thatT1 |= ϕ. Suppose the converse, i.e.,T1 |=
¬ϕ. Let r1, r2 be the roots ofT1, T2, respectively. First we show that there is a
homomorphismf from T2 to T1 s.t. for every nodes of T2 we havef(s) |= ψT (s).
The homomorphismf is defined by induction on the distance ofs from r2.
• s = r2. Thenf(r2) = r1 (rememberT1 |= ψT2).
• s is thejth successor oft wheret

a1→ s1, · · · , t an→ sn are the outgoing arcs of
t. The formulaψT (t) looks as follows:

ψT (t) ≡
∧

�∈Hk−d
A

T (t)|=�

� ∧
∧

�∈Hk−d
A

T (t) �|=�

¬� ∧
n∧
i=1

〈ai〉ψT (si)

whered is the distance oft from r2. Let f(t) = q. As q |= ψT (t) (by induction

hypotheses), there is someq
aj→ q′ s.t.q′ |= ψT (sj). We putf(s) = q′.

Observe thatf also preserves∼ because for every nodes of T2 we have thats
andf(s) satisfy exactly the same formulae ofHk−d

A (d is the distance ofs from
r2). Now we can apply Lemma 9—the TreesT1, T2 can be extended to transition
systemsT ′

1, T
′
2 in such a way that the ‘old’ states ofT ′

1 are pairwise nonequivalent,
ϕ is still valid (invalid) in r2 (r1), and the homomorphismf can be extended to a
homomorphismf ′ which still preserves∼. Let us define a transition systemT =
(S,A ∪A′ ∪ {b},→) where
• S is a disjoint union of the sets of states ofT ′

1 andT ′
2,

• A′ is the set of ‘new’ actions ofT ′
1, T

′
2 (cf. the proof of Lemma 9),b !∈ A ∪A′

is a fresh action,
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• → contains all transitions ofT ′
1 andT ′

2; moreover, we also haver2
b→ r2,

r1
b→ r1, andr2

b→ r1.
The newb-transitions have been added just to maker1 reachable fromr2. Observe
that we still haver1 ∼ r2, r1 |= ¬ϕ, andr2 |= ϕ. AsT ′

2 can be ‘embedded’ intoT ′
1

byf ′, the∼-characterization of the processr2 of T is the same (up to isomorphism)

as the∼-characterization of the processr1 of T ′
1 with one additional arcr1

b→ r1.
As the ‘old’ states ofT ′

1 (see Lemma 9) are pairwise non-equivalent w.r.t.∼, and
possible identification of the ‘new’states ofT ′

1 in the∼-characterization ofr1 cannot
influence (in)validity of any H.M. formula whose set of actions is contained inA,
we can conclude thatϕ is not satisfied by the process[r1] of T ′

1/∼. Hence,ϕ is not
satisfied by the process[r1] = [r2] of T/∼ either. Asϕ is satisfied by the processr2
of T , we can conclude thatϕ is not preserved by∼-characterizations, and we have
a contradiction. "#

Theorem 3 and 4 together say that a H.M. propertyP is preserved (reflected) by∼-
characterizations, where∼ is a process equivalence having a good modal characterization
H, iff P is equivalent to some diamond formula (or box formula – see Lemma 1) over
H.

4 Applications

Our abstract results can be applied to many concrete process equivalences which have
been deeply studied in concurrency theory. A nice overview and comparison of such
equivalences has been presented in [18]; existing equivalences (eleven in total) are or-
dered w.r.t. their coarseness and a kind of modal characterization is given for each of
them (unfortunately, not a good one in the sense of Definition 13). However, those char-
acterizations can be easily modified so that they become good (there are two exceptions
– see below). Due to the lack of space, we present a good modal characterization only
for traceequivalence.

Definition 14. The set oftracesof a processs, denotedTr(s), is defined by

Tr(s) = {w ∈ Act∗ | ∃t such thats
w→ t}

We say thats, t are trace equivalent, writtens =t t, iff Tr(s) = Tr(t).

A good modal characterizationH for trace equivalence is given by

ϕ ::= tt | ff | 〈a〉ϕ

wherea ranges overAct . Let s, t be processes with transitionss
a→ s′, t a→ t′, t b→ t′′

(and no other transitions). ObviouslyH(s) ⊂ H(t).
To see that even an infinite-state process can have a very small=t-representation

and=t-characterization, consider the processp of Fig. 1. The processq is a=t-repre-
sentation ofp, and the processr is the=t-characterization ofp. According to our results,
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a
a

a

a

a

a

a a

a

a
p q r

Fig. 1. An infinite-state process having finite=t-representation and=t-characterization

the formula〈a〉¬〈a〉tt which is satisfied byp is not generally preserved by=t-repre-
sentations, but it is preserved by=t-characterizations. Indeed, we haveq !|= 〈a〉¬〈a〉tt,
while r |= 〈a〉¬〈a〉tt.

An interesting related problem is whether a given infinite-state state process has for
a given∼ any finite∼-representation, and whether its∼-characterization is finite. It is
also known as theregularity andstrong regularityproblem (see also [13]). Some deci-
dability results for various equivalences and various classes of infinite-state processes
have already been established [3,12,9,10,14], but this area still contains a number of
open problems.

The only equivalences of [18] which do not have a good modal characterization are
bisimilarity [17] and completed trace equivalence. Bisimilarity is not a ‘real’problem, in
fact (only the last requirement of Definition 13 cannot be satisfied); a modal characteri-
zation of bisimilarity is formed byall H.M. formulae, and thereforeeachH.M. formula
is trivially preserved and reflected by∼-representations and∼-characterizations. As for
completed trace equivalence, the problem is that this equivalence requires a simple infi-
nite conjuction, or a generalized〈·〉modality (which can be phrased ‘after any action’),
which are not at disposal.

5 Related and Future Work

In the context of process theory, modal characterizations were introduced by Hennessy
and Milner in their seminal paper [7]. The paper provides characterizations of bisi-
mulation, simulation, and trace equivalence as full, conjunction-free, and negation-free
Hennessy-Milner logic, respectively. The result stating that bisimulation equivalence is
also characterized by the modalµ-calculus seems to be folklore. In [18], van Glabbeek
introduces the equivalences of his hierarchy by means of sets of formulae, in a style
close to modal characterizations.

In [11], Kaivola and Valmari determine weakest equivalences preserving certain
fragments of linear time temporal logic. In [6], Goltz, Kuiper, and Penczek study the
equivalences characterized by various logics in a partial order setting.

An interesting open problem is whether it is possible to give a similar classification
for some richer (more expressive) logic. Also, we are not sufficiently acquainted with
work on modal logic outside of computer science (or before computer science was
born). Work on filtrations [4] or partial isomorphisms [5] should help us to simplify and
streamline our proofs.
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Abstract. This paper represents the beginning of a study aimed at
devising semantic models for true concurrency that provide clear distin-
ctions between concurrency, parallelism and choice. We present a simple
programming language which includes (weakly) sequential composition,
asynchronous and synchronous parallel composition, a restriction ope-
rator, and that supports recursion. We develop an operational and a
denotational semantics for this language, and we obtain a theorem re-
lating the behavior of a process as described by the transition system
to the meaning of the process in the denotational model. This implies
that the denotational model is adequate with respect to the operational
model. Our denotational model is based on the resource traces of Gastin
and Teodesiu, and since a single resource trace represents all possible
executions of a concurrent process, we are able to model each term of
our concurrent language by a single trace. Therefore we obtain a deter-
ministic semantics for our language and we are able to model parallelism
without introducing nondeterminism.

1 Introduction

The basis for building semantic models to support parallel composition of pro-
cesses was laid out in the seminal work of Hennessy and Plotkin [5]. That work
showed how power domains could be used to provide such models, but at the
expense of introducing nondeterminism in the models, and also into the langu-
age. In this paper, we present an alternative approach to modeling parallelism
that avoids nondeterminism. Our approach relies instead on true concurrency
and more specifically on trace theory (as the area is called). Trace theory was
introduced in the seminal work of Mazurkiewicz [6] in order to devise models for
Petri nets, themselves a model of nondeterministic automata [8]. A great deal of
research has been carried out in this area (cf. [3]), but programming semantics
has not benefited from this research. The reasons are twofold: first, research in
trace theory has focused on automata theory, for obvious reasons. The second
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reason is perhaps more telling: the traditional models which were developed for
the concatenation operator of trace theory do not support a partial order rela-
tive to which concatentation is continuous (in the sense of Scott), nor are they
metric spaces relative to which concatenation is a contraction. This means that
the standard methods for modeling recursion are not available in these models,
and so their use in modeling programming language constructs is limited.

Even so, domain-theoretic connections to trace theory abound in the lite-
rature, owing mainly to Winskel’s insight that certain domains – prime event
structures – provide models for concurrency [9]. There also is the work of Pratt [7]
that introduced pomsets, which are models for trace theory. But none of this work
has developed a programming semantics approach in which there is an abstract
language based on the concatenation operator.

Recently Diekert, Gastin and Teodesiu have developed models for trace theory
that are cpos relative to which the concatenation operator is Scott continuous [2,
4]. This opens the way for studying a trace-theoretic approach to concurrency,
using these structures as the denotational models for such a language. This pa-
per reports the first research results into this area. It presents a truly concurrent
language which supports a number of interesting operators: the concatenation
operator of trace theory, a restriction operator that confines processes to a cer-
tain set of resources, a synchronization operator that allows processes to execute
independently, synchronizing on those actions which share common channels in
the synchronization set, and that includes process variables and recursion.

The basis for our language is the concatenation operator from trace theory.
In trace theory, independent actions can occur concurrently while dependent
actions must be ordered. Therefore the concatenation of traces is only weakly
sequential : it allows the beginning of the second process to occur independently
of the end of the first process provided they are independent. We think this is
a very attractive feature that corresponds to the automatic parallelization of
processes. We also can model purely sequential composition by ending a process
with a terminating action upon which all other actions depend.

The rest of the paper is organized as follows. In the Section 2 we provide some
preliminary background on domain theory, on trace theory generally, and on the
resource traces model of Gastin and Teodesiu [4]. These are the main ingredients
of the semantic models for our language. The syntax of our language is the
subject of the Section 3, and this is followed by Section 4 in which we explore the
properties of the resource mapping that assigns to each action its set of resources;
the results of this section are needed for both the operational and denotational
semantics. Section 5 gives the transition system and the resulting operational
semantics of our language, and also shows that the operational transition system
is Church-Rosser. Section 6 is devoted to the denotational model, and the seventh
section presents the main theorem relating the operational and the denotational
semantics.

Due to space limitations, most proofs are omitted and will appear in a forth-
coming full version of this paper.
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2 Preliminaries

In this section we review some basic results from domain theory, and then some
results from trace theory. A standard reference for domain theory is [1], and
most of the results we cite can be found there. Similarly, for the theory of traces
the reader is referred to [3]; specific results on resource traces can be found in [4].

2.1 Domain Theory

To begin, a poset is a partially ordered set, usually denoted P . The least element
of P (if it exists) is denoted ⊥, and a subset D ⊆ P is directed if each finite
subset F ⊆ D has an upper bound in D. Note that since F = ∅ is a possibility,
a directed subset must be non-empty. A (directed) complete partial order (dcpo)
is a poset P in which each directed set has a least upper bound. If P also has
a least element, then it is called a cpo. If P and Q are posets and f : P → Q
is a monotone map, then f is (Scott) continuous if f preserves sups of directed
sets: if D ⊆ P is directed and x = ∨D ∈ P exists, then ∨f(D) ∈ Q exists and
f(∨D) = ∨f(D).

If P is a dcpo, the element k ∈ P is compact if, for each directed subset
D ⊆ P , if k � ∨D, then (∃d ∈ D) k � d. The set of compact elements of
P is denoted K(P ), and for an element x ∈ P , K(x) = K(P ) ∩ ↓x, where
↓x = {y ∈ P | y � x}. P is algebraic if K(x) is directed and x = ∨K(x) for each
x ∈ P .

2.2 Resource Traces

We start with a finite alphabet Σ, a finite set R of resources, and a mapping
res : Σ → P(R) satisfying res(a) �= ∅ for all a ∈ Σ. We can then define a
dependence relation on Σ by (a, b) ∈ D iff res(a) ∩ res(b) �= ∅. The dependence
relation is reflexive and symmetric and its complement I = (Σ×Σ)\D is called
the independence relation on Σ.

A real trace t over (Σ,D) is the isomorphism class of a labeled, directed
graph t = [V,E, λ], where V is a countable set of events, E ⊆ V × V is the
synchronization relation on V , and λ : V → Σ is a node-labeling satisfying

– ∀p ∈ V , ↓p = {q ∈ V | (q, p) ∈ E∗} is finite,
– ∀p, q ∈ V , (λ(p), λ(q)) ∈ D ⇔ (p, q) ∈ E ∪ E−1 ∪ {(p, p) | p ∈ V }

The trace t is finite if V is finite and the length of t is |t| = |V |. The set of
real traces over (Σ,D) is denoted by R(Σ,D), and the set of finite traces by
M(Σ,D).

The alphabet of a real trace t is the set Alph(t) = λ(V ) of letters which
occur in t. We also define the alphabet at infinity of t as the set alphinf(t) of
letters which occur infinitely often in t. We extend the resource mapping to real
traces by defining res(t) = res(Alph(t)). The resources at infinity of t is the set
resinf(t) = res(alphinf(t)). A real trace is finite iff alphinf(t) = resinf(t) = ∅.

A partial concatenation operation is defined on real traces as follows: Let t1 =
[V1, E1, λ1] and t2 = [V2, E2, λ2] be real traces such that resinf(t1) ∩ res(t2) = ∅,
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then the concatenation of t1 and t2 is the real trace t1 · t2 = [V,E, λ] obtained
by taking the disjoint union of t1 and t2 and adding necessary edges from t1 to
t2, i.e., V = V1

.∪V2, λ = λ1
.∪λ2, and E = E1

.∪E2
.∪(V1 × V2 ∩ λ−1(D)). In this

representation, the empty trace 1 = [∅, ∅, ∅] is the identity.
The monoid of finite traces (M(Σ,D), ·) is isomorphic to the quotient monoid

Σ∗/≡ of the free monoid Σ∗ of finite words over Σ, modulo the least congruence
generated by {(ab, ba) | (a, b) ∈ I}.

The prefix ordering is defined on real traces by r ≤ t iff there exists a real
trace s such that t = r · s. When r ≤ t, then the trace s satisfying t = r · s
is unique and is denoted by r−1t. (R(Σ,D),≤) is a dcpo with the empty trace
as least element. The compact elements of (R(Σ,D),≤) are exactly the finite
traces.

Just as in the case of the concatenation of words, the concatenation operation
on M(Σ,D) is not monotone with respect to the prefix order. It is for this
reason that M(Σ,D) cannot be completed into a dcpo on which concatenation
is continuous, and so it is not clear how to use traces as a basis for a domain-
theoretic model for the concatenation operator of trace theory.

This shortcoming was overcome by the work of Diekert, Gastin and Teodesiu
[2,4]. In this paper, we will use the latter work as a basis for the denotational
models for our language. The resource trace domain over (Σ,R, res) is then
defined to be the family

F(Σ,D) = {(r,R) | r ∈ R(Σ,D), R ⊆ R and resinf(r) ⊆ R}.
For a resource trace x = (r,R) ∈ F(Σ,D), we call Re(x) = r the real part of
x and Im(x) = R the imaginary part of x. Most resource traces are meant to
describe approximations of actual processes. The real part describes what has
already been observed from the process and the imaginary part is the set of
resources allocated to the process for its completion. The set of resource traces
F(Σ,D) is thus endowed with a partial order called the approximation order:

(r,R) � (s, S) ⇔ r ≤ s and R ⊇ S ∪ res(r−1s).

We also endow F(Σ,D) with the concatenation operation

(r,R) · (s, S) = (r · µR(s), R ∪ S ∪ σR(s)),

where µR(s) is the largest prefix u of s satisfying res(u) ∩ R = ∅ and σR(s) =
res(µR(s)−1s). Intuitively, the product (r,R) · (s, S) is the best approximation
we can compute for the composition of two processes if we only know their
approximations (r,R) and (s, S).

It turns out that (F,�) is a dcpo with least element (1,R), where 1 is the
empty trace. Moreover, the concatenation operator defined above is continuous
with respect to this order. In other words, (F,�, ·) is a continuous algebra in the
sense of domain theory. The dcpo (F,�) is also algebraic and a resource trace
x = (r,R) is compact if and only if it is finite, that is, iff its real part r is finite.

We close this section with a simple result about the resource mapping.

Proposition 1. The resource mapping res : Σ → P(R) extends to a continuous
mapping res : F(Σ,D) → (P(R),⊇) defined by res(r,R) = res(r) ∪R. ��
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2.3 Alphabetic Mappings

The results presented in this section are new. They are useful for the denotational
semantics of our parallel composition operator.

Let res : Σ → P(R) and res′ : Σ′ → P(R) be two resource maps and let D
and D′ be the associated dependence relations over the alphabets Σ and Σ′.

Let ϕ : Σ → Σ′∪{1} be an alphabetic mapping such that res′(ϕ(a)) ⊆ res(a)
for all a ∈ Σ. We extend ϕ to real traces: If r = [V,E, λ] ∈ R(Σ,D), then we
define ϕ(r) = [V ′, E′, λ′] by V ′ = {e ∈ V | ϕ ◦ λ(e) �= 1}, λ′ = ϕ ◦ λ and
E′ = E ∩ λ′−1(D′) = {(e, f) ∈ E | λ′(e) D′ λ′(f)}. The mapping ϕ is said to be
non-erasing if ϕ(a) �= 1 for all a ∈ Σ.

Proposition 2.
1. ϕ : (R(Σ,D), ·) → (R(Σ′, D′), ·) is a morphism.
2. ϕ : (R(Σ,D),≤) → (R(Σ′, D′),≤) is continuous. ��

We now extend ϕ to a mapping over resource traces of F(Σ,D) simply by
defining ϕ(r,R) = (ϕ(r), R). Since res′(ϕ(a)) ⊆ res(a) for all a ∈ Σ, we deduce
that resinf ′(ϕ(r)) ⊆ resinf(r) ⊆ R and so (ϕ(r), R) is a resource trace over Σ′.
Hence, ϕ : F(Σ,D) → F(Σ′, D′) is well defined.

Proposition 3.
1. ϕ : (F(Σ,D),�) → (F(Σ′, D′),�) is continuous.
2. If res′(ϕ(a)) = res(a) (∀a ∈ Σ), then ϕ : (F(Σ,D), ·) → (F(Σ′, D′), ·) is a

non-erasing morphism. ��

3 The Language

In this section we introduce a simple parallel programming language. We begin
once again with a finite set Σ of atomic actions, a finite set R of resources, and
a mapping res : Σ → P(R) which assigns to each a ∈ Σ a non-empty set of
resources. We view res(a) as the set of resources – memory, ports, etc. – that
the action a needs in order to execute. Two actions a, b ∈ Σ may be executed
concurrently if and only if they are independent – i.e. iff they do not share any
resource. We define the BNF-like syntax of the language L we study as

p ::= STOP | a | p ◦ p | p|R | p ‖
C
p | x | recx.p

where

– STOP is the process capable of no actions but claiming all resources; it is
full deadlock.

– a ∈ Σ denotes the process which can execute the action a and then terminate
normally.

– p◦ q denotes the weak sequential composition of the two argument processes
with the understanding that independent actions commute with one another:
a ◦ b = b ◦ a if a, b ∈ I. We call ◦ weak sequential composition because it
enforces sequential composition of those actions which are dependent, while
allowing those which are independent of one another to execute concurrently.
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– p|R denotes the process p with all resources restricted to the subset R ⊆ R.
Only those actions a from p can execute for which res(a) ⊆ R; all other
actions are disabled.

– p ‖
C
q denotes the parallel composition of the component processes, synchro-

nizing on all actions a which satisfy res(a) ∩ C �= ∅, where C ⊆ R. Those
actions from either component which do not have any resources in common
with any of the actions in the other component nor any resources lying in C
are called local and can execute independently. Since our semantics is deter-
ministic, this process can only make progress as long as there are no actions
from either component that use resources that some action from the other
component also uses, except in the case of synchronization actions. If this
condition is violated, the process deadlocks.

– x ∈ V is a process variable.
– recx.p denotes recursion of the process body p in the variable x.

One of the principal impetuses for our work is the desire to understand the
differences between parallel composition, choice and nondeterminism. Histori-
cally, nondeterministic choice arose as a convenient means with which to model
parallel composition, namely, as the set of possible interleavings of the actions
of each component. We avoid nondeterminism, and in fact our language is deter-
ministic. But we still support parallel composition – that in which the actions
of each component are independent.

A parallel composition involves choice whenever there is a competition bet-
ween conflicting events. Since we use a truly concurrent semantic domain, our
events are not necessarily conflicting and we can consider a very natural and im-
portant form of cooperative parallel composition which does not require choice
or nondeterminism. Each process consists of local events which occur indepen-
dently of the other process and of synchronization events which are executed
in matching pairs. These synchronization events may introduce conflict when
the two processes offer non-matching synchronization events. Since nondetermi-
nistic choice is unavailable, conflicting events result in deadlock in our parallel
composition. Note that this situation does not occur in a cooperative parallel
composition, e.g. in a parallel sorting algorithm.

We view the BNF-like syntax given above as the signature, Ω = ∪nΩn, of
a single sorted universal algebra, where the index n denotes the arity of the
operators in the subset Ωn. In our case, we have

Nullary operators: Ω0 = {STOP} ∪Σ ∪ V ,
Unary operators: Ω1 = {−|R | R ⊆ R} ∪ {recx.− | x ∈ V },
Binary operators: Ω2 = {◦} ∪ { ‖

C
| C ⊆ R}, and

Ωn = ∅ for all other n;
then L is the initial Ω-algebra. This means that, given any Ω-algebra A, there
is a unique Ω-algebra homomorphism φA : L → A, i.e., a unique compositional
mapping from L to A.
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4 The Resource Mapping

In this section we define the resources which may be used by a process p ∈ L. This
is crucial for defining the operational semantics of weak sequential composition
and of parallel composition. We extend the mapping res : Σ → P(R) to the
full language L with variables and recursion. In order to define the resource set
associated with a process with free variables, we use a resource environment, a
mapping σ : V → P(R) assigning a resource set to each variable. Any resource
environment σ ∈ P(R)V can be locally overridden in its value at x:

σ[x  → R](y) = R, if y = x, and σ[x  → R](y) = σ(y), otherwise,
where R ∈ P(R) is any resource set we wish to assign at x.

Now, we define inductively the resources of a process p ∈ L in the resource
environment σ ∈ P(R)V by:

– res(STOP, σ) = R,
– res(a, σ) = res(a) for all a ∈ Σ,
– res(p|R, σ) = res(p, σ) ∩R for all R ⊆ R,
– res(p ◦ q, σ) = res(p, σ) ∪ res(q, σ),
– res(p ‖

C
q, σ) = res(p, σ) ∪ res(q, σ),

– res(x, σ) = σ(x) for all x ∈ V ,
– res(recx.p, σ) = res(p, σ[x  → ∅]).

For instance, we have res(STOP|R, σ) = R, res(recx.(a◦x◦b, σ)) = res(a)∪res(b)
and res((recx.(x ◦ a)) ‖

C
(rec y.(b ◦ y))) = res(a) ∪ res(b).

It is easy to see that the map res(p,−) : (P(R),⊇)V → (P(R),⊇) is con-
tinuous for each process p ∈ L. A crucial result concerning the resource map
states that the definition of recursion is actually a fixed point.

Proposition 4. Let p ∈ L be a process and σ ∈ P(R)V be a resource environ-
ment. Then, res(recx.p, σ) is the greatest fixed point of the mapping

res(p, σ[x  → −]) : (P(R),⊇) → (P(R),⊇). ��
In fact, we can endow the set of continuous maps [P(R)V → P(R)] with

a structure of a continuous Ω-algebra. The constants STOP and a (a ∈ Σ)
are interpreted as constant maps σ  → R and σ  → res(a), the process x is
interpreted as the projection σ  → σ(x), restriction |R is intersection with R, the
two compositions ◦ and ‖

C
are union, and finally, recursion recx is the greatest

fixed point: it maps f ∈ [P(R)V → P(R)] to the mapping σ  → (νR.f(σ[x  →
R])). With this view, the mapping p  → res(p,−) is the unique Ω-algebra map
from L to [P(R)V → P(R)].

We use p[q/x] to denote the result of substituting q for the variable x in p.
We now show how to compute the resource map at the process p[q/x] in terms
of the resource map at p.

Lemma 1. Let p, q ∈ L be two processes and σ ∈ P(R)V be a resource environ-
ment. Then

res(p[q/x], σ) = res(p, σ[x  → res(q, σ)]). ��
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5 Operational Semantics

In this section we present an operational semantics for all terms p ∈ L, even those
with free variables. This is necessitated by our use of something other than the
usual least fixed point semantics of recursion that domain theory offers. The
reason for this will be clarified later on – for now, we confine our discussion to
presenting the transition rules for our language, and deriving results about the
resulting behavior of terms from L under these rules. The key is to use environ-
ments. We rely on the mappings σ : V → P(R) to aid us, and so our transition
rules tell us what next steps are possible for a term in a given environment σ.

We must make an additional assumption to define our transition rules. We
are interested in supporting synchronization over a set C ⊆ R which we view as
the channels over which synchronization can occur. We therefore assume that
the alphabet Σ has a synchronization operation ‖ : Σ × Σ → Σ that satisfies
res(a1‖a2) = res(a1) ∪ res(a2) for all (a1, a2) ∈ Σ2. Moreover, for p1, p2 ∈ L,
σ ∈ P(R)V and C ⊆ R we define the set SyncC,σ(p1, p2) of pairs (a1, a2) ∈ Σ2

such that

res(a1) ∩ res(p2, σ) = res(a2) ∩ res(p1, σ) = res(a1) ∩ C = res(a2) ∩ C �= ∅.

SyncC,σ(p1, p2) consists of all pairs which may be synchronized in p1 ‖
C
p2. We

present the transition rules which are the basis for the operational semantics for
our language L in Table 1 below. We denote by SKIP the process STOP|∅.

We need a number of results about the rules in Table 1 before we can define
the operational behaviour of a term p ∈ L. Some of the results presented here are
easier to prove once we have defined the denotational semantics of our language
in the following section, but we have chosen to state the results now to improve
the readability of the presentation.

Proposition 5. In the following, p, p′, p′′ ∈ L are processes, σ ∈ P(R)V is a
syntactic environment, x ∈ V , and s ∈ Σ∗.

1. p
s−→
σ

p′ implies res(p, σ) = res(p′, σ) ∪ res(s).

2. p
a−→
σ

p′ and p
a−→
σ

p′′ imply p′ = p′′.

3. If a �= b then p
a−→
σ

p′ and p
b−→
σ

p′′ imply a I b and ∃p′′′ ∈ L with p′ b−→
σ

p′′′

and p′′ a−→
σ

p′′′.

4. If aIb then p
a−→
σ

p′ and p′ b−→
σ

p′′ imply ∃p′′′ ∈ L with p
b−→
σ

p′′′ and p′′′ a−→
σ

p′′.

Proposition 5 (2) means that our transition system is deterministic. Adding
Proposition 5 (3), we know that it is strongly locally confluent, whence Church-
Rosser. Since we want a truly concurrent semantics, it should be possible for a
process to execute independent events concurrently – i.e., independently. This is
reflected by Proposition 5 (4) in our transition system. From this we derive by
induction
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(1)
a

a−→
σ
SKIP

(2a)
p1

a−→
σ
p′
1

p1 ◦ p2
a−→
σ
p′
1 ◦ p2

(2b)
p2

a−→
σ
p′
2, res(a) ∩ res(p1, σ) = ∅
p1 ◦ p2

a−→
σ
p1 ◦ p′

2

(3)
p

a−→
σ
p′, res(a) ⊆ R

p|R a−→
σ
p′|R

(4a)
p1

a−→
σ
p′
1, res(a) ∩ (res(p2, σ) ∪ C) = ∅

p1 ‖
C

p2
a−→
σ
p′
1 ‖
C

p2

(4b)
p2

a−→
σ
p′
2, res(a) ∩ (res(p1, σ) ∪ C) = ∅

p1 ‖
C

p2
a−→
σ
p1 ‖

C

p′
2

(4c)
p1

a1−→
σ
p′
1, p2

a2−→
σ
p′
2, (a1, a2) ∈ SyncC,σ(p1, p2)

p1 ‖
C

p2
a1‖a2−→

σ
p′
1 ‖
C

p′
2

(5)
p

a−→
σ′ p′, σ′ = σ[x 	→ res(recx.p, σ)]
recx.p a−→

σ
p′[recx.p/x]

Table 1. The Transition Rules for L

Corollary 1. Let u, v ∈ Σ∗ with u ≡ v. Then p
u−→
σ

q iff p
v−→
σ

q. Hence p
s−→
σ

q

is well-defined for finite traces s ∈ M(Σ,D). ��
In an interleaving semantics, the possible operational behaviors of a process

p in the environment σ ∈ P(R) would consist of the set

XΣ∗(p, σ) = {u ∈ Σ∗ | ∃q ∈ L, p u−→
σ

q}.

Thanks to Corollary 1, we actually can define the possible concurrent behaviors
as

XM(p, σ) = {t ∈ M(Σ,D) | ∃q ∈ L, p t−→
σ

q}.
But, knowing only a possible real (finite) trace that can be executed does not
allow us to know how the process can be continued or composed with another
process. Hence we need to bring resources into the picture, and so we define the
resource trace behaviors by

XF(p, σ) = {(s, res(q, σ)) ∈ F | ∃q ∈ L, p s−→
σ

q}.

The meaning is that (s, S) ∈ XF(p, σ) if p can concurrently execute the trace s
and then still claim the resources in S.
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Actually, we can prove that the set XF(p, σ) is directed. The interpretation
is that p has a unique maximal behavior in the environment σ which is the least
upper bound of XF(p, σ): BF(p, σ) = �XF(p, σ). This is exactly what tells us
that our semantics of parallelism does not involve nondeterministic choice.

6 Denotational Semantics

The denotational semantics for our language takes its values in the family [FV →
F] of continuous maps from F

V to the underlying domain F = F(Σ,D) of resource
traces. As was the case with the resources model of Section 4, the semantics of
a finitary process (i.e., one without variables) p ∈ L is a constant map, which
means it is a resource trace. More generally, the semantics of any closed process
p ∈ L is simply a resource trace. But, as in the case of the semantics based on
the mapping res : Σ → P(R), in order to give the semantics of recursion, we also
have to consider terms with free variables.

We begin by defining the family of semantic environments to be the mappings
σ : V → F, and we endow this with the domain structure from the target domain
F, regarding F

V as a product on V -copies of F. The semantics of an arbitrary
process p ∈ L is a continuous map from F

V to F, and the semantics of a recursive
process recx.p is obtained using a fixed point of the semantic map associated
with p.

We obtain a compositional semantics by defining the structure of a conti-
nuous Ω-algebra on [FV → F]. We define the interpretations of constants and
variables in [FV → F] directly, but for the other operators except recursion, we
instead define their interpretations on F, and then extend them to [FV → F]
in a pointwise fashion. This approach induces on [FV → F] the structure of a
continuous Ω-algebra (cf. [1]). Recursion needs a special treatment since we do
not use the classical least fixed point semantics as explained in Section 6.5.

6.1 Constants and Variables

The denotational semantics of constants and of variables are defined by the
maps:

[[STOP]] ∈ [FV → F] by [[STOP]](σ) = (1,R)
[[a]] ∈ [FV → F] by [[a]](σ) = (a, ∅)
[[x]] ∈ [FV → F] by [[x]](σ) = σ(x)

The first two clearly are continuous, since they are constant maps. The last
mapping amounts to projection of the element σ ∈ F

V onto its x-component, and
since we endow F

V with the product topology, this mapping also is continuous.

6.2 Weak Sequential Composition

We define the semantics of weak sequential composition using the following result
about the concatenation of resource traces.

Proposition 6 ([4]). Concatenation over resource traces is a continuous ope-
ration. Moreover, res(x1 · x2) = res(x1) ∪ res(x2) for all (x1, x2) ∈ F

2. ��
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The denotational semantics of ◦ is then defined by:
◦ : [FV → F]2 → [FV → F] by (f1 ◦ f2)(σ) = f1(σ) · f2(σ).

6.3 Restriction

For restriction and parallel composition, we need to define new operations on
traces that have not been introduced so far. We start with restriction, which
we obtain as the composition of two continuous maps. Let R ⊆ R be a fixed
resource set. We first introduce

FR = {x ∈ F | res(Re(x)) ⊆ R},
the set of resource traces whose real parts use resources from R only. Note that
if some set X ⊆ FR is pairwise consistent in F, then its sup in F exists and
actually belongs to FR. Therefore, FR is also a consistently complete domain.
Recall also that ↑x = {y ∈ F | x � y} denotes the upper set of x ∈ F. Now we
define

f : F → FR by x  → �{y ∈ FR | y � x},
and

g : FR → ↑(1, R) ⊆ F by (s, S)  → (s, S ∩R),
and finally,

|R = g ◦ f : F → F.

Note first that all these mappings are well-defined. Indeed, the set Y = {y ∈
FR | y � x} is bounded above in F, so its sup exists and belongs to FR. To
show that g is well-defined, one only has to observe that resinf(s) ⊆ S ∩R when
(s, S) ∈ FR. Therefore, |R is well-defined, too.

Proposition 7. The mapping |R : F → F defined by x|R = g ◦ f(x) is conti-
nuous. Moreover, we have res(x|R) = res(x) ∩R for all x ∈ F. ��

From this, we obtain the semantics of the restriction operator by
|R : [FV → F] → [FV → F] by (f |R)(σ) = f(σ)|R.

6.4 Parallel Composition

We require some preliminary definitions and results before we can define the
parallel composition of resource traces. We use the results from Section 2.3 to
define the semantics of this operation. Recall first that we assumed the existence
of a parallel composition over actions of the alphabet: ‖ : Σ2 → Σ that satisfies
res(a1‖a2) = res(a1) ∪ res(a2) for all (a1, a2) ∈ Σ2. The action a1‖a2 represents
the result of synchronizing a1 and a2 in a parallel composition.

We introduce the alphabet Σ′ = (Σ ∪ {1})2 \ {(1, 1)} with the resource map
res′(a1, a2) = res(a1)∪ res(a2) and the associated dependence relation D′. Then
we consider the sets R(Σ′, D′) and F(Σ′, D′) of real traces and of resource traces
over the resource alphabet res′ : Σ′ → P(R). We define the alphabetic mappings

Πi : Σ′ → Σ ∪ {1} by Πi(a1, a2) = ai, i = 1, 2 and
Π : Σ′ → Σ by Π(a1, a2) = a1‖a2.
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where we set a‖1 = 1‖a = a. Note that res(Πi(a1, a2)) ⊆ res′(a1, a2), i =
1, 2, and res(Π(a1, a2)) = res′(a1, a2). Therefore, the three mappings extend
to continuous morphisms over real traces (Proposition 2) and to continuous
maps over resource traces. Moreover, Π also is a morphism of resource traces
(Proposition 3).

We consider a subset C ⊆ R of resources on which we want to synchronize; we
call these resources channels. We fix two resource traces x1 = (s1, S1) and x2 =
(s2, S2) of F(Σ,D) and we want to define a resource trace x1 ‖

C
x2 which repre-

sents the parallel composition of x1 and x2 with synchronization on the channels
of C. We first define a resource trace ϕ(x1, x2) ∈ F(Σ′, D′) which represents the
parallel composition of x1 and x2. Then we set x1 ‖

C
x2 = Π(ϕ(x1, x2)). Since the

mapping Π is continuous, in order to obtain a continuous semantics for parallel
composition, we only need to show that the mapping ϕ : F(Σ,D)2 → F(Σ′, D′)
is continuous as well.

In analogy to the set SyncC,σ(p1, p2) for terms p1, p2 ∈ L, given resource
traces xi = (si, Si), i = 1, 2, we can define the synchronization set SyncC(x1, x2)
as the set of pairs (a1, a2) ∈ Alph(s1) × Alph(s2) satisfying

res(a1) ∩ C = res(a2) ∩ C = res(a1) ∩ res(x2) = res(a2) ∩ res(x1) �= ∅.

Then the set Σ′
C(x1, x2) of actions which may occur in ϕ(x1, x2) is defined as

Σ′
C(x1, x2) = {(a1, 1) ∈ Alph(s1) × {1} | res(a1) ∩ (C ∪ res(x2)) = ∅}

∪ {(1, a2) ∈ {1} × Alph(s2) | res(a2) ∩ (C ∪ res(x1)) = ∅}
∪ SyncC,σ(x1, x2).

The first two sets in this union correspond to local events: these should not use
any channel on which we want to synchronize (res(a1) ∩ C = ∅). In addition,
the condition res(a1) ∩ res(x2) = ∅ implies that a local event does not conflict
with any event of the other component, which ensures parallel composition does
not involve nondeterministic choice. The set SyncC,σ(x1, x2) corresponds to syn-
chronization events. In order to synchronize, two events must use exactly the
same channels and, in order to assure determinism, neither should conflict with
resources of the other component.

Now we introduce the set

XC(x1, x2) = {(t, T ) ∈ F(Σ′, D′) | Alph(t) ⊆ Σ′
C(x1, x2) and

Πi(t, T ) � xi for i = 1, 2}

Proposition 8. The set XC(x1, x2) has a least upper bound x = (r,R) given by

r = �{r ∈ R(Σ′
C(x1, x2)) | Πi(r) ≤ si for i = 1, 2},

R = S1 ∪ S2 ∪ res(r−1
1 s1) ∪ res(r−1

2 s2), where ri = Πi(r).

Moreover, XC(x1, x2) = ↓x and res(x) = res(x1) ∪ res(x2). ��
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Proposition 9. The mapping ϕ : F(Σ,D)2 → F(Σ′, D′) defined by ϕ(x1, x2) =
�XC(x1, x2) is continuous. ��

As announced earlier, we define the semantics of parallel composition by
‖
C

= Π ◦ ϕ and the above results imply:

Corollary 2. ‖
C

: F(Σ,D)2 → F(Σ,D) by x1 ‖
C
x2 = (Π ◦ ϕ)(x1, x2) is conti-

nuous. Moreover, res(x1 ‖
C
x2) = res(x1) ∪ res(x2) for all (x1, x2) ∈ F

2. ��

The semantics of parallel composition is defined by
‖
C

: [FV → F]2 → [FV → F] by (f1 ‖
C
f2)(σ) = f1(σ) ‖

C
f2(σ).

6.5 Recursion

In order to have a compositional semantics for recursion, we need to define for
each variable x ∈ V an interpretation recx : [FV → F] → [FV → F], and then
we will set [[recx.p]] = recx.[[p]]. For f ∈ [FV → F], recx.f will be defined as a
fixed point of a continuous selfmap from F to F, but we do not use the classical
least fixed point semantics. Indeed, for the process recx.(a ◦ x), the least fixed
point semantics would give (aω,R) which claims and blocks unnecessarily all
resources. Instead, the semantics should be (aω, res(a)) which claims only the
resources needed for its execution. To obtain this semantics, we have to start
the fixed point computation with (1, res(a)), which is the least element of the
subdomain in which our computation is taking place. We describe our approach
in some detail now. Fixing a variable x ∈ V , we first define the maps

ϕ : [FV → F] × F
V → [F → F] by (f, σ)  → ϕf,σ

ψ : [FV → F] × F
V → [(P(R),⊇) → (P(R),⊇)] by (f, σ)  → ψf,σ

where

ϕf,σ(y) = f(σ[x  → y]),
ψf,σ(R) = res(f(σ[x  → (1, R)])).

Proposition 10. The two maps ϕ and ψ are well-defined and continuous. ��
For σ ∈ F

V , we define (recx.f)(σ) as a fixed point of the continuous map
ϕf,σ. Instead of using the least fixed point of ϕf,σ, we start the iteration yielding
the fixed point from a resource trace ⊥f,σ which depends on f and σ.

We define the mapping R : [FV → F] × F
V → P(R) by (f, σ)  → Rf,σ =

FIX(ψf,σ) which assigns to each pair (f, σ) the greatest fixed point of the mo-
notone selfmap ψf,σ. The starting point for the iteration is simply the resource
trace ⊥f,σ = (1, Rf,σ). Therefore, we also have a mapping ⊥ : [FV → F]×F

V →
F by (f, σ)  → ⊥f,σ = (1, Rf,σ).

Lemma 2. The maps R : [FV → F] × F
V → P(R) and ⊥ : [FV → F] × F

V → F

are continuous. ��
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We define the semantics of recursion by
recx : [FV → F] → [FV → F] by f  → recx.f : σ  → ⊔

n≥0 ϕ
n
f,σ(⊥f,σ).

Proposition 11. The mapping recx : [FV → F] → [FV → F] is well defined and
continuous. ��

6.6 Summary

We have defined our denotational semantics as a compositional mapping [[−]] : L →
[FV → F]; the work in this section has validated that such a mapping exists,
since L is the initial Ω-algebra, and we have given a continuous interpretation
in [FV → F] for each of the operators ω ∈ Ω in the signature of our language. To
summarize, the semantics of a process p ∈ L is the continuous map [[p]] defined
inductively by:

[[STOP]](σ) = (1,R) [[p ◦ q]](σ) = [[p]](σ) · [[q]](σ)

[[a]](σ) = (a, ∅) [[p ‖
C
q]](σ) = [[p]](σ) ‖

C
[[q]](σ)

[[x]](σ) = σ(x) [[p|R]](σ) = ([[p]](σ))|R
[[recx.p]](σ) = (recx.[[p]])(σ) =

⊔
n≥0

ϕn[[p]],σ(⊥[[p]],σ).

7 The Main Theorem

In this section we complete the picture by showing the relationship between the
operational and denotational models for our language.

To begin, we relate the semantic resources of a process to the syntactic re-
source of the process. The semantic resource set of the process p ∈ L in some
environment σ ∈ F

V is given by res([[p]](σ)). In order to relate this semantic
resource set to the syntactic resource set defined in Section 4, we introduce the
map resV : F

V → P(R)V by resV (σ)(x) = res(σ(x)).

Proposition 12. Let p ∈ L and σ ∈ F
V , then res([[p]](σ)) = res(p, resV (σ)). ��

The following result is the key lemma for the main theorem. It requires an
extended sequence of results to derive.

Proposition 13. Let p, q ∈ L, a ∈ Σ, σ ∈ F
V and τ ∈ P(R)V . Then

1. p
a−→

resV (σ)
q ⇒ [[p]](σ) = a · [[q]](σ),

2. [[p]](τ) = a · [[q]](τ) ⇒ p
a−→
τ

q. ��
Using the above proposition, we can show that each possible operational

behavior of p in some environment σ ∈ P(R)V corresponds to some compact
resource trace below [[p]](σ), and, conversely, that each compact resource trace
below [[p]](σ) approximates some operational behavior of p in σ.
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More precisely, in order to relate the operational and the denotational seman-
tics, we use the mapping χ : F → P(K(F)) defined by χ(x) = {(s, S) ∈ K(F) |
s ≤ x, S = res(s−1 · x)}. Note that for all x ∈ F we have χ(x) ⊆ K(x) ⊆ ↓χ(x)
and therefore χ(x) is directed and �χ(x) = x.

Theorem 1. For all p ∈ L and σ ∈ P(R)V , we have

XF(p, σ) = χ([[p]](σ))

and therefore BF(p, σ) = [[p]](σ). It follows directly that the denotational seman-
tics [[−]] is adequate with respect to the operational semantics defined by XM, by
XF or by BF. ��

8 Closing Remarks

We have presented a simple language that includes a number of interesting opera-
tors: weak sequential composition, deterministic parallel composition, restriction
and recursion. We also have presented a theorem relating its operational seman-
tics to its denotational semantics and implying adequacy. The novel feature
of our language is that the semantics of parallel composition does not involve
nondeterministic choice, as in other approaches. We believe this language will
have some interesting applications, among them the analysis of security pro-
tocols (where determinism has proved to be an important property) and model
checking, where trace theory has been used to avoid the state explosion problem.
We are exploring these applications in our ongoing work.

What remains to be done is to expand the language to include some of the
missing operators from the usual approach to process algebra. Chief among these
are the hiding operator of CSP and a choice operator.
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Abstract. Essential concepts of algebraic specification refinement are
translated into a type-theoretic setting involving System F and Reynolds’
relational parametricity assertion as expressed in Plotkin and Abadi’s
logic for parametric polymorphism. At first order, the type-theoretic set-
ting provides a canonical picture of algebraic specification refinement.
At higher order, the type-theoretic setting allows future generalisation
of the principles of algebraic specification refinement to higher order and
polymorphism. We show the equivalence of the acquired type-theoretic
notion of specification refinement with that from algebraic specification.
To do this, a generic algebraic-specification strategy for behavioural re-
finement proofs is mirrored in the type-theoretic setting.

1 Introduction

This paper aims to express in type theory certain essential concepts of algebraic
specification refinement. The benefit to algebraic specification is that inherently
first-order concepts are translated into a setting in which they may be generalised
through the full force of the chosen type theory. Furthermore, in algebraic spec-
ification many concepts have numerous theoretical variants. Here, the setting of
type theory may provide a somewhat sobering framework, in that type-theoretic
formalisms insist on certain sensibly canonical choices.

On the other hand, the benefit to type theory is to draw from the rich source
of formalisms, development methodology and reasoning techniques in algebraic
specification. See [7] for a survey and comprehensive bibliography. One of the
most appealing and successful endeavours in algebraic specification is that of
stepwise specification refinement, in which abstract descriptions of processes and
data types are methodically refined to concrete executable descriptions, viz. pro-
grams and program modules. In this paper we base ourselves on the description
in [31,30], and we highlight three essential concepts that make this account of
specification refinement apt for real-life development. These are so-called con-
structor implementations, behavioural equivalence and stability. We will express
this refinement framework in a type-theoretic environment comprised of Sys-
tem F and the assumption of relational parametricity in Reynolds’ sense [27,18],
as expressed in Plotkin and Abadi’s logic for parametric polymorphism [24].
Abstract data types are expressed in the type theory as existential types.

The above concepts of specification refinement fall out naturally in this set-
ting. In this, relational parametricity plays an essential role. It gives the equiv-
alence at first order of observational equivalence to equality at existential type.
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In algebraic specification there is a generic proof strategy formalised in [6,4,5]
for proving observational refinements. This considers axiomatisations of so-called
behavioural (partial) congruences. As also observed in [25], Plotkin and Abadi’s
logic is not sufficient to accommodate this proof strategy. Inspired by [25], we
choose the simple solution of adding axioms stating the existence of quotients
and sub-objects. This is justified by the soundness of the axioms w.r.t. the para-
metric PER-model [3] for Plotkin and Abadi’s logic. In this paper we import the
proof strategy into type theory to show a correspondence between two notions
of refinement. But this importation is also interesting in its own right, and our
results complement those of [25] in that we consider also partial congruences.

Other work linking algebraic specification and type theory includes [17] en-
coding constructor implementations in ECC, [26] expressing module-algebra
axioms in ECC, [23] encoding behavioural equalities in UTT, [2] treating the
specification language ASL+, [35] using Nuprl as a specification language, and
[34] promoting dependent types in specification. Only [25] utilises relational
parametricity. There are also non-type-theoretic higher-order approaches using
higher-order universal algebra [20], and other set-theoretic models [16].

The next section outlines algebraic specification refinement, highlighting the
three essential concepts above. Then, the translation of algebraic specification
refinement into a System F environment is presented, giving a type-theoretic no-
tion of specification refinement. The main result of this paper is a correspondence
at first-order between algebraic specification refinement and the type-theoretic
notion of specification refinement. This sets the scene for generalising the refine-
ment concepts now implanted in type theory to higher order and polymorphism.

2 Algebraic Specification Refinement

Let Σ = 〈S,Ω〉 be a signature, consisting of a set S of sorts, and an S∗×S-
sorted set Ω of operator names. We write profiles f : s1×· · ·×sn → s ∈ Ω,
meaning f ∈ Ωs1,...,sn,s. A Σ-algebra A = 〈(A)s∈S , F 〉 consists of an S-sorted
set (A)s∈S of non-empty carriers and a set F containing a total function fA ∈
(As1×· · ·×Asn → As) for every f:s1×· · ·×sn → s ∈ Ω. The class of Σ-algebras
is denoted by ΣAlg. Given a countable S-sorted set X of variables, the free
Σ-algebra over X is denoted TΣ(X) and for s ∈ S the carrier TΣ(X)s contains
the terms of sort s. We consider sorted first-order logic with equality. A formula
ϕ is a Σ-formula if all terms in ϕ are of sorts in S. Let Φ be a set of closed Σ-
formulae. Then SP = 〈Σ,Φ〉 is a basic algebraic specification, and its semantics
[[SP ]] is ModΣ(Φ), the class of Σ-algebras that are models of Φ.

Example 1. The following specification specifies stacks of natural numbers.

spec Stack is
sorts nat, stack
operators empty : stack, push : nat × stack → stack,

pop : stack → stack, top : stack → nat
axioms ΦStack : pop(push(x, s)) = s

top(push(x, s)) = x
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We omit universal quantification over free variables in examples. The semantics
of a data type (in a program) is an algebra. Wide-spectrum specification lan-
guages e.g. Extended ML [14], allow specifications and programs to be written
in a uniform language, so that specifications are abstract descriptions of a data
type or systems of data types, while program modules and programs are con-
crete executable descriptions of the same. A refinement process seeks to develop
in a sound methodical way the latter from the former, and a program is then
a full refinement or realisation of an abstract specification. The basic definition
of refinement we adopt here is given by the following refinement relation � on
specifications of the same signature [30,32]: SP j�SP j+1

def⇐⇒ [[SP j ]] ⊇ [[SP j+1]].
There are two indispensable refinements as it were, of the refinement relation.

One introduces constructors, the other involves behavioural abstraction.
A refinement process involves making decisions about design and implemen-

tation detail. At some point a particular function or module may become com-
pletely determined and remain unchanged throughout the remainder of the re-
finement process. It is convenient to lay aside the fully refined parts and continue
development on the remaining unresolved parts only. Let κ be a parameterised
program [9] with input interface SP j+1 and output interface SPj . Given a pro-
gram P that is a full refinement of SPj+1, the instantiation κ(P ) is then a
full refinement of SPj . The semantics of a parameterised program is a function
[[κ]] ∈ (ΣSPj+1Alg → ΣSPjAlg) called a constructor. Constructor implementa-
tion is then defined [30] as SP j �κ SPj+1

def⇐⇒ [[SP j ]] ⊇ [[κ]]([[SP j+1]]). The pa-
rameterised program κ is the fully refined part of the system which is set aside,
and SP j+1 specifies the remaining unresolved part that needs further refinement.

A major point in algebraic specification is that an abstract specification really
is abstract enough to give freedom of implementation. The notion of behavioural
abstraction captures the concept that two programs are considered equivalent if
their observable behaviours are equivalent. Algebraically one assumes a desig-
nated set Obs ⊆ S of observable sorts, and a designated set In ⊆ S of input sorts.
Observable computations are represented by terms in TΣ(XIn)s, for s ∈ Obs and
where XIn

s = Xs for s ∈ In and ∅ otherwise. Two Σ-algebras A and B are ob-
servationally equivalent w.r.t. Obs, In, written A ≡Obs,In B, if every observable
computation has equivalent denotations in A and B [29]. However, the seman-
tics [[SP ]] is not always closed under behavioural equivalence. For example, the
stack-with-pointer implementation of stacks of natural numbers does not satisfy
pop(push(x, s)) = s and is not in [[Stack]], but is behaviourally equivalent w.r.t.
Obs = In = {nat} to an algebra that is. To capture this, one defines the se-
mantics [[[SP ]]]Obs,In

def= {B | ∃A ∈ [[SP ]] . B ≡Obs,In A}, and defines refinement
up to behavioural equivalence [30] as 〈SP j ,Obs, In〉 �κ

〈
SPj+1,Obs ′, In ′〉 def⇐⇒

[[[SP j ]]]Obs,In ⊇ [[κ]]([[[SP j+1]]]Obs′,In ′). Why do we want designated input sorts?
One extremal view would be to say that all observable computations should be
ground terms, i.e. proclaim In = ∅. But that would be too strict in a refinement
situation where a data type depends on another as yet undeveloped data type.
On the other hand, letting all sorts be input sorts would disallow intuitively fea-
sible behavioural refinements as illustrated in the following example from [10].
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Example 2. Consider the following specification of sets of natural numbers.

spec Set is
sorts nat, set
operators empty : set, add : nat × set → set

in : nat × set → bool, remove : nat × set → set
axioms add(x, add(x, s)) = add(x, s)

add(x, add(y, s)) = add(y, add(x, s))
in(x, empty) = false
in(x, add(y, s)) = if x =nat y then true else in(x, s)
in(x, remove(x, s)) = false

Consider the ΣSet-algebra ListImpl (LI ) whose carrier LI set is the set of finite
lists over the natural numbers; emptyLI gives the empty list, addLI appends a
given element to the end of a list only if the element does not occur already, inLI

is the occurrence function, and removeLI removes the first occurrence of a given
element. Being a ΣSet-algebra, LI allows users only to build lists using emptyLI

and addLI , and on such lists the efficient removeLI gives the intended result.
However, LI �∈ [[[Set]]]Obs,In , for Obs = {bool, nat} and In = {set, bool, nat},
because the observable computation in(x, remove(x, s)) might give true, since s
ranges over all lists, not only the canonical ones generated by emptyLI and addLI .
On the other hand, LI ∈ [[[Set]]]Obs,In for In = Obs = {bool, nat}, since now the
use of set-variables in observable computations is prohibited. �

In this example, the correct choice was In = Obs. In fact In = Obs is virtually
always a sensible choice, and a very reasonable simplifying assumption.

Behavioural refinement steps are in general hard to verify. A helpful concept is
stability [33]. A constructor [[κ]] is stable ifA≡Obs′,In ′ B⇒ [[κ]](A)≡Obs,In [[κ]](B).
Under stability, it suffices for proving 〈SPj ,Obs , In〉 �κ

〈
SP j+1,Obs ′ , In ′〉, to

show that [[[SP j ]]]Obs,In ⊇ [[κ]]([[SP j+1]]). The following contrived but short ex-
ample from [31] illustrates the point. See e.g. [33] for a more realistic example.

Example 3. Consider the specification

spec Triv is
sorts nat
operators id : nat × nat × nat → nat
axioms ΦTriv : id(x, n, z) = x

Define the constructor Tr ∈ (ΣStackAlg →ΣTrivAlg) as follows. ForA ∈ ΣStackAlg,
define multipushA ∈ (� × � ×A→ A) and multipopA ∈ (� ×A→ A) by

multipushA(n, z, a) =
{
a, n = 0
pushA(z,multipushA(n− 1, z + 1, a)), n > 0

multipopA(n, a) =
{
a, n = 0
multipopA(n− 1, popA(a)), n > 0

Then Tr(A) is the Triv-algebra whose single operator is given by
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id(x, n, z) = topA(multipopA(n,multipushA(n, z, pushA(x, emptyA)))).

We have [[[Triv]]]{nat},In ⊇ Tr([[[Stack]]]{nat},In), but to prove this only assuming
membership in [[[Stack]]]{nat},In is not straight-forward. However, Tr is in fact
stable. So it suffices to show [[[Triv]]]{nat},In ⊇ Tr([[Stack]]), and the proof of this
is easy [31]. In particular, one may now hold pop(push(x, s)) = s among ones
assumptions, although this formula is not valid for [[[Stack]]]{nat},In . �

One still has to prove the stability of constructors. However, since constructors
are given by concrete parameterised programs, this can be done in advance for
the language as a whole. A key observation is that stability is intimately related
to the effectiveness of encapsulation mechanisms in the language.

Example 4 ([31]). Consider the constructor Tr ′ ∈ (ΣStackAlg → ΣTrivAlg)
such that Tr ′(A) is the Triv-algebra whose single operator is given by

id(x, n, z) =
{
x, popA(pushA(z, emptyA)) = emptyA

z, otherwise

Then for A the array-with-pointer algebra, we get Tr ′(A) �∈ [[[Triv]]]{nat},In and
so [[[Triv]]]{nat},In �⊇ Tr ′([[[Stack]]]{nat},In). Tr ′ is not stable, and Tr ′ breaches the
abstraction barrier by checking equality on the underlying implementation. �

Algebraic specifications may be complex, built from basic specifications using
specification building operators, e.g. [36,32,37]. But as a starting point for the
translation into type theory, we only consider basic specifications.

3 The Type Theory

We now sketch the logic in [24,19] for parametric polymorphism on System F. It
is this accompanying logic that bears an extension rather than the type theory.
See [1] for a more internalised approach. System F has types and terms as follows.

T ::= X | T → T | ∀X.T t ::= x | λx:T.t | tt | ΛX.t | tT
where X and x range over type and term variables resp. However, formulae are
now built using the usual connectives from equations and relation symbols.

φ ::= (t =A u) | R(t, u) | · · · | ∀R⊂A×B.φ | ∃R⊂A×B.φ
where R ranges over relation symbols. We write α[R,X, x] to indicate possi-
ble occurrences of R, X and x in α, and may write α[ρ,A, t] for the result of
substitution, following the appropriate rules concerning capture.

Judgements for type and term formation and second-order environments with
term environments depending on type environments, are as usual. But formula
formation now involves relation symbols, so second-order environments are aug-
mented with relation environments, viz. a finite sequence Υ of relational typings
R⊂A×B of relation variables, depending on the type environment, and obeying
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standard conventions for environments. The formation rules for atomic formulae
consists of the usual one for equations, and now also one for relations:

Γ � t:A, Γ � u:B, Γ � Υ, Υ � R⊂A×B
Γ, Υ � R(t, u) Prop (also written tRu)

The other rules for formulae are as expected. Relation definition is accommodated:

Γ, x:A, y:B � φ Prop
Γ � (x:A, y:B) . φ ⊂ A×B

For example eqA
def= (x:A, y:A).(x =A y).

If ρ⊂A×B, ρ′⊂A′×B′ and ρ′′[R]⊂A[Y ]×B[Z], then complex relations are
built by ρ→ ρ′ ⊂ (A→ A′)×(B → B′) where

(ρ→ ρ′) def= (f:A→ A′ , g:B → B′).(∀x:A∀x′:B.(xρx′ ⇒ (fx)ρ′(gx′)))

and ∀(Y, Z,R⊂Y ×Z)ρ′′[R] ⊂ (∀Y.A[Y ])×(∀Z.B[Z]) where

∀(Y,Z,R⊂Y×Z)ρ′′ def= (y:∀Y.A[Y ], z:∀Z.B[Z]).(∀Y ∀Z∀R⊂Y×Z.((yY )ρ′′ [R](zZ)))

One can now acquire further definable relations by substituting definable re-
lations for type variables in types. For X = X1, . . . , Xn, B = B1, . . . , Bn,
C = C1, . . . , Cn and ρ = ρ1, . . . , ρn, where ρi⊂Bi×Ci, we get T [ρ]⊂T [B]×T [C],
the action of T [X] on ρ, defined by cases on T [X] as follows:

T [X] = Xi : T [ρ] = ρi
T [X] = T ′[X] → T ′′[X] : T [ρ] = T ′[ρ] → T ′′[ρ]
T [X] = ∀X ′.T ′[X, X ′] : T [ρ] = ∀(Y, Z,R⊂Y ×Z).T ′[ρ, R]

The proof system is natural deduction over formulae now involving relation
symbols, and is augmented with inference rules for relation symbols, for example
we have for Φ a finite set of formulae:

Φ �Γ,R⊂A×B φ[R]
Φ �Γ ∀R⊂A×B . φ[R]

Φ �Γ ∀R⊂A×B.φ[R], Γ � ρ⊂A×B
Φ �Γ φ[ρ]

One also has axioms for equational reasoning and βη equalities. Finally, the
following parametricity axiom schema is asserted:

Param : �∅ ∀Y1, . . . ,∀Yn∀u: (∀X.T [X,Y1, . . . , Yn]) . u(∀X.T [X, eqY1
, . . . , eqYn

])u

To understand, it helps to ignore the parameters Yi and expand the definition
to get ∀u: (∀X.T [X ]) .∀Y ∀Z∀R⊂Y ×Z . u(Y ) T [R] u(Z) i.e. if one instantiates
a polymorphic inhabitant at two related types then the results are also related.
One gets

Fact 1 (Identity Extension Lemma [24]). For any T [Z], the following se-
quent is derivable using Param.

�∅ ∀Z.∀u, v:T . (u T [eqZ ] v ⇔ (u =T v))



536 J.E. Hannay

Encapsulation is provided by the following encoding of existential types and
the following pack and unpack combinators.

∃X.T [X ] def= ∀Y.(∀X.(T [X ] → Y ) → Y )

packT [X]:∀X.(T [X ] → ∃X.T [X ])
packT [X](A)(impl ) def= ΛY.λf:∀X.(T [X ] → Y ).f(A)(impl)

unpackT [X]: (∃X.T [X ]) → ∀Y.(∀X.(T [X ] → Y ) → Y )
unpackT [X](package)(B)(client) def= package(B)(client)

We omit subscripts to pack and unpack as much as possible. Operationally, pack
packages a data representation and an implementation of operators on that data
representation. The resulting package is a polymorphic functional that given a
client and its result domain, instantiates the client with the particular elements
of the package. And unpack is the application operator for pack.

Fact 2 (Characterisation by Simulation Relation [24]). The following se-
quent schema is derivable using Param.

�∅ ∀Z.∀u, v:∃X.T [X,Z] .
u =∃X.T [X,Z] v ⇔ ∃A,B.∃�:T [A,Z], �:T [B,Z].∃R⊂A×B .

u = (packA�) ∧ v = (packB�) ∧ �(T [R, eqZ ])�

The sequent in Fact 2 states the equivalence of equality at existential type with
the existence of a simulation relation in the sense of [21]. From this we also get

�∅ ∀Z.∀u:∃X.T [X,Z].∃A.∃�:T [A,Z] . u = (packA �)

Weak versions of standard constructs such as products, initial and final
(co-)algebras are encodable in System F [8]. With Param, these constructs are
provably universal constructions. We can e.g. freely use product types. Given
ρ⊂A×B and ρ′⊂A′×B′ , (ρ×ρ) is defined as the action (X×X ′)[ρ, ρ′ ]. One derives
∀u:A×A′ , v:B×B′ . u(ρ×ρ′)v ⇔ (fst(u) ρ fst(v) ∧ snd(u) ρ snd(v)). We also use
the abbreviations bool

def= ∀X.X → X → X and nat
def= ∀X.X → (X → X) → X ;

which are provably initial constructs.
Finally, this logic is sound w.r.t. to the parametric PER-model of [3].

4 The Translation

We now define a translation T giving an interpretation in the type theory and
logic outlined in Sect. 3, of the concept of algebraic specification refinement
〈SP j ,Obs, In〉�κ

〈
SP j+1,Obs ′ , In ′〉. We will use inhabitants of existential types

as analogues to algebras, and then existentially quantified variables will corre-
spond to non-observable (behavioural) sorts.

To keep things simple, we will at any one refinement stage assume a single
behavioural sort b; methodologically this means focusing on one data type at a
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time, and on one thread in a development. Thus we can stick to existential types
with one existentially quantified variable. It is straight-forward to generalise to
multiple existentially quantified variables [21].

In algebraic specification, there is no restraint on the choice of input sorts and
observable sorts within the sorts S of a signature. In the type-theoretic setting,
we will see that we have only one choice for the corresponding notion of input
types, namely the collection of all types. Since a behavioural sort corresponds to
an existentially quantified type variable, this automatically caters for situations
which in algebraic specification correspond to crucially excluding the behavioural
sort from the input sorts (Example 2). In algebraic specification, conforming
to this type-theoretic insistence means assuming In = S \ b, which probably
covers all reasonable examples of refinement. Thus, the type-theoretic formalisms
inherently select a sensible choice.

For observable types on the other hand, we seem to have some choice. Our
assumption of at most one behavioural sort means Obs = S \ b, hence Obs = In,
in the algebraic specification setting. In type theory we could therefore let all
types be observable types, as we must for input types. However, since ‘observable’
should mean ‘printable’, we limit the observable types by letting Obs denote also
observable types; we assume that for every sort s ∈ Obs there is an obvious closed
type given the name s, for which the Identity Extension Lemma (Fact 1) gives
x (s[ρ]) y ⇔ x =s y. Examples are bool and nat.

Note that the assumption of Obs = In means that it suffices to write algebraic
specification refinement as 〈SPj ,Obs〉�κ

〈
SP j+1,Obs ′

〉
.

In the following we use record type notation as a notational convenience.

Definition 1 (Translation and Type Theory Specification).
Let SP = 〈Σ,Φ〉 where Σ = 〈S,Ω〉. Define the translation T by

T 〈SP ,Obs〉 = 〈〈SigSP , ΘSP 〉,Obs〉
where SigSP = ∃X.ProfSP ,
where ProfSP = Record(f1:s11×· · ·×s1n1 → s1, . . . , fk:sk1×· · ·×sknk

→ sk)[X/b],
for fi:si1 × · · · × sini

→ si ∈ Ω,
and where ΘSP (u) = ∃X.∃�:ProfSP . u = (packX�) ∧ Φ[X, �].

Here, Φ[X, �] indicates the conjunction of Φ, where X substitutes b, and every
operator symbol in Φ belonging to Ω is prefixed with �. We call T 〈SP ,Obs〉 a type
theory specification. If ΘSP (u) is derivable then u is a realisation of T 〈SP ,Obs〉.
Example 5. For example, T 〈Stack, {nat}〉 = 〈〈SigStack, ΘStack〉, {nat}〉, where

SigStack = ∃X.ProfStack,
ProfStack = Record(empty:X, push:nat ×X → X, pop:X → X, top:X → nat)
ΘStack(u) = ∃X.∃�:ProfStack . u = (packX�) ∧

∀x:nat, s:X . �.pop(�.push(x, s)) = s ∧
∀x:nat, s:X . �.top(�.push(x, s)) = x

�

Henceforth, existential types arise from algebraic specifications as in Def. 1. We
do not consider free type variables in existential types since this corresponds to
parameterised algebraic specifications, which is outside this paper’s scope.
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The type theory specification of Def. 1 is essentially that of [17]. The impor-
tant difference is that with parametricity, equality of data type inhabitants is
inherently behavioural, so implementation is up to observational equivalence.

In algebraic specification we said that two Σ-algebras A and B are ob-
servationally equivalent w.r.t. Obs and In iff for any observable computation
t ∈ TΣ(XIn)s, s ∈ Obs the interpretations tA and tB are equivalent. Analo-
gously, and in the style of [21], we give the following definition of type-theoretic
observational equivalence.

Definition 2 (Type Theory Observational Equivalence). For any u, v :
∃X.T [X ], we say u and v are observationally equivalent w.r.t. Obs iff the fol-
lowing sequent is derivable.

�Γ ∃A,B.∃�:T [A], �:T [B] . u = (packA�) ∧ v = (packB�) ∧∧
C∈Obs ∀f:∀X.(T [X ] → C) . (fA �) = (fB �)

Notice that there is nothing hindering having free variables in an observable
computation f : ∀X.(T [X ] → C). Importantly, though, these free variables can
not be of the existentially bound type.

Example 6. Recalling Example 2, for ListImpl to be a behavioural implemen-
tation of Set, it was essential that the input sorts did not include set, as then
the observable computation in(x, remove(x, s)) would not have the same deno-
tation in ListImpl as in any algebra in [[Set]]. In our type-theoretic setting, the
corresponding observable computation is ΛX.λ�:ProfSet . �.in(x, �.remove(x, g)).
Here g must be a term of the bound type X . The typing rules insist that g can
only be of the form �.add(· · · �.add(�.empty) · · ·) and not a free variable. �

Our first result is essential to understanding the translation.

Theorem 3. Suppose ∃X.T [X ] = SigSP in T 〈SP ,Obs〉 for some basic alge-
braic specification SP and set of observable sorts Obs. Then, assuming Param,
equality at existential type is derivably equivalent to observational equivalence,
i.e. the following sequent is derivable in the logic.

�∅ ∀u, v:∃X.T [X ] .
u =∃X.T [X] v ⇔

∃A,B.∃�:T [A], �:T [B] . u = (packA�) ∧ v = (packB�) ∧∧
C∈Obs ∀f:∀X.(T [X ] → C) . (fA �) = (fB �)

Proof: This follows from Fact 2 and Lemma 4 below. �

Lemma 4. Let ∃X.T [X ] = SigSP be as in Theorem 3. Then, assuming Param,
the existence of a simulation relation is derivably equivalent to observational
equivalence, i.e. the following sequent is derivable.

�∅ ∀A,B.∀�:T [A], �:T [B] .
∃R⊂A×B . �(T [R])� ⇔ ∧

C∈Obs ∀f:∀X.(T [X ] → C) . (fA �) = (fB �)
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Proof: ⇒: This follows from Param.
⇐: We must exhibit an R such that �(T [R])�. Semantically, [22,33] define

a relation between elements iff they are denotable by some common term. We
mimic this: Give R def= (a:A, b:B).(∃f:∀X.(T [X ] → X).(fA �) = a ∧ (fB �) = b).
We must now derive �(T [R])�, i.e. for every component (g:s1×· · ·×sn → s)[X/b]
in T [X ], we must show that

∀v1:s1[A], . . . ,∀vn:sn[A], ∀w1:s1[B], . . . ,∀wn:sn[B] .
v1 s1[R] w1 ∧ · · · ∧ vn sn[R] wn

⇒ �.g(v1, . . . , vn) s[R] �.g(w1, . . . , wn)

Under our present assumptions, any sj in the antecedent is either b or else an
observable sort. If sj is b then the antecedent says vj R wj hence we may assume
∃fj:∀X.(T [X ] → X).(fjA �) = vj ∧ (fjB �) = wj . If sj is an observable sort we
may by Fact 1 assume vj = wj . Consider f def= ΛX.λ� : T [X ] . �.g(u1, . . . , un),
where uj is (fjX�) if sj is b, and uj = vj otherwise.

Suppose now the co-domain sort s is an observable sort. Then by assumption
we have (fA �) = (fB �) and by β-reduction we are done. Suppose the co-domain
sort s is b. Then we need to derive �.g(v1, . . . , vn) R �.g(w1, . . . , wn), i.e. that
∃f :∀X.(T [X ] → X).(fA �) = �.g(v1, . . . , vn) ∧ (fB �) = �.g(w1, . . . , wn). But
then we exhibit our f above, and we are done. �

This proof does not in general generalise to higher order T . The problem lies in
exhibiting a simulation relation R.

Given Theorem 3, ΘSP (u) of translation T expresses “u is observationally
equivalent to a package (packX�) that satisfies the axioms Φ”. Therefore:

Definition 3 (Type Theory Specification Refinement). A type theory spec-
ification T 〈

SP ′,Obs ′
〉

is a refinement of a type theory specification T 〈SP ,Obs〉,
with constructor F : SigSP ′ → SigSP iff �Γ ∀u:SigSP ′ . ΘSP ′(u) ⇒ ΘSP (Fu)
is derivable. We write T 〈SP ,Obs〉 T

�
F

T 〈
SP ′ ,Obs ′

〉
for this fact.

Any constructor F : SigSP ′ → SigSP is by Theorem 3 inherently stable under
parametricity: Congruence gives ∀u, v:SigSP ′ .u =SigSP′ v ⇒ F (u) =SigSP

F (v).
But equality at existential type is of course observational equivalence.

Example 7. The constructor Tr of Example 3 is expressed in this setting as
λu:SigStack.unpack(u)(SigTriv)(ΛX.λ�:ProfStack . (packX record(id =

λx, n, z:nat . �.top(multipop(n,multipush(n, z, �.push(x, �.empty))))))) �

Note that we automatically get the proof simplification due to stability that we
have in algebraic specification. Since observational equivalence is simply equality
in the type theory, it is sound to substitute any package with an observationally
equivalent package that satisfies the axioms of the specification literally.

Observe that the non-stable constructor Tr ′ from Example 4 is not express-
ible in the type theory, because x =X y Prop is not allowed in System F terms.
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5 A Correspondence at First Order

We seek to establish a formal connection between the concept of algebraic spec-
ification refinement and its type-theoretic counterpart as defined in Def. 3, i.e.

〈SP ,Obs〉�κ
〈
SP ′,Obs ′

〉 ⇔ T 〈SP ,Obs〉 T
�
Fκ

T 〈
SP ′ ,Obs ′

〉

where κ and Fκ are constructors that correspond in a sense given below.
Now, that u is a realisation of a type theory specification 〈〈SigSP , ΘSP 〉,Obs〉

can in general only be proven by exhibiting an observationally equivalent package
u′ that satisfies ΦSP . For any particular closed term g:SigSP , one can attempt
to construct such a g′ perhaps ingeniously, using details of g. But to show that
a specification is a refinement of another specification we are asked to consider
a term (packA�) where we do not know details of A or �. We therefore need
a universal method for exhibiting suitable observationally equivalent packages.
It also defies the point of behavioural abstraction having to construe a literal
implementation to justify a behavioural one.

In algebraic specification one proves observational refinements by first con-
sidering quotients w.r.t. a possibly partial congruence ≈Obs,In induced by Obs
and In [5], and then using an axiomatisation of this quotienting congruence to
prove relativised versions of the axioms of the specification to be refined. In
the case that this congruence is partial, clauses restricting to the domain of
the congruence must also be incorporated [6,4]. The quotients are of the form
domA(≈Obs,In)/≈Obs,In , where domA(≈Obs,In)s

def= {a ∈ As | a ≈Obs,In a}.
This proof method is not available in the type theory and logic of [24]. One

remedy would be to augment the type theory by quotient types, e.g. [11], and
subset types. However, for its simplicity and because it complies to existing proof
techniques in algebraic specification, we adapt an idea from [25] where the logic is
augmented with an axiom schema postulating the existence of quotients (Def. 4).
In addition, we need a schema asserting the existence of sub-objects (Def. 5) for
dealing with partial congruences. The justification for these axioms lies in their
soundness w.r.t. the parametric PER-model [3] that is one justification for the
logic of [24]. These axioms are tailored to suit refinement proof purposes. One
could alternatively derive them from more fundamental and general axioms.
Definition 4 (Existence of Quotients (Quot) [25]).

�∅ ∀X.∀�:T [X ].∀R⊂X×X . (� T [R] � ∧ equiv(R)) ⇒
∃Q.∃�:T [Q].∃epi:X → Q . ∀x, y:X . xRy ⇔ (epi x) =Q (epi y) ∧

∀q:Q.∃x:X . q =Q (epi x) ∧
� (T [(x:X, q:Q).((epi x) =Q q)]) �

where equiv (R) specifies R to be an equivalence relation.

Definition 5 (Existence of Sub-objects (Sub)).

�∅ ∀X.∀�:T [X ].∀R⊂X×X . (� T [R] �) ⇒
∃S.∃�:T [S].∃R′⊂S×S.∃mono:S → X .� (T [(x:X, s:S).(x=X(mono s))]) � ∧

∀s.s′:S . s R′ s′ ⇔ (mono s) R (mono s′) ∧
∀s:S . s R′ s
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Algebraic specification uses classical logic, while the logic in [24] is construc-
tive. However, formulae may be interpreted classically in the parametric PER-
model, and it is sound w.r.t. this model to assume the axiom of excluded middle
[24]. For our comparison with algebraic specification, we shall do this.

We can now show our desired correspondence. We first do this for refinements
without constructors. We must assume that specifications are behaviourally closed
w.r.t. ≈Obs,In , i.e. {domA(≈Obs,In)/≈Obs,In | A ∈ [[SP ]]} ⊆ [[SP ]]. This is method-
ologically an obvious requirement for behavioural specification [6,5].

Theorem 5. Let SP = 〈Σ,Φ〉 and SP ′ = 〈Σ,Φ′〉 be basic algebraic specifica-
tions, with Σ = 〈S,Ω〉. Assume one behavioural sort b, and assume Obs = In =
S \ b. Assume behavioural closedness w.r.t. ≈Obs,In . Then

〈SP ,Obs〉� 〈
SP ′,Obs

〉 ⇔ T 〈SP ,Obs〉 T
� T 〈

SP ′ ,Obs
〉

Proof: ⇒: We must show the derivability of �Γ ∀u:SigSP ′ . ΘSP ′(u) ⇒ ΘSP (u).
We can obtain proof-theoretical information from 〈SP ,Obs〉� 〈

SP ′,Obs
〉
. By

behavioural closedness, there exists a sound and complete calculus �Π
�

for be-
havioural refinement, based on a calculus �ΠS for structured specifications [6].
By syntax directedness, we must have had SP ′/≈Obs,In �ΠS Φ, where the se-
mantics of SP ′/≈Obs,In is {domA(≈Obs,In)/≈Obs,In | A ∈ [[SP ′ ]]}. For our basic
specification case, this boils down to the predicate logic statement of

Φ′ ,Ax(∼) � L(Φ) (†)
Here ∼ stands for a new symbol representing ≈Obs,In at the behavioural sort
b, and L(Φ) def= {L(φ) | φ ∈ Φ}, for L(φ) = ( ∧ y∈FV b(φ) y ∼ y) ⇒ φ∗ where
FV b(φ) is the set of free variables of sort b in φ, and where inductively

(a) (u =b v)∗
def= u ∼ v,

(b) (¬φ)∗ def= ¬(φ∗) and (φ ∧ ψ)∗ def= φ∗ ∧ ψ∗ ,
(c) (∀x:b.φ)∗ def= ∀x:b.(x ∼ x ⇒ φ∗),
(d) φ∗ def= φ, otherwise.

and Ax(∼) def= ∀x, y: b.(x ∼ y ⇔ Behb(x, y)), where Behb(x, y) is an axiomati-
sation of ≈Obs,In at b [4]. (At s ∈ Obs = In, ≈Obs,In is just equality.)

Using this we derive our goal as follows. Let u: SigSP ′ be arbitrary. Let T
denote ProfSP ′(= ProfSP ). We must derive ∃B.∃�:T [B].(packB�) = u ∧ Φ[B, �]
assuming ∃A.∃�:T [A].(packA�) = u ∧ Φ′ [A, �]. Let � and A denote the witnesses
projected out from that assumption.

Now, Beh is in general infinitary. However, with higher-order logic one gets
a finitary Beh∗ equivalent to Beh [12]. Thus we form ∼ type-theoretically by
∼ def= (a:A, a′ :A).(Beh∗

A(a, a′)). Since ∼ is an axiomatisation of a partial con-
gruence, we have � T [∼] �. We use Sub to get SA, �� and ∼′⊂ SA×SA and
mono:SA → A s.t. we can derive

(s1) � (T [(a:A, s:SA).(a =A (mono s))]) ��
(s2) ∀s.s′:SA . s ∼′ s′ ⇔ (mono s) ∼ (mono s′)
(s3) ∀s:SA . s ∼′ s
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By (s2) we get �� T [∼′] ��. We also get equiv(∼′) by (s3). We now use Quot
to get Q and �:T [Q] and epi:SA → Q s.t.

(q1) ∀s, s′:SA . s ∼′ s′ ⇔ (epi s) =Q (epi s′)
(q2) ∀q:Q.∃s:SA . q =Q (epi s)
(q3) �� (T [(s:SA, q:Q).((epi s) =Q q)]) �

We exhibit Q for B, and � for �; it remains to derive 1. (packQ�) = (packA�)
and 2. Φ[Q, �]. To show the derivability of (1), it suffices to observe that, through
Fact 2, (s1) and (q3) give (packA�) = (packSA��) = (packQ�). For (2) we must
show the derivability of φ[Q, �] for every φ ∈ Φ. We induce on the structure of φ.

(a) φ is u =b v. We must derive u[�] =Q v[�]. For any variable qi:Q in u[�] or
v[�], we may by (q2) assume an sqi:SA s.t. (epi sqi) = qi. From (†) we can derive
∧ i((mono sqi) ∼ (mono sqi)) ⇒ u[�][· · · (mono sqi) · · ·] ∼ v[�][· · · (mono sqi) · · ·],
but by (s2) and (s1) this is equivalent to ∧ i(sqi ∼′ sqi) ⇒ u[��][· · · sqi · · ·] ∼′

v[��][· · · sqi · · ·], which by (s3) is equivalent to u[��][· · · sqi · · ·] ∼′ v[��][· · · sqi · · ·].
Then from (q1) we can derive (epi u[��][· · · sqi · · ·]) =Q (epi v[��][· · · sqi · · ·]).

By (q3) we then get (epi u[��][· · · sqi · · ·]) = u[�] and (epi v[��][· · · sqi · · ·]) = v[�].
(b) Suppose φ = ¬φ′ . By negation n.f. convertibility it suffices to consider

φ′ an atomic formula. The case for φ′ as (a) warrants a proof for ¬φ′ similar to
that of (a). Suppose φ = φ′ ∧ φ′′ . This is dealt with by i.h. on φ′ and φ′′ .

(c) φ = ∀x:B.φ′ . This is dealt with by i.h. on φ′ .
(d) This covers the remaining cases. Proofs are similar to those above.
⇐: Observe that to show Φ[Q, �] we must either use Φ′ [Q, �] and the definition

of ∼, or else Φ[Q, �] was a tautology; in both cases we get (†). �

We can easily extend Theorem 5 to deal with constructors. Dealing with
constructors in full generality, requires specification building operators, which is
outside the scope of this paper. However, consider simple type theory construc-
tors F:SigSP ′ → SigSP of the form

λu:SigSP ′ .unpack(u)(SigSP )(ΛX.λ�:ProfSP ′ [X ] . (packX�′))

for some �′ : ProfSP [X ]. The concept of algebraic specification of algebras is
extended in [28] to algebraic specifications of constructors. In the simple case,
we can extend our translation in Def. 1 to this framework.

Example 8. An algebraic specification of Example 3’s Tr , can be given by
ΠS:Stack.Triv′[S] where Triv′[S] is

hide multipush,multipop in
operators multipush:nat × nat × S.stack → S.stack,

multipop:nat × S.stack → S.stack, id:nat × nat × nat → nat
axioms ΦTr : multipop(n,multipush(n, z, s)) = s

id(x, n, z) = S.top(multipop(n,multipush(n, z, S.push(x, S.empty))))

We can give a corresponding type theory specification T (ΠS : Stack.Triv′) by
〈SigΠS:Stack.Triv′ , ΘΠS:Stack.Triv′〉, where SigΠS:Stack.Triv′

def= SigStack → SigTriv and
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ΘΠS:Stack.Triv′(u, v)
def= ∃X.∃�:ProfStack.∃Y.∃�:ProfTriv .

(packX�) = u ∧ (packY �) = v ∧ . . . ∧
∀x, n, z:nat . �.id(x, n, z) = �.top(multipop(n,multipush(n, z, �.push(x, �.empty))))

whereby F is a realisation of, or satisfies, T (ΠS : Stack.Triv′) if one can derive
∀u:SigStack . ΘStack(u) ⇒ ΘΠS:Stack.Triv′(u, Fu). �

We now want to show 〈SP ,Obs〉�κF

〈
SP ′,Obs ′

〉 ⇔ T 〈SP ,Obs〉 T
�
F

T 〈
SP ′,Obs ′

〉

where κF is a realisation of a specification SPF that maps to a specification
T (SPF ) for which F , a simple constructor, is a realisation, and where the axioms
of SPF and T (SPF ) are given by ΦF . We have to show the derivability of
�Γ ∀u : SigSP ′ . ΘSP ′(u) ⇒ ΘSP (Fu), supposing 〈SP ,Obs〉 �κF

〈
SP ′,Obs ′

〉
.

Similarly to the proof of Theorem 5, we get Φ′ ,Ax(∼), ΦF � L(Φ) (‡) We need
to exhibit a B and � s.t. 1. packB� = F (packA�) and 2. Φ[B, �]. We construct Q
and � from F (packA�) = packA�′, for �′:ProfSP [A], as in the proof of Theorem 5,
and (1) follows as before. Then for (2), to show Φ[Q, �], and also for the converse
direction, use (‡) in place of (†).

Finally and importantly, the ‘⇒’ direction of the proof of Theorem 5 displays
a reasoning technique in its own right for type theory specification refinement.
This extends the discussion in [25] to deal also with partial congruences.

6 Final Remarks

In this paper we have expressed an account of algebraic specification refinement
in System F and the logic for parametric polymorphism of [24]. We have seen in
Sect. 4 how the concepts of behavioural (observational) refinement, and stable
constructors are inherent in this type-theoretic setting, because at first order,
equality at existential type is exactly observational equivalence (Theorem 3). We
have shown a correspondence (Theorem 5) between refinement in the algebraic
specification sense, and a notion of type theory specification refinement (Def. 3).
We have seen how a proof technique from algebraic specification can be mirrored
in type theory by extending the logic soundly with axioms Quot and Sub, the
latter also extending the discussion in [25].

The stage is now set for type-theoretic development in at least two directions.
First, algebraic specification has much more to it than presented here. An obvious
extension would be to express specification building operators in System F. This
would also allow a full account of specifications of parameterised programs and
also parameterised specifications [28].

Secondly, we can use our notion of type theory specification refinement and
start looking at specification refinement for higher-order polymorphic function-
als. In this context one must resolve what observational equivalence means, since
the higher-order version of Theorem 3 is an open question. However, there are
grounds to consider an alternative notion of simulation relation that would re-
establish a higher-order version of Lemma 4. Operationally, the only way two
concrete data types (packA�) : T [A] and (packB�) : T [B] can be utilised, is in
clients of the form ΛX.λ�:T [X ] . �.t. Such a client cannot incite the application
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of functionals �.f and �.f whose domain types involve the instantiations A and
B of the existential type variable, to arbitrary terms of appropriate instanti-
ated types, but only to terms definable in some sense by items in the respective
implementations � and �. However, the usual notion of simulation relation con-
siders in fact arbitrary terms. At first order, this does not matter, because one
can exhibit a relation that explicitly restricts arguments to be definable, namely
the relation R in the proof of Lemma 4. At higher-order, one could try altering
the relational proof criteria by incorporating explicit definability clauses. This
is reminiscent of recent approaches on the semantical level [15,13].
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Abstract. We study a weakening of the notion of logical relations, cal-
led pre-logical relations, that has many of the features that make logical
relations so useful as well as further algebraic properties including com-
posability. The basic idea is simply to require the reverse implication in
the definition of logical relations to hold only for pairs of functions that
are expressible by the same lambda term. Pre-logical relations are the
minimal weakening of logical relations that gives composability for ex-
tensional structures and simultaneously the most liberal definition that
gives the Basic Lemma. The use of pre-logical relations in place of logical
relations gives an improved version of Mitchell’s representation indepen-
dence theorem which characterizes observational equivalence for all sig-
natures rather than just for first-order signatures. Pre-logical relations
can be used in place of logical relations to give an account of data refi-
nement where the fact that pre-logical relations compose explains why
stepwise refinement is sound.

1 Introduction

Logical relations are structure-preserving relations between models of typed
lambda calculus.

Definition 1.1. Let A and B be Σ-applicative structures. A logical relation R
over A and B is a family of relations {Rσ ⊆ [[σ]]A × [[σ]]B}σ∈Types(B) such that:

– Rσ→τ (f, g) iff ∀a ∈ [[σ]]A.∀b ∈ [[σ]]B.Rσ(a, b)⇒ Rτ (AppA f a,AppB g b).
– Rσ([[c]]A, [[c]]B) for every term constant c : σ in Σ.

Logical relations are used extensively in the study of typed lambda calculus and
have applications outside lambda calculus, for example to abstract interpretation
[Abr90] and data refinement [Ten94]. A good reference for logical relations is
[Mit96]. An important but more difficult reference is [Sta85].

The Basic Lemma is the key to many of the applications of logical relations.
It says that any logical relation over A and B relates the interpretation of each
lambda term in A to its interpretation in B.
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Lemma 1.2 (Basic Lemma). Let R be a logical relation over Henkin models
A and B. Then for all Γ -environments ηA, ηB such that RΓ (ηA, ηB) and every
term Γ ✄M : σ, Rσ([[Γ ✄M : σ]]AηA , [[Γ ✄M : σ]]BηB). ✷

(RΓ (ηA, ηB) refers to the obvious extension of R to environments, see page 550.)
As structure-preserving relations, logical relations resemble familiar algebraic

concepts like homomorphisms and congruence relations but they lack some of
the convenient properties of such concepts. In particular, the composition of two
logical relations is not in general a logical relation. This calls into question their
application to data refinement at least, where one would expect composition to
provide an account of stepwise refinement.

We propose a weakening of the notion of logical relations called pre-logical
relations (Sect. 3) that has many of the features that make logical relations
so useful — in particular, the Basic Lemma still holds for pre-logical relations
(Lemma 4.1) — but having further algebraic properties including composabi-
lity (Prop. 5.5). The basic idea is simply to require the reverse implication in
the definition of logical relations to hold only for pairs of functions that are
expressible by the same lambda term. Pre-logical relations turns out to be the
minimal weakening of logical relations that gives composability for extensional
structures (Corollary 7.2) and simultaneously the most liberal definition that
gives the Basic Lemma. Pre-logical predicates (the unary case of pre-logical re-
lations) coincide with sets that are invariant under Kripke logical relations with
varying arity as introduced by Jung and Tiuryn [JT93] (Prop. 6.2). The use
of pre-logical relations in place of logical relations gives an improved version of
Mitchell’s representation independence theorem (Corollaries 8.5 and 8.6 to Theo-
rem 8.4) which characterizes observational equivalence for all signatures rather
than just for first-order signatures. Pre-logical relations can be used in place of
logical relations in Tennent’s account of data refinement in [Ten94] and the fact
that pre-logical relations compose explains why stepwise refinement is sound.

Many applications of logical relations follow a standard pattern where the
result comes directly from the Basic Lemma once an appropriate logical relation
has been defined. Some results in the literature follow similar lines in the sense
that a type-indexed family of relations is defined by induction on types and a
proof like that of the Basic Lemma is part of the construction, but the family of
relations defined is not logical. Examples can be found in Plotkin’s and Jung and
Tiuryn’s lambda-definability results using I-relations [Plo80] and Kripke logical
relations with varying arity [JT93] respectively, and Gandy’s proof of strong
normalization using hereditarily strict monotonic functionals [Gan80]. In each of
these cases, the family of relations involved turns out to be a pre-logical relation
(Example 3.8, Sect. 6 and Example 3.9) which allows the common pattern to be
extended to these cases as well. Since pre-logical relations are more general than
logical relations and variants like I-relations, they provide a framework within
which these different classes can be compared. Here we begin by studying and
comparing their closure properties (Prop. 5.6) with special attention to closure
under composition.
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The definition of pre-logical relations is not new. In [Sch87], Schoett uses
a first-order version of algebraic relations which he calls correspondences, and
he conjectures (p. 281) that for Henkin models, what we have called pre-logical
relations (formulated as in Prop. 3.3) would be closed under composition and
yield the Basic Lemma. In [Mit90], Mitchell makes the same suggestion, refer-
ring to Schoett and also crediting Abramsky and Plotkin, but as an assertion
rather than a conjecture. The idea is not developed any further. An independent
but apparently equivalent definition of pre-logical relations over cartesian closed
categories is given in [PPS98] where they are called lax logical relations. It is
shown that these compose and that the Basic Lemma holds, and an axiomatic
account is provided. Earlier, a closely related notion called L-relations was de-
fined in [KOPTT97] and shown to compose. Another related paper is [Rob96].
There appears to be no previous work on pre-logical relations that goes beyond
observing that they compose and that the Basic Lemma holds. Another diffe-
rence to [PPS98] and [KOPTT97] is that our treatment is elementary rather
than categorical, and covers also combinatory logics.

2 Syntax and Semantics

We begin with λ→, the simply-typed lambda calculus having→ as the only type
constructor. Other type constructors will be considered in Sect. 10. We follow
the terminology in [Mit96] for the most part, with slightly different notation.

Definition 2.1. The set Types(B) of types over a set B of base types (or type
constants) is given by the grammar σ ::= b | σ → σ where b ranges over B. A
signature Σ consists of a set B of type constants and a collection C of typed
term constants c : σ.

Let Σ = 〈B,C〉 be a signature. We assume familiarity with the usual notions
of context Γ = x1:σ1, . . . , xn:σn and Σ-term M of type σ over a context Γ ,
written Γ ✄M : σ, with the meta-variable t reserved for lambda-free Σ-terms. If
Γ is empty then we write simply M : σ. Capture-avoiding substitution [N/x]M
is as usual.

Definition 2.2. A Σ-applicative structure A consists of:

– a carrier set [[σ]]A for each σ ∈ Types(B);
– a function Appσ,τA : [[σ → τ ]]A → [[σ]]A → [[τ ]]A for each σ, τ ∈ Types(B);
– an element [[c]]A ∈ [[σ]]A for each term constant c : σ in Σ.

We drop the subscripts and superscripts when they are determined by the context.
Two elements f, g ∈ [[σ → τ ]]A are said to be extensionally equal if Appσ,τA f x =
Appσ,τA g x for every x ∈ [[σ]]A. A Σ-applicative structure is extensional when
extensional equality coincides with identity.

A Σ-combinatory algebra is a Σ-applicative structure A that has elements
Kσ,τ

A ∈ [[σ → (τ → σ)]]A and Sρ,σ,τA ∈ [[(ρ→ σ → τ)→ (ρ→ σ)→ ρ→ τ ]]A for
each ρ, σ, τ ∈ Types(B) satisfying Kσ,τ

A x y = x and Sρ,σ,τA x y z = (x z)(y z).
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An extensional combinatory algebra is called a Henkin model. An applicative
structure A is a full type hierarchy when [[σ → τ ]]A = [[σ]]A → [[τ ]]A for every
σ, τ ∈ Types(B) and then it is obviously a Henkin model.

In a combinatory algebra, we can extend the definition of lambda-free Σ-
terms by allowing them to contain S and K; we call these combinatory Σ-terms.

A Γ -environment ηA assigns elements of an applicative structure A to va-
riables, with ηA(x) ∈ [[σ]]A for x : σ in Γ . A lambda-free Σ-term Γ ✄ t : σ
is interpreted in a Σ-applicative structure A under a Γ -environment ηA in the
obvious way, written [[Γ ✄ t : σ]]AηA , and this extends immediately to an interpre-
tation of combinatory Σ-terms in combinatory algebras by interpreting K and
S as KA and SA. If t is closed then we write simply [[t : σ]]A.

There are various ways of interpreting terms containing lambda abstraction
in a combinatory algebra by “compiling” them to combinatory terms so that
outermost β holds (see Prop. 2.4 below for what we mean by “outermost β”).
In Henkin models, all these compilations yield the same result.

An axiomatic approach to interpreting lambda abstraction requires an appli-
cative structure equipped with an interpretation function that satisfies certain
minimal requirements — cf. the notion of acceptable meaning function in [Mit96].

Definition 2.3. A lambda Σ-applicative structure consists of a Σ-applicative
structure A together with a function [[·]]A that maps any term Γ ✄ M : σ and
Γ -environment ηA over A to an element of [[σ]]A, such that:

– [[Γ ✄ x : σ]]AηA = ηA(x)
– [[Γ ✄ c : σ]]AηA = [[c]]A

– [[Γ ✄M N : τ ]]AηA = AppA [[Γ ✄M : σ → τ ]]AηA [[Γ ✄N : σ]]AηA
– [[Γ ✄ λx:σ.M : σ → τ ]]AηA = [[Γ ✄ λy:σ.[y/x]M : σ → τ ]]AηA provided y �∈ Γ
– [[Γ ✄M : σ]]AηA = [[Γ ✄M : σ]]Aη′

A
provided η′

A is a Γ -environment such that
ηA(x) = η′

A(x) for all x ∈ Γ
– [[Γ, x:σ ✄M : τ ]]AηA = [[Γ ✄M : τ ]]AηA
– [[Γ, x:σ ✄M : τ ]]AηA[x�→[[Γ✄N :σ]]AηA ]

= [[Γ ✄ [N/x]M : τ ]]AηA

Proposition 2.4. A lambda applicative structure A with AppA [[Γ ✄ λx:σ.M :
σ → τ ]]AηA a = [[Γ, x:σ ✄ M : τ ]]AηA[x�→a] amounts to a combinatory algebra, and
vice versa. ✷

Viewing a combinatory algebra as a lambda applicative structure involves inter-
preting lambda terms via compilation to combinatory terms.

3 Algebraic and Pre-logical Relations

We propose a weakening of the definition of logical relations which is closed under
composition and which has most of the attractive properties of logical relations.
First we change the two-way implication in the condition on functions to a one-
way implication which requires preservation of the relation under application.
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Definition 3.1. Let A and B be Σ-applicative structures. An algebraic relation
R over A and B is a family of relations {Rσ ⊆ [[σ]]A× [[σ]]B}σ∈Types(B) such that:

– If Rσ→τ (f, g) then ∀a ∈ [[σ]]A.∀b ∈ [[σ]]B.Rσ(a, b)⇒ Rτ (AppA f a,AppB g b).
– Rσ([[c]]A, [[c]]B) for every term constant c : σ in Σ.

In lambda applicative structures, we additionally require the relation to preserve
lambda abstraction in a sense that is analogous to the definition of admissible
relation in [Mit96]. First, we extend a family of relations to a relation on Γ -
environments: RΓ (ηA, ηB) if Rσ(ηA(x), ηB(x)) for every x:σ in Γ .

Definition 3.2. Let A and B be lambda Σ-applicative structures. A pre-logical
relation over A and B is an algebraic relation R such that given Γ -environments
ηA and ηB such that RΓ (ηA, ηB), and a term Γ, x : σ✄M : τ , if Rσ(a, b) implies
Rτ ([[Γ, x : σ ✄ M : τ ]]AηA[x�→a], [[Γ, x : σ ✄ M : τ ]]BηB[x�→b]) for all a ∈ [[σ]]A and
b ∈ [[σ]]B, then Rσ→τ ([[Γ ✄ λx:σ.M : σ → τ ]]AηA , [[Γ ✄ λx:σ.M : σ → τ ]]BηA).

This amounts to defining pre-logical relations as simply the class of relations
that make the Basic Lemma hold, as we shall see in Lemma 4.1 below. (Indeed,
since the Basic Lemma for pre-logical relations is an equivalence rather than a
one-way implication, an alternative at this point would be to take the conclusion
of the Basic Lemma itself as the definition of pre-logical relations.)

A more appealing definition is obtained if we consider combinatory algebras,
where the requirement above boils down to preservation of S and K:

Proposition 3.3. Let A and B be Σ-combinatory algebras. An algebraic rela-
tion R over A and B is pre-logical iff R(Sρ,σ,τA , Sρ,σ,τB ) and R(Kσ,τ

A ,Kσ,τ
B ) for all

ρ, σ, τ ∈ Types(B). ✷

If we incorporate S and K into the signature Σ, then pre-logical relations are
just algebraic relations on combinatory algebras. One way of understanding the
definition of pre-logical relations is that the reverse implication in the definition
of logical relations is required to hold only for pairs of functions that are expres-
sible by the same lambda term. For combinatory algebras these are exactly the
pairs of functions that are denoted by the same combinatory term, and thus this
requirement is captured by requiring the relation to contain S and K.

The use of the combinators S and K in the above proposition is in some sense
arbitrary: the same result would be achieved by taking any other combinatory
basis and changing the definition of combinatory algebra and the interpretation
function accordingly. It would be straightforward to modify the definitions to
accommodate other variants of lambda calculus, for instance λI for which a
combinatory basis is B,C, I, S, or linear lambda calculi. For languages that
include recursion, such as PCF, one would add a Y combinator.

As usual, the binary case of algebraic resp. pre-logical relations over A and
B is derived from the unary case of algebraic resp. pre-logical predicates for the
product structure A×B. We omit the obvious definitions. For most results about
pre-logical relations below there are corresponding results about pre-logical pre-
dicates and about algebraic relations and predicates over applicative structures.
Similar comments apply to n-ary relations for n > 2.
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The fact that pre-logicality is strictly weaker than logicality is demonstrated
by the following examples which also provide a number of general methods for
defining pre-logical relations.

Example 3.4. For any signature Σ and lambda Σ-applicative structure, the pre-
dicate P defined by

Pσ(v)⇔ v is the value of a closed Σ-term M : σ

is a pre-logical predicate over A. (In fact, P is the least such — see Prop. 5.7
below.) Now, consider the signature Σ containing the type constant nat and
term constants 0 : nat and succ : nat → nat and let A be the full type hierarchy
over N where 0 and succ are interpreted as usual. P is not a logical predicate
over A: any function f ∈ [[nat → nat ]]A, including functions that are not lambda
definable, takes values in P to values in P and so must itself be in P . ✷

Example 3.5. The identity relation on a lambda applicative structure is a pre-
logical relation but it is logical iff the structure is extensional. ✷

Example 3.6. A Σ-homomorphism between lambda Σ-applicative structures A
and B is a type-indexed family of functions {hσ : [[σ]]A → [[σ]]B}σ∈Types(B) such
that for any term constant c : σ in Σ, hσ([[c]]A) = [[c]]B, hτ (Appσ,τA f a) =
Appσ,τB hσ→τ (f) hσ(a) and hσ→τ ([[Γ✄λx:σ.M : σ → τ ]]AηA) = [[Γ✄λx:σ.M : σ →
τ ]]Bh(ηA) where h(ηA) = {x �→ hσ(ηA(x))} for all x:σ in Γ . Any Σ-homomorphism
is a pre-logical relation. In particular, interpretation of terms in a lambda ap-
plicative structure with respect to an environment, viewed as a relation from
the lambda applicative structure of terms, is a pre-logical relation but is not in
general a logical relation. ✷

Example 3.7. Let A and B be lambda applicative structures and define Rσ ⊆
[[σ]]A×[[σ]]B by Rσ(a, b) for a ∈ [[σ]]A, b ∈ [[σ]]B iff there is a closed term M : σ such
that [[M : σ]]A = a and [[M : σ]]B = b. This is a pre-logical relation but it is not
in general a logical relation. Generalizing: the inverse of any pre-logical relation
is obviously pre-logical and according to Prop. 5.5 below the composition of
any two pre-logical relations is pre-logical. Then observe that the above relation
is just the composition of closed term interpretation in B (which is pre-logical
according to Example 3.6) and the inverse of closed term interpretation in A. ✷

Example 3.8. Plotkin’s I-relations [Plo80] give rise to pre-logical relations. The
family of relations on the full type hierarchy consisting of the tuples which are
in a given I-relation at a given world (alternatively, at all worlds) is a pre-logical
relation which is not in general a logical relation. ✷

A related example concerning Kripke logical relations with varying arity
[JT93] is postponed to Sect. 6.

Example 3.9. Let A be an applicative structure. Given order relations Rb on
[[b]]A for each base type b, we can define Gandy’s hereditarily strict monotonic
functionals [Gan80] as the equivalence classes of those elements of A which are
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self-related with respect to the following inductively defined family of relations
on A×A:

Rσ→τ (f, g) iff ∀a ∈ [[σ]]A.∀b ∈ [[σ]]A.
Rσ(a, b)⇒ (f �= g ⇒ (Rτ \∆τ )(AppA f a,AppA g a)

∧
a �= b⇒ ((Rτ \∆τ )(AppA f a,AppA f b)

∧(Rτ \∆τ )(AppA g a,AppA g b)))

(This defines simultaneously at each type both the class of functionals we are
interested in and the order relation itself.) This method defines a pre-logical
relation (with respect to λI) which is not in general a logical relation. ✷

4 The Basic Lemma

We will now consider the extension of the Basic Lemma to pre-logical relations.
In contrast to Lemma 1.2, we get a two-way implication which says that the
requirements on pre-logical relations are exactly strong enough to ensure that
the Basic Lemma holds. The reverse implication fails for logical relations as
Example 3.4 shows (for logical predicates).

Lemma 4.1 (Basic Lemma for pre-logical relations). Let R = {Rσ ⊆
[[σ]]A× [[σ]]B}σ∈Types(B) be a family of relations over lambda Σ-applicative struc-
tures A and B. Then R is a pre-logical relation iff for all Γ -environments ηA, ηB
such that RΓ (ηA, ηB) and every Σ-term Γ ✄M : σ, Rσ([[Γ ✄M : σ]]AηA , [[Γ ✄M :
σ]]BηB). ✷

The “only if” direction of this result is the analogue in our setting of the general
version of the Basic Lemma in [Mit96], cf. Lemma 1.2 above for the case of
Henkin models, but where R is only required to be pre-logical.

The Basic Lemma is intimately connected with the concept of lambda defin-
ability. This is most apparent in the unary case:

Lemma 4.2 (Basic Lemma for pre-logical predicates). Let P = {Pσ ⊆
[[σ]]A}σ∈Types(B) be a family of predicates over a lambda Σ-applicative structure
A. Then P is a pre-logical predicate iff it is closed under lambda definability:
PΓ (η) and Γ ✄M : σ implies Pσ([[Γ ✄M : σ]]Aη ). ✷

5 Properties of Pre-logical Relations

A logical relation on lambda applicative structures is pre-logical provided it is
admissible in the following sense.

Definition 5.1 ([Mit96]). A logical relation R on lambda applicative struc-
tures A and B is admissible if given Γ -environments ηA and ηB such that
RΓ (ηA, ηB), and terms Γ, x:σ ✄M,N : τ ,

∀a ∈ [[σ]]A, b ∈ [[σ]]B.Rσ(a, b)⇒ Rτ([[Γ, x:σ✄M : τ ]]AηA[x�→a], [[Γ, x:σ✄N : τ ]]BηB[x�→b])
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implies

∀a ∈ [[σ]]A, b ∈ [[σ]]B.Rσ(a, b)⇒ Rτ (AppA [[Γ ✄ λx:σ.M : σ → τ ]]AηA a,
AppB [[Γ ✄ λx:σ.N : σ → τ ]]BηB b)

Proposition 5.2. Any admissible logical relation on lambda applicative struc-
tures is a pre-logical relation. ✷

Corollary 5.3. Any logical relation on combinatory algebras is a pre-logical re-
lation. ✷

To understand why the composition of logical relations R over A and B
and S over B and C might not be a logical relation, it is instructive to look at
examples. When composition fails, the problem is often that the interpretation
of some function type in B has “too few values”. But even if we take logical
relations over full type hierarchies, where all possible values of function types
are present, composition can fail:

Example 5.4. Let Σ contain just two type constants, b and b′. Consider three full
type hierarchies A,B, C which interpret b and b′ as follows: [[b]]A = {∗} = [[b′]]A;
[[b]]B = {∗} and [[b′]]B = {◦, •}; [[b]]C = {◦, •} = [[b′]]C . Let R be the logical
relation over A and B induced by Rb = {〈∗, ∗〉} and Rb

′
= {〈∗, ◦〉, 〈∗, •〉} and

let S be the logical relation over B and C induced by Sb = {〈∗, ◦〉, 〈∗, •〉} and
Sb

′
= {〈◦, ◦〉, 〈•, •〉}. S ◦ R is not a logical relation because it does not relate

the identity function in [[b]]A → [[b′]]A to the identity function in [[b]]C → [[b′]]C .
The problem is that the only two functions in [[b]]B → [[b′]]B are {∗ �→ ◦} and
{∗ �→ •}, and S does not relate these to the identity in C. ✷

Proposition 5.5. The composition S ◦ R of pre-logical relations R over A,B
and S over B, C is a pre-logical relation over A, C. ✷

Composition is definable in terms of product, intersection and projection:

S ◦ R = π1,3(A× S ∩ R× C)
Closure of pre-logical relations under these operations is a more basic property
than closure under composition, and is not specific to binary relations. We have:

Proposition 5.6. Pre-logical relations are closed under intersection, product,
projection, restriction to a substructure, permutation and ∀. (Here, if R ⊆
A1 × · · · × An then ∀R ⊆ A2 × · · · × An is defined by (∀R)σ = {〈a2, . . . , an〉 |
∀a1 ∈ [[σ]]A1 .〈a1, a2, . . . , an〉 ∈ Rσ}.) Logical relations are closed under product,
permutation and ∀ but not under intersection, projection or restriction to a sub-
structure. ✷

A consequence of closure under intersection is that given a property P of
relations that is preserved under intersection, there is always a least pre-logical
relation satisfying P . We then have the following lambda-definability result (re-
call Example 3.4 above):
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Proposition 5.7. The least pre-logical predicate over a lambda Σ-applicative
structure contains exactly those elements that are the values of closed Σ-terms.

✷

In a signature with no term constants, a logical relation may be constructed
by defining a relation R on base types and using the definition to “lift” R
inductively to higher types. The situation is different for pre-logical relations:
there are in general many pre-logical liftings of a given R, one being its lifting
to a logical relation (provided this gives an admissible relation). But since the
property of lifting a given R is preserved under intersection, the least pre-logical
lifting of R is also a well-defined relation. Similarly for the least pre-logical
extension of a given family of relations, for any signature. Lifting/extending
a given family of relations to a logical relation is problematic for signatures
containing higher-order term constants.

It is easy to see that pre-logical relations are not closed under union. And
even in a signature with no term constants, the class of pre-logical relations that
lift a given relation R on base types cannot be endowed with a lattice structure in
general. But the only logical relation in this class is one of its maximal elements
under inclusion.

6 Kripke Logical Relations with Varying Arity

Definition 6.1 ([JT93]). Let C be a small category of sets and let A be a
Henkin model. A Kripke logical relation with varying arity (KLRwVA for short)
over A is a family of relations Rwσ indexed by objects w of C and types σ of
Types(B), where the elements of Rwσ are tuples of elements from [[σ]]A indexed
by the elements of w, such that:

– If f : v → w is a map in C and Rwσ 〈aj〉j∈w then Rvσ〈af(i)〉i∈v.
– Rwσ→τ 〈gj〉j∈w iff ∀f : v → w.∀〈ai〉i∈v.Rvσ〈ai〉i∈v ⇒ Rvτ 〈AppA gf(i) ai〉i∈v
– Rwσ 〈[[c]]A〉j∈w for every term constant c : σ in Σ.

(This extends Jung and Tiuryn’s definition to take term constants into account.)
KLRwVAs give rise to pre-logical relations in a similar way to I-relations, see

Example 3.8: the family of relations consisting of the w-indexed tuples which are
in a given KLRwVA at world w is a pre-logical relation which is not in general a
logical relation, and those elements which are invariant under a given KLRwVA
(i.e. a ∈ [[σ]]A such that Rwσ 〈a〉j∈w for all w) also form a pre-logical predicate.
More interesting is the fact that every pre-logical relation can be obtained in
this way. We give the unary case; the binary and n-ary cases are obtained by
instantiating to product structures.

Proposition 6.2. Let P = {P σ ⊆ [[σ]]A}σ∈Types(B) be a family of predicates
over a Henkin structure A. P is a pre-logical predicate iff it is the set of elements
of A which are invariant under some KLRwVA. ✷
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7 Pre-logical Relations via Composition of Logical
Relations

Our weakening of the definition of logical relations may appear to be ad hoc,
but for extensional structures it turns out to be the minimal weakening that is
closed under composition. There are variants of this result for several different
classes of models. We give the version for Henkin models.

Proposition 7.1. Let A and B be Henkin models and let R be a pre-logical re-
lation over A and B. Then R factors into a composition of three logical relations
over Henkin models.

Proof idea. Let A[X] and B[X] be obtained by adding indeterminates to A and
B respectively. R is the composition of: the embedding of A in A[X]; a logical
relation R[X] on A[X] and B[X]; and the inverse of the embedding of B in B[X].

✷

Corollary 7.2. The class of pre-logical relations on Henkin models is the closure
under composition of the class of logical relations on such structures. ✷

This gives the following lambda-definability result:

Corollary 7.3. Let A be a Henkin model and a ∈ [[σ]]A. Then 〈a, a〉 belongs to
all relations over A×A obtained by composing logical relations iff a = [[M : σ]]A

for some closed Σ-term M : σ. ✷

For non-extensional structures the notion of pre-logical relations is not the
minimal weakening that gives closure under composition. The following variant
is the minimal weakening for this case.

Definition 7.4. An algebraic relation is extensional if whenever Rσ→τ(f, g), f
is extensionally equal to f ′ and g is extensionally equal to g′, we have Rσ→τ(f ′, g′).

All pre-logical relations over extensional structures are automatically extensio-
nal, and all logical relations over applicative structures (even non-extensional
ones) are automatically extensional as well.

Proposition 7.5. Let A and B be combinatory algebras and let R be an exten-
sional pre-logical relation over A and B. Then R factors into a composition of
three logical relations. ✷

Corollary 7.6. The class of extensional pre-logical relations on combinatory
algebras is the closure under composition of the class of logical relations on such
structures. ✷

These results may suggest that our definition of pre-logical relations on non-
extensional structures should be strengthened by requiring the relation to be
extensional, but this would make the reverse implication of the Basic Lemma
fail. So although the notion of extensional pre-logical relations is the minimal
weakening that gives closure under composition, these are stronger than neces-
sary to give the Basic Lemma.
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8 Representation Independence and Data Refinement

Logical relations have been applied to explain the fact that the behaviour of
programs does not depend on the way that data types are represented, but only
on what can be observed about them using the operations that are provided.
“Behaviour of programs” is captured by the notion of observational equivalence.

Definition 8.1. Let A and B be lambda Σ-applicative structures and let OBS,
the observable types, be a subset of Types(B). Then A is observationally finer
than B with respect to OBS, written A ≤OBS B, if for any two closed terms
M,N : σ for σ ∈ OBS such that [[M : σ]]A = [[N : σ]]A we have [[M : σ]]B =
[[N : σ]]B. A and B are observationally equivalent with respect to OBS, written
A ≡OBS B, if A ≤OBS B and B ≤OBS A.

Usually OBS are the “built-in” types for which equality is decidable, for instance
bool and/or nat . Then A and B are observationally equivalent iff it is not possible
to distinguish between them by performing computational experiments.

Mitchell gives the following representation independence result:

Theorem 8.2 ([Mit96]). Let Σ be a signature that includes a type constant
nat, and let A and B be Henkin models, with [[nat ]]A = [[nat ]]B = N. If there
is a logical relation R over A and B with Rnat the identity relation on natural
numbers, then A ≡{nat} B. Conversely, if A ≡{nat} B, Σ provides a closed term
for each element of N, and Σ only contains first-order functions, then there is a
logical relation R over A and B with Rnat the identity relation. ✷

The following example (Exercise 8.5.6 in [Mit96]) shows that the requirement
that Σ contains only first-order functions is necessary.

Example 8.3. Let Σ have type constant nat and term constants 0, 1, 2, . . . : nat
and f : (nat → nat) → nat . Let A be the full type hierarchy over [[nat ]]A = N

with 0, 1, 2, . . . interpreted as usual and [[f ]]A(g) = 0 for all g : N → N. Let B
be like A but with [[f ]]B(g) = 0 if g is computable and [[f ]]B(g) = 1 otherwise.
Since the difference between A and B cannot be detected by evaluating terms,
A ≡{nat} B. But there is no logical relation over A and B which is the identity
relation on nat : if R is logical then Rnat→nat(g, g) for any g : N → N, and
then Rnat(AppA [[f ]]A g,AppB [[f ]]B g), which gives a contradiction if g is non-
computable. ✷

We will strengthen this result by showing that pre-logical relations characte-
rize observational equivalence for all signatures. We also generalize to arbitrary
sets of observable types but this is much less significant. This characterization
is obtained as a corollary of the following theorem which is a strengthening of
Lemma 8.2.17 in [Mit96], again made possible by using pre-logical relations in
place of logical relations.

Theorem 8.4. Let A and B be lambda Σ-applicative structures and let OBS ⊆
Types(B). Then A ≤OBS B iff there exists a pre-logical relation over A and B
which is a partial function on OBS. ✷
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(Mitchell’s Lemma 8.2.17 is the “if” direction for Henkin models where OBS =
Types(B) but R is required to be logical rather than just pre-logical.)

Corollary 8.5. Let A and B be lambda Σ-applicative structures and let OBS ⊆
Types(B). Then A ≡OBS B iff there exists a pre-logical relation over A and B
which is a partial function on OBS in both directions. ✷

Corollary 8.6. Let Σ include a type constant nat and let A and B be lambda
Σ-applicative structures with [[nat ]]A = [[nat ]]B = N such that Σ provides a closed
term for each element of N. There is a pre-logical relation R over A and B with
Rnat the identity relation on natural numbers iff A ≡{nat} B. ✷

Example 8.7. Revisiting Example 8.3, the pre-logical relation constructed in Ex-
ample 3.7 has the required property, and it does not relate non-computable fun-
ctions since they are not lambda definable. ✷

In accounts of data refinement in terms of logical relations such as Sect. 2
of [Ten94], the fact that logical relations do not compose conflicts with the
experience that data refinements do compose in real life. Example 5.4 can be
embellished to give refinements between data structures like lists and sets for
which the logical relations underlying the refinement steps do not compose to
give a logical relation, yet the data refinements involved do compose at an in-
tuitive level. This failure to justify the soundness of stepwise refinement is a
serious flaw. If pre-logical relations are used in place of logical relations, then
the fact that the composition of pre-logical relations is again a pre-logical rela-
tion (Prop. 5.5) explains why stepwise refinement is sound. This opens the way
to further development of the foundations of data refinement along the lines of
[ST88], but we leave this to a separate future paper, see Sect. 11.

9 Other Applications

There are many other applications of logical relations. Take for instance the
proof of strong normalization of λ→ in [Mit96]: one defines an admissible logical
predicate on a lambda applicative structure of terms by lifting the predicate on
base types consisting of the strongly normalizing terms to higher types, proves
that the predicate implies strong normalization, and then applies the general
version of the Basic Lemma to give the result. The pattern for proofs of con-
fluence, completeness of leftmost reduction, etc., is the same, sometimes with
logical relations in place of logical predicates. There are also constructions that
do not involve the Basic Lemma because the relations defined are not logical re-
lations, but that include proofs following the same lines as the proof of the Basic
Lemma. Examples include Gandy’s proof that the hereditarily strict monotonic
functionals model λI terms [Gan80], Plotkin’s proof that lambda terms satisfy
any I-relation [Plo80], and Jung and Tiuryn’s proof that lambda terms satisfy
any KLRwVA at each arity (Theorem 3 of [JT93]).

All of these can be cast into a common mould by using pre-logical relations. If
a relation or predicate on a lambda applicative structure is logical and admissible,
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then it is pre-logical, and then the Basic Lemma for pre-logical relations gives
the result. Plotkin’s, Jung and Tiuryn’s, and Gandy’s relations can be shown
to be pre-logical (in Gandy’s case with respect to λI), see Example 3.8, Sect. 6
and Example 3.9 respectively, and then the application of the Basic Lemma for
pre-logical relations gives the result in these cases as well. In each case, however,
the interesting part of the proof is not the application of the Basic Lemma (or
the argument that replaces its application in the case of Gandy, Plotkin, and
Jung and Tiuryn) but rather the construction of the relation and the proof of
its properties. The point of the analysis is not to say that this view makes the
job easier but rather to bring forward the common pattern in all of these proofs,
which is suggestive of a possible methodology for such proofs.

Definition 9.1. A family of binary relations {Rσ ⊆ [[σ]]A × [[σ]]A}σ∈Types(B)
over a Σ-applicative structure A is a partial equivalence relation (abbreviated
PER) if it is symmetric and transitive for each type.

Proposition 9.2. Let R be a PER on a Σ-applicative structure A which is
algebraic. Define the quotient of A by R, written A/R, as follows:

– [[σ]]A/R = [[σ]]A/Rσ, i.e. the set of R-equivalence classes of objects a ∈ [[σ]]A

such that Rσ(a, a).
– Appσ,τA/R [f ]A/R [a]A/R = [Appσ,τA fa]A/R
– [[c]]A/R = [c]A/R for each term constant c : σ in Σ.

Then:

1. Let A be a lambda applicative structure. Then A/R is a lambda applicative
structure iff R is pre-logical.

2. Let A be a combinatory algebra. Then A/R is a combinatory algebra iff R
is pre-logical.

3. A/R is an extensional applicative structure iff its restriction to the substruc-
ture of A consisting of the elements in Dom(R) is a logical relation. ✷

The last part of the above proposition says that one application of logical rela-
tions, that is their use in obtaining extensional structures by quotienting non-
extensional structures — the so-called extensional collapse — requires a relation
that is logical (on a substructure) rather than merely pre-logical.

The above proposition allows us to prove completeness for different classes of
structures using the traditional technique of quotienting an applicative structure
of terms by a suitable relation defined by provability in a calculus. For non-
extensional structures, this is not possible using logical relations because the
relation defined by provability is pre-logical or algebraic rather than logical.

10 Beyond λ→ and Applicative Structures

Up to now we have been working in λ→, the simplest version of typed lambda
calculus. We will now briefly indicate how other type constructors could be
treated so as to obtain corresponding results for extended languages.
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As a template, we shall discuss the case of product types. The syntax of
types is extended by adding the type form σ × τ and the syntax of terms is ex-
tended by adding pairing 〈M,N〉 and projections π1M and π2M . If we regard
these as additional term constants in the signature, e.g. 〈·, ·〉 : σ → τ → σ × τ
for all σ, τ , rather than as new term forms, then the definition of pre-logical
relations remains the same: the condition on term constants says that e.g.
Rσ→τ→σ×τ ([[〈·, ·〉]]A, [[〈·, ·〉]]B) and this is all that is required. For models that
satisfy surjective pairing, this implies the corresponding condition on logical re-
lations, namely

– Rσ×τ (a, b) iff Rσ(π1 a, π1 b) and Rτ (π2 a, π2 b).

The treatment of sum types σ + τ is analogous.
A type constructor that has received less attention in the literature is (finite)

powerset, P(σ). For lack of space we do not propose a specific language of terms
to which one could apply the paradigm suggested above, but we claim that the
notion of pre-logical relations over full type hierarchies would be extended to
powersets by the addition of the following condition:

– RP(σ)(α, β) iff ∀a ∈ α.∃b ∈ β.Rσ(a, b) and ∀b ∈ β.∃a ∈ α.Rσ(a, b).

Note that this is the same pattern used in defining bisimulations. The extension
for other kinds of models remains a topic for future work.

Various other kinds of types can be considered, including inductive and co-
inductive data types, universally and existentially quantified types, and various
flavours of dependent types. We have not yet considered these in any detail, but
we are confident that for any of them, one could take any existing treatment
of logical relations and modify it by weakening the condition on functions as
above without sacrificing the Basic Lemma. We expect that this would even
yield improved results as it has above, but this is just speculation.

A different dimension of generalization is to consider models having additio-
nal structure — e.g. Kripke applicative structures [MM91], pre-sheaf models or
cartesian closed categories — for which logical relations have been studied. We
have not yet examined the details of this generalization but it appears that a
corresponding weakening of the definition would lead to analogues of the results
above, cf. [PPS98].

11 Conclusions and Directions for Future Work

Our feeling is that by introducing the notion of pre-logical relation we have,
metaphorically and a little immodestly, removed a “blind spot” in the existing
intuition of the use and scope of logical relations and related techniques. This
is not to say that some specialists in the field have not previously contemplated
generalizations similar to ours, but they have not carried the investigation far
enough. We believe that in this paper we have exposed very clearly the fact that
in many situations the use of logical relations is unnecessarily restrictive. Using
pre-logical relations instead, we get improved statements of some results (e.g.
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Theorem 8.4 and its corollaries), we encompass constructions that had previously
escaped the logical paradigm (e.g. Example 3.9), and we isolate the necessary
and sufficient hypotheses for many arguments to go through (e.g. Lemma 4.1).
We have given several characterizations of pre-logical relations, summarized in
the following theorem (for the unary case):

Theorem 11.1. Let P = {Pσ ⊆ [[σ]]A}σ∈Types(B) be a family of predicates over
a Henkin structure A. The following are equivalent.

1. P is a pre-logical predicate.
2. P is closed under lambda definability.
3. P is the set of elements of A which are invariant under some KLRwVA.
4. P is the set of elements of A that are invariant under the composition of

(three) logical relations. ✷

The fact that there are so many conceptually independent ways of defining the
same class of relations suggests that it is a truly intrinsic notion. Notice that
Thm. 11.1(3) gives an inductive flavour to this concept which is not explicit in
the definition of pre-logical relation; this apparent lack has been regarded as a
weakness of the concept, see e.g. p. 428-429 of [Mit90].

Throughout the paper we have indicated possible directions of future inve-
stigation, e.g. with respect to richer type theories. It is plausible that sharper
characterizations of representation independence will appear in many different
type contexts.

But probably the area where the most benefits will be achieved will be that
of the foundations of data refinement. Here we think that a more comprehensive
explanation of data refinement would be obtained by combining an account in
terms of pre-logical relations with the first-order algebraic treatment in [ST88]
which we would expect to extend smoothly to higher-order. Among other im-
provements, this would result in a non-symmetric refinement relation, giving a
better fit with the real-life phenomenon being modelled.

There is a vast literature on logical relations in connection with areas like
parametricity, abstract interpretation, etc. A treatment of these topics in terms
of pre-logical relations is likely to be as fruitful and illuminating as it has proved
to be for the classical example of simply-typed lambda calculus presented here.
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Abstract. We give a category theoretic framework for data-refinement
in call-by-value programming languages. One approach to data refine-
ment for the simply typed λ-calculus is given by generalising the notion
of logical relation to one of lax logical relation, so that binary lax lo-
gical relations compose. So here, we generalise the notion of lax logical
relation, defined in category theoretic terms, from the simply typed λ-
calculus to the computational λ-calculus as a model of data refinement.

1 Introduction

A fundamental tenet of data refinement is that data refinements compose, i.e.,
if M refines N , and N refines P , then M refines P . This fact has meant that,
although in principle, one would expect logical relations to model data refine-
ment, that has not been possible because binary logical relations do not com-
pose (see [20]). In response to that problem, there have been attempts to extend
the notion of logical relation to a notion of lax logical relation, retaining the
fundamental features of logical relations but allowing composition. From a ca-
tegory theoretic perspective, these include [10] and [20], generalising Hermida’s
approach to logical relations in [3].

For the simply typed λ-calculus generated by a signature Σ, (we recall with
detail in Section 2 that) to give a logical relation is equivalent to giving a strict
cartesian closed functor from the cartesian closed category L determined by the
term model for Σ, to Rel2, the cartesian closed category for which an object
is a pair of sets X and Y together with a binary relation R from X to Y . A
lax logical relation is exactly the same except that the functor from L to Rel2
although still required to preserve finite products strictly, equivalently, to respect
contexts, need not preserve exponentials. There is a syntactic counterpart to this
(see Section 2), but the above is the most compact definition.
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More generally, the work of [3,10,20] (see also [7]) has addressed data refine-
ment, or lax logical relations, where the term model is a category with algebraic
structure, as is common in purely logical situations (see [16]) such as the simply
typed λ-calculus. But in a call-by-value programming language such as ML, one
needs to distinguish carefully between computational expressions and values, lea-
ding to consideration of a pair of categories, one generated by arbitrary terms,
the other generated by values, with a functor from the second to the first. So, in
order to generalise the above notion of lax logical relation to call-by-value pro-
gramming languages, we require a careful exploration of the distinction between
expressions and values, and exactly how finite products, modelling contexts, ge-
neralise to account for the distinction. So this paper is devoted to a category
theoretic account of data refinement for call-by-value languages, the primary
point being the careful distinction between arbitrary terms and values.

For concreteness, we consider the call-by-value language given by the compu-
tational λ-calculus, or λc-calculus, as introduced by Moggi in [17]. This provides
a natural fragment of a range of call-by-value languages such as ML. The λc-
calculus has a sound and complete class of models, each of which is given by a
category C with finite products and a strong monad T on C, such that T has
Kleisli exponentials (see Section 3).

In order to generalise the account of data-refinement in [20] from the λ-
calculus to the λc-calculus, we need to characterise this class of models in terms
of some mild generalisation of the notion of category with finite products, subject
to a closedness condition like that in cartesian closedness. So in Section 3, we
characterise the models of the λc-calculus as closed Freyd-categories, where
the notion of Freyd-category (cf [22]) generalises that of category with finite
products and models contexts, while the notion of closedness generalises that in
the definition of cartesian closed category (cf [21]). A lax logical relation for the
λc-calculus is then a Freyd-functor from the term model of a given signature
into an appropriate Freyd-category generalising the category Rel2 above. The
definition of a Freyd-category appears in Section 4.

In order to give a Basic Lemma for lax logical relations and hence for data
refinement, we require several axioms all of similar form, such as the axiom
that if f R(X×Y )⇒Z g, then Curry(f)RX⇒Y→Z Curry(g). In principle, we need
one axiom for each term-constructor of the language, together with axioms for
unCurrying and to ensure that values are respected. These axioms weaken the
usual logical relation axiom, which says that two functions are related if and
only if they send related arguments to related results. So in Section 4, we give a
Basic Lemma and explain its use in data refinement.

There are several generalisations of the above analysis, most of which may
be made using current techniques. We can generalise from set-theoretic models
of a language to models in an arbitrary closed Freyd-category. We thus take
our relations in an arbitrary Freyd-category too, with a little extra data and
conditions, this Freyd-category generalising the category of binary relations,
cf [15]. Also, we can extend from the λc-calculus to other languages, for instance
incorporating coproducts. In general, our notion of lax logical relation extends
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to any language extending the λc-calculus and given by algebraic structure in
a sense we can make precise (see [19]). We can also account for representation
independence following [10]. For space reasons, we must defer this.

There has been an enormous amount of work on data refinement. Much of it
stems from Hoare’s original paper on data representation [4]. Later, Hoare [5],
then Hoare and He Jifeng [6], developed a category theoretic account of data
refinement (see [11] for a recent account in standard category theoretic terms
and see [13] for application of these ideas in practice). In that account, data
refinements do compose, but as originally described, it is limited for higher order
structure such as that of the λc-calculus, as explained by Tennent in [23]. In
fact, the construction of this paper generalises that of Hoare and He by treating
functions as single-valued relations. Tennent in turn advocated the use of logical
relations, for which a general text is [16] and for which a category theoretic
account is given in [3]. As we have explained, binary logical relations do not
compose, so one seeks a mild generalisation of logical relations (see [10,20] and
the work herein) in order to have the advantages of both Hoare’s formulation,
which admits composability, and logical relations, which admit an account of
higher order structure. An alternative is to consider call-by-value languages with
data refinement modelled by predicate transformers, as David Naumann has
done in [18]. There has been plenty of other work on data refinement too, but
not from a category theoretic perspective, for instance [2].

The most closely related work other than that detailed in Section 2 is that
of [10]. The key differences are that here, we address call-by-value languages; we
also insist that contexts be preserved, motivating our key definitions of Section 3;
but we do not address representation independence, which was the central com-
putational issue addressed in that paper. Later, we plan to extend this work,
using the insights of that paper, to account for representation independence.

The paper is organised as follows. In Section 2, we recall the definition of lax
logical relation for the simply typed λ-calculus and we set notation. In Section 3,
we introduce the notion of Freyd-category and characterise the models of the
λc-calculus as closed Freyd-categories. Finally, in Section 4, we show how our
definitions may be used to model data refinement. A more substantial use of our
whole body of work on data refinement appears in [13].

2 Lax Logical Relations for the Simply Typed λ-Calculus

In this section, we review the work of [20], generalising logical relations to lax
logical relations: the latter, unlike the former, compose, in the sense that if R is
a lax logical relation from M to N and S is a lax logical relation from N to P ,
then the pointwise composite of relations R ◦ S is a lax logical relation from M
to P . That makes lax logical relations, unlike logical relations, apposite for data
refinement (see also [10]). Accompanying the definition of lax logical relation is
a generalisation of the Basic Lemma of logical relations, allowing one to check a
data refinement by checking that basic operations are respected: that is the other
central tenet of data refinement, in addition to composability, as advocated, for
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instance, by Hoare [5]. Each of these conditions separately is easy to achieve;
the combination is more difficult in the presence of higher order structure, and
it is that combination that is the topic of this paper.

We give a detailed exposition of the work in [20] as we need the various
definitions later.

Let Σ be a signature of basic types and terms for the simply typed λ-calculus
with products, generating a language L. Let σ and τ be any types in L. We denote
the set of functions from a set X to a set Y by [X,Y ].

Definition 1. A model M of L in Set consists of

– for each σ, a set Mσ, such that Mσ→τ = [Mσ,Mτ ], Mσ×τ = Mσ ×Mτ , and
M1 = 1

– for each base term c of Σ of type σ, an element M(c) of Mσ.

A model extends inductively to send each judgement Γ � t : σ of L to a
function from MΓ to Mσ, where MΓ is the evident finite product in Set. Given
a signature Σ and two interpretations, M and N , of the language L generated
by Σ, we say

Definition 2. A binary logical relation from M to N consists of, for each type
σ of L, a relation

Rσ ⊆Mσ ×Nσ (1)

such that

– for all fεMσ→τ and gεNσ→τ , we have fRσ→τg if and only if for all (x, y)εMσ×
Nσ, if xRσ y, then f(x)Rτ g(y)

– for all (x0, x1)εMσ×Mτ and (y0, y1)εNσ×Nτ , we have (x0, x1)Rσ×τ (y0, y1)
if and only if x0Rσ y0 and x1Rτ y1

– 1R1 1, where 1 is the unique element of M1 = N1 = 1
– M(c)Rσ N(c) for every base term c in Σ of type σ.

The data for a binary logical relation is completely determined by its behaviour
on base types. The fundamental result about logical relations is as follows.

Definition 3. (The Basic Lemma) Let R be a binary logical relation. Then for
any term t : σ of L in context Γ , if xRΓ y, then M(Γ � t)xRσ N(Γ � t)y.

We now outline a category theoretic formulation of logical relations [3]. The
language L generates a cartesian closed category, which we also denote by L,
such that a model M of the language L in any cartesian closed category such as
Set extends uniquely to a functor M : L −→ Set that preserves cartesian closed
structure strictly [14]. We may therefore identify the notion of model of the
language L with that of a functor strictly preserving cartesian closed structure
from L into Set.
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Definition 4. The category Rel2 is defined as follows: an object consists of a
pair (X,Y ) of sets and a binary relation R from X to Y ; a map from (X,R, Y )
to (X ′, R′, Y ′) is a pair of functions (f : X −→ X ′, g : Y −→ Y ′) such that xR y
implies f(x)R′ g(y); composition is given by ordinary composition of functions.
We denote the forgetful functor from Rel2 to Set × Set sending (X,R, Y ) to
(X,Y ) by (δ0, δ1) : Rel2 −→ Set× Set.

The category Rel2 is cartesian closed, and the cartesian closed structure is
preserved by (δ0, δ1). We typically abbreviate Rel2 by Rel when the context is
clear.

Proposition 1. To give a binary logical relation from M to N is equivalent to
giving a functor R : L −→ Rel strictly preserving cartesian closed structure,
such that (δ0, δ1)R = (M,N).

This proposition is developed and extended in [3], giving a category theoretic
treatment of logical relations in terms of fibrations with structure.

It is more conceptual and compact to express the notion of lax logical relation
in category theoretic terms, then characterise the definition in more syntactic
terms, extending but reversing Proposition 1.

Given a signature Σ and the language L generated by Σ, and two models M
and N of L in Set, we say

Definition 5. A binary lax logical relation from M to N is a functor R : L −→
Rel strictly preserving finite products such that (δ0, δ1)R = (M,N).

From the perspective of this definition, the Basic Lemma for lax logical rela-
tions is a triviality because the definition amounts to the assertion that for any
term t of L of type σ in context Γ , if xRΓ y, then M(Γ � t)xRσ N(Γ � t)y. So
we may express the Basic Lemma as giving an equivalence between the above
definition and one in more syntactic terms as follows.

Theorem 1. (The Basic Lemma) To give a lax logical relation from M to N is
to give for each type σ of L, a relation

Rσ ⊆Mσ ×Nσ (2)

such that

1. if f0Rσ→τ g0 and f1Rσ→ρ g1, then (f0, f1)Rσ→(τ×ρ) (g0, g1)
2. π0Rσ×τ→σπ0 and π1Rσ×τ→τ π1
3. if f R(σ×τ)→ρ g, then Curry(f)Rσ→τ→ρ Curry(g)
4. ev R(σ×(σ→τ))→τ ev
5. if f Rσ→τ g and f ′ Rτ→ρ g

′, then f ′f Rσ→ρ g
′g

6. idRσ→σ id
7. xRσ y if and only if xR1→σ y
8. M(c)Rσ N(c) for every base term c in Σ of type σ.
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The key point of the proof is that every map in the category L is generated by
the terms appearing in the above axioms. In these syntactic terms, the difference
between logical relations and lax logical relations is that for the former, f Rg if
and only if fxR gy whenever xRy, but the reverse direction of that equivalence
does not hold for lax logical relations: it is replaced by a more complex set of
rules.

Finally, in justifying our definition for the purposes of data refinement, we
have

Proposition 2. If R and S are binary lax logical relations, then so is the com-
posite of relations R ◦ S.

To see an example of a lax logical relation that is not a logical relation, simply
take a pair of non-trivial logical relations and compose them: by the proposition,
their composite will be a lax logical relation, but the composite is almost never
logical.

3 Models of the Computational λ-Calculus

In this section, we give a version of the computational λ-calculus, or λc-calculus,
and analyse its models. For the simply typed λ-calculus, it was essential, in
defining the notion of lax logical relation, to understand its models as cartesian
categories with a closedness property. So in generalising the notion of lax logical
relation to the λc-calculus, we seek to characterise its models as a generalisation
of the notion of category with finite products, subject to a closedness condition
like that for cartesian closed categories. In order to do that, we characterise
λc-models as closed Freyd-categories.

There are several equivalent formulations of the λc-calculus. We shall not use
the original formulation but one of the equivalent versions. The λc-calculus has
type constructors given by

X ::= B | X1 ×X2 | 1 | X ⇒ Y (3)

where B is a base type. We do not assert the existence of a type constructor TX:
this formulation is equivalent to the original one because TX may be defined to
be 1⇒ X.

The terms of the λc-calculus are given by

e ::= x | b | e′e | λx.e | ∗ | (e, e′) | πi(e) (4)

where x is a variable, b is a base term of arbitrary type, ∗ is of type 1, with πi
existing for i = 1 or 2, all subject to the evident typing. Again, this differs from
the original formulation in that we do not explicitly have a let constructor or
constructions [e] or µ(e). Again, the two formulations are equivalent as we may
consider let x = e in e′ as syntactic sugar for (λx.e′)e, and [e] as syntactic sugar
for λx.e where x is of type 1, and µ(e) as syntactic sugar for e(∗).
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The λc-calculus has two predicates, existence, denoted by ↓, and equivalence,
denoted by ≡. The ↓ rules may be expressed as saying ∗ ↓, x ↓, λx.e ↓ for all e, if
e ↓ then πi(e) ↓, and similarly for (e, e′). A value is a term e such that e ↓. The
rules for ≡ say ≡ is a congruence, with variables allowed to range over values,
and give rules for the basic constructions and for unit, product and functional
types. It follows from the rules that types together with equivalence classes of
terms form a category, with a subcategory determined by values.

It is straightforward, using the original formulation of the λc-calculus in [17],
to spell out the inference rules required to make this formulation agree with the
original one: one just bears in mind that the models are the same, and we use
syntactic sugar as detailed above. Space does not allow a list of the rules here.

The λc-calculus represents a fragment of a call by value programming lan-
guage. In particular, it was designed to model fragments of ML, but is also a
fragment of other languages such as FPC (see [1]). For category theoretic mo-
dels, the key feature is that there are two entities, expressions and values, so the
most direct way to model the language as we have formulated it is in terms of a
pair of categories V and E, together with an identity on objects inclusion fun-
ctor J : V −→ E, subject to some generalisation of the notion of finite product
in order to model contexts, further subject to a closedness condition to model
X ⇒ Y . This train of thought leads directly to the notion of closed Freyd-
category, which we shall compare with the original formulation of the class of
models.

A sound and complete class of models for the λc-calculus was given by Moggi
in [17]: a model consists of a category C with finite products, together with a
strong monad T on C, such that T has Kleisli exponentials, i.e., for each pair
of objects X and Y , there exists an object X ⇒ Y such that C(Z ×X,TY ) is
isomorphic to C(Z,X ⇒ Y ) for all Z, naturally in Z.

We recall the definitions of premonoidal category and strict premonoidal
functor, and symmetries for them, as introduced in [21] and further studied
in [19]. We use them to define the notion of Freyd-category. A premonoidal
category is a generalisation of the concept of monoidal category: it is essentially a
monoidal category except that the tensor need only be a functor of two variables
and not necessarily be bifunctorial, i.e., given maps f : X −→ Y and f ′ : X ′ −→
Y ′, the evident two maps from X ⊗X ′ to Y ⊗ Y ′ may differ.

In order to make precise the notion of a premonoidal category, we need some
auxiliary definitions.

Definition 6. A binoidal category is a category K together with, for each object
X of K, functors hX : K −→ K and kX : K −→ K such that for each pair
(X,Y ) of objects of K, hXY = kYX. The joint value is denoted X ⊗ Y .
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Definition 7. An arrow f : X −→ X ′ in a binoidal category K is central if for
every arrow g : Y −→ Y ′, the following diagrams commute

X ⊗ Y
X ⊗ g✲ X ⊗ Y ′

X ′ ⊗ Y

f ⊗ Y

❄

X ′ ⊗ g
✲ X ′ ⊗ Y ′

f ⊗ Y ′

❄

Y ⊗X
g ⊗X✲ Y ′ ⊗X

X ⊗X ′

Y ⊗ f

❄

g ⊗X ′
✲ Y ′ ⊗X ′

Y ′ ⊗ f

❄

A natural transformation α : G =⇒ H : C −→ K is called central if every
component of α is central.

Definition 8. A premonoidal category is a binoidal category K together with
an object I of K, and central natural isomorphisms a with components (X⊗Y )⊗
Z −→ X ⊗ (Y ⊗ Z), l with components X −→ X ⊗ I, and r with components
X −→ I ⊗X, subject to two equations: the pentagon expressing coherence of a,
and the triangle expressing coherence of l and r with respect to a (see [9] for an
explicit depiction of the diagrams).

Proposition 3. Given a strong monad T on a symmetric monoidal category
C, the Kleisli category Kl(T ) for T is a premonoidal category, with the functor
J : C −→ Kl(T ) preserving premonoidal structure strictly: a monoidal category
such as C is trivially a premonoidal category.

So a good source of examples of premonoidal categories in general is provided
by Moggi’s work on monads as notions of computation [17].

Definition 9. Given a premonoidal category K, the centre of K, denoted Z(K),
is the subcategory of K consisting of all the objects of K and the central mor-
phisms.

Given a strong monad on a symmetric monoidal category, the base category C
need not be the centre ofKl(T ). But, modulo the condition that J : C −→ Kl(T )
be faithful, or equivalently, the mono requirement [17,21], i.e., the condition that
the unit of the adjunction be pointwise monomorphic, it must be a subcategory
of the centre.

The functors hA and kA preserve central maps. So we have

Proposition 4. The centre of a premonoidal category is a monoidal category.

This proposition allows us to prove a coherence result for premonoidal cate-
gories, directly generalising the usual coherence result for monoidal categories.
Details appear in [21].

Definition 10. A symmetry for a premonoidal category is a central natural
isomorphism with components c : X⊗Y −→ Y ⊗X, satisfying the two conditions
c2 = 1 and equality of the evident two maps from (X ⊗ Y )⊗Z to Z ⊗ (X ⊗ Y ).
A symmetric premonoidal category is a premonoidal category together with a
symmetry.
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Symmetric premonoidal categories are those of primary interest to us, and
seem to be those of primary interest in denotational semantics in general.

Definition 11. A strict premonoidal functor is a functor that preserves all the
structure and sends central maps to central maps.

One may similarly generalise the definition of strict symmetric monoidal
functor to strict symmetric premonoidal functor.

We say a functor is the identity on objects when the object part of the functor
is the identity function, and therefore both sets of objects are the same.

Definition 12. A Freyd-category consists of a category C with finite products,
a symmetric premonoidal category K, and an identity on objects strict symmetric
premonoidal functor J : C −→ K. A strict Freyd-functor consists of a pair of
functors that preserve all the Freyd-structure strictly.

Definition 13. A Freyd-category J : C −→ K is closed if for every object X,
the functor J(X ⊗ −) : C −→ K has a right adjoint. A strict closed Freyd-
functor is a Freyd-functor that preserves all the closed structure strictly.

Observe that it follows that the functor J : C −→ K has a right adjoint,
and so K is the Kleisli category for a monad on C. We sometimes write K for a
Freyd-category, as the rest of the structure is usually implicit: often, it is given
by Z(K) and the inclusion.

A variant of one of the main theorems of [19] is

Theorem 2. To give a closed Freyd-category is to give a category C with finite
products together with a strong monad T on C together with assigned Kleisli
exponentials. To give a strict closed Freyd-functor is to give a strict map of
strong monads that strictly preserves Kleisli exponentials.

Observe that given a category C with finite products and a strong monad T
on it, Kl(T ) is a Freyd-category. A functor preserving the strong monad and
the finite products strictly yields a strict Freyd-functor, but the converse is not
true.

It follows from Moggi’s result, but may also be proved directly, that clo-
sed Freyd-categories provide a sound and complete class of models for the λc-
calculus.

4 Data Refinement for the λc-Calculus

In this section, we use our analysis of the computational λ-calculus of Section 3
to generalise our account of data refinement, or lax logical relations, for the
simply typed λ-calculus as in Section 2.

For concreteness, we shall consider Set-based models of the λc-calculus. So
assume we are given a monad T on Set. Every monad on Set has a unique
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strength, and Kleisli exponentials always exist. So if we denote the Kleisli ca-
tegory by SetT , then SetT is a closed Freyd-category (leaving Set and the
canonical functor J : Set −→ SetT implicit by the convention we adopted in
the preceding section). Given a signature Σ for the λc-calculus, let L denote the
closed Freyd-category, equivalently the λc-model, generated by Σ. Extending
our convention for the λ-calculus, and following Hoare’s convention in his mo-
delling of data refinement [5,11], we identify the language generated by Σ with
the closed Freyd-category L. We denote the subcategory of values by Lv with
inclusion J : Lv −→ L. Extending one of the equivalent formulations of Section 2
for the simply typed λ-calculus, we say

Definition 14. A model M of Lv in SetT is a strict closed Freyd-functor from
Lv to SetT .

We shall give an example of this and later definitions at the end of the
section. We now need to generalise the construction Rel2 to an appropriate
Freyd-category. Recall that Rel2 has finite products, and that they are preserved
by the two projections to Set.

Proposition 5. Given a monad T on Set, the following data forms a Freyd-
category Rel2T together with a pair of strict Freyd-functors from Rel2T to SetT :

– the category Rel2 as defined in Section 2
– the category Rel2T with the same objects as Rel2 but with an arrow from

(X,R, Y ) to (X ′, R′, Y ′) given by maps f : X −→ TX ′ and g : Y −→ TY ′

such that there exists a map h : R −→ TR′ commuting with the projections,
with the evident composition

– the canonical functor J : Rel2 −→ Rel2T
– the projections δ0, δ1 : Rel2T −→ SetT .

The functor J : Rel2 −→ Rel2T has a right adjoint given by sending a
relation (X,R, Y ) to the pair (TX, TY ) together with the subobject of TX×TY
determined by the projections from TR. It follows that Rel2T is closed and is
therefore a λc-model. Axiomatically, that is because Rel2 is cartesian closed
and Set has epi-mono factorisations. We avoid an assumption that T preserves
jointly monic pairs because it is not true of powerdomains: a powerdomain is a
construct for modelling nondeterminism, a slightly simplified version of one being
the endofunctor on Set that sends a set X to its set of finite subsets, Pf (X), with
the operation of the endofunctor on maps given by taking the image of each finite
subset. A jointly monic pair in Set amounts to a pair of sets (X,Y ) together
with a subset R of X × Y . Our point here is that the set of finite subsets Pf (R)
of R need not be exhibited by the functor Pf as a subset of Pf (X)× Pf (Y ), as
for instance can be seen by taking X and Y both to be two element sets with
R their product. For notational simplicity, we abbreviate Rel2T by RelT where
the context is clear.

Observe that one could extend logical relations from the λ-calculus to the
λc-calculus by treating a logical relation for the λc-calculus as a strict closed
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Freyd-functor, or equivalently a map of λc-models, from L to RelT commuting
with the projections.

We now extend our definition of lax logical relation from the simply typed
λ-calculus to the λc-calculus. The central idea is to relax preservation of all
structure to preservation of that structure required to model contexts, i.e., to
Freyd-structure.

Definition 15. A binary lax logical relation from M to N is a strict Freyd-
functor R : L −→ RelT such that (δ0, δ1)R = (M,N).

It is not automatically the case that a pointwise composite of binary lax
logical relations is again a binary lax logical relation. That requires an extra
condition on the monad T on Set. The central point is that we must consider
when the composite of two binary relations extends from Rel2 to Rel2T ; the
condition we need is that T weakly preserves pullbacks, i.e., that if

P
h ✲ X

Y

k

❄

h′
✲ Z

k′

❄

is a pullback, then the diagram

TP
Th✲ TX

TY

Tk

❄

Th′
✲ TZ

Tk′

❄

satisfies the existence part of the definition of pullback. This condition is the
central condition used to analyse functional bisimulation in [8] with several of
the same examples. Examples of such monads are powerdomains, S ⇒ (S ×−)
for a set S, as used for modelling side-effects, and similarly for monads used for
modelling partiality, or exceptions, or combinations of the above. It does not
seem to hold of the monad (− ⇒ R)⇒ R as has been used to model continua-
tions; but that does not concern us greatly, as data refinement for continuations
seems likely to follow a different paradigm to that adopted here anyway.

Theorem 3. Let T be a monad on Set that weakly preserves pullbacks. Then for
any lax logical relations R : L −→ RelT and S : L −→ RelT such that δ1R = δ0S,
the pointwise composite of relations yields a lax logical relation R ◦ S.

The proof requires one use of the fact that strong epimorphisms in Set are
retracts. One can avoid it by a more delicate use of epi-mono factorisations,
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allowing the result to extend from Set to a regular cartesian closed category.
There would be more difficulty if we demanded that a lax logical relation preserve
not merely Freyd-structure but also the monad, as one would need a condition
such as T preserving strong epimorphisms, contradicting examples such as T =
S ⇒ (S ×−).

There are two central assertions in our definition: every map in L is sent to a
map in RelT , and every map in Lv is sent to a map in Rel. Given models M and
N of L, the first condition says that for every expression in context, Γ � e : σ, if
xRΓ y, then M(Γ � e : σ)x is related to N(Γ � e : σ)y by the relation generated
by TRσ. For instance, if T was a powerdomain, then for any nondeterministic
program, if two inputs are related, for every possible output of either, there is
a related possible output of the other, as in bisimulation. The second condition
says that if one has a value, then if xRΓ y, one must have the stronger result
that M(Γ � e : σ)xRσ N(Γ � e : σ)y So for instance, λ-terms are related in the
usual way. So our definition of lax logical relation amounts to the conclusion of
a statement of a Basic Lemma for lax logical relations.

Using our definition as a conclusion, we now give a generalised Basic Lemma
for lax logical relations for the λc-calculus, generalising our result in Section 2.
Thus we seek syntactic conditions that imply that every map in L is sent to
a map in RelT and that every map in Lv is sent to a map in Rel. Owing to
the presence of λ-abstraction, every map in L is the unCurrying of a map in
Lv with domain 1, so except for one condition saying that unCurrying preserves
relations, we need only give conditions about maps in Lv. The list of axioms
may seem long, but it is not much longer than that in Section 2, and the axioms
correspond closely to the type and term constructors of the language. The key
point is that there is no converse to the final axiom: a converse would give a
notion of logical relation and would disallow composability.

Theorem 4. (The Basic Lemma) To give a lax logical relation from M to N is
to give for each type σ of L, a relation

Rσ ⊆Mσ ×Nσ (5)

such that

1. if f0Rσ⇒τ g0 and f1Rσ⇒ρ g1, then (f0, f1)Rσ⇒(τ×ρ) (g0, g1)
2. π0Rσ×τ⇒σπ0 and π1Rσ×τ⇒τ π1
3. if f R(σ×τ)⇒ρ g, then Curry(f)Rσ⇒τ⇒ρ Curry(g)
4. ev R(σ×(σ⇒τ))⇒τ ev
5. if f Rσ⇒τ g and f ′ Rτ⇒ρ g

′, then f ′f Rσ⇒ρ g
′g

6. idRσ⇒σ id
7. η(M(c))R1⇒σ η(N(c)) for every base term c in Σ of type σ
8. if xRσ y and f R(σ×τ)⇒ρ g, then fxRτ⇒ρ gy
9. (x0, x1)Rσ×τ (y0, y1) if and only if x0Rσ y0 and x1Rτ y1

10. ∗R1 ∗
11. if xR1⇒σ y, then T (Rσ) induces a relation between x(∗) and y(∗).
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Proof. For the forward direction, the relations Rσ are given by the object part of
the strict Freyd-functor. The first ten conditions follow from the fact that Rv has
an action on all maps, and from the fact that it strictly preserves finite products.
For instance, there is a map in Lv from (σ ⇒ τ)×(σ ⇒ ρ) to σ ⇒ (τ×ρ), so that
map is sent by Rv to a map in Rel, and Rv strictly preserves finite products,
yielding the first condition. So using the definition of a map in Rel, and the
fact that (δ0, δ1)R = (M,N), and the fact that M and N are strict structure
preserving functors, we have the result. The final condition holds because R is
a functor.

For the converse, the family of relations gives the object part of the strict
Freyd-functor R. The ninth and tenth axioms imply that Rv strictly preserves
finite products if it forms a functor. The data for M and N and the coherence
condition (δ0, δ1)R = (M,N) on the putative strict Freyd-functor determine its
behaviour on maps. It remains to check that the image of every map in L lies in
RelT and the image of every map in Lv lies in Rel. The first seven conditions
inductively define the Currying of every map in L, so unCurrying by using the
sixth, eighth, fifth and eleventh conditions, it follows that R is a functor. The
eighth, ninth, and tenth conditions ensure that R restricts to a functor from Lv
to Rel. It is routine to verify that these constructions are mutually inverse.

One might wonder why we require the ninth and tenth conditions here while
they do not appear in Theorem 1. The reason is that the seventh condition of
Theorem 1 mirrors an equivalence that holds for the simply typed λ-calculus but
does not hold for the computational λ-calculus, the equivalence being that σ is
equivalent to 1 → σ. That condition allows one to deduce ordinary λ-calculus
versions of our ninth and tenth conditions here. The failure of that equivalence for
the computational λ-calculus is also why our eleventh condition here corresponds
to only one direction of the seventh condition of Theorem 1 too: for the eleventh
condition, we use the expression induce because T (Rσ) might not be a subobject
of T (σ) × T (τ) but it does have an epi-jointly monic factorisation, and that is
what we intend.

Finally, we shall consider an example to see how this all works in practice.

Example 1. Consider the computational λ-calculus LStack generated by the data
for a stack. We have base types Stack and Nat, and we have base terms inclu-
ding pop and push. The intended semantics of the unCurrying of pop is a partial
function from M(Stack) to M(Stack), with M(Stack) being the usual set of
stacks. The partiality of the intended semantics for pop is the reason it is con-
venient to consider the computational λ-calculus here rather than the ordinary
λ-calculus. Let M be the intended semantics for stacks in Set⊥, where ⊥ is the
usual lifting monad on Set. Recall, or note, that ⊥ weakly preserves pullbacks,
so our composability result holds. Let N be a model of LStack in Set⊥ genera-
ted by modelling stacks in terms of trees, so N(Stack) is the set of non-empty
finite trees. Define a logical relation from M to N by defining it on base types
as the identity on Nat and on Stack, by the usual relationship between stacks
and trees. This respects base terms, so it automatically lifts to higher types. We
might further define a model P of LStack in Set⊥ by modelling stacks by lists of
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natural numbers. We then have a logical relation S from N to P generated by
the identity on Nat and on Stack, by relating finite trees with lists. Now taking
the pointwise composite R ◦ S, we have a lax logical relation from M to P .

5 Conclusions and Further Work

We have defined lax logical relations for data refinement in call-by-value langu-
ages represented by the computational λc-calculus. Binary lax logical relations
compose, and have a basic lemma, thus satisfying two key criteria for data refi-
nement.

The λc-calculus has a narrow range of type and term constructors. But the
techniques herein apply in the considerably greater generality of call-by-value
calculi with models in [→, Set]-categories with algebraic structure [19]. So we
could include an account of finite coproducts for instance.

We have also not addressed representation independence, the topic of [10],
but the techniques of [10], based on the sketches in [12], extend to the setting
of this paper. So we plan to make that extension. We hope for a converse to the
leading result therein too.

Finally, for logical relations for the λ-calculus, if one asserts that the functor
(δ0, δ1) be a fibration, then the logical structure is given by the internal language
of the category theoretic structure [3]. It is not clear how to extend our analysis
to such a result, but the concept of fibration may be the key construct. We may
need to restrict attention to each fibre being a poset.
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Abstract. Term rewriting is an important computational model with
applications in algebra, software engineering, declarative programming,
and theorem proving. In term rewriting, computation is achieved by di-
rected equations and pattern matching. In this tutorial we give an intro-
duction to term rewriting.
The tutorial is organized as follows. After presenting several motivating
examples, we explain the basic concepts and results in term rewriting:
abstract rewriting, equational reasoning, termination techniques, conflu-
ence criteria, completion, strategies, and modularity. The tutorial con-
cludes with a selection of more specialized topics as well as more recent
developments in term rewriting: narrowing, advanced termination tech-
niques (dependency pairs), conditional rewriting, rewriting modulo, tree
automata techniques, and higher-order rewriting.
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Abstract. Interactive theorem provers are tools that assist humans in
constructing formal proofs. They have been the subject of over two deca-
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interest in software and hardware verification. Some of the most effective
of these tools are based on expressive type theories. This tutorial is about
interactive theorem proving based on type theory, with a slant toward
type theories, such as Nuprl and PVS, where expressive power has been
pushed at the expense of traditional properties such as decidability of
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for automating reasoning in the context of interactive systems. We will
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provers and with automatic verification tools such as model checkers.
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